N
N

N

HAL

open science

Nesterenko’s linear independence criterion for vectors

Stéphane Fischler

» To cite this version:

Stéphane Fischler. Nesterenko’s linear independence criterion for vectors. Monatshefte fiir Mathe-

matik, 2015, 177, pp.397-419. hal-00665913v2

HAL Id: hal-00665913
https://hal.science /hal-00665913v2
Submitted on 1 Oct 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00665913v2
https://hal.archives-ouvertes.fr

Nesterenko’s linear independence criterion for vectors

Stéphane Fischler
October 1, 2013

Abstract

In this paper we deduce a lower bound for the rank of a family of p vectors in
R* (considered as a vector space over the rationals) from the existence of a sequence
of linear forms on RP, with integer coefficients, which are small at k points. This
is a generalization to vectors of Nesterenko’s linear independence criterion (which
corresponds to k = 1), used by Ball-Rivoal to prove that infinitely many values of
Riemann zeta function at odd integers are irrational. The proof is based on geometry
of numbers, namely Minkowski’s theorem on convex bodies.

1 Introduction

The motivation for this paper comes from irrationality results on values of Riemann zeta
function ((s) = >_.°, & at odd integers s > 3. The first result is due to Apéry [1]:

((3) ¢ Q. The next breakthrough in this topic is due to Rivoal [20] and Ball-Rivoal [2]:

1
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(14 o(1)) (1.1)

as a — 0o, where a is an odd integer; notice this is a lower bound on the rank of this
family of real numbers, in R considered as a vector space over the rationals. Conjecturally
the left handside is equal to “TH, but even the constant @ in Eq. (1.1) has never
been improved. Actually, known refinements of Ball-Rivoal’s proof provide sharper lower
bounds only for fixed values of a: the improvement always lies inside the error term o(1)
as a — 00.

However, the following improvement of (1.1) is proved in [§]:

Theorem 1. Let £ > 0, and a be an odd integer sufficiently large with respect to €. Then

letting N denote the integer part of 1i1:)§2 log a, there exist odd integers oy, ...,on between
3 and a such that:
e 1,((01), ..., C(on) are linearly independent over the rationals;

o Foranyi#j, |o;—oj| > a°.



In particular, if there are only N odd integers o between 3 and a such that (o) is
irrational, then they have to be evenly distributed (see [8]).

The strategy for proving Theorem 1 is based on the following classical construction.
For non-negative integers 3, b, n, » with § and b odd, 1 < 8 < b, and 2br < a, let

dg" " (2n)1 72 o~ AP (k= 2rn)}, (k4 20+ 13,
Tom = ' —( ! ). (1.2)
G-l G
where the derivative is taken at k, Pochhammer’s symbol is defined by (a), = a(a +
1)...(a+p—1), and ds, is the least common multiple of 1, 2, 3, ..., 2n. It is not difficult
to prove that

s = Zﬁ,nwg,n( o )C(ﬁ+2)+£5,n< o )c(5+4)+. | -+€a,n( pra—? )<<5+a_1)

with integers Zﬁ,n and /; ,,; moreover Jg,, tends to 0 as n — oo, for any 3, provided the pa-
rameters satisfy suitable relations (and up to technicalities, see [8] for precise statements).
This can be seen as a sequence (L, ) of linear forms on R“*Y/2  with integer coefficients,
that take small values L,(e;) = Jyj_1, at k = HTI points eq,..., e, € ROTY/2 The key
point in the proof of Theorem 1 is then to apply the following result, to which the present
paper is devoted.

We let R? be endowed with its canonical scalar product and the corresponding norm.

Theorem 2. Let 1 < k<p—1, andey,..., e, €RP,
Let 1, ..., > 0 be pairwise distinct real numbers.
Let (Qn)n>1 be an increasing sequence of positive integers, such that Q11 = Lroll),
For anyn > 1, let L, = 1,X1 + ... +{,,X, be a linear form on RP, with integer
coefficients {; , such that, as n — 0o:

|Lu(ej)| = Q7Y for any j € {1,....k} and max |(;,] < Q.
ISP

Then:
(1) If F is a subspace of RP defined over Q which contains ey, ..., ey then
dmF >k+7m+...+ 7.
In other words, letting Cy, ..., C, € R* denote the columns of the matriz whose rows
are ey, ...,e, € RP we have

tko(Ch,...,Cp) > k+1+ ...+ 7

in R¥ seen as a Q-vector space.



(ii) The vectors ey, . .., e are R-linearly independent in R?, and the R-subspace they span
does not intersect QP \ {(0,...,0)}.

(7i1) Let € > 0, and Q be sufficiently large (in terms of €). Let C(e,Q) denote the set of
all vectors that can be written as A\je1 + ...+ A\peg + u with:

M € R such that [\| < Q7 for any j € {1k}
u € (Spang(ex, ..., ex))" such that |lul| < Q~'~¢

Then C(z,Q) N ZP = {(0,...,0)}.

If £ = 1 this is exactly Nesterenko’s linear independence criterion [19] used in the proof
of Ball-Rivoal’s result (1.1).

In the conclusions, (i7) is an easy result, and (#i7) is the main part (it is a quantitative
version of (i7)). We deduce (7) from (i77) using Minkowski’s convex body theorem, thereby
generalizing the proof given in [11] and [10] of Nesterenko’s linear independence criterion.
The equivalence between both statements of (i) comes from linear algebra; it is proved in
§3.1.

A result analogous to Theorem 2, but in which p linearly independent linear forms like
L,, appear in the assumption, is proved in §4.3. This linear independence criterion (in the
style of Siegel’s) is much easier to prove than Theorem 2. Both results can be thought of
as transference principles. In this respect it is worth pointing out that in Theorem 2 we
assume essentially that for any positive integer () there is a linear form : indeed this is
L, where n is such that Q,, < Q < Quns1 so that Q = Q™Y because Qi1 = Qp V.
The assumptions imply that this linear form belongs to some convex body, and conclusion
(7i1) asserts that (up to @°) the dual convex body does not contain any non-zero integer
point. Therefore it is reasonable to imagine that (7i7) is an optimal conclusion up to Q°.
In general the lower bound k + 73 + ... 4+ 7% in (i) is optimal too (see [9] for a converse
statement, valid almost everywhere). In the special case p = 2, k = 1, and e; = (1,¢),
Theorem 2 (i77) yields an upper bound u(§) < 1+ T—ll on the irrationality exponent of &,
and reduces essentially to Lemma 1 of [10]. A converse statement in this case is proved in
[10] (Theorem 1).

