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TWO REMARKS ON ELEMENTARY THEORIES OF
GROUPS OBTAINED BY FREE CONSTRUCTIONS

ERIC JALIGOT

ABSTRACT. We give two slight generalizations of results of Poizat about
elementary theories of groups obtained by free constructions. The first-
one concerns generic types and the non-superstability of such groups in
many cases. The second-one concerns the connectedness of most free
products of groups without amalgamation.

First-order theories of free products of groups have been recently inves-
tigated in [JS10] and [Sell0], with some transfers of arguments from free
groups to free products of groups. We expect that some of this work trans-
fers further to more general classes of groups obtained by free constructions.
In this modest and short note we will make slight generalizations of early
arguments of Poizat on first-order theories of free groups.

By a group obtained by a free construction, we mean a free product
of groups with amalgamation, or an H N N-extension. Such groups are best
analized by the Bass-Serre theory of actions on trees, and we refer to [OHO0S|
for links with Model Theory. Here our approach is purely algebraic and will
adapt (and explain) some arguments contained in [Poi83].

We recall that one of the main accomplishements of [Sell0] is a proof of
the stability of the free product of two stable groups. Conversely, we point
out the following question as a possibly difficult one.

Question 1. Can one have a free product of groups G * H with a stable
theory, but with the factor G unstable?

We expect that the stability result in [Sell0] generalizes to certain free prod-
ucts with amalgamation and certain H N N-extensions, and Question 1 also
makes sense in these more general cases. When considering a stable group
obtained by a free construction below, we will not assume the stability of
the factors.

In a first series of results we make a basic analysis of generic types in many
groups obtained by free constructions, and derive the non-superstability of
these groups in many cases. Non-abelian free groups were first shown to be
not superstable by Gibone in his doctoral dissertation under the supervision
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2 ERIC JALIGOT

of Sabbagh. We did not manage to see a copy of the thesis (in principle
kept somewhere in Paris), but we guess that it was a rather involved argu-
ment on trees of formulas. Then Poizat gave in [Poi83] an argument based
on genericity, and later an argument by linearity in dimension 2 has been
given in [MP06]. One advantage of the argument by genericity in [Poi83] is
that it works for all free products of two non-trivial groups (with the single
exception of the dihedral case). Our arguments here for generic types are
adaptations of those in [Poi83] concerning free products.

In a second type of results, we prove that most free products of groups
without amalgamation are connected, i.e., with no proper definable sub-
groups of finite index. Again this will be a mere adaptation of an argument
contained in [Poi83], concerning the free group on countably many genera-
tors. Together with a deep elementary equivalence result obtained in [Sel10]
about free products, we will get the following.

Theorem (16). Let G and H be two nontrivial groups. Then a group ele-
mentarily equivalent to G * H is connected except when G ~ H ~ 7/27.

We thank Bruno Poizat for his patient explainations of the argument for
non-superstability in [Poi83, §7], and Chloé Perin for her vigilance on a
widely erroneous previous version of this note. We also thank Abderezak
Ould Houcine and the anonymous referee for helpful comments.

1. GENERIC TYPES IN GENERIC CASES

As in stable group theory, we say that a subset X of a group G is left-
generic in G when finitely many left-translates of X cover G; right-generic
sets are defined likewise. Notice that G-invariant sets X have no political
opinion: gX = Xg for any g, so that left, right, or even bipartisan genericity,
are the same for X.

The argument for the non-superstability of free products of groups in
[Poi83, §7] roughly splits into two parts, first a transfer from algebraic prop-
erties to generic properties, and then a contradiction to superstability with
the generic properties. The following essentially extracts the driving mech-
anism for the second part.

Proposition 2. Let G be a group, E a subset of G, and f a parameter-free
definable map from G to G such that E'U f(G) is not left-generic.

(1) If G is stable and g is generic over G, then g satisfies the formula
(Vz g # £(z).

(2) Suppose there exists a finite s such that |f~1(f(g))| < s for every
g in G\ (EU f(Q)). Then the complement of the definable subset
Z={geG|(Vxg# f(x) N |f 1 f(9)| < s} is not left-generic.
In particular, if G is stable and g is generic over G, then g satisfies
the formula defining Z.

