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WASSERSTEIN DECAY OF ONE DIMENSIONAL JUMP-DIFFUSIONS

BERTRAND CLOEZ

ABSTRACT. This work is devoted to the Lipschitz contraction and the long time behavior of
certain Markov processes. These processes diffuse and jump. They can represent some natural
phenomena like size of cell or data transmission over the Internet. Using a Feynman-Kac semi-
group, we prove a bound in Wasserstein metric. This bound is explicit and optimal in the sense
of Wasserstein curvature. This notion of curvature is relatively close to the notion of (coarse)
Ricci curvature or spectral gap. Several consequences and examples are developed, including an
L? spectral for general Markov processes, explicit formulas for the integrals of compound Pois-
son processes with respect to a Brownian motion, quantitative bounds for Kolmogorov-Langevin
processes and some total variation bounds for piecewise deterministic Markov processes.
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1. INTRODUCTION

We are interested by a process which moves continuously for some random time and then
jumps. It can represent some natural phenomena that can be observed at a great variety of
scales. To give just few examples, let us simply mention the modeling of the Transmission
Control Protocol (TCP) used for data transmission over the Internet
IGRZ04, [LvL.08, WLLOO9], parasite evolution or size of cell in biology [BDMT, BT11] [Clo]
[LP0Y], reliability and queuing [CDOS] [Las04, [RTO0]. More precisely, this process X =
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2 BERTRAND CLOEZ

(X¢)e>0 has an interval £ C R as state space and its infinitesimal generator is given, for any
smooth enough function f : ¥ — R by

1
vz € B, Lf(z) = o(2)f" (@) + g(@)f (&) + 1(x) </0 F(F(x,0)) — f(x)d@) )

where 0,7, g and x — F'(x,-) are smooth (C*° for instance), 6 — F'(-,0) is measurable, r and
o are non negative. We also assume that this operator generates a non explosive Markov process
(see for sufficient condition). For instance we can assume that 7 is lower bounded and
there exists K > 0 such that

[b(z) = b(y)| + lo(z) — o(y)] < K|z —yl.

Between the jumps, this process evolves like a diffusion which satisfies the following stochastic

differential equation:
dXt = g(Xt)dt + \/QU(Xt)dBt

where (By);>o is a standard Brownian motion. Then, at a random and inhomogeneous time 7'
verifying

t
P(T>t|Xs, s<t)=exp (—/ T(Xs)ds),
0

it jumps. That is X7 = F(X7_,©) where © is a uniform variable on [0, 1]. Then, this process
repeats these steps again. It is a Markov process. It is called an hybrid process in [Bec07]]. When
r = 0 it is a diffusion and when o = 0 it is a piecewise deterministic Markov process (PDMP)

[Davo3].

Some properties are established in the literature. Finding explicit bounds for the speed of con-
vergence is an interesting question which remains open in the general case. Our aim in this
paper is to get quantitative estimates for the convergence to equilibrium of X. Using Lyapunov
techniques, give some conditions to have a geometric convergence. Never-
theless, this process is, in general, irreversible and it has infinite support. This makes Lyapunov
techniques less efficient for the derivation of quantitative exponential ergodicity. Furthermore,
another main difficulties is that entropy methods fails. In general, the invariant measure of the
process does not verify a Poincaré or log-Sobolev inequality (see remark .13l and [WulQ]). In
this work, we use a gradient estimate via a Feynman-Kac formula. We obtain a bound in Wasser-
stein metric. This bound is optimal in the sense of Wasserstein curvature introduced by Joulin
and Ollivier.

The two next subsections introduce the notion of Wasserstein curvature and states our main
results. Section [2]is devoted to the Lipschitz contraction of Markov processes while the quanti-
tative bounds of jumps diffusions are in Section[3l In the last section, we develop some examples
and applications including a Wasserstein bound for Kolmogorov-Langevin processes with non
convex potential, a variation total bound for piecewise deterministic Markov processes, some
explicit formulas for the TCP windows size process and the integral of Lévy processes with re-
spect to a Brownian motion.

Lipschitz contraction and Wasserstein curvature. We present briefly some basic definitions
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and properties about Lipschitz contraction of Markov semigroups. The Wasserstein distance
between two probability measures (i1, o is defined by

W(p1,p2) = inf // |z = ylv(de, dy),
veMarg(p1,p2) JJEXE

where Marg(y1, i2) is the set of probability measures on E? with marginal distributions are

w1 and po, respectively. This infimum is attained Theorem 1.3]. The Kantorovich-

Rubinstein duality gives [Vil03] Theorem 5.10] the following representation:

W(p1, p2) = sup /gdul —/ g dpa, )

geLip, JE E
where Lip, is the set of Lipschitz function g verifying |g(z) — g(y)| < |z —y| forany z,y € E.
Let (P;)¢>0 be the semigroup of (X¢)¢>0. It is defined by Pig(z) = E[g(X})|Xo = «], for any
g smooth enough. The Wasserstein curvature of (X;);>o is the optimal (largest) constant p in
the following contraction inequality:

sup |Prg(x) — Pig(y)| < e—pt’ (3)

z,yeE [z —y B
TF#Y

for all g € Lip,(d) and ¢ > 0. It is actually equivalent to
W(p1 Py, paPy) < e P Wi, pa),

for any probability measures /i1, j12 and ¢ > 0. Here j1q P; stands for the law of (X;):>¢ starting
from a random variable distributed according to ;. That is,

wPf () = [ P (do).