The assumption that 7y, ..., 7, are pairwise distinct is very important in Theorem 2,
and it cannot be omitted. For instance, if 77 = 75 then L, (e; — e3) could be very small: up
to replacing (e, e5) with (e; + e, e1 — e3), this amounts to dropping the assumption that
the linear forms L,, are not too small at the points e;. Now this assumption is known to be
essential, already in the classical case of Nesterenko’s linear independence criterion (except
for proving the linear independence of three numbers, see Theorem 2 of [11]). Actually,
if 71 = 75 then L, (e; — e3) could even vanish, so the possibility that e; = ey cannot be
eliminated: even assertion (ii) may fail to hold.



We shall prove Theorem 2 in a more general form, stated in §2, which allows the
sequences (|Ly,(e;)|)n>1 to oscillate (as in [7]), and takes into account divisors of the coef-
ficients ¢;,, (as in [11]); the former is used in [8] to prove Theorem 1. We also include a
refinement useful when L,, is not too large at some other point, which is new even in the
classical case of Nesterenko’s linear independence (with k£ = 1).

We hope that our results will have Diophantine applications besides those of [8]; we
mention some directions in §4.4, connected to polylogarithms or zeta values. Our criterion
could be used also for g-analogues, as in [11].

The structure of this text is as follows. In §2 we state our result in a very general form,
of which Theorem 2 is a special case. Section 3 is devoted to the proof; then we deduce
some corollaries in §§4.1 and 4.2. We prove an analogous result in the style of Siegel’s
linear independence criterion in §4.3, and conclude in §4.4 with Diophantine applications.

2 Statement of the criterion

The following generalization of Theorem 2 is our main result.

Theorem 3. Let 1 <k <p-—1, andey,...,e, € RP. Let (vy,...,v,) denote a basis of
RP. Letm,...,7» > 0,01 > ... >0, >0, wi,...,Wk, ©1,...,9 be real numbers, with
Ti, ..., Tk patrwise distinct. Assume that there exist infinitely many integers n with the
following property: for any j € {1,...,k}, nw; + ¢; Z § mod 7.

1+0(1/n)

)

Let (Qn)n>1 be an increasing sequence of positive integers, such that Qn41 =

ifwy = ... =wp =0, this assumption can be weakened to (Qp+1 = Lro(),

For anyn > 1, let L, = l1,X1 + ...+ {,,X, be a linear form on RP, with integer
coefficients ; , such that, as n — 0o:

[Ln(ej)| = Q7 W] cos(nw; + ;) + o(1)| for any j € {1,.... k}, (2.1)

and
|Ln(3)] < @+ for any i € {1,...,p}.
Forallm>1 andi€ {1,...,p}, let 6;, be a positive divisor of {; ,, such that:

(i) 0in divides 0;11, for anyn > 1 and any i € {1,...,p— 1},

(17) 27’” divides ?‘"—E for anyn >1 and any 0 <1i < j <p, with dp,, = 1,

(133) 0in = dito) s n — oo for any i € {1,...,p}, with real numbers d; such that
0<di <...<d, <o,

Then:



(1) If I is a subspace of RP defined over Q which contains ey, ..., e, then s = dim F'
satisfies s > k+ 1 and

o +...+os >+ ...+ +d+ ...+ ds. (2.2)
In other words, letting Cy, ..., C, € R* denote the columns of the matriz whose rows
are eq,...,e, € RP, the rank s of the family (Cy,...,C,) in R* seen as a Q-vector

space satisfies s > k+ 1 and Fq. (2.2).

(13) The vectors ey, ..., ey are R-linearly independent in RP, and the R-subspace they span
does not intersect QP \ {(0,...,0)}.

(7i1) Let € > 0, and Q be sufficiently large (in terms of €). Let C(e,Q) denote the set of
all vectors that can be written as A\ie1 + ...+ A\pep + u with:

Ay Ak € R osuch that |\j| < Q77¢ forany j € {1,...,k}
u € (Spang(ey, ..., ex))t such that u = vy + ... + pyv, with |p] < Q¢
for any i€ {1,...,p}.

Let A(Q) denote the set of all (v1,...,x,) € QP such that 6;wyr: € Z for any
i €{1,...,p}, where ¥(Q) is the largest integer n such that Q, < Q.

Then C(z, Q) N A(Q) = {(0,...,0)}.

In the special case where 0; = 6;,, = 1 and d; = w; = ¢; = 0 for any ¢, j, n, and
(v1,...,vp) is the canonical basis of RP, this is exactly Theorem 2 stated in the introduction.
Indeed Eq. (2.1) reads |L,(e;)| = Q;Tﬁo(l) in this case, and we have L, (v;) = ¢, ,,; moreover
Eq. (2.2) reads

dmF>k+7m+...+ 7.

There is only a minor difference in (7ii), where the norm of u is the Euclidean one in
Theorem 2, and the infinite one in Theorem 3; of course this is not significant.

The real numbers w; and ¢; allow oscillating behaviors of the sequences (|Ly(€e;)])n>1-
This is used in [8], where the saddle point method is applied. In the special case of Theorem
2 with k = 1, the corresponding generalization of Nesterenko’s linear independence criterion
has been proved in [7] when @,, = " for some § > 1 (which is the most interesting case).
Q}joa /n)
rlerO(l)

We generalize it here to any sequence ((Q),) such that @, = ; eventhough this

assumption is slightly more restrictive than the usual one @, 11 = , it is still general

enough to include sequences @,, = B with 8> 1 and d > 0.

The divisors ¢;,, allow one to make use of divisibility properties of the coefficients ¢; ,,:
for instance, in most constructions of linear forms in zeta values, ¢;, is a multiple of
din = d for some e; > 1, where d,, = lem(1,2,...,n). These divisors are used in [8] to
prove a variant of Theorem 1. The first refinement of Nesterenko’s linear independence
criterion involving such divisors d; ,, is Theorem 1 of [11], which is essentially the special

bt



case of Theorem 3 (i) where k =1, 0, =1, w; = ¢; =0, and (vy,...,v,) is the canonical
basis of RP; it is the main ingredient in the proof [11] that 1, ((3) and ((j) are Q-linearly
independent for some odd integer j between 5 and 139.

The real numbers o; allow one to take advantage of the fact that the linear forms L,,
might be smaller than ||L,|| at some given points v; (eventhough L, (v;) does not tend to
0 as n — o0). For instance, if (vy,...,v,) is the canonical basis, this is useful when one
has a sharper upper bound on |/;,| for some values of ¢ than for others. This feature is
new even in the case of Nesterenko’s linear independence criterion (namely, with & = 1,
gp = 0ip, = 1, and d; = w; = ¢; = 0). It would be interesting to deduce from this
refinement a Diophantine consequence. Actually it happens for linear forms in zeta values
that lim,,_,~ |£i,n\1/ " exists for any ¢ and does depend on . For instance, F. Amoroso and
T. Rivoal have noticed that in the expansion of

pla—l i (k—n)y

~ (K

as a linear combination of zeta values, the coefficients of odd and even zeta values don’t
have the same size (provided a is even).

