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Abstract

By using stochastic calculus for two-parameter processes and chaos expansion into
multiple Wiener-It6 integrals, we define a 2D-stochastic current over the Brownian sheet.
This concept comes from geometric measure theory. We also study the regularity of the
stochastic current with respect to the randomness variable in the Watanabe spaces and
with respect to the spatial variable in the deterministic Sobolev spaces.
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1 Introduction

The purpose of this paper is to study two-dimensional stochastic currents. The concept
of current comes from geometric measure theory. Let us briefly recall a few definitions on
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deterministic currents used in the sequel. More informations can be found in [4], [14], [18],
[9].

We shall denote the Euclidean norm and scalar product in R? (d is fixed throughout
the paper) by |-| and (-,-) respectively. We shall also need the space AsR? of 2-vectors, its
dual space A’R? of 2-covectors, and the duality between them, still denoted by (-,-). If we
represent vectors and covectors in the standard basis (the summations are extented from 1

to d)
U:Zvijei/\ej, w:Zwijei/\ej
i<j i<j
then

(w,v) = Z w;jv'.

1<j
Notationally, we prefer to write the covectors in the first argument of (.,.) since later on the
notation for stochastic integrals is more natural. The norm of 2-vectors and 2-covectors is

also defined as )
2 ij 2 2
P =D (07)7, wl? =) (wy)
i<j i<j
Notice that for all vy, v € R? and w!, w? € R?, the duality between the 2-vector
v Ay =" |(01); (v2); = (v1); (v2), ] ei A
1<j
and the 2-covector w' A w? similarly defined, is given by
<w1 A w2,v1 A v2> = det (<vi,wj>) .
Similarly we have
o1 Aval* = det ((vi, v;)) = o1 [va]* = (v1,02)*.

Let D* be the space of all infinitely differentiable and compactly supported k-forms on R
A k-dimensional current is a linear continuous functional on D*. We denote by Dy, the
space of k-currents. In this paper we are only interested in the cases k = 1,2, so we recall
a few corresponding notations. Let ¢ (resp. ¢) be an element of D! (resp. D?). We shall
write them as

d
@:Z%d:ﬂi, wzzwijdazi/\dazj
i=1

1<J
where ¢; and 1);; are infinitely differentiable and compactly supported functions on R,
Typical examples of 1-currents are those induced by regular curves (Xt)te[o,T] in R%:

o S(p) = /OT <80(Xt)aXt> dt (1)
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while typical examples of 2-currents are given by regular surfaces (f (t,s))(t s5)ea In R,
where A is a Borel set in R?:

) — T(¢) ::/A<1,Z)of,%/\%> dtds

:/Z(T/%jof) <dﬂ?i/\dxj,%/\%> dtds
A

i<j

_ oy (20 0150k
B /AZW)” 7 (875 T as> dtds. @

i<j

The generalization of the previous example of 1-current to the stochastic case has
been the object of previous research in the recent literature. We refer to [5], [6], [7], [8] for the
study of 1D-stochastic currents over the Brownian motion or over the fractional Brownian
motion using various interpretation (It6, Skorohod, Stratonovich etc) for the stochastic
integral appearing in the definition of the stochastic current. We will investigate in our
paper the 2D-current in the stochastic context using the theory of stochastic integration for
two -parameter stochastic processes which has been developed in the eighties (see e.g. [2],
110}, [15)).

Let (Wsyt)(t,s)e[o,lﬁ be a (2,d)-Brownian sheet, with d > 2. By this we mean a
centered Gaussian d-dimensional process with 2-dimensional time parameter (¢,s) € [0, 1]2
such that '

Cov ( ;b WSJ/¢,> =68 (sAt) (S At

where 6;; denotes the Kronecker symbol. Note that the functional (1) defines a vector
valued distribution

1
/ A(I’ — Xt)dXt
0

with A the Dirac distribution and the meaning of A(x — X};) will be clarified later. Given
(2) the correct multiparameter stochastic integrals to be studied for the theory of currents
are formally written as

Tyw)i= [ A= We) W00,
0,1
with 1 < j < d. An important question is how to define the above stochastic integral.
At this level, there is no restriction to take ¢ = 1, j = 2. Thus we need to define
and to study study the mapping

T (z) = o A(z— Wey) WS ,0W2,. (3)

This is actually the aim of this work: to give a meaning to the integral (3) and to study
its regularity in the deterministic Sobolev spaces H~"(R% R%) as a function of z and in



the Sobolev-Watanabe spaces D®? as a function of w. As we mentioned above, the idea
to define the stochastic integral (3) comes from the stochastic integration theory for two-
parameter processes. We will explain it in details in Section 3. This integral also involves the
divergence (Skorohod) integral with respect to the Brownian sheet and multiple Wiener-1t6
integrals. Therefore, before defining (3) we will recall in the next section some elements of
the Malliavin calculus for Gaussian processes. We will find the following answer: although
the definition of the 2D -stochastic current is substantially different from the 1D-case, the
2D-current inherits the regularity of the one-dimensional case, with respect to w as well
as with respect to z. That means the following: the integral (3) belongs to the Sobolev
-Watanabe space D™%? for every o > % and to the Sobolev space H~"(R;R) for r > % We
notice the same interesting phenomenon already remark in the one-dimensional case (see
[8]): the order of regularity of (3) is the same with respect to w and with respect to z.