This notion of curvature was introduced by Joulin and Ollivier [OII10]] and is connected
to the notion of Ricci curvature on Riemannian manifolds [VRSO3]. It is also a generalisation of
the Dobrushin’s Uniqueness criterion. If the optimal constant p is positive, then the process has
a stationary probability measure 7 and the semigroup converges exponentially fast in Wasser-
stein distance WV to the stationary distribution. This result is a direct consequence of [Che04]
Theorem 5.23]. In general, (X¢):>0 is not ergodic when p < 0 as can be easily checked with
Brownian motion. We can notice that an exponential decay is possible even though the Wasser-
stein curvature is null (see Lemma [2.1)). The Wasserstein curvature is a local characteristic. It
takes into account the behavior on all the space and at any time. It corresponds to the worst
possible decay. This notion of curvature is connected with the notion of L?—spectral gap:

Theorem 1.1 (Wassertsein contraction implies L?—spectral gap for reversible semigroup). Let
(Py)i>0 be the semigroup of a Markov process with invariant distribution 7. If the following
assumptions hold

o the Wasserstein curvature p is positive;

o the semigroup is reversible;

limgo | Pf — fllz2(my = Oforall f € L*(m);
Lipy N L>®(7t) N L?(7) is dense in L*(7);
then it admits an invariant distribution © and

Var(Pf) < e *"Varx(f),
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where Var(f) = [p(f — [p fdm)?dr = |[f — [ fdr|p2(n)-

The proof relies crucially on reversibility. Nevertheless, for most of our examples, this con-
dition is never verified (while in contrast all one dimensional diffusions are reversible). This
theorem is just the continuous time adaptation of [HSV] Proposition 2.8] and is close to [Che04],
Theorem 5.23], [Wan03| Theorem 2.1 (2)], Theorem 2], and [[OII10} Proposition 30].

Main results: Quantitative bounds for jump-diffusions. Let (P;);>o be the semigroup, of the
Markov process (X;);>0, generated by (I). By the Itd-Dynkin Theorem,

R = J)+ [ "PLf(x)ds = f(x) + / "LP.f(x)ds @

for all f smooth enough. See for full details on the domain of £. We can
also describe the evolution of X in terms of stochastic differential equation. Let (B;)s>0 be a
standard Brownian motion, and let Q(ds, du, df) be a Poisson point process on Ry x R x [0, 1],
of intensity ds du df, independent from the Brownian motion. Here ds, du, df are the Lebesgue
measures on R, R and [0, 1]. Then we have,

X, = Xo + /Otg(Xs)ds + /Ot \/20(X,)dB, (5)

t
L sy (FXe0) = Xo) QUds, du.db).
0 JE x][0,1]

Some sufficient conditions for the existence of a solution can be found in [Dav93]|. Be-
fore expressing our main results, we recall that a Markov process is stochastically monotone
when for any z,y € E, if x > y then there exists a coupling (X,Y") starting from (z,y) such
that X; > Y; almost surely for all £ > 0.

Theorem 1.2 (Wasserstein curvature for stochastically monotonous jump-diffusion). Let (X;)i>0
be a solution of @), if it is stochastically monotonous and if

p= ;;Ielg (—g'(x) +r(x) (1 — /01 BxF(x,H)dH) —7'(z) /01 x — F(x, G)dﬁ) >0,

then the contraction inequality () is satisfied with the optimal constant p; namely
W (uPy, vP;) < e "W (i, v) (6)
for all probability measures ., v.

In particular, the inequality (6) holds when all these conditions are satisfied:

e 1 is decreasing;

e F(x,0) < x, for almost all § € [0, 1];

e z+— F(z,0) is increasing.
For instance, the jumps can be multiplicative (that is F'(x,0) = ¢(0)x, where ¢ < 1), additive
(that is F'(xz,0) = = — ¢(f), where ¢ > 0), or a combination of these two types. We can, of
course, also suppose that r is increasing, and, for almost all § € [0, 1], F(z,0) > x.

In the expression of p, we can see the interplay between the drift parameter g and the jump
mechanism r, F'. We also see that the curvature does not depend on the diffusive term o. The
proof of this result is based on an expression of the gradient using a Feynman-Kac semigroup
(see for instance [DMO4]). This expression gives some rates of convergence when p < 0. This
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theorem gives an interesting estimates in Wasserstein distance and is close to [Wul0, Theorem
2.2]. A bound in total variation is given in Section ]

2. LIPSCHITZ CONTRACTION OF MARKOV PROCESSES

In this section, we give some properties of the Wasserstein curvature. We also prove Theorem

L1

2.1. Properties of the curvature. Let (P;);>o be a Markov semigroup, we denote by p its
Wasserstein curvature. Here, we will give two lemmas which give some properties of the cur-
vature. We begin to prove that (P;);>0 can be geometrically ergodic even if its curvature is not
positive. The second lemma is a scaling property.

Lemma 2.1 (Exponential decay when p < 0). If p < 0 and there exists to > 0 such that

Kto = sup W(dwoptm(syopto)

<1
z0,y0€EE ’350 - yO’

)

then there exists k > 0 such that, for all xqy,yg € E, we have
Vt 2 th W(émoptyéyopt) S e_tﬁ|x0 - y0|
Furthermore we can choose
o= _ ln(KtO)

to

Lemma 2.l implies the existence of an invariant distribution and the convergence to it. The-
orem [3.3] gives an application of this result. Notice that the conditions of Lemma 2.1] are not
always verified. For instance, if (L;):>0 is a Lévy process then its semigroup (F;);>¢ verifies

W(0y Py, 6y Pr) = |z — yl.
Now, let w and @ be defined, for all = # y, by
W (6P, 6y ;)

)

and

a(t) = sup w(t,z,y).
zT,YyeL

The proof of the previous lemma is based on the fact that In(w) is sub-additive.
Proof of Lemma[2 1) First, we have
WP, vP) < D)W (1, v).
Then, for any =,y € F and by Markov property, we have
W(0zPits,0yPits) = W((6:F;)Ps, (0, P;)Ps)
< W)W (03 Ps, 6y Ps).
We deduce that
w(t+s,z,y) <w(t)w(s,z,y) = w(t+s) <wot)w(s).
Now, the curvature is non-negative, thus

Vi >0, o(t) < 1.
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So w is decreasing. But, as there exists ¢y > 0 such that w(ty) < 1, we have
Vit > to, @(t) < 1.
Finally, for all ¢t > tg, there exists n € N such that ¢ > nt(, and then
W(05 P, 6y P;) < w(t) W(dg,0y) < w(nty) W(dg, dy)

< W(to)" W(bz,0y) < exp <t w> W(6z,8y).