It is very important in Theorem 3 that 7, ..., 7 are pairwise distinct; however it is not
always necessary to compute their exact values. For instance, if min(r, ..., 7x) is greater
than or equal to some 7 > 0, then Eq. (2.2) implies

o1+ ...4+0sp > kr+di+...+dg;

in the special case of Theorem 2 this lower bound reads dim F' > k(1 + 7). This remark is
already used (with &£ = 1) in [2], and also in the proof [8] of Theorem 1. We refer to §4.2
below for a related result.

At last, notice that if the assumptions of Theorem 3 hold with ey, ..., e, then they
hold also if we forget one of the e;’s (say ey, with k£ > 2). The same implication holds also
for parts (i7) and (i7i) of the conclusion, since the convex body C(e, Q) becomes smaller
when ey is omitted. However this implication does not hold for part (i); to fix this we
refine part (¢) as follows.

Corollary 1. In the situation of Theorem 3, assume also that 7y > ... > 1. Then for any
subspace I of RP defined over Q we have

s>t+landoy+... 4054 > Tpo1 4+ ...+ +di+ ...+ ds, (2.3)

provided that s = dim F' and t = dim(F N Spang(ey, ..., ex)) are positive.
In other words, for any surjective R-linear map m : R¥ — R witht > 1, Eq. (2.3) holds
with
s = 1ko(m(Cy),...,m(C}))

where the rank is computed in Rt seen as a Q-vector space.



Proof of Corollary 1: Let F' be a subspace of R? defined over QQ; assume that s = dim F
and ¢t = dim(F N Spang(es, ..., e;)) are positive. For any j € {1,...,k} we let D; =
dim(F N Spang(eq,...,e;)), so that 0 < Dy < ... < Dy =t and D; € {Dj_1,D;_1 + 1}
for any j (with Dy = 0). Then there exist ¢ integers 1 < j; < ... < j; < k such
that D; = D;_y + 1 if, and only if, j is among the j;’s. For any ¢ € {1,...,t}, there

exists e; € F M Spang(ey,...,e;) such that e; ¢ Spang(ei,...,e;-1). Then we have
e; = Y71 Aijej for real numbers \;; such that A;;, # 0. Since 1y > ... > 75, Eq. (2.1)
yields

—75,+o(1)
[Ln(ei)] = Qu | cos(nwy, + ;) + o(1)].

Therefore Theorem 3 applies to €], ..., e, with 75,,...,7;,. Since 11 > ... > 7}, the inequal-
ity (2.2) obtained in this way implies Eq. (2.3). This concludes the proof of Corollary 1,
except for the second part of the conclusion which will be proved at the end of §3.1 below.

3 Proof of the criterion

This section is devoted to proving Theorem 3, of which Theorem 2 stated in the intro-
duction is a special case (see §2). Reindexing ej, ..., ey is necessary, we assume that
71 > ... > T, > 0. This assumption will be used in §§3.3 and 3.6.

3.1 Rational rank of vectors

In this section, we give some details about the conclusions of our criterion, which allow us
to prove the equivalence of both conclusions of (i) in Theorems 2 and 3, and to conclude
the proof of Corollary 1.

In Nesterenko’s linear independence criterion, a lower bound is derived for the dimension
of the Q-subspace of R spanned by &, ...,&, € R, that is, for the Q-rank of &j,...,& in R
considered as a vector space over Q. This rank is equal to the dimension of the smallest
subspace of R defined over the rationals, which contains the point (&, ...,&,.). We
generalize in Lemma 1 below this equality to our setting.

Recall that a subspace F' of R? is said to be defined over Q if it is the zero locus of
a family of linear forms with rational coefficients. This is equivalent to the existence of a
basis (or a generating family) of F', as a vector space over R, consisting in vectors of QP
(see for instance §8 of [3]). Since the intersection of a family of subspaces of R? defined
over Q is again defined over Q, there exists for any subset S C RP a minimal subspace of
RP, defined over QQ, which contains S: this is the intersection of all subspaces of R?, defined
over Q, which contain S.

Let M be a matrix with £ > 1 rows, p > 1 columns, and real entries. Lettingey,..., ex €
R? denote the rows of M, we can consider as above the smallest subspace of R?, defined
over Q, which contains ej,...,e;. On the other hand, we denote by C,...,C, € RF
the columns of M and consider R¥ as an infinite-dimensional vector space over Q. Then
Spang(C1, . . ., Cp) is the smallest Q-vector subspace of R* containing C1, . . ., Cp; it consists

7



in all linear combinations 1 Cy +. . .4+r,C, with ry, ..., r, € Q. Its dimension (as a Q-vector

space) is the rank (over Q) of Cy, ..., C,, denoted by rko(Ch,...,C)).

Lemma 1. Let M € Maty ,(R) with k,p > 1. Denote by ey, ..., ex € RP denote the rows
of M, and by C4,...,C, € R* its columns. Then rko(Cy,...,C,) is the dimension of the
smallest subspace of RP, defined over Q, which contains ey, . .., ey.

When k£ = 1, this lemma means that the Q-rank of &, ..., &, is equal to the dimension
of the smallest subspace of R"*!, defined over the rationals, which contains the point

(507 cee 7&7‘)'

Proof of Lemma 1: Let G = (Spang(ey,...,ex))t, where R? is equipped with the usual
scalar product. Let F' denote the minimal subspace of RP, defined over Q, which contains
e1,...,ex. Then F* is the maximal subspace of R?, defined over Q, which is contained in
G = {ei,...,ex}t. Therefore F1 = Spang(G N QP) = (G N QP) ®g R: any basis of the
Q-vector space G N QP is an R-basis of F'*+. Since G N QP = ker ¢ where 1 : QP — RF is
defined by ¥ (ry,...,ry) =1 Cy + ...+ r,C,, we have:

dimg F = p — dimg F* = p — dimg(G N QP) = rkgy) = 1ko(CY, . .., C,).
This concludes the proof of Lemma 1.

Let us deduce from Lemma 1 the following generalization, and use it to prove the second
assertion of Corollary 1.

Lemma 2. Let M, ey, ..., ex, Cy,...,C, be as in Lemma 1. Let 7 : R* — R? be a R-linear
map, with t > 1. Then the rank of (7(C),...,m(C,)) in R* (seen as a Q-vector space) is
equal to the dimension of the minimal subspace F' of RP, defined over Q, which contains
the image of 1 o'm; here v is the R-linear map of the dual of R* to RP which maps the
canonical basis to (e, ..., ex).