Our paper is structured as follows: Section 2 contains some preliminaries on multiple
Wiener-It6 integrals and the divergence integral. In Section 3 we explain how we arrive to
the our definition of the 2D -stochastic currents, making links with the stochastic calculus
for two-parameter processes. In Sections 4 and 5 we analyze the 2D-stochastic current over
the Brownian sheet in Watanabe spaces and Sobolev spaces respectively. Finally in Section
6 we treat the 2D -stochastic current over the d -dimensional Brownian sheet.

2 Malliavin calculus, chaos expansion and Sobolev-Watanabe
spaces

Here we describe the elements from stochastic analysis that we will need in the paper.
Consider H a real separable Hilbert space and (B(y), ¢ € H) an isonormal Gaussian process
on a probability space (2, .4, P), that is a centered Gaussian family of random variables such
that E (B(¢)B(1)) = (¢,1)3. Denote by I, the multiple stochastic integral with respect
to B (see [16]). This I, is actually an isometry between the Hilbert space H®"(symmetric
tensor product) equipped with the scaled norm ﬁ“ - |[yen and the Wiener chaos of order

n which is defined as the closed linear span of the random variables H,(B(y¢)) where ¢ €
H, ||¢|lx =1 and H,, is the Hermite polynomial of degree n > 1

o) = ey (2) (e (). wem

The isometry of multiple integrals can be written as: for m,n positive integers,

E(In(f)lm(g)) = nl(fag>?{®” if m=n,
E (I,(f)Im(9)) = 0 ifm#n. (4)

It also holds that .
In(f) =1 (f)

where f denotes the symmetrization of f defined by f(xl, ey Ty) = % Yoves, S @ays - Tam))-



We recall that any square integrable random variable which is measurable with
respect to the o-algebra generated by B can be expanded into an orthogonal sum of multiple
stochastic integrals

F=> Ifn) (5)

n>0

where f,, € H®" are (uniquely determined) symmetric functions and Iy(fy) = E[F].
Let L be the Ornstein-Uhlenbeck operator

LF ==Y nl(fn)
n>0
if F' is given by (5).
For p > 1 and a € R we introduce the Sobolev-Watanabe space D®P as the closure
of the set of polynomial random variables with respect to the norm

1Ellap = 11 = L)% [ 1s(s)

where I represents the identity. In this way, a random variable F as in (5) belongs D®? if
and only if
S+ 0 (B = S0+ n) | fal Byon < o0 (6)
n>0 n>0

We denote by D the Malliavin derivative operator that acts on smooth functions of the
form F = g(B(¢1),...,B(¢n)) (g is a smooth function with compact support and ¢; € H)

DF = Z_; 3;]2 (B(¢1),---, B(pn))pi.

The operator D is continuous from D*? into D*P (H) . The adjoint of D is denoted by ¢ and
is called the divergence (or Skorohod) integral. It is a continuous operator from D*? (H)
into D*P. For adapted integrands, the divergence integral coincides to the classical Ito
integral. We will use the notation

T
o(u) :/ usdBs.
0

Let u be a stochastic process having the chaotic decomposition us = >, <, In(fn(:, s)) where

fa(:,8) € HE™ for every s. One can prove that u € Dom ¢ if and only if frn € HEOFD for
every n > 0, and > o I 41(fn) converges in L?(€). In this case,

8(u) =Y Ins1(fa) and EP@)* = (n+ D! | fall3em- (7)
n=0 n=0
We will also recall the integration by parts formula
Fé(u) = 6(Fu) + (DF,u)y (8)



which holds for F € D%? u € D*%(H) and Fu € D%?(H). In the present work we will

consider divergence integral with respect to a Brownian motion in R%. Throughout this

paper we will denote by ps(x) the Gaussian kernel of variance s > 0 given by ps(z) =
2

\/QIF—Se*%s,:c € R and for z = (z1,...,24) € R? by pl(z) = H?les(:vi).

3 Definition of the 2D- stochastic current

The idea to define a stochastic integral (3) comes from the stochastic calculus for two-
parameter martingales developed in the eighties. Let us briefly recall the context. Consider
a two- parameter Wiener process (W ), e[o,1] and let us express the random variable Wgt
(here W, is one dimensional random variable and Wﬁt is its square; we mention this in
order to avoid the confusion with the components of the two-dimensional Brownian sheet
that appears in Section 2) as a stochastic integral plus a deterministic integral in the spirit
of the classical It6 formula. Let ¢, s € [0,1]0 be fixed and let

O=to<ti<...tp,=tand O0=sp <851 <...8, =8

be two partitions of the intervals [0,¢] and [0, s] respectively. For fixed ¢, we can write