If you change the time scale, the new curvature is easily calculable:

Lemma 2.2 (Markov processes indexed by a subordinator). Let (X¢):>0 be a Markov process
with curvature p and let (7(t))i>0 be a subordinator independent of X. If (Q¢)¢>0 is the follow-
ing semigroup:

Qif(z) = E[f(Xr)) | Xo = 2],

then its Wasserstein curvature pg verifies
o0
po=bp+ [ (1= w(d) = (o),
where 1 is the Laplace exponent of T, b its drift term and v its Lévy measure.

The proof is straightforward. Let us end this subsection with a remark about the notion of
Wasserstein spectral gap which is close to our Wasserstein curvature.

Remark 2.3 (Wasserstein spectral gap). A semigroup possesses a positive Wasserstein spectral
gap [HSV] if there exist A > 0 and C' > 0 such that for all x,y € FE and t > 0,

W (6P, 8,P;) < CeMd(z,y).

If C' < 1 then X is the Wasserstein curvature. This difference may be important for concentration
inequalities [JouO7), [OI10]. Almost all our results are generalisable in the case of positive
Wasserstein curvature.

2.2. Proof of Theorem [I.Tt Lipschitz contraction implies ?—Spectral Gap. The proof of
this result is the continuous-time adaptation to [HSV] Proposition 2.8 ].

Proof of Theorem[L1l Let f be a non-negative, Lipschitz and bounded function such that [, fdr =
1. Using the reversibility and the invariance of 7, we have,

Var, (P.f) = /E Py fdr — ( [E fdw)z

< [ fllLip@W (Pac fdm, ) .
The measure Py, fdr verifies, for all smooth ¢,

/(pPgtde—// Y) Pz, dy)m(dz)

= / / y) Pot(y, dz)m(dy).
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Thus,

Varr (Pif) < || fllLip@@yW (f7) Pat, )
< Cre 2t 7)

By translation and dilatation, the last inequality holds for all Lipschitz and bounded f. Now,
let f € L?() be a Lipschitz and bounded function such that,

/f 7(dx) —Oand/f dzr) = 1.

Applying spectral Theorem, Jensen inequality and (7)), we find
oo
Var, (P.f) = / Pf2dr = / / e MAE\(f)dr
EJo

< (/E /OOO ek(tJrS)dE,\(f)dw)%

t
t+s ,—2pt
<C Fe .
Taking the limit s — +o00, we conclude the proof. O

This result can not be generalised in the non reversible case as can be viewed in the remark

413l below.

Remark 2.4 (Another approach). We can give an alternative proof, using Inequality (@) and
CGZI10, Lemma 2.12]. This lemma is based on the convexity of the mapping t = In || P, f || 2 ()
which is also a consequence of the reversibility.

3. WASSERSTEIN DECAY OF JUMP-DIFFUSIONS

In this section, we will prove Theorem [[.21

3.1. Proof of Theorem gradient estimate via Feynman-Kac formula. In this section
we follow the approach of [CIT0]. Let X be generated by (1)) and be stochastically monotone.
Let (P;)¢>0 be its semigroup. We begin by estimating the derivative of our semigroup. More
precisely, we prove, for any smooth enough function f, the following formula:

Ve >0, (Pf)(x) =E [f'(ift)e Jy Vs x] . ®)

Where Y is a Markov process generated by
Lsf(z) =o(@)f"(z)+ (o' (z) + g(z)) f'(z)

1
x)/o 0,F(x,0)d6 <W/ Fle,0)f(F (m,H))dH—f(x))

o 1
., (36)/0 v — F(z,0)d8 <f01 P T /0 /Fw) F(u)du db — f(m)) .

Here, we have used the convention 0 x % = 0. The denominators are not null because of
the stochastic monotonicity. And also because we can assume, without less of generality, that
F(x,-) # x almost surely.
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Lemma 3.1 (Intertwining relation and gradient estimate). If we have

t
Ve E, E [exp (—/ V(Ys)ds) | Yo = m] < 00,
0
where

1 1
V(z) = —¢'(2) + () (1 _/ @F(m,&)d@) _ r'(m)/ v — F(,0)df,
0 0
then (8) holds.
Proof. As (Lf) = (Ls — V) f', Ito-Dynkin Formula gives

(P (@) = 1)+ [ (£PpY ()
= 7@)+ [ (s = V) (B @)

But, it is known that the following semigroup verifies also the previous equation:
t
Sif(z) =E [f(Yt)e Jy V(YS’“]

where Y is generated by Lg. As there is a unique (weak) solution, we get (P.f) = S f'. U

We deduce that:
'>0=PRf >0

Corollary 3.2 (Propagation of monotonicity). Under the same assumptions, if f is non-increasing
then P f is also non-increasing.

This property is known to be equivalent to the stochastic monotonicity. It implies that this
Feynman-Kac representation of the gradient is reserved to the monotonous process. We can not
prove it in another context. This explain why this approach fails for a general class of parameters
(and in particular of a large class of jumps rates). This proof seems also not be generalisable to
higher dimension (except if the process have a radial behavior).

Proof of Theorem[L2] Let f be a Lipschitz and smooth function. By the intertwining identity
(®) and for any =,y > 0, we have

|Pf(z) — Pef(y)] < Sup [(P.f) (2)]]x — v
t
< supE || ()le o VOUIY, = 2] o~y
2>0
AL
< supE e o VOUE|YG = 2] o -y,

z>0

So that dividing by |x — y| and taking suprema entail the following inequality

P, — P, t
sup |2 f () ef ()] < sup E [exp (_/ V(Ys)ds) | Yo = z] .
ek |5C - y| 2>0 0
TAY

Finally, taking f(z) = x, we show that the supremum is attained. It achieves the proof. O
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Remark 3.3 (h—transform and first eigenvalue). Assume that Ls—V has a first eigenvalue \ >
0 such that its eigenvector 1) is positive. Using an h—transform with the space-time harmonic
function h = e~ we get for any Lipschitz function f,
. f'(Z) ¥(Zo)
E|f/(Yo)e o V(YSWS] = e My(z)E { } < e ME [ ] ,
a0 Wz 0(Z)
where (Zy)>0 is another Markov process. Then, if 1 is smooth enough, the Wasserstein decay

is in order to e~ . Section gives an application for Kolmogorov-Langevin processes with
non convex potential.