Proof of Lemma 2: Let P be the matrix of 7 with respect to canonical bases, and M’ =
PM. Applying Lemma 1 to M’ gives directly the result.

Proof of the second assertion of Corollary 1: Let F' denote the minimal subspace of RP,
defined over @, which contains the image of 1) ofr; then Lemma 2 yields dim F' = s. Now
rk(‘m) = rk(7) = t and 9 is injective because ey, ..., e, are R-linearly independent (using
conclusion (i7) of Theorem 3), so that Im(¢ o'r) has dimension ¢. Since this subspace is
contained in both F' and Spang (e, ..., ex) = Imi, we have dim(F NSpang(eq, ..., ex)) > t.
Now the first part of Corollary 1 (deduced in §2 from Theorem 3) shows that Eq. (2.3)
holds when ¢ is replaced with this (possibly larger) dimension; therefore it holds with ¢.
This concludes the proof of the second assertion of Corollary 1.



3.2 Reduction to the non-oscillatory case

In this subsection, we deduce the general case of Theorem 3 from the special case where
w1 = ... = wy = 0; notice that in this case we have ¢; # 7 mod « for any j € {1,...,k},

so that Eq. (2.1) reads |L,(e;)| = Q;Tj+o(1). This special case will be proved in the

following subsections, under the assumption that Q),.1 = which is weaker than

_ gLroa/m

the assumption @), 11 = we make when wy, ..., wx may be non-zero).

Let wy, ..., Wk, @1, -+, @k, and (Q,) be as in Theorem 3, with @, 11 = Q%ﬁou/").
Since there are infinitely many integers n such that, for any j € {1,... k}, nw; + ¢; #
% mod 7, Proposition 1 of [7] provides €,A > 0 and an increasing function ¢» : N — N
such that lim,_,., 2% = X and, for any n and any j € {1,...,k}, |cos(s(n)w; + ¢;)| > e.
Let LI, = Lyw) and @), = Qu@) for any n > 1. Then we have |L (e;)| = Q! e
because |cos(¢(n)w; + ¢;)| = Q:b((; Let us check that Q,,, = Qn ™°"; then the special
case of Theorem 3 will apply to the sequences (L/,),>1 and (@’ )n>1, with the same other
parameters: this will conclude the proof.

Since Q11 = LFOQ/) there exists M > 0 such that, for any n > 1, Q11 < Q?M/";
this implies

10g Qnie < (14 M/n) log Q,

for any ¢ > 0. Letting 6, = ¢¥(n+ 1) —¥(n) > 1, we have:

log Q1 =108 Qyny+s, < (1 + M/ (n))™ log Qumy < exp(Méy,/(n))log Qym)
— (14 o(1)log@,

since 1 +z < e® and 4, = o(n) since 1(n) = An + o(n). This concludes the reduction to

the case where w1 = ... =w, =0 and Q,, 11 = 1+o(1),

3.3 Proof of (i7)

Let us come now to the easiest part of Theorem 3, namely (i7). We shall prove simul-
taneously that e, ..., e, are linearly independent in R?, and that F N QP = {(0,...,0)}
where F' = Spang(ey,...,ex). With this aim in mind, we assume (by contradiction) that
there exist real numbers Ay, ..., s, not all zero, such that Z?Zl Aje; € QF; multiplying all
A; by a common denominator of the coordinates, we may assume Z?Zl Aje; € ZP. Then
Kp = Ln(Z?Zl Ajej) = Z?Zl A;Ly(e;) is an integer for any n > 1. Now if n is sufficiently
large then |k,| < Zkﬂ IAj| | Ln(ej)| < 1, so that k, = 0. Let jy, denote the largest inte-

ger j such that A; ;é 0. Then for any n sufficiently large, the fact that s, = 0 implies
| Ao Ln (€50 )| = IE” " AjLn(es)] so that

Jo—1 Jo—1

Tj 7T]+O
ol <Z|A ||L <Z|A @



as n — 0o. Now the right handside tends to 0 as n — oo because we have assumed that
T > ... > T, so that \j, = 0: this contradicts the definition of \j,.
Therefore such real numbers Ay, ..., A\; cannot exist, and this concludes the proof of (iz).

3.4 Proof that (ii) and (iii) imply (7)

Before proceeding in §§3.5 and 3.6 to the proof of (i7i), which is the main part, we deduce
() from (i7) and (#ii). Recall that the second statement of (7) is equivalent to the first one
(which we shall prove now) thanks to Lemma 1 proved in §3.1.

Let F' be a subspace of R?, defined over Q, which contains ey, ..., e;. Letting s = dim F,
we have s > k using (i7). Assertion (iii) yields, for any € > 0 and any @) sufficiently large
(in terms of €), a subset C(g, Q) and a lattice A(Q) such that C(e, Q)NA(Q) = {(0,...,0)}.
Now C(e, Q) N F is a convex body, compact and symmetric with respect to the origin, in
the Euclidean space F'. On the other hand, A(Q) N F is a lattice in F' because F is defined
over Q. Therefore Minkowski’s convex body theorem (see for instance Chapter 11T of [5])
implies that C(g, Q) N F' has volume less than 2° det(A(Q) N F'). Letting

a=T +...+Txg — 01 —...— Og_f — SE,

this volume is greater than or equal to %, up to a multiplicative constant which depends
only on F, ey,...,eg, vy, ..., v, (using the inequalities oy > ... > 0,). On the other
hand, since d; < ... < d, we have det(A(Q) N F) < cQ?+°M) where f = —d; — ... — d,
and c is a constant depending only on F'. Since () can be chosen arbitrarily large, the
above-mentioned consequence of Minkowski’s theorem yields o < . Now ¢ can be any
positive real number, so that we obtain

4. A t+di+... +ds <o +...4+ 0,

thereby concluding the proof of (7).

3.5 A matrix lemma

We state and prove in this section the main tool in the proof of Theorem 2, namely
Lemma 3. This result might be of independent interest; its proof relies on estimating the
determinant and cofactors.

Lemma 3. Let A be a k x k matriz with real positive entries a;;, 1 <1i,j <k, such that

1 . . ., ., . ., . 4/
ay ey < mai7jail7jl for any i,j,i',j such thati <i and j < j'. (3.1)

Then A is an invertible matriz, and letting A~ = [b; ;]1<i j<x we have

1 1
bial < (14 7+ 5 )ai Jor anyij € {1, .k},

10



Lemma 3 is optimal up to the value of the constant 1+ % + k—12: it would be false with a
constant less than 1/k instead (this is immediately seen by computing a diagonal coefficient
of AA™!, which is equal to 1). We did not try to improve on the constant 1 + % + k%, but
anyway it could easily be made smaller by replacing m in (3.1) with a smaller constant.

