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HESSIAN OF THE NATURAL HERMITIAN FORM ON TWISTOR SPACES

by

Guillaume Deschamps, No€l Le Du & Christophe Mourougane

Abstract. — We compute the hessian id’d”’ W of the natural Hermitian form W successively on the Calabi
family T(M, g, (I,J,K)) of a hyperkahler manifold (M, g, (I,J, K)), on the twistor space T(M, g) of a 4-
dimensional anti-self-dual Riemannian manifold (M, g) and on the twistor space T(M, g, D) of a quaternionic
Kéhler manifold (M, g, D). We show a strong convexity property of the cycle space of twistor lines on the
Calabi family T(M, g, (I, J, K)) of a hyperkahler manifold. We also prove convexity properties of the 1-cycle
space of the twistor space T(M, g) of a 4-dimensional anti-self-dual Einstein manifold (M, g) of non-positive
scalar curvature and of the 1-cycle space of the twistor space T(M, g, D) of a quaternionic Kéhler manifold
(M, g, D) of non-positive scalar curvature. We check that no non-Kéhler strong KT manifold occurs as such
a twistor space.
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1. Introduction

The twistor construction is known to provide examples of manifolds endowed with a natural metric
G and a natural almost complex structure J that is sometimes integrable and often non-Kéahler (see
section 2 for precise definitions). Our aim is to compute the exterior derivative and the Hessian of the
natural Hermitian form W = G(J-, -) for different twistor constructions.

We derive, under compactness and non-positive scalar curvature assumption for the base space, a
convexity property for the 1-cycle space C1(T) of the twistor space T, that could be a substitute to the
well known compactness of the cycle space of compact Kéahler manifolds.

The classical twistor construction is for anti-self-dual Riemannian 4-manifolds. We can here in full gen-
erality compute the Hessian of the natural Hermitian form (see theorem 4.11). Under extra assumptions
on the base Riemannian manifold, we can study the convexity properties of the cycle space C1(T).

Theorem A. — (corollary 4.13) The hessian id'd” W of the Hermitian form W on the twistor space
T = T(M,g) of a 4-dimensional Einstein manifold (M, g) with non-positive constant scalar curvature
s is non-negative. If furthermore M is compact, the volume function on the 1-cycle space C1(T) is a
continuous pluri-sub-harmonic exhaustion function.

A similar construction can be made starting with a higher dimensional Riemannian manifold with
quaternionic holonomy. A quaternionic Kdhler manifold is an oriented complete 4n-dimensional Rie-
mannian manifold (M, g) whose holonomy group is contained in the product Sp(1)Sp(n) of quaternionic
unitary groups. Such a manifold admits a rank 3 sub-bundle D C End(TM) invariant by the Levi-
Civita connection of (M, g), locally spanned by a quaternionic triple (I, J, K = IJ = —JI) of almost
complex structures g-orthogonal and compatible with the orientation. One can define the twistor space
7 @ T="T(M,g,D)— M as the bundle of spheres of radius v/2 of D.

In the case of positive scalar curvature, the manifold M is compact and Salamon ([Sal82, theorem
6.1]) showed that its twistor space admits a Kéhler-Einstein metric of positive scalar curvature, that
coincides with the metric G, up to changing the choice for the radius of vertical spheres. In particular, T
is a compact complex manifold with positive first Chern class, that is a Fano manifold. The projection
onto the vertical direction gives a contact structure ([Sal82, theorem 4.3]). By the Kéhler property of
T, every component of its cycle space is compact.

In the case of negative scalar curvature, the twistor space is a complex contact uniruled manifold. The
only known compact examples are locally symmetric. We show in this case that the components of the
1-cycle space are pseudo-convex. More precisely, we find the

Theorem B. — (corollary 5.6) The hessian id'd” W of the Hermitian form W on the twistor space T =
T(M, g, D) of a quaternionic Kdhler 4n-manifold (M, g, D) with non-positive constant scalar curvature s
is semi-positive. If furthermore M is compact, the volume function on the 1-cycle space is a continuous
pluri-sub-harmonic exhaustion function.