Remark 3.4 (A proof by coupling). The stochastically monotony can be described in coupling
term. Indeed, for all x < vy, there exists a coupling (X*, XV), such that the marginals are
generated by L, which start from (x,y), and

Vi >0, XF < X! as.
Using this coupling (X*, XY), we have

W(3: P, 6,F.) < E[ X} — X7
< E[X}] — E[X?]
< Py(id)(y) — Pi(id)(z)

< sup (Py(id))’ (2)]a — y|.
zelE

The bound for sup, ., (P;(id))’ (2) can be found using the generator. Nevertheless, this proof
did not give any information about the optimality. Our approach confirms the optimality of this
coupling. This coupling is the same as [CMP10Q). I favours the simultaneous jumps.

Now, we give an application of Lemma[Z.J]which is a criterion for an exponential convergence
when p = 0.

Theorem 3.5 (Exponential decay when the curvature is null). Under the same assumptions of
the previous lemma and if V' > 0, Y is irreducible, there exist a compact set K = [a,b] and a
constant € > 0 such that

Ve ¢ K,V(x) > e,
then there exist t > 0 and k > 0 such that
vt > &, W(uP, vP;) < e " W(p,v),
for any probability measure ., v.

Notice that, if there exist z € E such that V' (z) = 0 then the Wasserstein curvature is null.

Proof. The proof is adapted to [MTO06, Section 5.1]. Let
¢
D(t,x) =E, [exp (—/ V(Ys)dsﬂ ,
0

and D(t) = sup,cp D(t,x). Here E,[] stands for E[-|Yy = z]. It is easy to see that for all
x € E, D(-,x) and D are non increasing. Furthermore, if D(t,z) = 1 and Y = x then
V(Ys) = 0 almost surely, for all s < t. Then, as Y is irreducible, there exists ¢y > 0 such that

we have
Vo € E, Yt > tyg, D(t,z) < 1. 9)
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Now, we begin to prove the existence of £; > 0 such that

Vt>ty, D(t) < 1.
If x ¢ K then we set 7 = inf{t > 0|Y; € K}. We have,

D) =&, [trcrexp (- [ t V(rds)| + B, Lo (- t V(s )|

t
<E, {1T<texp (—/ V(Ys)dsﬂ +e et
0
And

B (1o (- [ Vds)] < B [toae B, fow (- ['VOias) 1 5]

< Ep |1t max D(t — T, c)]
i ce{a,b}

< Ep [Lrype™ cgﬁfg} D(t — T, c)]

+E,;

1 eT D(t—r,c
asraee " max, (t—r, )]

< max D(t/2,¢) 4+ e /2

ce{a,b}
where F = (F¢)¢>0 is the natural filtration associated to Y. Thus,
sup D(t,z) < max D(t/2,¢) + e =t + ¢~/
a¢ K ce{a,b}
We deduce that limsup,_, | sup,¢x D(t,z) < 1 and the existence of ¢; such that for all
t 2>,

sup D(t,z) < 1.
¢ K

The Feynman-Kac semigroup is continuous on K. So, we deduce that D(¢) < 1 forallt > =

max(tg, t1). Lemmalends the proof. We can also use the argument to [MTO06] (which is very
similar). That is, the Markov property ensures that

D(t+ s,z) =E, [exp (— /Ot V(Yu)du) Ey, [exp (— /Ot V(Yu)du)”
<E, [exp (_ /0 t V(Yu)du> D(s)} — D(t,2)D(s)
< D(t)D(s),

and then D(t + s) < D(t)D(s). For all t > ¢, there exists n € N such that ¢ > nf. Thus, we
have



WASSERSTEIN DECAY OF JUMP-DIFFUSIONS 11

Remark 3.6 (A link with the quasi-stationary distribution (QSD) ). If V' > 0 then we have
another representation of the gradient of (P;)>0. Indeed we have

0. Pof (2) = B[f (Vi) Loy | Yo = al,

where Y is a Markov process generated by Lg and T verifies

P(t>t|Ys,s <t)=exp <—/OtV(Y;;)d5).

If'Y admits a Yaglom limit, that is, there exists | such that
. / _ —
Jim B[V | Yo=a.t < 7] = [ fdu,
then we have P(T > t) ~ e~ for some O > 0. And then, if  is the invariant distribution of X,
Pif@) = [ fax|=|[ [ B0 ¥o = uldudn(y)
E EJ{z,y]

< Ce %,

Remark 3.7 (On the usage of an other gradient). Another way to prove an exponential decay in
the case of non positive curvature is to change the distance. Let a be a positive and increasing
function, the following mapping defines a distance:

Va,y € B,do(z,y) = |a(z) — a(y)|.

Our proof is generalisable for this distance. It is enough to commute L and V, = aV instead
of L and N. This method is efficient for the M /M /1 in [CI10]. We have not followed this
approach. Nevertheless it can improve the rate of convergence, it do not generalise the field of
concerned processes, that are the stochastically monotonous processes.

O

4. EXAMPLES AND APPLICATIONS

In this section we develop several examples. In Subsection .1l our main results are simply
applied to some models with biological applications. In Subsection we use our intertwining
relation and an h—transform to obtain a rate of convergence for Kolmogorov-Langevin pro-
cesses. In the section that follows, we use our main theorem to find a bound in total variation for
some PDMP. We finish by several remarks for the example of the TCP process.