In the proof of Lemma 3 we shall use the following lemma.

Lemma 4. Under the assumptions of Lemma 3, for any o € & we have

k k
H Uo(j)j < Mo H aj g (3.2)
j=1 i=1

where n, = T for o £1d, and nqg = 1.

k+1
Proof of Lemma 4: For o # Id let k, denote the largest integer j € {1,...,k} such that
o(j) # j; put also kg = 0. We are going to prove Eq. (3.2) by induction on k,. If
ke < 1 then ¢ = Id, so that Eq. (3.2) holds trivially. Let 0 € & be such that x, > 2,
and assume that Eq. (3.2) holds for any o' such that x, < k,. We have o(j) = j
for any j € {ko +1,...,k}, and o(ks) < Ko. Let jo = 0 (ko); then jo, < K,. Let
o' = 00 Tj, ,, where 7j, . is the transposition that exchanges jo and x,. Then o'(j) = j
for any j € {ks,...,k} so that ks < K, and Eq. (3.2) holds for ¢’. Since ¢'(j) = o(j) for
J & {Jo, Ko}, 0’ (Jo) = 0(ky) and o’(k,) = K., this implies (using the fact that n,, < 1)

k
Ao (k0 ),0 Wi i I I Ag(j),j < I I ajj-
j=1

1<5<k
jg{joyﬂa}

On the other hand, Eq. (3.1) implies
1
ano'vjoaa(ﬁa K/O' — m U(Ha)vj()ano',ﬂo'

because o0(k,) < K, and jo < k,. Multiplying out the previous two inequalities yields
Eq. (3.2) for o, since o(jo) = k,. This concludes the proof of Lemma 4.

Proof of Lemma 3: Letting A = |det A | we have, using Lemma 4:

k k 1 k
A > Haj,j — Z Hag(j),j > (1 — kj—~|»1) Ham >0 (33)
j=1 j=1

LASICHR j:l
o#Id

so that A is invertible. Giveni,j € {1,...,k} we have |b;;| = = *L where A; ; is the absolute
value of the determinant of the matrix obtamed from A by deletlng the i-th row and the
j-th column. Using Lemma 4 again we have

k
Ay < Z H o (j),5' < ( Z na)a;} Haj’,j’- (3.4)
j'=1

ceS 1<j'<k ceSy,
o(i)=i j'#j o(§)=i

11



Now we have 7, = 1 for at most one o, and 7, = ——; for all other permutations ¢ among

E+1)!
the (k — 1)! such that o(j) = 4, so that

(k—1)! k+1+1
<1 = .
2 NS TEFD) T TRt

ceS
o(j)=i

Combining this upper bound with Eqns. (3.3) and (3.4) yields

a. :
N

|bjil =
thereby completing the proof of Lemma 3.

3.6 Proof of (i)

We are now in position to prove the remaining part of Theorem 2, namely (iii). We assume
71 >...>7>0and w =... =w; =0 (see §3.2), so that |L,(e;)| = Q;TJ+°(1)_

Before giving details, let us make a few comments on our strategy.

Recall that Nesterenko’s linear independence criterion is much easier to prove if the
linear forms Ly, Ly41, ..., Lyip—1 are linearly independent (see §2.3 of [11] or the references
to Siegel’s criterion in §4.3 below). Of course this is not always the case, but Lemma 3
enables us to make a step in this direction. Actually letting F' = Spang(eq, ..., ex), we
consider the restrictions L, r of the linear forms to [’; recall that dim ' = % thanks to
(i4) proved in §3.3. It is not true in general that Ly, Lyi1r, ., Lpjr—1)p are linearly
independent linear forms on F: for instance, the equality L, = L, might hold for any
even integer n (because of the error terms o(1) in the assumptions of Theorem 3). To make
this statement correct, we introduce a function ¢ : N* — N* such that p(n) > n + 1 for
any n > 1. The integer ¢(n) plays the role of n + 1, that is: applying ¢ corresponds to
“taking the next integer”. The idea is that ¢(n) will be large enough (in comparison to
n) to avoid obvious counter-examples as above coming from error terms. In more precise
terms, ¢(n) will be defined by the property Qum)—1 < Q3" < Qun) (where €, is a small
positive real number); in this way, the error terms o(1) in the assumptions of Theorem 3
will not be a problem any more.

With this definition, we shall prove that for any n sufficiently large, the linear forms
Ly, Loy ey Lpgm)ps - - -5 L, ()| p o0 F are linearly independent (where ¢; = @o...o0¢p),
so that they make up a basis of the dual vector space F™*. In the proof of Theorem 3 we
shall need the following quantitative version of this property: in writing the linear form e}

(defined by e5(Are1+...+Arer) = Aj) as a linear combination of ﬁej)me, me(n)‘F,

o mlﬂokﬂ(n)l r, the coefficients that appear are bounded independently from n

(actually they are between —3 and 3): see Eq. (3.8) below. This will follow from Lemma 3
applied to the matrix A, = [|Ly, ,m)(e;j)|]1<ij<k- The point in applying this lemma is that

12



sharp upper and lower bounds on |L, ) (e;)| are available; the assumption 7, > ... > 7
plays also a central role here.

Now let us prove (iii).
Let € > 0. We choose €, > 0 sufficiently small, so that

(1 +e)" =) max(1,7,01) < £/4. (3.5)

If £ = 1 there is no assumption on €1, because it does not really appear in the proof:
Lemma 3 is a triviality in this case, and the proof of (iii) reduces essentially to that of
[11].

For any n > 1, we define ¢(n) by Qum)—1 < QLT < Qu(m), because the sequence (Q,,)
is increasing and we may assume @), > 1 for any n. Then we have p(n) > n + 1. This
implies lim,,_, 1o ¢(n) = +00, so that Qum) = Q;J(rs)(i)l (because we assume Q11 = Q%LJFO(U)
and

Quim) = Qe+, (3.6)
here o(1) denotes any sequence that tends to 0 as n — oco. Moreover the assumption
|L,(ej)] = Q;Tﬁo(l) implies |L,(e;)| > 0 for any j, n with n sufficiently large. We have
also for any n sufficiently large and any 7 € {1,...,k}:

Lol = Qi = @ +=0e) < |1, (e,)]. (3.7)

Fori € {0,...,k—1} let ¢; = po...0op denote the map ¢ composed i times with itself
(so that po(n) = n and ¢1(n) = p(n)). Put

A, = [L (e ]