In the case of zero scalar curvature, the manifold M is in fact locally hyperkéhler. A hyperkdhler
manifold is an oriented 4n-dimensional Riemannian manifold (M, g) whose holonomy group is contained
in the quaternionic unitary group Sp(n). In other words, a hyperkdhler manifold is an oriented 4n-
dimensional Riemannian manifold (M, g) endowed with a quaternionic triple of global g-Kéhler complex
structures I, J and K compatible with the orientation. The corresponding pencil of complex structures
f : T=T(M,g,D) — P! is called the Calabi family of (M, g, D = (I, J,K)). In this case, we can relate
the non-Kéhler feature of T(M, g, D) with the Kodaira-Spencer class of the pencil f.

Theorem C. — (theorem 3.1) Let (01,...,04,) be a local orthonormal frame of TM. For a vertical
vector U € Vim ),

d"W () (U HOE,HOD) = —2Qu(ku (07), 5y (62))



where S, is the holomorphic symplectic (2,0)-form on X, := f~1(u) and rxy is a closed (0,1)-form
on X, with values in TX, that represents the Kodaira-Spencer class of the family f at uw € P! in the
direction U.

With second order derivatives, we get a precise control on the volume function for 1-cycles of T
deformations of the twistor lines

Theorem D. — (theorem 3.3) Let (M, g,D = (I,J, K)) be a compact hyperkihler manifold. Let C9(T)
be the component of the Barlet cycle space of T(M,g, D) containing the twistor lines. The map Vol :
CY(T) — R is a continuous pluri-sub-harmonic exhaustion function. More precisely,

id'd" coery Vol(Cs)(it, Jii) > / |n'||2dvol > 0
1S
where C' is the irreducible component of the cycle Cs that maps onto P* by the pencil map f. In
particular, the cycle space CY(T) is pseudo-convez.

For example, starting with a compact holomorphic symplectic manifold (X,Q) of complex dimen-
sion 2n and a Kéhler class k, by the theorem of Yau [Yau78] we get a Ricci flat metric g with Sp(n)
holonomy. The corresponding twistor space f : T(X,, k) — P! is called the Calabi family of (X, k).
This construction and the component C1(T) of the cycle space were used by Campana to show that in
every Calabi family one member contains a non-constant entire curve [Cam91, Cam92]. This work has
recently been pushed further by Verbitsky [Ver98], to show that every compact holomorphic symplectic
manifold contains a non-constant entire curve, (that is, is not Kobayashi hyperbolic) and by [KLV67]
even further to show that the Kobayashi pseudo metric vanishes for all know examples except if their
Picard number is maximal. We expect that the formula in theorem D. could help to localise rational
curves on compact holomorphic symplectic manifolds.

Complex Hermitian manifolds with id’d”-closed Hermitian form are called strong Kdhler with torsion
(strong KT). Constructing examples often starts with group theoretical considerations [FPS04, FT09].
It could be expected that twistor constructions could also provide interesting examples. We check from
our computations that the vanishing of id’'d’ W amounts to that of dW. Hence, no non-Kéahler strong
KT space can be constructed with this natural metric on all the considered twistor spaces.

In the text, we first deal in section 3 with hyperkahler manifolds, where the pencil map f : T =
T(M,g, D) — P! hugely simplifies the computations. We then turn in section 4, to the case of 4-
dimensional anti-self-dual Riemannian manifolds, that displays all the important features of this aspect
of twistor geometry. The last section 5 on quaternionic Kahler manifolds parallels the previous one under
the additional Einstein assumption. The section 2 provides the basics on the twistor constructions.

The authors would like to thank Frédéric Campana, Benoit Claudon, Daniel Huybrechts and Misha
Verbitsky for useful discussions and remarks.