—_

— 2
(W8i+1,t - W8i7t) .
0

1=

m—1
Wg%t =2 Z Wsi,t (W8i+1,t - W8i7t) +
=0

It is standard to prove that the last summand 22161 (W3i+17t — I/Vsht)2 converges in L?(Q)
as m — oo to st which, in some sense, constitutes the quadratic variation of the two-
parameter martingale W;. Let us analyze the first summand. Writing g(t) = ¢(0) +

Y10 (g(tia1) — g(t5)) we get

m—1 m—1m—1
Wsi,t (W8i+1,t - Wsz',t) = Wsiytj+1 (WS¢+1¢J’+1 - WS¢+1¢J’ - Wsi,tj+1 + Wsmtj)
i—0 i=0 j=0
m—1m—1
+ (Wsivthrl - Wsz',tj) (W3i+17tj Wsz‘,tj) :
i=0 j=0

The first summand above usually converges to the stochastic integral with respect to
the Wiener sheet [ fg Wy wdW,y, o (see [10] or [15] for the definition of the integral and the
proof of the convergence; but the stochastic integral can be also understood as the Skorohod
integral § (W.7.1[078}X[07t](-, )) with respect to the Gaussian process W). The summand
Z;’lf)l ZT:_ol (Wshtj - Wsmj) (Wsi Y Wsmj) is a specific two-parameter case term and
it converges, for fixed s,t € [0,1] as m,n — oo to a random variable denoted M s,¢ such that
the stochastic process (MSJ) s,te[0,1] 1S a two-parameter martingale (we refer again to [10] or



[15] for details). A similar term M appears also in the stochastic calculus for the fractional
Brownian sheet (see [19]). The stochastic process M can be interpreted as

s t
M = / / Ay Wy wdo Wy .
0 JO

We refer to [19] for a discussion in this sense. In terms of the divergence integral it can be
written as

2
581,@1) (u2,v2) (1%,2S]X[07ﬂ((u1, v1), (U2, 02))1[0,u1) (¥2) 1[0,09) (M))) :
Let us explain the above notation. The symbol 6®) means the double (iterated) Skorohod

integral with respect to the Wiener sheet W. The indices (u1,v1), (u2,v2) in the formula
©)
(u1,v1),(u2,v2
(u1,v1) and (ug,ve).

More generally, if (X ¢)s¢c[0,1] is an adapted two-parameter process (let us be vague
on this concept because several definitions of the adaptability exist in the two-parameter
context; we refer again to [10], [15] or [2]), then the sequence

) means that the double Skorohod integral acts with respect to the two variables

m—1n
E E Sz,tj S,,tj+1 - W8i7tj) (W8i+1,tj - W8i7tj)
i=0 j=

converges to the integral

t s t s
/ / Xu,vdMu,U = / / Xu,vduWu,vdUWu,U
0 Jo 0 JO

which can be also written as a double Skokorod integral in the following way (assuming
that X is regular enough in the Malliavin calculus sense)

t s
/O/OXu,vduWu,vdqu,v — 6(2) (Xul,vzl[o,ul}(u2)1[0,v2](vl))

where 62 denotes the double Skorohod integrals which as above acts with respect to the
variables (u1,v1), (u2,v2) € [0,1]2.

The above discussion motivate the following definition of the 2D stochastic current.
Definition 1 Let (W), (0,1 be a Wiener sheet and for every x € R, s,t € [0,1] consider

the functional A(x — W) which is a distribution in the Watanabe sense. We define the
stochastic current over the Wiener sheet W as the mapping

T €)= 0 ) (o) (@ = Wy 1)1 j0,00) (42) 10,05 (01)) 9)

The meaning of this definition will be clarified in the sequel. The term A(z—W,, 4,)
is a distribution in the Sobolev-Watanabe spaces. In the rest of our paper we will analyze
the mapping £ introduced above from different perspectives: first as a functional of the
randomness w and then as a function of z € R%.



4 The 2D-stochastic current in Watanabe spaces

Let us first analyze the function &(x), for fixed = € R, as a distribution in the Watanabe (or
Sobolev-Watanabe) sense (see Section 2). Concretely, we will prove in this section that for
every x the function £(z) belongs to the Watanabe space D%? for every o > —%. We also
prove that () can be approximated, under the norm of the space D*? by some Riemann
sums. In this way, we make the link with the discussion in the previous section.

4.1 Regularity of the 2D stochastic current in the Watanabe spaces

Our method to prove the regularity of the functional (9) is based on the Wiener-It6 chaos
decomposition. Let (Xs)ses be an isonormal Gaussian process with covariance

EX X, := R(s,t) s,teSs.

The set S is a subset of RY. We will use the following decomposition of the delta Dirac
function (see Nualart and Vives [17], Imkeller et al. [11], Eddahbi et al. [3]) into orthogonal
sum of multiple Wiener-It6 integrals

Alw—Xs) = > R(s) 2pp(x)H, (%) L, (157) (10)

n>0 5)2
Zaﬁ(s)[n (1%’;]) , x€R,seSs
n>0 ,

where R(s) := R(s,s), pr(s) is the Gaussian kernel of variance R(s), H,, is the Hermite
polynomial of degree n and I, represents the multiple Wiener-It6 integral of degree n with
respect to the Gaussian process X as defined in the previous section. We also denoted by

aﬁ(8)=R(S)_%pR(s>(w)Hn< : ) (11)

for every s € S,x € R,n > 0.
For X =W = (Ws)s1e)0,1], the Wiener sheet, we have

A@ = W) = D a0 (157 00) (12)

m>0

where for every uy, vy € [0, 1],

% (11, 03) = (u102)™F puroy () Ho ( wf—) | (13)

We will show in the next result that the 2D-stochastic current defined in Definition
1 is well-defined as a distribution in the Watanabe sense.