[ Ly, () (€5)] L<i<h
and denote by a;; the entries of A,, (omitting for simplicity the dependence on n). Let
us check the assumption (3.1) of Lemma 3, provided n is sufficiently large. Let 4, j,7',j" €
{1,...,k} be such that i < ¢ and j < j' ; we put n’ = ¢;,_1(n) and n” = ¢;_1(n), so that
n” > ¢(n'). Using Eq. (3.6) and the assumption 7; > 7;; we obtain

T —Tj+o(1)
Qg jQ; 5 . Lnn(ej)Ln/(ej/) o an,, il Qtp(n/) Tj/—Tj-i-o(l) B €1(Tj/7T]’)+0(1) < 1
N = = @ ~ (k+1)!

ai,jai/,j/ Ln/<€j)Ln//<ej,) Q:Lj/—q—j+o(1) ~ Qn/

/

n

if n is sufficiently large, so that Lemma 3 applies. Given M = 2?21 Aje; with Ay, ... A, €
R, we have Ly, ) (M) = SOk a; ;\; where we let Xo = \; if L, (n)(e;) > 0, and X} =

j=1
—\; otherwise. Therefore Lemma 3 yields, for any j € {1,...,k} and any n sufficiently

large:

k k
L1 e ()]
=10 =[S bl )] < (14 5+ ) Yo 2ol 3s)
A== 2 b ) 2 @)
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This upper bound on |A;| in terms of the |L, _,n)(M)| is the main tool we shall use now
in the proof.

Let @ be sufficiently large in terms of e, and assume that C(e, Q) N A(Q) contains a
non-zero point P. Then we have

P=XNei+...+ e +u=(21,...,2,) #(0,...,0)

with A1, ..., A\ € R, u = pyvy + ... + ppv, € (Spang(eq, ..., ex))™, |Aj| < Q77 for any
Jge{l,... k}, || < Q¢ for any i € {1,...,p}, and 6;,x; € Z for any i, where
n = ¥(Q) is the largest integer such that @, < @. In particular we have @, < Q < Q11
so that @ = QHO(l and n tends to oo as ) — oo if u, = o(1), that is v, — 0 as n — oo,
then u,, tends also to 0 as () — oo.

Let ¢ denote the least integer such that

5
for any j € {1,...,k}, we have |\;Ly(e;)] < =2 (3.9)
3k0pn

Since |A\;| < Q77¢ and n is sufficiently large, this upper bound holds for n so that this
integer exists and we have ¢ < n.

The integer ¢ depends on ) and on the choice of a non-zero point P € C(e,Q) N A(Q).
Let us prove that { — oo as () — oo, uniformly with respect to the choice of P. Let ¢y > 1,
and denote by Ky, the set of all points P’ = Ne; + ...+ A.ex + v with

1

/ < — ] ..

X1, min, |Le(e;)| < o forany j € {1,..., k},

where v’ € (Span(ey, ..., ;)" can be written as u' = pjvy + ... + v, with |uf| < Q77¢

for any ¢ € {1,...,p}. By definition of ¢ and K, if £ < ¢, then ?’—’ZP € Ky,. Moreover
P,

the point ‘;”—’ZP belongs also to A(Qy,) since
P,

) 0ito\ [ Opn/0i
i (Gres) = (5o (s ) (Bunes) €2
o Op,¢ Oie / N\ Opefdiy ’
for any ¢ € {1,...,p}, by assumption on the divisors d;,. Therefore (assuming ¢ < )

the point 5”"P belongs to Ky, N A(Qy,), which is a finite set because Ky, is compact and

A(Qy,) is dlscrete Now the function x : Ky N A(Qq,) — R defined by x(P') = |7 (P)],
where 7, is the orthogonal projection on (Span(ey, ..., e))", has a least positive value .
We have X(JP"P) # 0 because P ¢ QP N Span(ey,...,ex) = {(0,...,0)} (using assertion
(7) proved in §3 3), so that

Opn Spn U o
Xo = X((SP_’KP) - ;—’KHUH < Qo) Q=ov—e — Qdr=or—etoll)
b, b,
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since 0,y > 1 and 0, < ... < ¢y. This inequality implies that () is not too large in terms of
lp and € (because we assume d, < 0,,). This concludes the proof that ¢ — co as Q — oco. In
what follows, a sequence denoted by o(1) will tend to 0 as n, ¢ or Q) tends to oco; therefore
in any case, it tends to 0 as () — oo. Moreover, we may assume /¢ to be arbitrarily large.

We come back now to the point P € C(e,Q) N A(Q) chosen above. Since u = pyv; +
o+ ppv, with ] < Q~7r¢ for any h, we have for any i € {1,...,k}:

p

o op+o(1

Loao(wl < Z|Mh||L<Pi y(on)| < ZQ " ano}Z 1(z)
h=1

p -
< N Qe e ysing Bq. (3.6)
h=1
L g,
= Z (%) hQr_z€+o(1)Q2/4+O(l) using Eq. (3.5) and the inequality o), < oy
< (Qg) Q" 2 < - since ah>ap>d and ¢ < n. (3_1())
Qn 3 5p "

On the other hand, Eqns. (3.9) and (3.7) yield for any i € {1,...,k}:

k
1) Vi ) 4
s < 4;91 1(5 b, < b
SOz E) z : 6] - Z |L£ ej 3]{551,,” o 35p,n’

since / is sufficiently large. Combining this inequality with Eq. (3.10) we obtain for the
point P = Ae; + ...+ Apep + u:

< 5p,€ 5p,€ < 5p,€

L, P -
| ‘szl(g)< ) | — 35}),” 35}),” 5p7n

(3.11)
Now we have Ly, 1) = l1,4,_ ) X1+ - -Ap g, 00 Xp Where ;. () is a multiple of d;, (s,
and therefore of 9, since ¢;_1(¢) > £. Moreover 0, ,x; € Z so that

5p7n
5p,€

Op n/éjn ¢ wi—1(£)
o — , : Pi o 7
i 1 (0T ( Spt)0:0 ) < 310 >(5J7nx1) €

since ¢ < n, by assumption on the divisors ¢;,. Therefore we have L., ) (P) € (%—’EZ, and

the upper bound (3.11) implies that this rational number is zero for any ¢ € {1,...,k}.

Using Eq. (3.10) this yields the following upper bound on |Ly, ) (M)| (where we let
k .

