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Abstract

We consider a random walk on Z that branches at the origin only.
In the supercritical regime we establish a law of large number for the
maximal position M,,. Then we prove convergence in distribution for the
sequence M, — an where a is a deterministic constant.
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1 Introduction

A CBRW (Catalytic Branching Random Walk) on Z branching at the origin only
is the following particle system.
When a particle location x is not the origin, the particle evolves as a random
walk (S,,),eny Whose law is denoted by P, when it starts from x (we let P = Py).
When a particle reaches the origin, say at time t, then a time t + 1 it dies and
gives birth to new particles positioned according to a point process %.
The system starts with an initial ancestor particle located at the origin. The sys-
tem goes on indefinitely, as long as there are particle that are alive. We assume
that each particle (at the origin at time t) produces new particles independently
form every particle living in the system up to time t.
Let (X, |u| = n) denote the positions of the particles at time n (here |u| = n
means that the generation of the particle u in the Ulam-Harris tree is n). We
assume that

To =X lul =1L (P, 1<i <N)

where N is an integer random variable describing the offspring of a branching
particle, with mean m = E [N], and (Sr(li),n > 0);>; are IID random walks,
distributed as (S,,n > 0) and independent from N.

We assume that we are in the supercritical regime, that is

m(1—qe.) > 1 1.1
where q,,. is the escape probability :
Qesc :=P(Vn>1,5,#0).

An explanation of assumption (I.1)) is given in section[7] Lemma[7.3]
Eventually, we also assume, for sake of simplicity, some aperiodicity, that is
ged{n >1:P(7 =n) > 0} = 1 where 7 is the first return time to the origin

T:=inf{n>1:S, =0}.

Let M,, := supj,—, X, we the maximal position at time n of a living particle.
Our first result is

Theorem 1.1 (Law of large numbers). There exists a constant a, depending
only on characteristics of the random walk (S,,),, = 0 and on the mean offspring
m, such that on the set of non extinction &,

M

. n
lim —=a a.s.
n—+o00 n



The exact value of the constant alpha is given at the beginning of section

In order to refine this convergence by centering M,,, we shall assume for this
proof that (S,),ey is @ nearest neighbor random walk.

Theorem 1.2. There exists a constant c, > 0, a random variable A, and ty > 0
such that

{A>0}= as. (1.2)
lim P(M,—an>y)=E [1 _ e—C*e"OyAw] (Vy eR). (1.3)

n—+00
The random variable A is the limit of the positive fundamental martingale of
section [4l Constant ¢, is defined at the beginning of section 5l The value of
constant c, is given at the beginning of section [6l

Theorems 1 and 2 are new, even though a lot of attention has been given to
CBRW in continuous time. In papers [[1H4][13H16] very precise asymptotics are
established for the moments of 1,(x) the number of particles located at x at
time t, in every regime (sub/super/critical).

Elaborate limit theorems were obtained for the critical case by Vatutin, Topchii
and Yarovaya in [[I3H16]]. We especially acknowledge paper [|6] that introduced
us to the magic technique of multiple spines. To confront our results to the
litterature on (non catalytic) Branching Random Walk, we refer to [[12]].

We first give in section [2] the heuristics explaining the differences between
CBRW and ordinary BRW (branching random walk). Then we proceed (in sec-
tion 3] to establish many to few lemmas, we exhibit a fundamental martingale
(in section[4) and prove Theorems 1 and 2 with the help of sharp asymptotics
derived from renewal theory.

Finally, section [7]is devoted to an extension to the case of multiple catalysts.
There the supercritical assumption appears in a very natural way.

2 Heuristics

Assume for sake of simplicity that we are on Z, with a single catalyst at the
origin and a Simple Random Walk. The sheer existence of the fundamental
martingale A, = e_mzlul:ncj)(Xu), see section [ such that {A,, >0} = &
shows that on the set of non extinction ¥, we have roughly e’ particles at
time n.



If we apply the usual heuristic for Branching Random Walk, then we say that
we have approximately e independent random walks positioned at time n,
and therefore the expected population above level an > 0 is roughly:

ern
’ [Z l(s,@zﬂ,o} = ¢"B(S, > an) = ¢~(@ATel)
i=1

where I(a) = Y *(a) = sup,>o(ta —p(t)) is the large deviation rate function
(for Simple Random Walk, e¥() = E [etle = ch(t)).

This expected population is of order 1 when I(a) = r and therefore we would
expect to have % — yon &, where I(y) =r.

However, for CBRW, this is not the right speed, since the positions of the in-
dependent particles cannot be assumed to be distributed as random walks. In-
stead, the ¢’ independent particles may be assumed to be distributed as a fixed
probability distribution, namely v(x) = c¢p(x).

Since here ¢(x) = E, [e_'”TOJ = el v is a symmetric geometric distribu-
tion. Therefore the expected population with distance to the origin at least an
is roughly

e"y(|x| > an)=c'e"™Mme "0,

r_ Yto)
=

This expectation is of order 1 when a = — = a, and this yields the right
0

asymptotics u
— —a as.onS.
n

Furthermore, we can even obtain the refined asymptotics if we use a slightly
refined heuristicc. We assume that conditionally on A,, we have e "A, inde-
pendent random variables (&;); distributed as v describing the positions of the
particles. Then with Y, = max;<,mp_ |§ i| we have

P(Y,—an>y|A,) =1—(1-P(&>y+an)) M.
Therefore
1 rn / —t
]P(Yn —Qan > y) =E |:1 _(1 _C/e?e_toy)e Ani| N |:1 —e ¢ Aot OJ/] .

This is what states Theorem up to constants.



3 Many to few formulas

We have found it easier to write many to one and many to two formulas in
a fairly general setting, and then specialize them to our needs, than trying to
write them directly for CBRW.

For the spine construction we refer to[[10,[11]] and the references therein. How-
ever, we feel necessary to give some details here, since we are in a discrete time
setup.

3.1 Trees
We use the Ulam-Harris labeling system. The set of labels is
U = {0} UU,e+(N*)"  with N*={1,2,3,...}.

The elements of % are called particles/labels/nodes/words. We think of 0
as the initial ancestor. For u € %, if u = (uy,u,,...,u,) then |u| = n is the
generation of u (by convention || = 0). We write uv for the concatenation of
the words u, v and we set ul) = Qu = u.