Theorem 1 For every x € R the functional {(x) defined in Definition 1 belongs to the
Watanabe space D™%2 for any o > %

Proof: Let x € R be fixed throughout the proof. We will compute first the divergence
integral

2
S o) umoz) (@ = Wty ) Loy (402) L) (01))

with respect to the variables (uq,v1) and (ug,v2) belonging to [0,1]2. Using (12) and the
chaotic form of the divergence integral (7), we will need to symmetrize the function

((x1,91)s (x2,¥2), - - s (Tmt15 Ymt1), (@mt2, Ym+2))

= A (Tmt1, ym+2)1[xm+2,1] (xm+1)1[0,ym+2} (ym+1)1%$m+1]><[07ym+2] ((z1,91), (z2,92); - -+ (Tms Ym))

with respect to the m + 2 variables

(@1,91), (@2,92), - - - s (Tt s Ym2)-

The above function is already symmetric in its first m variables. Noting that for any function
fla1,az,...,am,x,y) which is symmetric with respect to aq, .., an,, its symmetrization with
respect to its all m + 2 variables is given by

i 1 o .
f(al, ..,am+2) = (m n 1)(m—|— 2) Z f(al,..,ak,..,al, ..am+2,ak,al) (14)
k,l=1;k+#l

(the notation @ means that the variable a is missing above) we get, for every = € R,

1 m—+2
() = ) Imyz D @b (@ y) 10,0 (0,0 (T, Ur)
m>0 (m +1)(m +2) kl=1;k£l
Xl%gk]X[O,yl} ((.%'1, y1)7 (.%'2, y2)7 ey (I'k, yk)a (xla yl)7 ey (xm+27 ym+2))
1 m-+2
- Z Iin2 Z U (Ths Y1)

m>0 (m +1)(m +2) kl=1;k£l
1%77;:]1(1'1, ey Loy ey $m+2)1%Z;]rl(y1, ey YLy ey ym+2) (15)

where (zp,yx) means, as above, that the variable (xg,yx) is missing.



Using (6), the D®? norm of the random distribution £(z) can be written as

€ @)II2.2
1 1 m+2
= Z(l —i—m)“(m—i—?)!H m——i—lm——i—2 Z aﬁm(xlmyl)l[O,xk}X[O,yl}(xlayk)
m>0 kl=1;kl

XL o <(9617 Y1), (@2,92), -5 (T, k)5 (@, 90), - - -5 (T2, ym+2))> Il 2((j0,112)m+2)

1 1 2 m+2 m—+2
= Z (1+m)*(m+2)! (ﬁ ?> Z Z / dxidyr..dzp2dym2
m>0 moeLm ke =Lk K =1,k Y ((0,1]2)mF2
m—+2
Z (T, yz)l[o’Zk} (@1, - Tk, - $m+2)1% vl YW T s Ymar2)
ke l=1;k£l
m—+2
Z a’fn('rk", yl’)l% l‘-i;] ('Ila oy TRl 5 ees $m+2)1[0 yyr] (yla Yl ym+2)-
k! 1/ =03k AU/

Notice that if k& # k’, the terms Li0,2,) (zrr) and 1[07%/](3:;9) appear in the above expression.
Therefore, all the summand with k # &’ will vanish. Similarly, the summands with [ # I’
will vanish. Consequently,

1 1 m+2
le@Rs = S+ meml—t [ dndydadynes
@ mZZ:O m+1m+2k,lzzl;:k7él ([0,1)2)m+2
X(arxn(xkayl)) 1%2:} (xl’ - T - xm+2)1%yl (yl, Yl - aym+2)
m—+2
= Z(1+m)0‘m!m Z / dﬂﬁk/ dyy(ay, (zx, v1))?
m>0 kl LkAl
X/ d.%'l...d—.%'k..dmm_f_g/ dyl---d_yl--dym+2
[0,z5]m+1 [0,y]m+1
m—+2
= Z(1+m)0‘m!m Z / dﬂﬁk/ dyi(ad, (zp, yo)) 2oy y
m>0 kl kAl

Using the expression (13) of the coefficient a¥, we have

(0 (e, 1))t = <pmkyl< >Hm< ij_yl»kyl

Therefore

I = 300+ / / o (o) 1 W))u

m>

10



We use the identity, for every y € R,

[

Hn(y)e’% = (—1)["/2}23i/ u"67“29(uy\/§)du (16)

nlr Jo

bound

2

1
Ho(y)e s nx

<23 T :

|

) i= Cp. (17)

where g(r) = cos(r) if n is even and g¢(r) = sin(r) if n is odd. Since |g(r)| < 1, we have the
2
I

This implies that

N

11
Z(l +m)o‘m!072n/ / dudv(uv)%
0 JO

1
2w
m>0

114
= 3% Z(l +m)®mlc?,
m>0

@52 <

and this is finite for every a < = because, by Stirling’s formula, m!cZ, (this has been
already used in [17], [3], [1]) behaves as ne. [ |

Remark 1 We remark that the regularity of the functional £(x) in the Watanabe sense is
the same as in the one-parameter case (see [8]). This implies in particular that it is not a
random variable, but a distribution.