(3) In case (2), G cannot be superstable.
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Proof. (1). The complement of {g € G | Vx g # f(x)} is f(G), and therefore
is not left-generic. Hence the claim follows in the stable case (see [Poi83, §2]
for generic types and definable sets in the stable case).

(2). The complement of Z is in EU f(G), and therefore is not left-generic.
Hence the claim in the stable case follows.

(3). Suppose G stable and consider g generic over G. By (1), f(g) is not
generic over G. By (2), |f~1(f(g9))| < s, and in particular g is algebraic over
f(g). Now G cannot be superstable by the weak regularity of the generic
types of a superstable group (see [Poi83, p.346]). O

We say that a free product of groups G x4 H is non-trivial when the
amalgamated subgroup A is a proper subgroup of both factors G and H.
Following the terminology in use in Bass-Serre theory, elements conjugated
to an element of a factor are called elliptic, and hyperbolic otherwise. We
say that a non-trivial free product G x4 H is of (f,s)-type when it satisfies
the assumptions in Proposition 2(2), with E the set of elliptic elements. We
say that it is of generic type when it is of (f, s)-type for some parameter-free
definable function f and some finite s. With this terminology Proposition
2 rephrases as follows.

Corollary 3. A nontrivial free product P = G x4 H of generic type is not
superstable. If it is of (f,s)-type and stable, and x is generic over P, then
f(x) is not generic and |f~1(f(x))| < s.

In [Poi83, §7], the non-superstability of a non-trivial free product with-
out amalgamation G * H, where one of the factors contains at least three
elements, consists first in showing that it is of (f,1)-type, where f(z) = 22
(so that, assuming stability, the generic is then not a square and the unique
square root of its square). A slight modification of the argument given in
[Poi83, §7] implies that any such free product is indeed of (f, 1)-type for any
function f consisting in taking d-th powers, with d > 1. The most natural
generalization in free products with amalgamation is the next lemma.

Recall from [LS77, p.187] that in a free product P = G x4 H with amal-
gamated subgroup A, every element can be written in reduced form, i.e.,
as an alternating product of elements successively in different factors. The
length |x| of an element x of P is then the common length of its reduced
forms (here we adopt the convention that |z| = 0 when x € A and |z| = 1
when x € (GU H) \ A). In the sequel, we say that a free product G x4 H is
non-degenerate when it is non-trivial and one of the factors G or H contains
at least two double cosets AxA of A.

Lemma 4. Let P = G x4 H be a non-degenerate free product of groups and
let E denote the set of its elliptic elements. Fix an integer d > 1 and, for
n>0,let B,={yeP : |yl <n}.

(1) For any n > 0, there exists oy, in P such that, for every x € By,
ra, ¢ EU{y? | y € P}.
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(2) For anyn > 0, B,(EU{y? | y € P}) is a proper subset of P. In
particular E U {y? | y € P} is not generic in P.

Proof. (1). By symmetry, we may assume that H contains two distinct
double cosets of A. For the sake of completeness, let us first recall the
element «,, given for d = 2 when A = 1 in [Poi83, §7]. Choose g € G\ A and
h,h' € H\ A with h # K or h # '™, and let oy, = (gh)™+*(gh/gh’~*)3"+3.

In general, one can proceed as follows. Let ¢ € G\ A and h, W' €
H \ A such that AhA # AW A. Consider then an element «,, of the form
(gh)*(gh'gh’ )P, with max(d,n) < a < f. For every element z of length
at most n, consider za,. Operating simplifications between = and (gh)?,
Zay, can be written in reduced form as a concatenation #/(gh)® (gh'gh' )2,
with max(d, |z'|) < o < B since |2/| < n and @/ > a —n — 1. Recall
now that a reduced form is cyclically reduced when the extremal letters are
not in the same factor (or the length is at most one). One can conjugate
the previous reduced form to a cyclically reduced form, by operating at
most n + 1 conjugations by (gh’gh’~')~!. For, notice that if one gets a
reduced form of the form goh(gh)(gh)--- (gh'gh’~ " gh'"1g, if ggo € A then
h'~lggoh ¢ A since AhA # AW A. Hence zay, is conjugated to a cyclically
reduced concatenation ~ of the form a”(gh)® (gh'gh'~')?”, where one can
impose o and 3" to be as big as one wants compared to n and d. It suffices
now to show that « is not in £ and not a d-th power.