We say that v is an ancestor of u and we write v < u if there exists w € % such
that u = vw.

We define a tree to be a subset T C % such that

e Der.

e uv € T = u € 1 (if a particle is in the tree, the its ancestor are in the
tree).

e For each u € 7 there exists N, € Nsuch thatujer < 1<j <N,
(each particle u has a finite number N, of children).

The set of particles of generation n is
N, ={uer:|ul=n}.

We let T be the set of such trees.

3.2 Marked trees

A marked tree is a set T of pairs (u,X,,) such that u € %, the set

tree(T) ={ue % :3X,,(u,X,) € %}



is a tree. We think of X,, € J as describing the position of the particle u. The
state space J is usually J = Z<. The set of particles of generation n is

N, ={uetree(T): |ul =n}.

Let F be the set of marked trees.

3.3 Marked trees with spine

A spine of a tree T = tree(T) is a single maximal distinguished line of descent.
It is a subset & of T such that

e feé.
e £ N, contains at most one point.
e ifvefandu<vthenuekg.

e ifv € £ and A, > 0, then there exists one and only one child on the
spine,ie. 3lj € {1,...,A,},vj€&.

When & N4}, is a singleton, we let £,, be the node on the spine of generation n
t{E}=EnA

Let & be the set of marked trees with a spine (T, ).

3.4 Filtrations

We shall work on & .
The filtration
F,=0{{(T,&) :uetree(T)}, |u| < n}

is the natural filtration of the branching process. It does not carry information
about the spine.
The filtration

Fni=0(ZU{(T,8) s uell,|ul <n})
carries information about the branching process and the first n particles of the
spine.
The filtration

Y,=0X,:ue&nNAH,p<n)

carries information about the location of the spine up to generation n.



3.5 The CBRW probability measure

We are given a family of point processes (2,, y € J) such that 9,, describes the
progeny (number and positions) of a particle located at y.

For every y there exists a probability measure P, on (7,Z.) such that under
PP, the process start at time O with one particle located at y.

Any particle located at z in generation n gives rise, independently of the other
particles of generation n, to a family of particles whose location is described
by an independent copy of Z,. In particular, 2, has the same distribution as
{X,u€ M} under P,. The restriction of P, on Z, is called the Catalytic
Branching Random Walk (CBRW) driven by (2,,z € J) and starting from y.

Example 1. For example, the CBRW on Z branching at the origin only, driven
by the reproduction random variable N, is obtained with

N
Do = Z o SO
i=1
D, = 55(1,x) (xezZ,x#0),
1
with (S(i))izl an independent family of simple random walks starting from O,

and (S (i’x))izl,xez an independent family of simple random walks starting from
X.

Example 2. If the set of catalysts is a subset 4 C Z and we have random vari-
ables (N,, x € €¢) describing the offsprings at the different sites, then we set

Ny
@X = Zl 55?'){) (X S (g),
i=
@X = 5551,)() (X ¢ (g) .

The classical BRW is obtained with 4 = Z and the N, IID.

Example 3. We obtain a Branching Markov Process, see e.g.[9], by assuming
in the previous example (S(i’x))iZLer to be an independent family of Markov
chains (starting from x for &), with a fixed Markov kernel say p(x, y), and

thus setting
N,
9, = 26 i,x)
x ' 551 )
i=1

An associated martingale.



For some f € R, and y € J, we assume that

e¥y(B) .= Ey |:Z eﬁ(Xu—}'):| =F Z P | < 1o

UEN 2€9,

Then,
W,(B) = Z eﬁ(X”_y)_ZQSv<u’lev([5)
UEN,

is a (P, #,) martingale.
Indeed, if we have a family (6, ,,u € %,y € J) of independent point measures
such that 6, , is distributed as 2, then we can construct recursively the point

measures by
Db, =D D 6.

VEMN 11 ueA, 2€0, x,

Therefore,

Ep, [Wora(B)] 0] = Z 1(Xu:x)e—zv<uwxv(/3)EPy Z BE=0B) | 7 | =W ()
ueM,,xeJ 2€0, &
3.6 The size biased CBRW

The size biased CBRW is constructed via a probability measure Qﬁ on Z.
This is done by setting consistently the values of EQﬁ [Y] for Y a %, measurable
Y

positive random variable. Indeed, we can write

Y=2» I(")1lg,

VEN,

where Z and each I'(v) is &, measurable. We set,

Egs [Y]=Es, |Z ;V T(w)efXuy)=ApW) (3.1)
with
Ap):= D Px,(B). (3.2)
P<v<u

It is really easy to check that the preceding formula defines a consistent family
of measures on the filtration .%,, and Kolmogorov extension Lemma yields the



existence of Qg. For simplicity of notations, we intentionally omit the depen-
dence on parameter f3.

Furthermore, we can describe the evolution of the particle system in Qg in the
following way :

e There is initially one particle located at y.

o The offspring of this particle is generated under the size biased law @y
defined by

E [F(@y)] —E F<%>(Z B~ ()

2€9,

o Pick one of the offspring £, at random : the probability that u is picked
is proportional to efXu,

e The particles other than &, give rise to an ordinary CBRW. The spine par-
ticle £; has an offspring according to @Xﬁ , and we go on by choosing &,

among the children of £; with probability proportional to e#Xu of picking
child u, and we go on ...

Remark 4. When we restrict the measure Qg to the filtration (%,,),en We obtain
the change of measure by the martingale W, (). In other words

dQP

75,17, = WlB).

Indeed, if Z is &, measurable, then

Eqp [2]=Eq; [Z )3 1(5n=v)]

VEN,

:EH"y |:Z Z eﬂ(Xu_.y)_Aﬁ(u):|

UEN,
=Bz, [ZW,(B)] .