Remark 2 Note that the integration interval for the stochastic integral AW in the definition

of £(x) is the entire interval [0,1]. In the one-parameter case (see [8]), we need to consider

the quantity &(x) = fal A(x — By)dBs with a > 0 in order to obtain that &(z) € DY? with
—1

o< 5 -

4.2 Approximation of 2D-stochastic current in Watanabe spaces

Let us introduce the Riemann sum

N—-1M-1
TN,M(CU) = A(:C - Wsz',tj) (WS¢+1¢1 - Wsmtj) (Wsiytj+1 - Wsmtj) : (18)
i=0 j=0

Remark 3 It is analogous to prove that Ty ar(x) belongs to the Sobolew- Watanabe space

D2 for every a < _71 This is also a consequence of the proof of Theorem 2 below.

Following the discussion at the beginning of Section 3 it is natural to expect that

Tn,m(z) converges as M, N — oo to £(z) for every x € R. We will actually show that the
sequence (18) approximates £(z) in the norm of the Watanabe space D~%2 with a > 3.

11



Theorem 2 For every x € R, the sequence Ty a(x) given by (18) converges to {(x) as
M,N — oo in the norm || - ||la,2 for any o> %.

Proof:

Fix again « € R. The first step is to express Ty, using multiple Wiener-Ito

integrals. We have, by the integration by parts formula (8) and the symmetrization formula

(14)

TN7M($)

N-1M-1
A = Wi, ) 10,50 %[t,841) (W1 V1) L s, 5041 (0,7 (W25 V2)
=0 j=0
N-1M-1
ay,(si,t;)
=0 35=0
X It ( 051x[Ot]((xl’yl)"“’(xm’ym))l[O,Si}X[tjvtjﬂl(ul’vl)l[sz'vswﬂx[oij](u?’U2)>
>0
N-1M-1 1
a 317 Z Im+2 (
i=0 j=0 m>0 +1)(m+2)
m-+2
1%Zi]x[0,tj]((m1,y1)7--7($k7yk),(xl,yl)a--a(xm+27ym+2))
kl=1;k#l

1[0,81'} X [tj ,tj+1] (,Ik, yk))1[8i78i+1} X [O,tj] (ﬂfl, yl)) .

Taking into account relation (19) and its analogous for &(x) (see the proof of Theorem 1,
formula 15) we obtain

1T, p ()

2
_a’ﬁm(wkayl)l({%z:}l(wh"ax_k‘a"axm+2) [Oyl} (yla' aﬁa"ym+2))

12

(19)

m) m—+2
@2, = Y B+m) R .
" m>0 (m+1)(m+2) = Jo " "
N—1M-1
ay, 327 1%TT (xh'-7x_k7'-7xm+2)1[si,si+1]( )1%7?} (y17..7m7..ym+2)
=0 j=0



and as in the proof of Theorem 1

m+2

m!
ITvar(@) ~ &l = 36+ Cogosy 3

kl=1;k#l
N-1

S

—1
(am, (si,t]))2sm+1(sl+1 - SZ)t?Hl(tj—I—l —t5)

O

=0 j=
—-1M-1

i+
2 Za (si,t; m+1tm+1/ / drydyiag, (g, yi)
— =

1 1
[ dxkdyxafn(xk,yl>>2w$+1y?*1>

o Jo
N-1M-1
= > oGB+m) m [ D0 (b, (si, )87 (sig1 — st (L — 1)
m>0 =0 j=0
N—1M-1 siv1 ftian
—2 afn(si,tj)S?LJrlt?Jrl/ / dudval, (u,v)
i=0 j=0 ' t
11
+/ dudv(aﬁl(u,v))Q(uv)mH) .
o Jo

Now we claim that, for every fixed m > 0, the sequence

—-1M-1

Z D (@ (sis )7 (sin — st Tt — )
0 j=0

N—-1M-1 siv1 [ty
—22 Z ay,(si,t; m+1tm+1/ / dudvay, (u,v) +2/ / dudv(aZ, (u,v))? (uv)™
4 t;
i=0 j=
converges to zero as N, M — oo. This is true because
N—-1M-1 1 1
> 3 s )P s =) 1 -15) s [ dudoaf (o)™
0 JoO
=0 7=0

and
N—-1M-1

Si+1 Jj+1
ary,(si,t; m+1tm+1/ / dudvay, (u,v) —>NM_,OO/ / dudv(a;, (u )) (uv)mle

using Riemann sums convergence To conclude the convergence of | T as(z) — &(z)]|2 5 to
zero for every a > =t it suffices to check that

i=0 j=0

N-1M-1

_1
(ap,(siy 1)) *s (sign — st (81 — t5) < em™2,
=0 j—=0

13



2

M—-1 ) . 41
ay, (i, t; m+ tm+ / / dudvay, (u,v) < em™ 2,

1,1
/ / dudv(aZ, (u, v))? (uv)™ Tt < em”E.
0o Jo

with ¢ > 0 a constant not depending on m. The last bound has been proved before (see the
proof of Theorem 1) and the first two bounds can be obtained analogously using relations

(16) and (17). ]

NI

=0 j=

and

5 2D-stochastic currents in deterministic Sobolev spaces

The purpose is this paragraph in to study the mapping (9) as a function of the spatial
variable x € R.