Since 7 is cyclically reduced and || > 1, v is of minimal length in its con-
jugacy class. By the Conjugacy Theorem for Free Products with Amalgama-
tion [MKS66, p.212], every cyclically reduced conjugate of «y is A-conjugated
to a cyclic permutation of . Since  is of length > 1, it cannot be conju-
gated to an element of length 0 or 1, and thus is not elliptic. Suppose now
v = v¢ for some element v. After conjugacy, we may assume v cyclically
reduced, so that v® appears in cyclically reduced form, exactly by concate-
nating the cyclically reduced form of v. By the Conjugacy Theorem for Free
Products with Amalgamation applied with v and v?, we get that v and v®
are cyclic permutations, up to A-conjugacy. One can then identify these
two reduced forms by the rules descibed in [Dye80, p.38]: corresponding
elements should be equal modulo double cosets of A. Having chosen o and
3 such that o and " are sufficiently divisible by n and d, we then get, if
vgr denotes any element of H \ A appearing in the cyclically reduced form
of v, that AhA = Avg A = A’ A (= Ah/~' A also). This is a contradiction.

(2). In the first claim, o, ¢ =Y (E U {y¢ | y € P}). Since |z| = |27,
this shows that a,, ¢ B,(EU{y? | y € P}), and in particular the latter is a
proper subset of P.

As the length of finitely many elements of P is uniformely bounded, it
follows in particular that P cannot be covered by finitely many left-translates
of (EU{y? |y € P}). Notice also that E U {y¢ | y € P} is G-invariant, so
that there is no ambiguity between left and right genericity. (]
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Recall from [Jal06] that a subset X of a group G is called generous when
the G-invariant set X is generic in G. Lemma 4 gives in particular the
following, with a proof more general and direct than the one given in [Pil08,
Lemma 2.12].

Corollary 5. Let P = G x4 H be a non-degenerate free product of groups.
Then (G U H) is not generous in P.

It should be noted here that we realized (lately) that some of the results
in the present section may overlap, or even be weaker than, some results in
[OHO08]. Corollary 5 is certainly one of them, and we refer to that paper
for an approach through the scope of the Bass-Serre theory of actions on
trees. It was also already observed there that (GU H) is generous in G x4 H
when A has index two in both factors, so that Corollary 5 does not hold
for all non-trivial free products. The reader can also find in [OHO8] many
examples of superstable groups G x4 H when A has index 2 in both factors,
as well as arguments similar to those in Lemma 4 in the broader context of
groups acting on trees.

When P is stable in Lemma 4, Proposition 2(1) applied with £ = ()
and each function f(x) = 2¢ (d > 1) gives the following information about
generic types.

Corollary 6. Let P = G x4 H be a non-degenerate free product of groups.
If P has a stable theory and x is generic over P, then x is not a proper
power.

Getting the assumptions in Proposition 2(2) in general seems to be more
tricky.

Corollary 7. Let P = G x4 H be a non-degenerate free product of groups
of (x — x%, s)-type for some finite s > 1 and d > 1. If P has a stable theory
and x is gemeric over P, then x is not a proper power and the number of
d-th roots of x% is at most s

Before mentioning groups as in Corollary 7, let us first see that a group
can be of (f, s)-type for certain couples (f,s) but not for others.

Example 8. Let P = (Z x A) x4 (A X Z) where A is an infinite elementary
abelian 2-group, so that P is also isomorphic to A x Fy. One sees that P
is of (x — 23,1)-type, but not of (x — x2,s)-type for any s. Varying the
isomorphism type of A in similar free products, one gets all possibilities as
far as (x +— 29, s)-types are concerned.