3.7 The many to one formula

The many to one formula is obtained by specializing equation (B.I) to 8 = 0,
Z=1and I'() = f(X,)e™. WesetS, = X the position of the spine at time

9



Ep, [Z f(Xu)] =Egp [f(S)e"E] (3.3)

UEN,

For CBRW on Z branching only at the origin, we have v, (8) = ¥(8)+In(m) 1.
We shall use the now standard notation

D fwy=> fw).

ueA, ul=n
Therefore, when the CBRW is started from zero,

Lemma 3.1 (Many to one formula). For CBRW branching only at the origin of
Z

E| Y f(X)| =E[f(S)m1] (3.4)

[ul=n

where L,_, = ZZ;(l) 1(s,—0) is the local time at level 0.

3.8 The many to two formula

We consider now marked trees with two spines (T,&!,E2) : T is a marked
tree, and &', i = 1,2 are two maximal distinguished lines of descent. When
E'N A, #0, then {€L} =1 n Ay

The filtration

F, = 0{{(T,§1,§2) ‘uE tree(T)}, lu| < n}

is the natural filtration of the branching process. It does not carry information
about the spine.
The filtration

ﬁf =0(F,U {{(T,gl,gz) ‘ue §i},|u| <n,i= 1,2})

carries information about the branching process and the first n particles of the
two spines.
For a given 8 € R and y € J we assume that

NP6 . nE Z PE=HE =) | < 4o

2,5'€9,

10



We construct a new probability measure on ﬁfo by prescribing consistently its
value on the sigma fields j’f Indeed a general ﬁ'ozo bounded (or positive)
measurable random variable Y can be written

Y =Z0(E,E0=2 D Ty gz

u,yeMNM,

with Z, (T'(u, v))jy|=|v|=n Fn Mmeasurable random variables.
We set,

EQJZ, [Y]:= EJP’y 7 Z l—'(u’v)eﬂ((xu_y)+(xv_.y))_Aﬁ(u:V) , (3.5)
U,vEN,

with u A v the greatest common ancestor of u and v and

Agwv)= > Y@+ D B+ D ¥k, (B):

w=<uAv,w<u,w<vy uAv<w<u UAV<W<V

It is clear that by construction, the restriction on the filtration %, of Qf, admits
a Radon-Nikodym density which is the martingale:

dQ?
W2() = dTPy = Z PXu X = D=ApwY)  (on ).
y u,veMNM,

We can describe the evolution of the particle system with two spines under Qf,
as follows:

o Initially there is one particle located at y and it bears the two spines

Eo=&3=Y.
e The offspring of this particle is generated according to the size biased
law:

/oy )—ap(2)
E[}:(@i)] =F F(@y) Z 6/5(24‘2 2y)=37(B)

/
2,2 e@y

e Pick two offspring (&1, & %) at random among the couples of children (they
may be the same) : the probability that (u, v) is picked is proportional to
ePXuH+X) | The particles other than the spines evolve as a standard BRW.
If the spine particles are identical & % = 5%, then they evolve again as if
started form the same origin located at y’ = X £l If the spine particles
are different, they each evolve independently as a CBRW with one spine.

11



Observe also that we obtain the law of (& rll, 3 fl) conditionally on %, :
eﬁ((Xu _.y)+(Xv _.y))_Aﬁ (U,V)
w2(B)

The Harris-Robert’s many to two formula (see[[11]]) can be obtained by spe-
cializing the equality (3.5) to Z =1, f =0 and T'(u,v) = (X, X,)eo®") by
letting S}, = X be the location of the ith spine at time n,:

Q(Er=wE=v|F,) =

Ep, { > f(Xu,Xv)] =gz [ £(SL52)eMEED]. (3.6)

u,veEMN,

We have,

n—1
Ao(E5,E2) =D D (BI 1 c1_eny + (s (B + Y2 (B Lea ey
k=0 ¢

If we specialize a bit more to the CBRW on Z branching only at the origin we
get

Yy (B) = (nm+v(B)) 1=y + ¥ (B) Lz Y, (0) =1In(m) 1, -

PP (B) =1n (me?®P + (my —m)e¥®) 4 (0) =1In(my) 1,0
withm, =E [N 2} the second moment of the reproduction law at 0. Therefore,
letting T = inf{n >1: 5}1 # 5721} we obtain

n—1

Ag(Eh,E0) = Zln(mg) Lk<rsi=s?=0) + In(m) L 1( Isizg) + l(slfzo)) (3.7
k=0

Lemma 3.2 (Many to two formula). For Catalytic Branching Random Walk
branching at the origin only, we have

E| Y fXX,)| = Q(f(sL52ehEnD).
lul=lv|=n
where Ao(gi,iﬁ) is given by (B.7) and the law of the coupled random walks

(S},52),5 is described below.

12



The process (S3,S2, L(g1-g2))n>0 is distributed as the process (Uy, Vo, 07)n>0
constructed as follows. We are given two independent simple random walks
U and U’ on Z, starting from 0 and an independent family of Bernoulli ran-
dom variables n, with Bernoulli law P(n,=1) =1—-P(n,=0) = mﬂz Given
(Up)nso we set recursively V,, and o, in the following way.

o VO = 0, Og— 1.

e ifo,=1and U, #0thenV,,; =U,,; and 0,7 =1 (there is only one
child so the spine stay together).

e ifo,=1landU,=0andn, =1, thenV,,; = U,,; and 0,,,; = 1 (the
spines stay together with probability mﬂ)
2

e if o, =1and U, =0and n, =0, then forall p > 1, V,,, = Uzl) and
O ntp = 0 (the spines separate).

e ifo,=0and T =inf{n>1:0, =0}, then V,4; = U;_;,, (the spines
stay distinct once they split).

4 A fundamental Martingale

Let us consider the function, defined on (0,00), r — p(r) =mE[e""]. Itis
of class C, strictly decreasing, lim,_,q 0" = mP(7 < 4+00) = m(1 — q,5.) > 1
and lim,_,, ., o) = 0. Therefore there exists a unique r > 0, a Malthusian
parameter such that

mE [e77] =1. (4.1)

Let T = inf{n>0:S, =0} be the first hitting time of 0, recall that T =
inf{n>1:S, =0} and let

o(x):=E, [e_rT] (xezd).

Finally let p(x,y) = P,(S; =y) and Pf(x) = Zy p(x,y)f(y) be the kernel
and semi group of the random walk.