2. Preliminaries on twistor constructions

2.1. Constructions on R*. — An endomorphism u of the oriented Euclidean real vector space R* is
said to respect the orientation if for all vectors X,Y € R* the 4-tuple (X,uX,Y,uY) is either linearly
dependent or positively oriented. This will be denoted by u > 0. Examples are given by the following
three orthogonal anti-involutive (hence anti-symmetric) endomorphisms

0 -1 0 O 0O 0 -1 0 0 0 O 1
1 0 0 O 0 O 0 1 00 -1 0
I 0O 0 0 -1}’ J= 1 0 0 0|’ K= 01 0 0
0O 0 1 0 0O -1 0 O 1 0 0 0
The set

F:={uec SO4),u*>=—Id,u> 0}



of complex structures on R* that respect the orientation and the Euclidean product (called compatible
complex structures) identifies with the sphere {u = al 4+ bJ + cK/(a,b,c) € S?} ~ S%. At a point u € F,
the tangent space T, F is {A € so(4)/Au + uA = 0} The standard metric go on the sphere of radius v/2
reads on F'

1 1
go(A, B) = itr(AtB) = —itr(AB), VA, B e T,F.

As the sphere S2, the set F' inherits the complex structure of CP!. More precisely, the complex structure
of T,F reads j - A = uA as a matrix product.

This identification can be made intrinsic as follows. The Euclidean product on R* gives an Euclidean
product on the exterior product A?R%. The Hodge star operator splits A R* into A?R* = AT @& A~
An anti-symmetric endomorphism A of so(4) identifies with an element ¢(A) of A* R* via

9(¢(A), X AY) =g(AX)Y) VXY eR"

For example, if (e;) is an orthonormal basis of R*, the anti-symmetric endomorphism associated with
er, Nep sends ey, to e; and e; to —ey, and all other base vector e; to 0. In particular, a compatible complex
structure u identifies with an element ¢(u) precisely of the sphere of vectors of /\+ of norm v/2. We will
always identify ¢(u) with u and A>R* with so(4).

2.2. Constructions on a Riemannian 4-manifold. — Consider now a 4-dimensional oriented Rie-
mannian manifold (M, g). Its twistor space is the fibre bundle

T(M,g) =T

lﬂ

M

of vectors of AT TM =: A" of norm /2. Fibre-wise, it identifies with the set of compatible complex
structures on the tangent space of M.

A natural Riemannian metric G and a natural almost-complex structure J are defined on the twistor
space T as follows. The bundle V of vertical directions in T'T is the kernel of dw. Note that its structure
group is SO(3) € PGL(2,C) so that fibres inherit complex structures and Riemannian metrics. The Levi-
Civita connection V9 of (M, g) provides us with a bundle H of horizontal directions in T'T isomorphic
via dm with T M, hence endowed with a complex structure and a Riemannian metric. The natural
Riemannian metric G and the natural almost-complex structure J on T are defined so that they coincide
on the summand of the decomposition

TT=HoV

with the previous structures and the decomposition is made G-orthogonal and invariant by J. The map
m becomes a Riemannian submersion and its fibres are rational curve with Fubini Study metrics. We
will study the natural Hermitian form W = G(J-,-).

We will use the notation H(X) = H,(X) to denote the horizontal lift at p € 7~1(m) of a vector X
tangent to M at m, and likewise the notation H (V') to denote the (orthogonal) projection of a vector V'
tangent to T onto its horizontal part along the vertical direction.

For a real tangent vector V on T, we will denote by V# := Y=tV e .— V+—§‘]V € TT¢ its (1,0) and

2
(0,1) parts : JV* =iVh JV* = —iV Moreover, for a real tangent vector X on M, X" will denote

XM= (H(X)") = 1/2m (HX — iJHX) = 1/2(X — iu(X))

and X = 7, (H(X)"), omitting the dependence on p = (m,u) € 7~*(m). Note that by the construction
of J, one has H(X)" = H(X") =: HX" and H(X)* = H(X?) = HX