Examples of free products P satisfying an assumption as in Corollary 7
cover all cases as follows:

(1) A is finite. To see this, let z be an hyperbolic element, which we
may assume to be in cyclically reduced form after conjugacy and of
length > 1. Then a proper power z¢ of z is also in cyclically reduced
form, in particular hyperbolic, and all d-th roots of 2% are in Cp(z%).
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By the structure of centralizers of non-trivial elements from [KS77,
Theorem 1(i)], the only possibility is that Cp(z?) is, up to conjugacy,
an HN N-extension (A',t | A" = A’) for some subgroup A’ < A. In
other words it is a semidirect product A’ x Z and since A’ < A is
finite, on checks easily that Cp(x?%) contains a finite number of d-th
roots of x¢. Hence P is of (z — x¢, s)-type for any d > 1 (and s may
depend on d, but we may also take a uniform s when A is finite).

(2) A is malnormal in G (or H). We may argue as above. Now we see,
using reduced forms, that A’ = C4(2%) = 1, so that Cp(z¢) ~ Z and
the single d-th root of % is x. Hence we may even take s = 1 for
any d > 1 in this case.

(3) In fact, the above arguments show that G4 H is of (z — x¢, s)-type
(d > 1, s > 1) in all cases where |C4(2%)| < s when x varies in the
set of hyperbolic elements.

The question of the existence of a superstable non-trivial free product
P =G x4 H with A of index at least 3 in one of the factors remains a very
intriguing question. At least, it cannot be of generic type by Corollary 3.
The possibilities A finite or malnormal were already excluded in [OHO08] by
the more general study of groups acting “acylindrically” on a simplicial tree,
a generalization of malnormality specific to the geometric approach; we refer
to that paper for more on superstable groups acting on trees.

Another inconvenience of the algebraic approach is that we have to con-
sider H N N-extensions separately. Let us review this second case briefly.
Consider thus an HN N-extension G* = (G,t | A = B), and let E be the
set of elements in G* conjugated to an element of G. We say that G* is
of (f,s)-type if there is a parameter-free definable function f on G* and a
finite s > 1 such that [f~1(f(g))| < s for every g in G* \ (EU f(G*)). We
say that G* is of generic type if it is of (f, s)-type for some parameter-free
definable function f and some finite s. The analog of Corollary 3 is then
the following.

Corollary 9. An HN N -extension G* = (G,t | A = B) of generic type is
not superstable. If it is of (f,s)-type and stable, and x is generic over G*,
then f(z) is not generic and |f~1(f(z))| < s.

As for free products, any element in an H N N-extension G* = (G, t | A® =
B) can be written in reduced form, i.e., with no subword induced by the
conjugacy relation A® = B. The length |z| of an element z is defined as the
common number of occurences of t*! in its reduced forms [LS77, Chap IV
2.1-2.5]. In the sequel, we say that the H N N-extension G* = (G, t | A* = B)
is non-ascending when A U B is a proper subset of G; notice that this is
equivalent to A < G and B < G (so that this terminology coincides with
the one in use in [dC09]). The following is an analog of Lemma 4.
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Lemma 10. Let G* = (G,t | At = B) be a non-ascending HN N -extension,
and let E be the union of G*-conjugates of G. Fix an integer d > 1 and, for
n>0,let B,={ye G : |yl <n}.
(1) For any n > 0, there exists oy, in G* such that, for every x € By,
ra, € EU{y? | y € G*}.
(2) For anyn >0, B,(EU{y? | y € G*}) is a proper subset of G*. In
particular EU {y? | y € G*} is not generic in G*.