Proposition 4.1. 1. The function ¢ satisfies
1
Pp(x)= €r¢(X)(; 1i—0) + 1(x7£0)) :

2. The process
Ay = e (S, b

is a martingale, where L,_; = Zo<k<n—1 1(s,—0) is the local time at level 0.

13



3. The process
Api=e™™ D (X,)

ul=n

is a martingale called the fundamental martingale.

4. The process A, is bounded in L?, and therefore is a Uniformly Integrable
martingale.

Proof. (1) If x # 0, then T > 1, therefore, by conditioning on the first step:

$() = p(x,y)e "By [e7T] =e TP (x).
Y

On the other hand, 7 > 1 so conditioning by the first step again,

¢(0)=1=mE [e_”] = mZp(O,y)e_rEy [e_rT] =me "P¢(0).
y

(2) We have,
E[Apy | Zn] = e mE [¢(Sp41) | Zo] = e Dmbpg(S,)

1
= e_r(nﬂ)mL”eW(sn)(; 15 —0) + 1(s,20) = An-

(3) By the many to one formula, if Z is &,_; measurable positive, using the
martingale property of A,

E[AZ]=eE | Y ¢(X,)Z

|lul=n
= e "E[Z¢(S,)mt1 | =E[ZA,]
=E[22,1] =E [A12].

(4) The proof is given in Section [/l in the case of multiple catalysts and uses
heavily the many to two formula. It is tedious but straightforward to rewrite it
for only one catalyst and obtain the desired result. O

Let us introduce 7,,(x) the number of particles located at x at time n:

Na(x) == Z Lix,=n) -

luf=n

Corollary 4.2. 1. We have sup, ,e” "¢ (x)n,(x) < +oo as.

14



2. There exists a constant 0 < C < oo such that

E [1,0:)nm(¥)] < rintm) - (n,m eN, x,y € z9).

_ ¢
P ¢

Proof. (1) Let us write A, = e "™ >, ¢(x)n,(x). Since it is a positive martin-
gale it converges almost surely to a finite integrable positive random variable
Ao Therefore A7 :=supA, < +o0 a.s.and

supe ™™ p(x)na(x) < AL,
xX,n

(2) Assume for example that n < m and let C = sup, E [Arﬂ < 400. We have,
since A, is a martingale,

(S (IE [1n,()na(y)] SE [AyAy]
=E[AE[A, | Z,]] =E[AZ] <C.
O

For the proof of the following result instead of using large deviations for L,, we
use renewal theory, in the spirit of [|5,[7].

Proposition 4.3. For every x € Z there exists a constant c, € (0,00) such that
: —rn —
nl_lgl@@ E [n,(x)] =c,.
Proof. By the many to one formula

Vn(x) =E [nn(x)] =E Z l(Xuzx)

|lul=n
= Q( 1(Sn=x)eA0(£n))
=E [ l(sn:x)mL“—l] .

We decompose this expectation with respect to the value of Tt =inf{n >1:5, =0}:

Vn(X) =mE I: l(Sn:x) l(TZn)] + Z E I: l(sn:x)mL’H l(T:k)] .

1<k<n-1

By the Markov property, if u; := P(7 = k), then

Va(x)=mP(t >n,S,=x)+ Z muv,_ (x)=mP(t >n,S, =x) + mv.(x) *u(n),

1<k<n-1

15



Recall that the Malthusian parameter r is defined by
1=mE [e‘”] = mZe‘rkuk.
k>1

r

Hence if we let 7,(x) = e v, (x) and it = me "*u, then,

Vo (x)=me ""P(7 >n,S, =x) +Vx*i(n).

For x = 0, this yields

V, =1, +7*i(n).
By assumption, we have aperiodicity : ged {k > 1:u; > 0} =1 and therefore,

Zkak: 1 e
Sk ki

e "E [1,(0)] =7, —
And similarly,

e "E [1,(x)] = () = ¢ = com Y e FP(v 2 k.S =x).
k

Remark 5. A simple use of the Markov property shows that if x # 0, then

c,=e’ Z ¢yp(y,x)=e""P*c(x)
y

an equation dual to the one satisfied by the function ¢.

Remark 6 (The periodic case). Let us look at a periodic case, for example simple
random walk on Z. We have ged{k >1:u; >0} = 2, and 7,,,,(0) = 0.
Therefore, by looking only even numbers, we obtain

: —r2n _
n1—1>1:il-looe n2n(0) = Co>>

and similar results for 1,,(x) by looking only at odd n if x is odd,and even n
when x is even. The law of large numbers of Theorem can then be proved
mutatis mutandis as in section

We end this section by proving the first part of Theorem [T.2]

Lemma 4.4. We have {A,, >0} = a.s.

16



On the extinction set &€, there exists ny = ny(w) such that for all n > n,, and
all x, n,(x) = 0. Therefore, if n > ny on &€, then A, =e™™ Y. ¢ (xIn,(x) =
0 and Ay, = 0 a.s. We have just proved that #¢ C {A,, = 0} a.s.

Let s = P(Ay =0). Let 7 be the time of return to 0 for the ith particle born
to the ancestor, and let AS) the process built from this particle, after the time
T(i), when it is finite. We shall condition on the number of children of the initial
ancestor N, a random variable independent of the rv’s 7 and of A®,

s=P(Ap=0) =Y PN =k)P(Vi <k, 7 < +00,AD = 0)
k

= ZP(N =k)P(7 < Oo)k k= fls(1— qesc))-
k

with f(x)=E [xN J the generating function of the reproduction law.

In the recurrent case, q,,. = 0, we have s = f(s) and since we are in the
supercritical regime, m = f’(1) > 1sos=1ors = IF’(&”C). The cases =1 is
impossible since A, is uniformly integrable and therefore E [A,, ]| = 1.

In the case g,,, > 0, by the same arguments, we prove that t = P( C) satisfies
the same equation t = f (t(1—q,,.)). It remains to show that this equation has a

unique solution on [0, 1). It is easy to see that the function g(x) = f(x)— 1_’;
has a unique zero on [0, 1 —q,,.) since g is convex, g(0) = f(0) > 0 (otherwise

the extinction probability is 0 asis s), g(1)=1— 1_2 <0,g'(1)=m— 1_2 >
O. esc esc

5 The law of large numbers : proof of Theorem (1.1l

We assume that for all real t : e¥() = E[e'1| < 400. We assume that
P(S, > 0) > 0 since otherwise the random walk never goes to the right and
we have trivially M,, = 0 for all n.