2.3. Constructions on a quaternionic Kihler manifold. — Fix an integer n > 1. A quaternionic
Kahler manifold is an oriented complete 4n-dimensional Riemannian manifold (M, g) whose holonomy
group is contained in the product Sp(1)Sp(n) of quaternionic unitary groups. In other words, with the
holonomy principle [Bes87], such a manifold admits a rank 3 sub-bundle D C End(TM) invariant by
the Levi-Civita connection of (M, g), locally spanned by a quaternionic triple (I, J, K = IJ = —JI) of
almost complex structures g-orthogonal and compatible with the orientation. We will use the notation
V := VD) for the restriction to D of the Levi-Civita connection, and subsequently R for the curvature of
this restriction. Berger proved that quaternionic Kéhler manifolds are Einstein ([Ber66] see also [Bes87,
theorem 14.39]).

Let (M, g,D) be a quaternionic Kéahler 4n-manifold. One can define its twistor space 7 : T =
T(M,g,D) — M as the bundle of spheres of radius v/2 of D. This is a locally trivial bundle over M
with fibre §? and structure group SO(3). Using the splitting of the tangent bundle T'T given by the
Levi-Civita connection of (M, g), the twistor space T can be endowed with a metric G and an almost
complex structure J that is integrable ([Sal82, theorem 4.1],[HKLRS&7]).

The previous remarks for horizontal lifts and decomposition in types hold.

2.4. Constructions on a hyperkahler manifold. — We now describe a special case of the previous
construction. Fix an integer n > 1. Recall that a hyperkdhler manifold is an oriented 4n-dimensional Rie-
mannian manifold (M, g) whose holonomy group is contained in the quaternionic unitary group Sp(n). In
other words, with the holonomy principle, a hyperkéhler manifold is an oriented 4n-dimensional Rieman-
nian manifold (M, g) endowed with three global g-orthogonal parallel (hence integrable Kéhler) complex
structures I, J and K compatible with the orientation such that IJ = —JI = K. The corresponding
pencil of complex structures f : T = T(M,g, D) — P! is integrable and called the Calabi family of
(M,g,D = (I, J,K)). Note that for Sp(n) C SU(2n), each of these complex structure is Ricci-flat.

For example, starting with a compact holomorphic symplectic manifold of complex dimension 2n (i.e.
a compact complex Kéhler manifold X with a holomorphic symplectic 2-form €2, hence of vanishing first
Chern class) and a Kéhler class s, the theorem of Yau [YauT78] gives a unique Kéhler metric ¢ in the
Kahler class k with vanishing Ricci curvature. The form 2 is g-parallel by the Bochner principle, showing
that the holonomy of g is contained in U(2n) N Sp(2n, C) that is the quaternionic unitary group Sp(n),
and that g is a hyperkihler metric. The corresponding twistor space f : T(X,, k) — P! is called the
Calabi family of (X, 9, k).

f

T4>P19U

me M

The Calabi family is differentiably isomorphic to the product M x P!, and the horizontal and vertical di-
rections are given by f and 7. Note in this case, that the horizontal distribution on T = T(M, g, (I, J, K))
is integrable. In this special case, we choose the Riemannian metric G on T to be the product metric of
g with the spherical metric of radius 1.

The manifold X will be called irreducible holomorphic symplectic if furthermore X is simply connected
and H°(X, Q%) is generated by the holomorphic symplectic 2-form .

3. Calabi families of hyperkahler manifolds

We will work in this section on a hyperkahler manifold (M, g, (I,J, K)). We will assume that the
holonomy group is exactly Sp(n) so that each X,, := f~1(u) is an irreducible holomorphic symplectic
manifold [Bea83].

3.1. Computations of dW and d”W. — We choose a complex coordinate ¢ centred at the point
parametrising the complex structure I. The stereographic projection tell us that the complex structure



Jon TT ~ n*TM & f*TP! is given by

1— ¢ i(¢-0 (+¢ ,
3o = (TrE i+ Tt n + Tk
We choose local holomorphic coordinates (21, - - z,) on the complex manifold (M, I). Then, the forms
dpai—1 = dza;—1 — (dZo; and dypo; := dze; + (dZ2;—1 together with d¢ built a basis of the space of forms
of type (1,0) on T(,, T ® C.
This lead to the following description of the Hermitian form W on T in terms of the closed form

wr,wy, wr associated with the Kéhler structures I,J, K respectively. We choose wp: to be wp1 =

2(;‘14‘2“14)2 of volume 47 as the sphere of radius 1.