Proof. (1). Let g be an element in G\ (AUB). One can argue as in the proof
of Lemma 4, by considering here an element a,, of the form (gt)*(gtgt—")?
with 8 > a > max(d,n). One can check similarly, using the alternance of
t and t~! on the right of a,, that zay, is conjugated to a cyclically reduced
element ~y of the form 2 (gt)*" (gtgt—")?", with 8" > o/ > max(d,n). Here
cyclically reduced forms are those reduced forms which remain reduced up
to cyclic permutation. There is a similar Conjugacy Theorem for H N N-
Extensions [LS77, Chap IV 2.5]. It yields similarly that the element =, of
minimal length in its conjugacy class, cannot be conjugated to an element of
length one, and hence is not elliptic. To see that v cannot be conjugated to
the d-th power of a cyclically reduced element v, one can also argue similarly.
The Conjugacy Theorem yields that a cyclic permutation of v? is (A U B)-
conjugated to -y; in this situation the exponents +1 of the corresponding
occurences of ¢ must be the same [Dye80, p.39], and thus here we may just
use the alternance of t and ¢! on the right of v to get a contradiction.

(2). Follows as item (2) in Lemma 4. O

With Lemma 10 we get analogs of Corollaries 5-7 in the same way.

Corollary 11. Let G* = (G,t | A® = B) be a non-ascending HN N -

extension. Then G is not generous in G*.

Corollary 12. Let G* = (G,t | A® = B) be a non-ascending HN N -
extension. If G* has a stable theory and x is generic over G*, then x is
not a proper power.

Corollary 13. Let G* = (G,t | A® = B) be a non-ascending HN N -
extension of (x + x% s)-type for some finite s > 1 and d > 1. If G*
has a stable theory and x is generic over G*, then x is not a proper power
and the number of d-th roots of % is at most s

Examples of HN N-extensions satisfying the second assumption in Corol-
lary 13 include any HN N-extension (G,t | A® = B) such that Cg(t) is
finite, or such that A9 N B = 1 for any g € GG. Indeed, by the structure of
centralizers in the case of HN N-extensions [KS77, Theorem 1(ii)], we may
argue exactly as in the case of free products with amalgamation.

Since any expansion of a non-superstable theory is also non-superstable,
the non-superstability results in the present section are not sentive to extra
structure expanding the group language. Our main result in the next section
will work only for pure groups a priori.
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2. CONNECTEDNESS

In this section we prove the connectedness of most free products of groups
without amalgamation. We first elaborate a bit on an argument which stems
from [Poi83, Lemme 6] (see also [Poi93] for related arguments), and which
deals with automorphisms groups rather than with definable subsets.

Consider a free product without amalgamation of the form G = A x F,,,
where A is a group and F, = (e; | i < w) is the free group on countably many
generators e;. Call a subset of G almost invariant if it is setwise stabilized by
any automorphism of G fixing pointwise A together with a given finite set of
elements of G. In any decomposition Ax* (e | i < w) of G, we have that every
finite subset of G is contained in some subgroup A x (¢} | i < n) for some
finite n. Since the subgroup of automorphisms of G fixing A * (e | i < n)
pointwise acts transitively on {6;- | j > n}, we see that an almost invariant
subset of G contains only a finite number of the €], or all of them except a
finite number. We also see that this latter property is independent of the
choice of a sequence (e});<,, such that that G = A x (e} | i < w). We can
then call an almost invariant subset small in the first case, and big in the
second case.

Lemma 14. Let X be an almost invariant subset of G. Then G \ X is
almost invariant and the following holds.

(1) X is big if and only if G\ X is small.
(2) For any element g in G, gX and Xg are almost invariant. They are
big whenever X s, and small whenever X is.

Proof. The first claim and item (1) are clear.

For (2), we easily see that gX and Xg are almost invariant: add g to the
given finite set of elements such that X is setwise stabilized by the group of
automorphisms pointwise fixing A plus that given set. Now express g with
the first n generators of a free generating sequence {e; | i < w} such that
G =Ax (e | i<w). We see that the sequence €, ..., €, g€, 1, -, g€, 41,

. is also a free generating sequence. It follows that gX is big whenever X
is. Similarly, Xg is big whenever X is. Now, translating by ¢!, we see that
gX and Xg are small whenever X is. O

It should be clear to our reader that the intersection of two big almost
invariant sets is big. Consequently, the union of two small almost invariant
sets is small.

Proposition 15. Let A be a group, F, = (e; | i < w) the free group on
countably many generators e;, and G = A x F,, the free product without
amalgamation of A and F,,.