5.1 Regularity in the deterministic Sobolev spaces

We study in this part the regularity with respect to the variable z € R of the mapping
given by (9) in the (deterministic) Sobolev spaces H"(R%R%). This is the dual space
to H” (Rd,Rd), or equivalently the space of all vector valued distributions ¢ such that

Jga <1 + |:U|2)7r |3 (z)|* dz < oo, @ being the Fourier transform of . Assume first that
d = 1. The case d > 2 will be treated later.
We will recall the following lemma (see [8], Lemma 1).

Lemma 1 Let s = (s1,..,sn5) € [0,1] be fized. The Fourier transform of the function
x—ar(s):R—R

is denoted by aZ,(s) and it is given by

where |s| = s1...8N.

As a consequence, the Fourier transform with respect to z, denoted in the sequel
A(Z — Wy, v, ), of the random distribution A(x — Wy, 4,) is given by

®Xm _ Wy
AT - Wa,, v2 Za (u1, v2)I (1[0,u1]><[0702]> —¢ n

14



Proposition 1 The Fourier transform of the function
x = &(x)

s given by
() — 52 —iaeWuy v
{(x) = 5(u1,v1)7(u2,v2) (e B 21[07u1}><[0ﬂ)2}) :
Proof: Using formula (15) and the expression of the Fourier transform of z — af, from

Lemma 1, we get (to justify the interchange of the order of integration below we refer to
Exercise 3.2.7 in [16])

1 m+2 N
) = 3 I 2 anany)
o (m+1)(m+2) kl=L;k#L
1%251(1’17 --7'%'_]'67 oy xm+2)1%2l—}’—1(y17 "7%7 o ym+2)
_ 5O -2 ST
= 6(U1,U1)7(U27U2)6 zhm Z Tlm (1[021]”07”2](‘))
m>0
_ 5@ —iaWa v
- (Ul,Ul)v(u27U2)( s 21[07u1}><[0,vz})'

Here we used the fact that

e i@Wauy vy — Z %Im (1%21}><[0,v2}(.))

m.
m>0

which can be obtained using Stroock’s formula (see [8] relation (9)). [ |

Consequently, we obtain the following result:
Theorem 3 For almost all w, it holds that ¢ € H"(R,R) if r > 3

Proof: It is easy to see that

—~ 2 1 uy 1 v2 ) 9
E ‘5(%)‘ = /0 dul/o dUQ/O dvg/o dvy |eil$WU1vv2
1 1 1
= / uldul/ Ugdvg = —
0 0 4

o

B¢l = | B [éw

and consequently
dx
is finite if and only if r > % |

Remark 4 We note that, as in the case of 1D -currents, the reqularity of (9) is the same
with respect to the space variable x and with respect to the randomness variable w.
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5.2 Convergence of the Fourier transforms
Here we study the convergence of the sequence Ty s (18) to the 2D-stochastic current (9)

in the Sobolev space. Precisely, we have the following:

Theorem 4 Let Ty be given by (18). Then as M, N — oo, the sequence TN converges
to & in L*(Q; H"(R;R)) for every r > 3.

Proof: From (18) it is immediate that

N-1M-1

2 : 2 : W, it
TN M el % SH_l,tJ Wsi,tj) (W8i7tj+1 - Wsi,tj)
=0 j=0

where Ty ar(Z) denotes the Fourier transform of  — Ty a(x). We also know from Propo-
sition 1 that

5( ) 6gu)1,1)1) (u2,v2) (eﬁkulyv2 1[071‘1}(”2)1[07”2](2}1)) :
Then the L?(Q; H~"(R;R))-norm of the difference T s — & can be computed as follows

B Tyat = €y = B [ [Txar(s) =€) (1+0%) e

Let us first compute

- Wsmt]‘)

J+1

= E COS(—xWSi’tj) (WsiJrl’tj — Wsi,tj) (Wsi,t
2) 2
_5(u1,v1),(u2,v2) (COS(_qule)l[O,ul}(u2)1[071’2](v1))‘

N—-1M-1
+E Z Z sin( st“ (WSZH, —Wsi,t].) (I/Vs“gj+1 —Wsi,t].)