M = Zj:l Ajej):

Lo D) = Lot < () @

n
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Combining this upper bound with Eq. (3.8) yields, for any j € {1,...,k}:

IN;jLe—1(ej)] < (1 + - ! + ) Z (Qz) Q- 5/2QTJ"’0 1)Q4 Tjto(1

k Qn
S leJrTj((lJrﬂ)Z 1 1)+0(1 Q;dpQ_E/Q llSiIlg Eq (36)
< Qzlp+e/4+o(1)Q;dprs/2 using the assumption 7; < 7; and Eq. (3.5)
< (Q5> Q /4ol < Y since Qy < @, = Q'™ and Opt = ﬂ'
< Qn < 3]{;51)7” >~ Wn 5p,n Q?Lp-‘rO(l)

This contradicts the minimality of ¢ in Eq. (3.9), thereby concluding the proof of (iii).

4 Consequences and related results

In this section we state and prove consequences of our main result (§§4.1 and 4.2), and
mention Diophantine applications (§4.4). We also prove in §4.3 an analogous result, in the
spirit of Siegel’s linear independence criterion.

Throughout this section we restrict to the setting of Theorem 2, omitting for simplicity
the refinements of Theorem 3 (eventhough they could have been adapted here).

4.1 Distance to integers

In this section we state corollaries of our criterion dealing with linear forms which are close
to integers (rather than close to 0), as in Khintchine-Groshev’s theorem for instance. In
particular we deduce from Theorem 3 a result (namely Corollary 3 below) analogous to
Nesterenko’s linear independence criterion but which applies to sequences of simultaneous
approximations of real numbers with the same denominator. This result is related to type
IT Padé approximation problems, in the same way as Nesterenko’s criterion is related to
type I problems. In this respect, Theorem 3 makes a bridge between the latter and the
former: it is related to Padé approximation problems intermediate between type I and
type IT (see for instance [22]).

To begin with, let us state Theorem 2 in a dual way, namely in terms of Cy, ..., C, € R¥
rather than ey, ..., e, € RP.

Theorem 4. Let Cy,...,C, € R¥, with k,p > 1.
Let 1, ..., and (Qn)n>1 be as in Theorem 2.
Foranyn > 1, let t1,,...,0,, € Z be such that, as n — oo:

iQ;Tl-‘rO(l)
max [(,] S QLY and GGyt Gy = : (4.1)
i ﬂ:Q;TkJrO(l)

where the + signs can be independent from one another. Then:
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(1) The rank of the family of vectors Cy,...,C, in R*, considered as a Q-vector space,
1s greater than or equal to k + 7 + ... + 7.

(it) For any non-zero linear form x : R¥ — R there exists i € {1,...,p} such that

X(Ci) ¢ Q.

(7i1) Let € > 0, and Q be sufficiently large in terms of €. Let Ay, ..., A\ € R, not all zero,
be such that |\;| < Q"¢ for any j € {1,...,k}. Then denoting by x the linear map
R* — R defined by x(x1,...,21) = M1 + ... + M\ap, we have

dist (((C). . X(C), 22\ {0, 0)}) > Q7

where dist(y, ZP\{(0,...,0)}) is the minimal distance of y € RP to a non-zero integer
point.

This result is just a translation of Theorem 2. Indeed let us consider the matrix
M € Maty, ,(R) of which C4,...,C, are the columns. We denote by eq,..., e, € RP the
rows of M. Then assumption (4.1) means that the linear form L, = ¢; , X1 +...4+¢,,X, on
R? is small at the points ey, ..., ex. It is not difficult to see that (ii) and (i7i) in Theorem
4 are respectively equivalent to (i7) and (4i7) in Theorem 2, because (x(C1),...,x(Cp)) =
Aer + ...+ Agex. We remark also that assuming £ < p — 1 in Theorem 2 is not necessary;
it has not been used in the proof. This upper bound follows from (7i), so that it is actually
a consequence of the other assumptions.

Let us focus now on an important special case of Theorem 4, related to Padé approx-

imation: when Cj, ..., Cj is the canonical basis of R*. This happens in all practical
situations mentioned in §4.4 below: indeed Padé approximation provides linear combina-
tions of Cgy1,...,C, which are very close to Z*. In this case, in (ii) the interesting point
is when the linear form x(x1,...,x5) = A\j21 + ... + A\gzy has rational coefficients A;; then
we have x(C;) € Q for some ¢ € {k+ 1,...,p}. An analogous remark holds for (izi); both
are more easily stated as follows, in terms of ej,..., ex. We denote by ||-|| any fixed norm
on RP—F,

Corollary 2. Under the assumptions of Theorem 2, suppose that for any j € {1,... k}
we have e; = (0,...,0,1,0,...,0,¢}) with ¢; € RP=* where the 1 is in j-th position.

Then no non-trivial Q-linear combination of €}, . . ., e}, belongs to Q°=*. In addition, let
e >0, and Q be sufficiently large in terms of €. Let A\i,..., \x € Z, not all zero, be such
that |\;| < Q7= for any j € {1,...,k}. Then for any S € ZP~* we have

[Are] + ...+ el — S| > Qe

This corollary is a measure of linear independence of the vectors e,..., e, and those
of the canonical basis of Z?7*. It can be weakened by assuming |\;| < Q"¢ for any
j € {l,...,k}, where 7 = min(r,...,7;) (as in Theorem 5 below). Then a measure of
non-discreteness (in the sense of [13]) is obtained for the lattice Ze| + ... + Ze), + ZP~*,
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which has rank p. In the examples (4.2), (4.3) and (4.4) considered in §4.4 below, the
matrix with columns Cjyq, ..., C, is symmetric (with p = 2k), so that this lattice is
exactly ZC) + ...+ ZC, (using the fact that C}, ..., C}, is the canonical basis of R¥).
This case k = p/2 lies “in the middle” between k = 1, which corresponds to type I
Padé approximation and Nesterenko’s original criterion, and £ = p — 1, which corresponds
to type II Padé approximation. In the latter case, Corollary 2 yields the following result

by letting &; = —e’.

Corollary 3. Let k> 1, and &, ..., & € R.
Let 1, ..., > 0 be pairwise distinct real numbers.
Let (Qn)n>1 be an increasing sequence of positive integers, such that Qni1 = Lro(®),
Foranyn > 1, let by, ..., lkpn, Ckr1n € Z be such that

0. | < Qo)
(max [lin] < @

and
Ces1nE5 — Cin| = Q;Tf“’(l) forany je{1,...,k}.
Then:

(1) The numbers 1, &1, ..., & are Q-linearly independent.

(i) Lete >0, and Q be sufficiently large (in terms of ). Then for any (ag,ay, . ..,a;) €
ZFN\A{(0, ..., 0)} with |aj| < Q7 for any j € {1,...,k}, we have:

lap + ar1éy + ..+ axe| > Q71

We have not found this statement in the literature; see however [6] (p. 98), [14] (Lemma
2.1) or [15] (Lemma 6.1) for related results, which are probably closer to Siegel’s criterion
than to Nesterenko’s (see §4.3 below).