We have then e¥(Y) > ¢!P(S; > 0) — +oo and therefore consider the unique
to > 0 such that

Y(ty) =r,

with r the Malthusian parameter given by (4.1)).
We are going to prove that on the survival set &, almost surely,
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5.1 Proof of the upper bound

Let 8 > 0, x > 0. By the many to one formula,

P(My>xn) =P| [ Y 1 onm | >0

ul=n

<E Z ]-(Xu>xn)

[ul=n

=E [ 1(sn>nx)mL”’1]

<E [eg(sﬂ_x”)mLﬂfl] = e_enxvn ,withv, =FE [eQS”mLH] .

As in Proposition [4.3] we are going to use renewal theory to study the asymp-
totics of v,. Let us condition on 7 =inf{n>1:S, =0}:

v, =E [egsnmL"—1 l(rzn)] + Z E [eeS"mL“—1 I(T:k)]
1<k<n-1
=E [695" 1(rzn)] + Z mP(t = k)v,_x
1<k<n-1

=y, +mvx*u(n),

with y, :=E [eesn I(TZn):I and u, :=P(7 =n).
Assume now that 6 > t; so that 1(0) > (t,) =r. We let

‘7" = e—n¢(9)vn > yn = e_nw(e)yn ’ ﬂn = me_m/)(e)un .

On the one hand, by definition of the Malthusian parameter we have 1 =
mE [e™""] =Y m,e ""u, so that ), @i < 1.
On the other hand,

)N/n =E I:eesn_nw(g) l(TZTl)] = PQ(T Z n)

with Py defined by the martingale change of probability

dP,

— ,08,—nyY(0)
=e on%,).
dP ( w

Since under Py, (S,),>0 is a random walk with mean Eg [S;] =’(6) > 0, we
have

.)N/n_)yoo ::PG(T:+OO)-

18



Recall the aperiodicity assumption ged {uy : k > 1} = 1. By the renewal theo-
rem, we have 3
5 Yoo
" 1= Zk 7% .

Therefore, if x > @

P(M, > xn) < e "Ox—v¥()5

satisfies ), P(M,, > xn) < +oo and by Borel Cantelli

. Mn
limsup— <x a.s.
n—+o0o

Hence, letting first x | @ and then 6 | t, we obtain that

. Mn w(fo)
limsup — < =a
n—+oo N to

a.s.

5.2 Proof of the lower bound

Recall from Proposition [4.3]and Corollary [4.3] that

lim e ™n,(0)=c,, supe 2"E [nn(O)Z] + 0.
n

n—+oo

Therefore Paley-Zygmund’s inequality entails that
P(nn(o) > A”) >/,

for some constant ¢’ > 0. The following lemma aims at the a.s. behavior of
na(0):
Lemma 5.1. Almost surely on &,

/

c
0 >_ern,
MNi( )_2

for all large n.
Proof. Let m; :=mP(7t < L). We have

lim m; =mP(7 < +00) =m(1 —q,s.) > 1
L—+00
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so we can pick up an integer L large enough so that m; > 1.

Now, we shall construct a supercritical Galton-Watson process GW;: By the
construction of the branching walks system, at time O there is a single particle
which branches according to the law (p;). Amongst the set of children, we only
choose those particles which return to O before time L. This forms the first
generation of GW;. We repeat the above selection independently and we get
a Galton-Watson process GW;. Denote by (pEL)) the reproduction law GW;.
Plainly

o
p = Z p;Ci(P(v < L))'(P(z > L)Y ™,  i=0.
j=i

Note that . ipl(L) =m; > 1. Denote by %} the survival set of GW;. Then & is
increasing on L and
S =Up22-

Let 0 < ¢ <m; — 1. Let GW;(n) be the number of individuals of nth generation
of GW;. On ¥, a.s., GW;(n) > (m; — ¢/2)" for all large n. Observe that for
anyn=>1,

GWi(n) < > ni(0).

k<Ln

It follows that on %, a.s, for all large n,
0)> —&)
km;glnk( )= (m,—¢)

Pick up a constant 1 < y := y(¢,L) < (m; — €)"/L. Considering the stopping
time (for the branching system endowed with natural filtration)

T, :=inf{n : n,(0) > y"}.

We have shown that on &, T, < oo a.s. It follows from the branching property
that

n

IA

P(nn(O) < c’er”)y
(1=,

P(nnsr, (0 e, )

A

whose sum on n converges. By Borel-Cantelli’s lemma, on #, a.s. for all large

n,
/

0,(0) > ¢’ T) > %em.

Since & = U; ¥, we get the lemma. O
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Proof of the lower bound of M,,. Let 0 <s <1 and 0 < a < 1. On the survival
set &, at time sn, there are %e”” particles at 0, which moves independently.
Letting these particles move as a simple random walk staying positive up to
time (1 — r)n, then M, is bigger than %le”" i.i.d. copies of S;_;), with §; >
0,...,S1-r)n > 0, where S is a simple symmetric walk on Z. By Large Deviations
Property,

P(S(l_r)n >a(1=1)n,S; > 0, ... 8(_rym > 0) = e~(=ni(@+o(n)

with

I(a) :=sup(ab —y(9)).
6>0

It follows that

/

c
IF’(Mn <(1-r)an,n,,(0)> 5 e””)

IA

(1 —P(Sa—yn > a(1 = 1), 81 > 0, ..., Sy > 0))
_ exp(_ersne—l(a)(l—r)n+o(n)).