4.1. Stochastic models for population dynamics.

4.1.1. Feller diffusion with multiplicative jumps: The Bansaye-Tran process. Let us consider
the process studied in [BTTI]. It lives on £ = R, and evolves according to a Feller diffusion;
namely
dX; = gXedt + /28 X d By,
where g and s are two positive numbers. When it jumps from x, this new state is Hx, where
the random variable H is distributed according to a probability measure H on [0, 1]. We assume
that H < 1 — H. This process models the rate of parasite in a cell population. The number

of parasite grows in each cell and, sometimes, the cells divide. These two phenomena do not
unwind in the same time scale. The parasites born and die faster than the cells divide. Thus, the
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rate of parasite is modelled by a Feller diffusion. This one can be understood as the limit of birth
and death process. The jumps model the division of cell. In this setting, we have

Corollary 4.1 (Exponentially decreasing to O when r is decreasing). If r is decreasing and

p =E[H] (ir;for(x) - mf’) —g >0,

where v/ = sup,>q ' (x), then for any t > 0,
E[1X,] < e K[| Xol].

Proof. Using theorem we deduce that Wasserstein curvature p is positive. Furthermore, &g
is invariant and W(9, P, 60) = P, Id(z) = E[X; | Xo = z]. O

In [BTT1l], it is proved that if r is monotonous then X convergences, almost surely, to zero.
They do not give an explicit bound for the convergence. Our corollary gives a (new) bound for
the L'-convergence. To compare, for instance, [BT1I} Proposition 3.1] says

Theorem 4.2 (Extinction criterion when 7 is constant). We have the following duality.
(i) If g < —7 [y log(h)H(dh), then P(3t > 0, Y; = 0) = 1.
Moreover if g < —r [ log(h)H(dh),

Ja>0,Vro>0,3c>0,Vt >0, P(X;>0|Xo=xz) <ce . (10)
(i) If g > —r [ log(h)H(dh), then P(¥t > 0, X; > 0) > 0.
Furthermore, for every 0 < a < g + r [ log(h)H(dh),

P < lim e Y, = oo) ={vt, X; >0} a.s.

t—+o00
The point (IQ) can be written as
dry (82 Pr, 60) < ce™".
And the second point (ii) implies that
lim; \ odrv (65 P, 00) > 0.

But when 7 is constant and the curvature p is positive, we have g < —r fol log(h)#H(dh). Thus
X converges almost surely to 0, and

E[|X¢[] < e™"E[| Xol].
More precisely, a rapidly calculation gives
E[X;] = e "'E[X().
So, if
1 g 1
/ ~ log(h)H(dh) > & > k=1 —/ W (dh),

0 0

then

lim X; =0as.but lim E[X;] = +o0.
t—+o00

t—-+o0
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4.1.2. Rate of convergence for branching measure-valued processes. Let us consider a model
of structured population. We observe a Markov process indexed by a supercritical continuous
time Galton Watson tree. Along the branches of the tree, the process evolves as a diffusion. The
branching event is nonlocal; namely the positions of the offspring are described by a random
vector (Fj i (x,0©));j<k. They depend on the position z of the mother just before the branching
event and on the number K of offspring. The randomness of these positions is modelled via
©; it is a uniform variable on [0, 1]. This process can be described with the following empirical

measure:
Zy =Y bxu,
ueVy
where X/ lives in the branch u at time ¢ and V; is the set of branch at time ¢. It was proved in

[BDMT] and [Clol| that

=E[f(M)],

1 1 .
B L 0% = pmi® 2 fED)

where Y is generated by (I)), with biased parameter. With this formula, we can deduce the long
time behavior and the contraction properties of the mean measure. A similar formula holds when
r is not constant [CIol]. It will be interesting to capture the speed of convergence to Z instead of
E[Z]. A first approach is given in Theorem 1.2].

4.2. Kolmogorov-Langevin processes. Let us consider the process which verifies
dX, = V2dB, — ¢'(X,)ds,

where ¢ is C°° and B is a standard Brownian motion. It is already known that, under suitable
assumptions, this process converges to the Gibbs (or Boltzmann) measure 7(du) = e~ du/Z,
where Z is a renormalizing constant. Theorem shows that the curvature is equal to p =
inf,er ¢”(2). Tt is trivial but we can hope an exponential decay to the invariant measure when
p < 0. In particular, p = 0 was studied in Section 5]. We have

Theorem 4.3 (Wasserstein exponential ergodicity). Assume that

lim ¢"(z) = +o0,

|22 =+ 00
then there exists A\ > 0 such that
Yo,y € R, AC,,, > 0, Vt > 0, W (3, P;, ,P;) < Cy ye .
Furthermore for all © € R there exists C,. such that
Yt > 0, W (7,0, P) < Cpe M.
Notice that A is "explicit". It is the first eigenvalue to the operator
fos ="+ ()24 4% /4).
Or equivalently it is also the first eigenvalue to f :— —f” + ¢/(z) f'(x).
Proof. Let (P;)¢>0 be the semigroup of X. By Lemma[3.1] we have, for all f smooth enough,
OuPif = Sif',
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where (.S;);>0 is the Feynman-Kac semigroup generated by Ls defined by,
Lsf=f"(x) = d'@)f' () = q"f(2).

As said in Remark[3.3] we will do an h—transform. Let H be the closure on L? of the operator

defined by
! 2

Hf:—f”+f<%+qz>.

There exists a unique positive function ¢ € L2 N C* and a real number A > 0 such that
Hy = A\p. Indeed, It is known from [BS83| Theorem 3.1 p. 57] that if
¢"()  ¢*(@)

lim +
|z] =400 2 4

= +007

then H has a discrete spectrum. Furthermore, there exists a unique positive eigenvector. It
corresponds to the smaller eigenvalue A > 0 and we denote it by ¢ chapter 2]. The
regularity of ¢ comes from the regularity of ¢. Let (Q¢)¢>0 be defined for all smooth enough f

by
At

Qi(f) = %e*qﬂst(fsoeq/?). (11)
We have
et et
9Qu(f) = A?fqﬂst(fweq/z) + ?e’q/zst(ﬁs(fs%qﬂ))
et et
= —e %S, (fe* Hp) + —e 25y (—e"*H(fp))
2 2
Y
= —e725,(e? G f)
2
= Q:«(Gf),
where

SD/
G ="+ 22
¥
The relation (II)) gives

OuPof (x) = e Med@/2p(2)E @e—q(%)ﬂ | Yy = m]
! (Y1) ’

where Y is a Kolmogorov-Langevin process generated by G and starting from x. Thus, if f is
Lipschitz then,

. 1
|05 P, f (z)] < e~ Mzera(@)/2e=Mea@)/20(2)Q, (;) (z).