1-¢? i(¢=9 (+¢ )
Wm = wr + wy + Wk, W
) <1+|<;|2 TRTHRET TeEe
We first compute its exterior derivative

1 - —2 )
dW = 7(—2@”—1—@' I+ ws+(1-¢ wK) A d¢
A+ PP e =a)
1 _
+7(72§w1—i 1+ )y + (1 — ¢ wK) A dC.
1+ 1KP)? s+ t=c)
To extract its (1,2) part, simply check from
i n/2
wr = 5 ZdZQj_l N dzgj_l + dZQj N dzgj
j=1
1 n/2
wy = 5 ZdZQj_l N dZQj + dzgj_l A dzgj
j=1
. n/2
—1i
WK = ? Zd22j71 A dZQj - ngj,l A dEQj
j=1
that
W= |<| st% 1 NdBo; NG = dipaj—1 Adipaj AdC
J
Hence,
1 — —2 —2
d"W = 7(72@,“ 14+ Chwy +(1-C wK) AdC.
A+ P ey t=c)
3.2. Kodaira-Spencer map and Kéahler property. — The main drawback with the use of twistor

spaces is that they are almost never of Kahler type, even under strong vanishing assumptions for the
curvature of g. This defect can be quantified, at least for the natural metric on the twistor space
T(M,g,(I,J,K)), by the Kodaira-Spencer class. We now prove an intrinsic version of the previous
formula 3.1

Theorem 3.1. — Let (01,...,04,) be a local orthonormal frame of TM. The exterior derivative dW
of the Hermitian form W on the twistor space of a hyperkihler manifold (M, g, (I,J, K)) vanishes on
pure directional vectors except when evaluated on two horizontal vectors and one vertical vector. More
precisely then, for a vertical vector U € Vi ),

d"W () (U HOL, HOY) = —2Qu(ku (07), Ky (02))

where L, is the holomorphic symplectic (2,0)-form on X, := f~Y(u) and ky is a closed (0,1)-form
on X, with values in TX, that represents the Kodaira-Spencer class of the family f at u € P in the
direction U.



Proof. — We first follow [Huy03, proposition 25.7]. Consider a path ~(t) in the base P! starting at
u = I say, with derivative U € TP'. Over every point m € M, there is a vertical lift that we may write
as Um(t) = Ly + tUy, + t2---. Note that U, is the derivative in the direction U, ¢.(U) € so(T,, M),
of the map ¢ : 7= 1(m) — SO(T},,M) that encodes the variation of complex structure on T}, M. For
small ¢, we write T3;' X, () as the graph of a map K (t) = tky +t*--- from Tt X, to T,,°X,. Note
that sy seen as a (0,1)-form on X, with values on T*°X, is closed by the integrability of T and has,
as cohomology class, the Kodaira-Spencer class {ky} € H'(TX,). For a vector v € T9'X,,, we have
the relation ., (t)(v + K(¢)(v)) = —i(v + K(t)(v)) whose first order term gives I, (ky (v)) + Up(v) =
iky (V) + U (v) = —iky(v). This shows that

0« (U)(v) = Un(v) = —2iky (v).