Choose (a,s) € (0,1)? such that

rs>I(a)(1—r),

we apply Borel-Cantelli’s lemma and get that a.s. for all large n, either M,, >
(1 —s)an or n,,(0) < %e””. Hence on the survival set &,

M
liminf — > sup{(1 —s)a : (a,s) € (0,1)%,rs > I(a)(1 - 1)}, a.s.
n—oo n

But r =(ty), therefore

ay(to)
1-— = —_—
Pl =9)ak = W T+ i)
Considering the derivative of a — %&ZZO): I(a) = ab(a) — y(6(a)) with
a = ’'(0(a)), then I'(a) = 0(a) and that the derivative of a — _alte) _ ag

I(a)+(to)
the same sign as I(a) + Y (ty) — al’(a) = Y (ty) — Y (6(a)), which is negative if

a>’(ty) (.e. 6(a) > ty), positive if a < 1)’(t,) and vanishes at 1’(t,), then
Y (to)

sup{(1 —s)a} = o’

as desired. O
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6 Refining the Convergence : proof of Theorem 1.2

Proposition 6.1. There exists some positive constant c, > 0 such that

lim suplim sup [e'**P (Mn > an+ z) —c| =0,
Zz—00 n—o0
where q 1= L),
to
. . . 40 R 1 .
The value of c, is given by c, := 5oy’ where ¢, = s, =op €118 such that

E(1,(1)) ~ c;e™ () and E(H,) is given in equation (6.6).

6.1 Upper bound in Proposition

We are going to prove that for any z € R,

1- C+C1 —tpz
imsupP(M, >an+2z) < ——e™
n—oo E(Hl)

Y(to)

Denote as before by 1,,(x) the number of particles at x at time n. Let a := .
0

be the velocity of M,,. We prove the following upper bound : for all z € R,

limsupJP’(Mn > an +z) <c,e "%,
n—00

Start from IP’(Mn > an +z) = IP’(EIlu| =n:X,>an +z). For |u| = n, denote

by uy =0 < u; < ... <u, = u the shortest path relating o to u such that |u;| = k

for any k < n. For |u| = n with X,, > an+2 > 0 (as n is large), there exits some

k <nsuch that X, =0 and Xy; >0 for all k < j < n; Moreover, X, =1 as

we consider nearest neighbor walks. Denote by

B, = U {EI|u| =n:v=u,X,=1X, > 0,Vk<j<n,X,> an+z}
[v=k

= U A, (k,n).

|v|=k

Then conditioning on %, By is an union of 1;(1) i.i.d. events, and each event
holds with probability

plk,n) = Py (sl >0,.,8, 1> 0,8, ;1> an+z)

- C+P(Sl >0,..,8, > 0,5, > an+z),
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with ¢, := by the Markov property of S at time 1. It follows that

B(S,>0) >0) )

P(By) <E(m(Dp(k,m)) = (e + 0 (1)e ¥ pli, m),

where 0;,(1) — 0 as k — co. Hence for any j > 1 and n > j,

i—1
JP’(M > an +z) <(c;+o; (1))Ze¢(t0)kp(k n)+ CZew(tO)kp(k n), (6.1)
=j k=1

where 0;(1) — 0 as j — oo. It will be clear that the above sum Z;{;ll is
negligible as n — oo [in fact, this sum goes to 0 exponentially fast for any j
fixed]. To estimate the sum Y., _ j» we introduce

Y*(a)

at,

a:=’(ty), ri=

<1, (6.2)
since ¢Y*(a) = aty — Y (ty). Note that a = a(1 — r). Define a new probability

@b{so ..... S1 = etoSn—n¥(to)

Under P, S; has the mean a. Let §j :=S;—aj for j > 0. Therefore for 1 <k <n,

p(k’ n) = (4 IE (e_tosn7k+(n_k)w(t0) 1(Sj>0,\7’j5n—k,Sn,k>an+z))

_ " (@)(n=k) 7 ([ —toSu_
= ¢ e V(@ )E( LG s —a) Vi <n—k S, > arn-‘rak-‘rz))

Write k = rn+ £ [{ could be a negative real number]. Then
k = —to(S,_r—al
¥ p(k,n) =c, E(e fol6nk=a )1(§j>—aj,Vj$n—k,§n,k—a€>z))

o0
=c+e_tozt0f dse P (S >—aj,Vj<n—kz<8§,_ k—a€<z+s).
0
(6.3)

Re-writing al = a(1 — r)n—a(n—k), we have S, _, —al =S, +a(n—k) —
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a(1 —r)n. Hence

n

> etk p(k,n)

k=1
n o0
= cpe ¢, ZJ dse_tosﬁ(Sj > —aj,Vj<n-—k,
k=1J0
zSgn_k+a(n—k)—a(1—r)n<z+s) (6.4)

o0
< cpe g f Ul(a(l—r)n+z,a(1 —r)n+z+sle °ds, (6.5)
0

where for any x < y,

o0
U(y)i=> B(ai+8>0,V1<i<j,aj+5<y), Ulx,y]:=U)-UX).
>0

Under P, S; =aj+S ; is a random walk with positive mean a. If we denote by
To=0<T;<..<T,<..andHy=0<H; <:--<H, <--- the strict ladder
epochs and ladder heights of the random walk S (under P), then the duality
lemma says that for any y > 0,

U(y):ifr(Hl Sy).
=0

Since E [Sﬂ < 400, E(H;) < 0o and we have the Wald identity (see[8] Feller
Volume II, Chapter XVIII, Theorem 1)

E(H;) = E(5))E(T,). (6.6)

Hence , the renewal theorem (see[8] Feller, pp381, non-lattice case) implies

that for any finite interval I , U(I +t) — % as t — oo (in particular
1

sup,sq U(t,t +1] < 00). Moreover U(y) < C(1+ y) forall y > 0.