1 A 1 " 2
G—=— —— (AL _1 ),
v ® 2 4

So, by [MT93| Theorem 6.1] with V' = 1/, we have
1 1 1

o (3) @7 (3)< 2 (1 555)
@ @ p(x)

But
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for all z € R, where 5 € (0,1), B > 0 and 7(dz) = el 204 ) Z = p(x)?dx)/Z (2 is a
renormalizing constant). Notice that we also have

77' (é) = /Rgo(x)dx < +00.

. 1 1
|0 Py f ()] < e Meema(2)/2e =M ea(@)/2 () <7*r (—) + Bg' <1 + )) .
» p(x)
Thus, the first inequality of the theorem holds with

C(z,y) =C x sup e?®/2(1+p(2)) |z -yl
z€[z,y]

Finally,

Furthermore the Cauchy-Schwarz inequality gives that for all z € R, we have [ C'(z,y)m(dy) <
+o00. O

Remark 4.4 (h—transform and Schodinger equation). The transformation (L) is usual in the
study of schrédinger equation [Pin93). It has many applications in the study of absorbed pro-
cesses (to estimate the law of the Q-process), of branching measures [CI0l], but to our knowledge
our approach is new.

Remark 4.5 (Ornstein-Uhlenbeck process). If q(z) = px?/2 then the assumptions of the theo-
rem do not hold. But we can follow the proof step by step. The mapping ¢ : x — e "*/2 js an
eigenvector of H with respect to the eigenvalue 1. So, we find that G = L and

W (5$Pt, 5yPt) S e*“t\x — y’
In fact, it easy to see that it is an equality. This example points the sharpness of our method.

4.3. Total variation decay of PDMP. Let X be a piecewise deterministic Markov process
(PDMP) on E C R; that is, it is generated by

Li@) =g(@)f (@) +r(@) [ @K @.dy) - f@)).

where K is a Markov kernel and g, » was described below. By Theorem if X is stochasti-
cally monotonous then its Wasserstein curvature is given by

p= mlreljfg (—g'(x) + 7 (z) (1 — Oy (/E yK(x,dy))) +7'(z) /E(y — x)K(y,dm)) .

If p is positive and K "contracts in total variation" then we are able to prove an exponential
decay in total variation distance. Let us recall that, for any probability measure p1, o, the total
variation distance is defined by

drv (p1, p2) = inf P(X; # Xo),

where the infimun is taken over all couple (X7, X2) such that X, X are respectively distributed
according to u1, uo. Hereafter, we will use the following notations:

g =supg(z) and r = inf r(2).
zeE zeE

Theorem 4.6 (Total variation decay for monotonous PDMP). If the following assumptions hold:

1) the Wasserstein curvature is lower bounded p > r > 0
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it) 7 is "sufficiently" lower bounded; namely r > 0 A ¢';
iii) there exists C' > 0 such that

Vx,y € E7 dTV (K(ma )7K(y7)) < C‘.YJ - y"

then
drv (WP, vP) < K, e ", (12)

I

K+

where 0 = and

r+2K
TR

m Wi
+ RIR <<C+T—> E,W(M,V)>
r)r—g

Notice that, if X do not jump before ¢ then its trajectory is deterministic. If r is constant
then we have dry (6, P, 6,P;) > €. The point ii) provides that the first jump comes before a
time which is exponentially distributed. The point iii) is the main assumption of this theorem. It
means that we can stick the two marginals of a coupling if they are close.

Remark 4.7 (A storage model). Let (X;);>0 be the Markov process, on E = R* | generated by

Lf() = —gaf'(@) +r(2) ( /

Ry

flx 4 u)re Mdu — f(x)) .

Here g, X\ > 0,7 > 0. It models a stock. The current stock decreases exponentially, and
increases at inhomogeneous random times by a random amount (distributed following an expo-
nential variable). We deduce directly, from our main theorem, that if r is increasing then for any
z,y >0,

VE > 0,W (6, P, 6,P;) < e~ @R infazor @)t )
On this example, the constants of the previous theorem are

_ _r0)
r! r r(0)+p
Ky = (P <§ + m) T(Ogio_)gw(ﬂa V))

_ ( ) T((OO))+2P
_e ([1 r! r(0 r+e
r(0)+ _ -~ 7
e ((A " r<o>> 0) —gw““"”)) |
and
_ )
p+r(0)

For instance, if v is constant, we have
18"
drv (MPta VPt) <e g-H"K%V_
This rate is not optimal . Our approach is similar to , we build a coupling such

that the components are closer on [0, s| and we change the coupling to stick the components on
[t —s,t]. In [BCG, the time s is random while in our proof, it is deterministic. Here, s is not
random because when r is not constant the countable process associated at the jumps is not a
Poisson process.
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The proof is based on the following lemma, proved via coupling argument:

Lemma 4.8 (Local total variation estimate). Let x > y and t > 0, under the same assumption
of Theorem .6 we have

Wi
drv (0, P, 0y ) < e + | =y (C + T;) =

Here v’ = sup,cp 7' (2).

Proof of Theorem The previous expression is equivalent to

= Wi, v),

r—g
for any i and v which have a first moment. As p > 0, we deduce that, for all s < ¢,

dry (Mph VPt) =drv ((/’[/PS)Pt—S7 (VPS)Pt—s)

r

W
dpy (uPy,vP) < e " + <C + T—)

—(t—s)r —ps r r
<e T+e P |(C+ — =W (p,v).

rjr—g
And thus, dry (uP,vP) < K, e O

Proof of Lemma.8 Let us consider the coupling (X,Y), starting from (z,y), and generated
by

Gf(z.y) = 9(x)0: f (2,y) + 9(y)9y (. y)
o) nr) ([ 50Ky, dawe) - fay)

+r(a) = @) ([ fp)K (e, do) - flay)
+0w) = r@)” ([ f@ 0k @ - f).