(2)

2
_5(u1 1), (u2,v2) (Sin(_xwulvm)l[oyul} (u2)1[071’2] (Ul)) ‘

16



and from the independence of the increments of the Brownian sheet

E [Ty (&) — £(2)

N—1M-1
= E) Y cos(—aWy,)sitj(siv1 — si)(tjs1 — 1))
i=0 j=0
1 ul 1 v2
+E dul/ duz/ dvg/ dvy cos(—qul,m)Q
0 0 0
N-1M Sit1 s tj+1 tj
ZEZ / dul/ duz/ dvg/ dvy cos(—xWSi’tj)cos(—qulm)
i— 0 tj 0
N-1M-1
+ E Sin(—wwsi,tj)zsitj(sz‘ﬂ — si)(tj41 —t5)
=0 j=
1
+E/ dul/ du2/ dvg/ dvy sin( CCWUI,UQ)
0 0
N-1M-1 Sit1 Jt1
QEZ / dul/ du2/ dvg/ dvy sin(—aWs, ¢.) sin(—=z Wy, v, )-
=0 35=0
We will obtain, using the well-known trigonometric formulas sin?(z) + cos?(z) = 1 and

sin(x) sin(y) + cos(x) cos(y) = cos(x + y)

N-1M 1 2
E|Tyu(E) — €@ = EY Z sitj(siv1 — si)(tje1 —t;) + (/ udu>
=0 7=0 0
N—-1M-1 Sit1 tit1
—2E sitj/ dul/ dvs cos (x(Wsi,tj — Wulm)) .
i=0 j=0 Si t

Since Wshtj — Wi v, With s; < uq and t; < vo is a centered Gaussian random variable with
variance ujve — s;t; we get

x2(u1v2—sitj)

E cos (x(Wsi,tj - Wuwg)) =e :
and therefore
N-1M-1 1 2
B[Twi(@) - @) = sty (e =styen =t + o)
=0 j=0 ’
N—-1M-1 Sit1 tj+1 a? (ugvy—s;t;)
-2 Z Szt]/ du1/ dvse™ 2
=0 j= i



We can write

BTy — € ):E/RyTN,M@)—s(i)!2(1+x2>‘7‘dw

)

T(R;
N—-1M-1 1
= / dm(l + 12)—7’ Sitj(si-i-l — Si)(tj_H — tj) + (/ udu)
R ; . 0

Sit1 [ZES] 7x2(u1v2—sitj)
Sitj du1 dUQG 2
Si ts;

J

2

i=0 =0

By a Riemmann sum convergence, it is clear that

N-1 1 M—1 1
Z 5i(8i41 — 1) = Nooo / udu, Z ti(tjt1 —t5) = M—oo / vdv
=0 0 =0 0
and for every fixed x € R
N—-1M-1 1251,,5]. Si+1 tj+1 _ac2u1'l)2 1 1 —ac2uv 127“) 1 2
Z Z sitje 2 duq dvoe™ "2 =N Moo wwdudve™ 2z e 2 = udu
i=0 j=0 S; tj 0 0 0

and this implies that for every x € R the sequence E [T a7 (i) — £(&)|* converges to zero as
N, M — co. The convergence of E [Ty — & \é_r(R,R) to zero follows from the dominated
convergence theorem since

Sit+1 ti1 zQ(u vg—5;t.)
(1 +$2)7T Z Z szt]/ dul/ duoy <1 e )

=0 7=0
N-1M 1 Sit1 ti4n

< (1+x2)_r szt]/ dul/ dvo
1=0 j=

S (1+x2)—r

which is integrable for every r > % |

6 Multidimensional 2D-currents

Newt we study in this parts d -dimensional stochastic currents over a Wiener sheet. Let
W = (W(l),W(Q), ...,W(d)) be a d-dimensional Brownian sheet. That means, for every
i =1,..,d, the component W = (Wifg)s,te[o,l} is a Wiener sheet and the components of
W are mutually independent.

We will defined the d -dimensional current over the Wiener sheet as follows.
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Definition 2 The 2D- stochastic current over W in R® is given by the mapping

J A
xr € R — é‘(m) = (gl,])l,jzl, 7 . < Eul ’Ul)é('lLQ U2) (A(m - Wu171}2)1[0,u1}(u2)1[07v2](?}1))>ij:1 4 .
Consequently &(z) is, for every z € R, a d x d matrix whose components are distributions
in Sobolev-Watanabe spaces. The notation §* refers to the divergence integral with respect
to the component W for every i = 1,..,d.

At this point, we will introduce some notation. Let us denote, for every ¢,j = 1, ..,d,

by
Ajj(x = Wyy) = H Az — Wékg) Yu,v € [0,1].
k=1:ki,j
Therefore, we can formally write
A (= W) = A j(z = W) Alws = WAz — WJ). (20)

We have the following result.