(1) Any generic (left or right) almost invariant set is big.
(2) G has no proper almost invariant subgroup of finite index.
(3) G is connected, i.e., with no proper definable subgroup of finite index.
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Proof. (1). Suppose X is generic (left or right), almost invariant, and small.
In the case of left-genericity, G = g1 X U---U g X for finitely many elements
gi, and we get that G is small, a contradiction. In the right case we argue
similarly.

(2). Since cosets of a proper subgroup of finite index are generic (left and
right) and form a proper partition of G, the claim follows from (1).

(3). Any definable subset X is almost invariant, since it is setwise fixed by
all automorphisms fixing pointwise A together with a given set of parameters
in a given first-order definition of X. Hence a coset of a proper definable
subgroup of finite index cannot be definable by (2). O

With one of the results of [Sell0] we get the following.

Theorem 16. Let G and H be two nontrivial groups. Then a group ele-
mentarily equivalent to G * H is connected except when G ~ H ~ 7./27.

Proof. Since elementary equivalence preserves connectedness, we may con-
sider directly G x H.

If G and H are cyclic of order 2, then G % H is dihedral and in particular
not connected. If G x H is not dihedral, then it is elementarily equivalent
to G * H % F,, by [Sell0, Theorem 7.2], which is connected by Proposition
15(3). Since elementary equivalence preserves connectedness, it follows that
G % H is connected. O

We note that in the proof of Theorem 16 we only used the elementary
equivalence G* H = G x H x F, when G x H is not of dihedral type. It
is actually expected that a reworking of [Sell0] “over parameters” would
imply the elementary embedding G « H < G « H * F} in this case (and thus
elementary embeddings G« H < G« H x F, < G * H * F,s for all cardinals
k < k’). In [OH11, Proposition 8.8] an elementary embedding of this type
is used in a proof of the connectedness of non-cyclic torsion-free hyperbolic
groups; one could also argue without such an elementary embedding as is
done here.

If G is stable in Proposition 15, then we see as in [Pil08, Corollary 2.7]
that the sequence (e;);<., is a Morley sequence of the unique generic type
po of G over (. In particular, any primitive element of F, is a realization of
the generic type of G over 0.

It follows that if G * H is a non-trivial free product not of dihedral type
and stable in Theorem 16, primitive elements of F;, realize the generic type
in the elementary equivalent group G * H * F,,. The full characterization of
the set of realizations of the generic type, as in [Pil09] in the free group case,
seems to depend on the nature of the factors G and H; it is even unclear
whether the generic type is realized in the “standard” model G x H. Most
probably, one could prove that the generic type is not isolated, as in [Skl11]
in the free group case.

In connection with stability also, we wish to reproduce the following com-
ment of the referee around Proposition 15.
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In an elementary equivalent group, what we can say s that
the intersection of two generic definable sets is never empty;
this does mot mean that if the union of two definable sets
is generic, then one of them should be so, as in the stable
case. This last condition is equivalent to the definability of
the average type of the generating sequence: the finite side
of a uniform family of definable sets should be bounded (the
question makes sense also for uniform families of almost in-
variant sets). It is very possible that Sela’s argument shows
the existence of such a bound: the product may be unstable
for trivial and non generic reasons, but at least its generic
type would behave in a stable way.

Theorem 16 proves that all non-trivial free products of groups are con-
nected, with the single exception of the dihedral case. We believe that such
groups are actually definably simple, which would follow from the following
more general conjecture.

Conjecture 17. Let G x H be a free product of two groups. Then any
definable subgroup of G x H is of one of the following type:

the full group,

conjugated to a subgroup of one of the factors G or H,

cyclic infinite and of hyperbolic type, or

dihedral (only in case where one of the factors contains an element
of order 2).

Most probably, one way to prove Conjecture 17 could be obtained by a
direct generalization to free products of groups of the Bestvina-Feighn notion

of a negligeable set in free groups, and by using the quantifier elimination
for definable subsets of G * H from [Sell0]. We refer to [KM11] for a proof
in the free group case.
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