K is choose such that
o Lus K (@), d(u, ) = dry (K (@), K (y,)
ExXE

The dynamics of this coupling is as follow.

e It start from (X, Yy) = (z,y) and forall t < T, X} = ¢g(X;) and Y} = ¢g(¥?).
e The time T verifies

P(T > t) = exp <— /Ot r(xs) V T(ys)ds) ,

where 7o =z, yo =y and z} = g(z1), y; = g(ye)-
e Attime 7', we toss a coin B such that
A\ —
r(@r) Vr(yr) r(@r) Vryr)
If B = 0 then the two trajectories jump simultaneously and if B = 1 only one compo-
nent jumps.
o If the two trajectories jump in the same time then we stick them.

P(B=0|T)=



18 BERTRAND CLOEZ

e We repeat these steps starting from (X7, Y7).

We would like to stick the trajectories at the first jump (to stick them before is impossible),
and so maximise the quantity P (X; = Y}) i.e.

P(X,=Y;) >P(Xr=Yp,t>T,B=0).

And as we have
T su "(z
|zt =yl =2 — < e pZEEg()\x—y\7

we deduce,
P(Xy =Yr,t >T,B =0) 2E[14>7 p=0oP (X7 = Y7 | (T, B))]
>E [ltZTJg:O (1 —Clz — y\eTg/)}
E 1o (1= Cla = yle"™ ) P(B=0|T)]

T‘g;’ 7:/ T_z;’
>E (17 (1—C|x—y|e ) 1—?|x—y|e .

Finally, as we can upper bounded 7' by an exponential variable / with parameter r, we conclude
that

drv (0P, 6y P) < P(X; # Yy)

We can give similar results when the curvature is null:

Corollary 4.9 (A bound when p = 0). Assume that ii) and iii) hold, X is stochastically monot-
onous and irreducible, p = 0 and there exist [a,b] C E and ¢ > 0 such that for all © ¢ [a, D]

(—g/(x) +r(zx) (1 — Oy /EyK(x, dy)) +7'(x) /Ey - xK(y,dm)) > e.
Then there exist K > 0 and 6 > 0 such that
dpy (uP,,vP) < K(1+W(u,v))e .
For any starting distribution p, v.
Proof. 1t is a direct application of Theorem 3,31 O

Remark 4.10 (Total variation decay and jump-diffusions). We can prove a similar result if the
process have a diffusive part. Nevertheless, if X diffuses then the convergence will be faster.
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Remark 4.11 (A better criterion?). The main assumption of this theorem is a contraction of the
kernel in total variation (point iii)). This assumption is natural but not always interesting in the
applications. For instance, we can have

for some F. It is the case for the TCP process .

4.4. TCP window size process.

4.4.1. The continuous time process. Now, we consider a process which represent the TCP con-
gestion. This Markov process, (X;);>o is generated, for any smooth enough function f and
x > 0, by

£5(w) = 1) +r@) ([ i) - 5@)) (13)

The invariant probability measure is explicit when r(x) = rz®. It is explain in the following.
Our main result gives

Corollary 4.12 (Wasserstein curvature). If r is non increasing, we have that p, defined at (),
verifies

1
p= (1 —/ h’H(dh)) ir>1f(’] (r(z) —ar'(z)) . (14)
0 x>
In [CMP10], it was proved that
a
r@)=c+a=p> 3

But when the process is near to 0, the jump rate is a so you have p = a/2. This bound is the
same to (I4). It seems to be a coincidence. A recent work prove that, nevertheless the
curvature is null when r(x) = x, this process converges exponentially to its invariant distribution
in Wasserstein and total variation distance. If r is non increasing and p = 0, Theorem [3.3ltell us
that we can have an exponential decay in Wasserstein distance.

Remark 4.13 (Poincaré or log-Sobolev inequality and the Bakry-Emery criterion). Our ap-
proach is based on a commutation formula as well as the Bakry-Emery calculus . Never-
theless, in general, our processes do not verify a Poincaré or a log-Sobolev inequality. That is,
for the first one,

Aar, f < /Ffdw,

where I' f = %L(fQ) — fLf and A > 0. Indeed, in the case of the TCP window size, we have

05w = (o) ([ fhaycan) - f(:v))2 .

And if H = 0y, we easily construct a lot of functions f such that T'f = 0 (see [LP09]). Thus,
we have an example where the process have a positive Wasserstein curvature and which do not
verify a Poincaré inequality. Note that X is not reversible, thus it do not contradict Theorem

L1
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4.4.2. The embedded chain. Let (Xn)nZO be the embedded chain of the TCP process. That is
defined by

X, = Xp, where T, = inf{t > T},_1 | X, # X;_} forn >1and Tp = 0. (15)
This Markov chain is often easier to study than the continuous time process. For instance, if
r(x) = ax®, it is easy to see that

R(Xt,,,) = R(Ha(R™(En + R(X1,)))) = Hy " (Bn + R(X1,,)),

where R is the antiderivative of r and H,, = X7, /X7, —. This autoregressive relation gives the
ergodicity. Furthermore, the limiting random variable X, verifies

R(Xr.) L H{YY(E) + R(Xw)).

Now, using Proposition 5], we deduce that X, have a density given by
—(a+1)(n+1)

anl(l _ h(aJrl Z H —h- 1 _h-(atDk

n>0 k= 1

T az®e— T a(at ) aloth).