Theorem 5 The stochastic current x — &(x) introduced in Definition (2) belongs to the
Sobolev space H™" (R R?) for every r > %

Proof: Let us consider ¢ # j. Using (20) and the general chaos expansion formula (10)
for the delta Dirac functional, the component ; ; can be decomposed as follows

gi,j(x) = 6éu1 v1)5{u2 v2) (Aivj(x - Wul’vg)l[oml}(U2)1[0,U2](U1))
{L'z ®mz L5 j @m;
DI ACIRNT A € AN I DR AR A () B

m; >0 m;>0

Here I', denotes the multiple integral of order m with respect to the Wiener sheet W,
We will get, after symmetrization, for every i,j =1,..,d, i # j

Gjl@) = D D,

m; +1m; +1
m;>0m;>0 i+ J +
m;+1m;+1
I, Ign . Z Z aZi (ak, dp)am, (ag, d) A j(x — Way )
k=1 I=1

1%$£}X[Q,dl] ((ala bl)’ ey (ak’ bk)’ A (ami+1, bmi+1)) 1[0,ak](cl)1[0,dl](bk)

@m;
1[0,a2}><[0,dl] ((Cl7 d1)7 ey (Cl7 dl)7 ceey (cmj+17 de+1))) .

Let us comment on the above expression. The multiple integral I, ., acts with respect

to the variables (ai,b1), (a2,b2),...(@m,;+1,bm,;+1). The multiple integral Imj+1 acts with
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respect to the variables (c1,d1), (c2,d2), -, (Cm;j+1,dm;+1). Due to the independence of the
components W i =1, ..,d, the term A; j(x — Wy, 4,), although stochastic, can be viewed
as a deterministic integrand for both multiple Wiener-Ito integrals I?, .41 and I, m 41 Also

the integrals I}, ,; and I, m 41 plays the role of a deterministic integrand one for the other.
Let us compute the Fourier transform of &ij, for 1 <i,5 <d, i # j. We recall that
the Fourier transform is taken with respect to the variable z € R,

Gim) = Y ——— L (ap d)a (an, )

m; +1m,; +1
mi,m; >0 v - j

mz+1m1+1
m+1 Z Z AJ - akvdl)

a1,01); ooy Qs O ) s ooy (@414 bmi—l—l)) Lo,a,] (c1)110,4,] (br)
1, di), . (cr,ydi)s (ij+1,dmj+1))) (21)

®mz
[0 ax]x[0,d;]

®m1
[0 ar]x[0,di] (

(
(
where aﬁ,{i denotes the Fourier transform of the function x — aji and A; (2 — Wy, 4,)
means the Fourier transform of the function

(T1y s Ty oy By oy Tg) € RT2 5 Ay (w0 — W, a))-

We have from Lemma 1 _
(_1)mzxm1 x%akdl

a¥i (ag,d) = ——1 ¢~ 22
and clearly
d
N —iz, W,
Nij(@=Waa)= [ e o (23)
k=1:k#i,j
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Then, by combining (21), (22), (23)

mi+m;
é\' (:C) = g 1 1 (_Z) ' Jxmz mJIZ I]
" m; +1mj+1 mlm;! ° Tj Amat1tm,+1
my,m; >0
m;+1m;i+1 2 d
d rz%ad . (k)
I
k=1 = k=1ik#i,j

1%1:;]X[0,dl] ((al’ bl)’ . (ak’ bk)’ ) (ami+17 bmz'-i-l)) 1[0,%](01)

%Zi]x[o ] ((Cl, d1), .o (crydp)s ooy (Comy41 dijrl)) 110,,] (bk)

—jymitm;
Z 1 1 ( Z) J xm' m; IZ 11]
mi+1m;+1 mylm;! ° Tj tmit1im 41

mg,m; >0
m1+1mj+1 2 d

ki akdl xjakdl . (k)
E E e~ -l H e z:kaak q
k=1 1=1 k=1;k#i,5

®m; — ®@m;+1
1[(] a;](ah vy Ay ooy ami—i—l)l[o az] (Cl, ey ij+1)

fglj}l(bl, bm¢+1) [Od](dl"”d ’dijrl)
and taking the square mean, we will obtain

mz-i-l m] +1

1 1 2 o 2mi dy ,—x2ad
SR O e iy D D St
k=1 1=1

m;,m; >0

/ dal...damiﬂ / dbl...dbmhq
[071}mi+1 [0’1]mi+1

dey...dey,; ddy...ddy,.
/[071}mj+1 ‘1 ¢ J+1/[\01]m'+1 1 j+1

‘ 2

E|¢;(2)

1%2}1](6117..,aAk7...,ami+1)1%72;] (b1, ooy by 1)
®m;j+1
1[0::‘;] (Cla""acmj—f—l) [Od](dl""d '7dmi+1)

- Z . ! 2 2
e+ DY Gy 4 11

m;,m; >0

m;+1m;+1

1 1
E Z / dak / ddl (akdl)mz‘i’m]‘i’le*"f?akdl e*l'?akdl
k=1 1=1 "0

1
= 2 (mA)'( oo / d“/ dbe™ (D (apym o,

m;,m;=>0
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Since

1
Z ' (:U?ab)mi — eriab
o

m;>0 Y

we get

~ 2 1 1 1
E Sm‘(x)( = / ada / bdbe ™ (Fita3)abgaiab iab 7
0 0

~ 2
If i = j it follows from the proof of Theorem 3 that E 5”(36)‘ = i for every i = 1,..,d. As
a consequence
1 ~ )2 d? 1
7E‘ x‘dx:—/ ———dx
foamrelee] =5 [ oy
is finite if and only if r > %. |
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