4.2 Upper bound on a Diophantine exponent

Given a subspace F' of RP, and a non-zero point P € RP, we denote by Dist(P, F') the
projective distance of P to F', seen in PP(R). Several definitions may be given, all of them
equivalent up to multiplicative constants (see for instance [21]); we choose Dist(P, F') = H
where u is the orthogonal projection of P on F* (that is, P can be written as u + f with
u € Ft and f € F), and ||-| is the Euclidean norm on R”.

The following result is a consequence of Theorem 2.

Theorem 5. Under the assumptions of Theorem 2, let 7 = min(7my,...,7) and F =
Spang(ey,...,ex). Then for any e >0 and any P € ZP \ {(0,...,0)} we have:

Dist(P, F) > ||P|| ™"+

provided || P|| is sufficiently large in terms of €.

18



It is important to notice that Theorem 5 is not optimal, since it involves only min(ry, ..., 7%).
It is specially interesting when 7, ..., 7, are close to one another.

The interest of Theorem 5 is that it can be written as an upper bound on a Diophantine
exponent which measures the approximation of F' by points of Z? (see [21], [17], [4]).

Proof of Theorem 5: Using assertion (ii) of Theorem 2, we see that (eq,...,ex) is a basis
of F. Since F is finite-dimensional, all norms on F' are equivalent: there exists x > 0 such
that, for any f = Ae; + ...+ A\pe, € F' (with A; € R), we have max |\;| < &|| f]|.

Let € > 0 be such that e < 7. Let (g be such that assertion (iii) of Theorem 2 holds for
any @ > Qo; we assume that ||P|| > Q) ¢/k. Letting Q = (k|| P]|)"/"~%) we have Q > Q.
Since P € 7P\ {(0,...,0)}, P does not belong to the set C(e, Q) defined in assertion (ii).
Now writing P = Aje; + ...+ Agep +u with \; € R and u € F+ we have

mas ] < wldier + o el < 8P = Q7
so that [Ju|]] > Q~'7¢. Using the definition of @) and that of Dist(P, F), this concludes the
proof of Theorem 5.

4.3 Connection with a Siegel-type criterion

The following result is analogous to Theorem 2, but its proof is much easier. It relies on
Siegel’s ideas for linear independence (see for instance [6], p. 81-82 and 215-216, or [18],
Proposition 4.1). Special cases of this result have already been used in Diophantine results

(see §4.4 below).

Proposition 1. Let 1 <k <p—1, and ey, ..., ex € RP be R-linearly independent vectors.
Let (Qn)n>1 be an increasing sequence of positive integers, and for any n > 1, let

LY = E&t’)nXl +...+ fz(f,szp be p linearly independent linear forms on RP (for 1 <t <p),

with integer coefficients E% such that, as n — oo:

1LY (e;)] < QW for any j € {1,...,k} and any t € {1,...,p},

where T, ..., > 0 are real numbers, and
(t) 14o(1
1<i<p ’
1<t<p
Then:

(a) Conclusions (i) and (ii) of Theorem 2 hold.

(b) Let ¢ > 0, and n be sufficiently large (in terms of €). Let C,, denote the set of all
vectors that can be written as A\ey + ...+ pep + u© with:

ALy oo A € R such that |\ < Q7" for any j € {1,...,k}
u € (Spang(ey, ..., ex)) " such that ||u| < Q;1~¢

Then C, N ZP = {(0,...,0)}.
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The main difference with Theorem 2 is that we require here p linearly independent

linear forms for any n (and we also assume ey, ..., e, to be R-linearly independent). This
makes the proof much easier, and enables one to get rid of several important assumptions
of Theorem 2 (namely @, 1 = v . 7 pairwise distinct, and |L,(e;)| not too
small).

IfQni1= 1o ip Proposition 1 then in (b) we may replace @), with any @, by letting

n be such that @, < Q < Q1.

Proof of Proposition 1: To prove conclusion (i) of Theorem 2, let F' be a subspace of R?
defined over QQ, of dimension d, which contains ey, ..., e;. Let n be sufficiently large. Up
to reordering Lg), e L,(Tp), we may assume the restrictions of Lg), ey LY to F to be

linearly independent linear forms on F'. Denoting by (u1, ..., uq) a basis of F' consisting in
vectors of Z”, the matrix [LS)(Uj)]lgt,jgd has a non-zero integer determinant. By making
suitable linear combinations of the columns, the values LY (e1), ..., LY (e,) appear and

lead to the upper bound ngkfnf'“#”o(l) on the absolute value of this determinant. This

concludes the proof of (i) of Theorem 2.
To prove part (b) of Proposition 1 (which implies conclusion (i7) of Theorem 2), we

let P = \Ne; + ...+ \er, +u € C, N ZP be non-zero; then L,(f)(P) # 0 for some t, but
LS)(P) € Z and |L£f)(P)| < 1. This concludes the proof of Proposition 1.

4.4 Diophantine applications

The main interest of Theorems 2 and 3 is that they provide (in conclusion (7)) a lower
bound for the rank of (C,...,C},). Such a lower bound (with k essentially equal to a)
implies Theorem 1, using a general lemma of linear algebra (see [8] for details). This kind
of lower bounds (with k > 2) exists in the literature: for instance Gutnik proved [12] that

he vectors
T () (B) e

are Q-linearly independent in R? (so that, for any r € Q*, at least one number among
¢(2) — 2rlog2 and 3((3) — r((2) is irrational). More recently he obtained also [13] the
Q-linear independence of

(o) (0) (50D (56): »

In the same spirit, T. Hessami-Pilehrood has proved [16] that if ¢ is greater than some
explicit function of k then the following 2k vectors are Q-linearly independent in R¥:

1 0 0
0 1 0

N I (4.4)
0 0 1
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(=) (D)L (=) (1))
Liz(_?l> (J‘il)Lin(%) (kil)LikH(%)
Lik(._?l) (j?5;2)L.ij+kfl<%l) (2::12)Li.2k71(771)

The same result holds with 1/q instead of —1/¢; see also Gutnik’s preprints cited in [16].

These results share two common features: they rely on a special case of Proposition 1,

and they prove the linear independence of the full set of p vectors involved. Using Theo-
rem 3 it should not be difficult to produce alternative proofs of these results, in which only
one sequence of small linear forms is constructed (instead of p linearly independent ones);
this may lead to further generalizations: for instance no proof of Ball-Rivoal’s lower bound
(1.1) is known without using Nesterenko’s criterion. Moreover, it should be possible also
to obtain lower bounds for the rank of a family of vectors (like (4.2) or (4.3) up to ((a),
or (4.4) with smaller values of ¢) eventhough the present methods fail to prove the linear
independence of the full set.
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