Now, applying Theorem 34.31], we can deduce the invariant law of the continuous
time process. This result generalises [GRZ04], but it is already known via others techniques
[VLLOQ9]. For this Markov chain, we arrive to bound all Wasserstein distance. Recall that for
every p > 1, the W(®) Wasserstein distance, between two laws i and p9 on E with finite p
moment, is defined by

W® (1, — inf E[|X — Y|P,
(o) = imf (B i)

where the infimum runs over all coupling of p; and ps. We have

Theorem 4.14 (Wasserstein exponential ergodicity for the embedded chain). Assume that £(X)

and L(Yy) have finite p™ moment for some real p > 1 and r is increasing. Let X and Y be the
embedded chains of X and Y. Then, for any n > 0, with a random variable H ~ H,

W(L(X,), L(Vn)) < E(HP)PW,(L(X0), L(Y0)):
In particular, if 7 is the invariant law of X then
WEN(L(X,,), ) < E(HP)"PW,(L(Xo), 7).

This result generalises Theorem 2.1] but the proof is exactly the same and we give
it for sake of completeness.

Proof. 1t is sufficient to provide a good coupling. Let x > 0 and y > 0 be two non-negative
real numbers, and let (En)n21 and (Hn)n21 be two independent sequences of i.i.d. random

variables with respective laws the exponential law of unit mean and the law . Let X and Y be
the discrete time Markov chains on [0, co) defined by

Xo=x and Xn+1 = HnHR*l(R()A(n) + E,41) foranyn >0

A

Yo=y and Y, = H, 1R Y (R(Y,) + Eny1) foranyn > 0.
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The law of X (respectively V) is the law of the embedded chain of a process generated by
L and starting from x (respectively y). Now, let a be a non-negative number, if ¢, : = —
R~ '(a + R(x)) then

/ r(z)
gpa(.%') = T(R_l(a—i-R(.%'))) <l= "‘Pa(x) - (Pa(y)’ < ‘.%' _y" (16)

And we get
¥p > 1, El[Xnt1 = Yasal’] = EH] 11|08, (Xn) = 08,0 (V) ]
< E[H£+1|Xn - Yn|p] = E[Hgﬂ]EHXn - Yn|p]-
A straightforward recurrence leads to
E[|X, — Yo [’] < E[H{]"|z — y|".

It gives the desired inequality when the initial laws are Dirac masses. The general case follows
by integrating this inequality with respect to couplings of the initial laws. O

This theorem gives a bound of the coarse Ricci curvature [OII10], which is the discrete time
equivalent of the Wasserstein curvature. We can compare the curvature of this Markov chain and
its continuous time equivalent.

4.5. Integral of Lévy processes with respect to a Brownian motion. Let us consider a frag-
mentation process i.e. fol f(F(x,0))d0 = [ f(hz)H(dh) where H is a probability measure on
[0, 1]. As mentioned below, X is solution to

t t
X=Xy + / 9(Xs)ds + / o(Xs)dBs
0 0

t
- / / Liu<ry0X,-Q(ds, du, df).
0o JE x[0,1]

The jump times 77, ... are distributed following a Poisson process ;. Between these times, the
process evolves like a diffusion. At these times, we have X7, = H; X7, , where (H;) is ai.i.d.
sequence of law #H. we assume that H; € (0, 1) almost surely. If you take the logarithm of X
then the multiplicative jumps become additive jumps. Then, as the jump times are Poissonian,
we can obtain a continuous process by renormalising our process with a Lévy process. Formally,
let (L) be the Lévy process defined by

N
o= [ Ay Qs duan) = ([ 4,
Ry x[0,1] © J=1

and let X be the continuous process defined by X; = X,e’*. We have

Lemma 4.15 (Stochastic differential equation for X and X ). Foranyt > 0,
_ t t
X, = X, +/ el g(X,)ds +/ el o (X,)dB,
0 0

and,

¢ ¢
X, = Xge It +/ e_Lsg(Xt,s)ds +/ e_LSU(Xt,S)st.
0 0
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Proof. All the stochastic integrals that we write are well defined as local martingales. Using
1t6’s formula with jumps [IW89, Theorem 5.1, p.67] (see also [JSO3, Theorem 4.57, p.57]) and
since X is continuous, we get

X, = X0+/ Ls (g(X4)ds + 0(X,)dBy)
—|—/ X, els— — X, e *1gu<ryQ(ds, du, dh)

_X0+/ Ls (g(Xs)ds + o(X,)dB,) .

Then, we deduce,
t
X, = Xoe bt + / eLs e (g(X,)ds + o(X,)dBy)
0
t
= Xge It +/ e Li-s (9(Xs)ds + 0(Xs)dBs)
0

t t
= Xpe It —i—/o e*LSg(Xt_S)ds—k/o e Lio(X;_)dB,.
]

This lemma is a generalisation of the relation of [BT11, Lemma 3.2] and [LvL.0S], Section 6].
In [BT11], it is a preliminary for the proof of Theorem In [LvLOS§], they deduce that when
g is constant, and o = 0, we have

“+oo
lim X; = g/ e Feds.
t——+00 0

The behavior of the right hand side was studied in and for general Lévy pro-
cesses. We give another application. Let Y be defined, for all £ > 0, by

t
Y, = / ¢~LdB,,
0

where L; = Zk 1 In(H;) is independent from the Brownian motion B, and (H;);>¢ are i.i.d.
and distributed according to H. Let us define foralln € N, k,, = 1 — fo hH(dh), we have

Theorem 4.16 (Long time behavior of Integral of compound Poisson process with respect to an
independent Brownian motion). Y converges in law to a measure  such that

/ e (d) n!
r m\ar) = ———
/2 HZfl Kok

foralln € 27, and

n n!
/x n(dx) = Y H,ﬁiﬁw

otherwise. Furthermore all its moments converges and for all t > 0,

W (L(Yy), 1) < e F1OW (8, ).

Rok—1
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Proof. By the previous lemma, we know that Y is generated by (1)), where, ¢ = 0,0 = 1,
7 is constant and Yy = 0. This process is positively curved thus it admits a unique invariant
probability measure and converges exponentially to it. Furthermore, applying the generator on
the functions av, : * — 2" gives the moments of 7 (we can use the Carleman criterion to prove
that Y converges also to a measure with this moment).

O
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