The dominated convergence theorem implies that

o o0
1
lim Ula(l—-r)n+z,a(l —r)n+z+sle °ds = = se”to%ds
n—o0 E(Hl) 0

_ 1
toE(H;)

(6.7)
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Going back to and (6.5), we mention that the upper bound (6.5) is opti-
mal as n — oo, which is equivalent to say that

o0 o0
X, = Z f dse_tosﬁ’(gj > —aj,Vj<l,z <S+al—a(l—-r)n <z+s) — 0.
I=n+1J0

Indeed, for [ > n, the probability term in x,, is less than P(S; < —arl4+z+s) <
e~ abrl+bz+s)EebS for any b > 0. Since E(S;) = 0, we may choose a sufficiently

small but fixed 0 < b < t,/2 such that P(S; < —arl +z +5) < e_%bl%(”s),
from which we get immediately that x, tends exponentially fast to 0 as n — oo.
In the same way, we get that

max_e¥(0¥p(k n) — 0, exponentially fast when n — oo. (6.8)
1<k<vn

Assembling the above estimates to (6.1)), we obtain that for any z € R,

. C+Cq —tnz
limsupP(M, > an+2) < ——e™ %,
n—o0 E(Hl)

Furthermore, we see that for some constant C > 0,
P(M, > an+z) < Ce "%, VzeR,n>1, (6.9)

and for any fixed z € R,

n
c
lim » e¥(tkp(k, n)= = T etoz, (6.10)
oo B(y)

6.2 Lower bound in Proposition
Recall (6.2). Let £ > 0 be small. Consider

n
E,:=| ) B,

k=1

with By := B N {nx(1) < %ek‘/’(to)} := By N Fy.. By using Corollary 4.2]
supe K¥(0)y, (1) < oo, a.s.
k

Hence
P(M, > an+3) 2 P(E,) +0.(1),
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with 0,(1) — 0 as ¢ — 0. By Cauchy-Schwarz’ inequality,

(ZrzeenPB))’

P(En) > .
1<k, kpzn DBy, NBy)

(6.11)

Conditioning on %y, By is an union of 1;(1) i.i.d. events,
P(Bi|#i) =1- (1 - plk, )y,

On By, (1) < ek¥() /e By (6.3), p(k,n)ni(1) < e %*/e — 0 as z — oo.
Then for all z > z,(¢), uniformly for all k < n,

1= (1= p(k,n))™M > (1 - &)p(k, n)m (1)

hence
P(BI/<|<%<) > (1= &)p(k,n)ni(1)1p,.

In particular,

SR = (1- ) pk B (n(D1,).
k=1 k=1

Recall (6.8). Since E(nk(l)le) =1+ 09(1))E(nk(1)) = (¢1 + 0,(1))ek¥(t)
as k large, we get that

D PB) = (1 +0.(1) D plk, n)ekV () = (c, + 0,(1))e "%,
k=1 k=1

where ¢, = 1EC(113+) and o0,(1) does not depend on z.

1
Let ky < ky. On By NBy,, there are at least two different v # v’ at generation k;
such that A, (ky,n) holds and for v/, there exists some descend u at generation

k, such that A, (ky,n) holds. Then,

By, NBy, C U {Av(kl,n) N{3u: |u| =ky,u>v :Au(kz,n)}}.

vAV vI=Iv =k,

Since different particles branch independently, we get that

P(Bi,nB|Z )< Y. pkumE( D ply,n)|Fy ).

vAV vI=Iv =k, [ul=k,u>v’
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Taking the expectations, we get that for k; < ks,
P(Bi,NBy, ) < plky, Mg, ME(y, (10, (1)) < C plky, mp(ky, ek r v (e,

by Corollary[4.2]
Therefore, we get that

n
> P(BklﬂBkz) < S TBBy + e
k=1

1Sk1,k2Sn

< (e +0.(1))et0% 4 Ce 2007,

for some constant C > 0. It follows that for all large z > z,(¢),

2 —toz

¢ 4o0.(1))e "0
liminfetoZIP’(Mn > an+z) > (6 + (1)) .
n—00 (cx +0,(1))e 0% 4 Ce~2t07

Letting z — 0o and ¢ — 0 in order, we get that

liminfliminfetonP’(Mn > an +z) > c,0.(1).

Z—00 n—o0
giving the lower bound by letting ¢ — 0. O

Proposition 6.2. For any x,

lim sup lim sup
Z—00 n—oo

e'*P, (Mn > an +z) — c*qb(x)’ =0.
Proof. Let S* = maXj<i<r, S;- Then
P, (Mn >an+ z)

= O(IP’X(S* > an +z)) + Y P.(7= k)IP’(Mn_k > an+z)
k=1

Applying Proposition [6.1], we have
elolz+alp (Mn >a(n—k)+z+ ak) ~ Cy.

Therefore,

e Py (M, > an+z) ~c, lim DT etkp (t=k) >, Y e KB (T =k) =, (x).
1<k<n k

O
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6.3 Proof of Theorem [1.2]

Let k be a large constant (k > |y|) and n > k. Conditioning on &, the 7
particles move independently, hence

()
P(M,>an+y) =E(1-[[Pe(Mu an+y)™"). 6.12)
X€EZ
Applying Proposition [6.2] we see that

Py (Mo S an+y) =1 (c, + 0, (1) (x)e~ktoy,

with 0,(1) — 0 as k — oo. The product in (6.12)) is in fact taken over a finite
set of x (the walk has bounded jumps), hence both limsup,,_,, P(M,, > an+Yy)
and liminf,_,  P(M, > an + y) are equal to

E [ 1—exp (= (e, +0,(1) Y p0)e @ V0 (1)) | = [1 - e(erro@m ]

X€EZ

where 0,(1) may be different according to limsup,,_, ., or liminf,_, .. But since
Ay is a positive martingale, we have A, — A, a.s. and this implies that the
above expectation converges to

E [1 — e—c*e—fomw] .

7 Extension to multiple catalysts

The set of catalysts is a finite subset € of Z9. Outside of ¢ a particle performs
a standard (fixed) random walk. When a particle reaches a catalyst x € € it
dies and gives birth to new particles according to the point process

2,280 1<i<N,)

where (S,(li), n € N);>; are IID random walk starting form x, independent from
the random variable N,, assumed to be square integrable. Each particle pro-
duces new particles independently from the other particles living in the system.

The underlying Galton-Watson process is obtained by forgetting/erasing the
time spent between the catalysts. Let us assume first that the random walk is
recurrent. Then the Galton-Watson process is multitype with the moment matrix

M, := mean number of particles born at x that reach site y

=mxIF’x(T=Ty) (x,y €%),
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where m, = E [N, ] is the mean offspring at site x, 7, :=inf{n>1:5, =y}
is the first return time at y, and T = T = inf e 7, is the first return time to
6.

We assume to be in the supercritical regime, that is p > 1, where p is the
maximal eigenvalue of matrix M, which by assumption is irreducible. We let
) be the maximum eigenvalue of the matrix

MJ(CS,) =m,E, [e_” 1(r:¢y)] (x,y €¥).

The function r — p is continuous, strictly decreasing, C* on (0, +00), p(® =
p > 1 and lim,_, ., p™ = 0 since M)((';,) < mye™". Therefore there exists a

unique r > 0, a Malthusian parameter, such that p(” = 1. We shall fix this
value of r in the sequel.
Let v = v(") be a right eigenvector of M(") associated to p™ = 1:

v=MDv e v(x)= Z m,E, [e‘” l(T:Ta)] via) (xe€¥b).

acs

Let us denote by p(x,y) =E, [S; =y ] and Pf(x) = Zyp(x,y)f(y) the ran-
dom walk kernel and semigroup. Let us consider the hitting times

T,:=inf{n>0:S,=x}, T=Ty,= in(ngx=inf{nZO:Sne<€}.
xe
Lemma 7.1. The function

P(x):= Z v(a)E, [e_rT 1(T=Ta)]

ace

is a solution of

1
Pp(x)=e"p(x) (m_ lixes) + 1(x¢<6))'

Proof. Indeed, by conditioning on the first step of the random walk, if x ¢ €
then T > 1 and

$()= > v(@)> p(x,y)eEy [e T 1] =eTP(x).
y

ace

On the other hand, if x € ¥ then T = T, = 0 and by definition of v

$(0)=v(x)= > v(@mE, [e " 1_r] -

acs
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We condition again on the first step, since T > 1, and get

$()=m, > v(@)> p(x,y)eEy [e7 T Lppy ] =me " P(x).

ace y

We are now ready to introduce the fundamental martingale.

Lemma 7.2. (1) For the CBRW process with multiple catalysts, the process
Api=eT D7 p(X,)
|lul=n

is a martingale.
(2) For the random walk, the process

Api=e ¢S [ [ma
XEC

is a martingale where L) ;| = ZOSkSn—l 1(s,=x) is the local time at level x at
time n — 1.

(3) The process A,, is bounded in L? and therefore a Uniformly Integrable martin-
gale.

Proof. Let us prove (2) first.

E [An+1 | gn] = e—r(n+1) l_[ minE [¢(Sn+1) | gn]

XEC

—e r(n+1) l_[ mxnp¢(5n)
XEC

=e r(n+1) l_[ m," er¢(5n) (_ l(Snecg) + 1(5n¢%))
XEE et

=A,.

To establish (1), we shall need the many to one lemma. Since
1 x=a
O =E, | D1 =m Lew) + Lpinn) = | [ma™™
Jul=1 acee

we have for |u| =n

Ao — l—[ e¥x, (0 — l—[ l—[ m ;<xvza> _ l—[ maZ loty=a)

v<u v<u ae¥ acs
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Therefore, if Z is &, _; measurable positive or bounded,

E[AZ]=eE| Y ¢(X,)Z

|ul=n

— e—rnQ(z¢(5n)er(£n)) many to one lemma

=eE | z¢(s) [ [m

XEC

=E[ZA,]
=E[ZA, ] since A, is a martingale
=E[ZA,1].

(3) To compute second moments, we use the many to two formula of section 3]

E[A]=e?ME | Y ¢(Xb(X,)

[ul=|v|=n
— e—2rnQ2 (q&(srll)q&(sg)er(grlpfg)) .

Welet T = inf{n >1: Srll # Srzl} be the splitting time of the coupled random
walks, and m, , :=E [Nf] lires) T L(xgs)- Since

Ao(E1,87) —
e = Mgl o Mgl 1Ms2 1

0<I<(T-1)An-1 T—1<l<n-1
and
2 Ms} 1
Q(T=n+112,) = | |
0<i<n—1 Ms22
we have

— 1 g2
E [Arzl] =¢ ZMQZ(¢(Si)¢(5§)€AO(E”’§”) 1(T2n))+

+e2m 3 Q2B EED 1y )

1<k<n-1

— e~2rmQ? (¢(Sr11)2 l_[ miﬁl)

XEE

Mgl q Mgl 1 2
—2rn 2 | _ k-1 2r(n—(k—1))
+e E Q ( | I (1 = )Esi—l I:An_(k_l):l e ) .

1<k<n-1 o<i<k—2 S22
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Observe that since 0 < ¢ < 1 we have ¢(x)? < ¢(x), and combine it with
E, [APJ = ¢(x)m, 1 < c; to obtain the upper bound

E [Arzl] <1+4c¢y Z e_'”(k_l)(@2 (‘1)2(511—1) l_[ mi’fz)

1<k<n-1 xX€eb
<c3(1+ Ze_r(k_l)) =c4 < +00.
k>1

O

When the random walk is transient, we have a continuity defect at zero. Hence
we modify the definition of M

M,y = lri?o1MJ(Cg,) = mex(T =1,,T< +oo) .

The rest of the proof then goes unchanged.

We are now able to give an explanation of the supercritical regime assumption
of the introduction.

Lemma 7.3. When there is only one catalyst at the origin, the supercritical regime
is m(l - qesc) > 1

Proof. Indeed, M is then a one dimensional matrix and
p = Myy = mP(1 <=00) =m(1 —qe)-
O

We end this section by stating the law of large numbers. Intuitively, if ¢ is the
rightmost catalyst, the maximal position at time n comes from particles born to
c.

Proposition 7.4 (Law of large numbers). On the set of non extinction & we

have
. MTl
lim —=a a.s.
n—+o00 n

with a = tL, r the Malthusian parameter and t, > 0 defined by (ty) =r.
0

Proof. First observe that the heuristics does not changes at all since by applying
the optional stopping theorem to the martingale ef~"" to the time T,, we
obtain that

eloX — etocEx [e—rT] )
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Therefore, for x > ¢,

$(x) = V(OB [T | =v(c)e*9,

and we compute the expected number of particles above level an in the same
way, and hence obtain the same guess for the asymptotics.
Furthermore, the proofs are mutatis mutandis the same as the one given in

section O
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