Now, note that, because the horizontal and the vertical distributions are integrable and horizontal lifts
commutes with vertical lifts, the brackets occurring in the following computations vanish

dW(U,H@i,'HQj) = U-W('H@i,?-wj)
—W ([0, 10,1, U) — W([U, HO,], H0;) + W([U, H0;], H0,)
U - g(u(b;),0;)

so that
d”W(Uha He?v H@;) = g((p*(U) (9;1)7 9?) = 721.9([{[](9?), 9?)
= 2, (rur (69).05) = 2, (k0 (67). 1 (8)).
The last equality is proved in [Huy03]. O
3.3. Computations of id'd”W. — We recall a formula for the hessian of the Hermitian form W

([KV98, section 8.4]). Our computations follow from the expression of the (1,2)-part of the exterior
derivative dW.

idd"W = Kr;%zpﬁg(‘—2d2w1+4ﬁzd2wj-—QZdZwK) AdC
2% ( — 20w + i1+ ws + (1 - ZQ)wK)dZ/\ d¢ = WA wp

We get

Theorem 3.2. — The hessian id'd” W of the Hermitian form of the Calabi family T(M, g, (I, J, K)) of
a hyperkdhler manifold (M, g, (1, J, K)) is given by

id'd" W =W A wp:.

3.4. Pseudo convexity of the cycle space in the case of R*. — We first study, as an example,
the small deformations in a locally conformally flat situation.

The twistor space T(R*) of the flat Euclidean R* is described as a complex manifold as the total space
of the rank two vector bundle O(1) ® O(1) on P!. The differentiable product structure is given by the
map

e+ d|C)?+a+b¢

zZ1 =

omeo1) L C2xP 1+ [CP2
with T3
(a’§+bac<+d) — (ZlszaC) 29 = _GC—b|C| +C+dc
1+1¢? '
Twistor fibres are given by z; = constant and zy = constant, that is ¢ = —b and d = @. The cycle space

C1(T(R%)) is simply the vector space H(P',O(1) @ O(1)) of holomorphic sections. Irreducible cycles
are parametrised in the form (a¢ 4 b, ¢¢ + d). The volume function that can be computed as

la —d]* +[b+c
+ )

Vol(PY) (1 :



achieves its minimum for twistor lines. To compute the Hessian of the Hermitian form, we consider a
point s € C1(T(R?)), where Cj is parametrised by (al +b, cC +d). We consider a non-zero tangent vector
n=(al+ 83,7 +9) € H(P,O(1) ® O(1)) ~ TsC1(T(R*)), whose norm is the flat Hermitian norm on
C? (for which | 6% |>= 1) of 1, (n). Then theorem 3.2 gives :

o + 18 + [y* + 10]?
1 >

id'd" Volc, ) (Cs) (7, 7i) = Vol(P') 0

which is coherent with the former expression.

From the description of the twistor space of the conformally flat 4-sphere S* = R* U {cc} as P? and
of the cycle space as the grassmannian of lines in P3, we recover this strict pseudo-convexity by the
ampleness property of the Schubert divisor parametrising lines meeting the twistor line 7= (c0).

3.5. Convexity of the 1-cycle space. — Let (M,g,(I,J, K)) be a hyperkahler manifold and T =

T((M,g,(I,J, K)) I, PUits Calabi family. Let C{(T) be the component of the Barlet cycle space of T
containing the twistor lines.

For every s = [Cs] € CY(T), we will identify a tangent vector 77 € TsCY(T) with a section n of the
normal sheaf N, 1 of the 1-cycle Cs in the twistor space T. The intersection number of a cycle Cs in
CY(T) with a fibre of f being constantly 1, we infer that every member C, contains, outside an irreducible
section C of the pencil f, a finite number > H; of horizontal rational curves. The component C! being
a section of f, there is an horizontal lifting 7 of the normal section n, whose norm is simply denoted by

([l
Theorem 3.3. — The map Vol : CY(T) — R is a continuous pluri-sub-harmonic exhaustion function.
In particular, the cycle space C{(T) is pseudo-convex. More precisely,
id'd" coery Vol(Cs) (7, Jii) > / |n'||2dvol >0 (1)
2

where C", is the irreducible component of the cycle Cs that maps onto P! by the pencil map f.

Proof. — The volume function is gotten by integration of the Hermitian form W on the smooth part of
the cycles. It is well-defined by a theorem of Lelong [Lel57].

By definition, a continuous function ¢ on an analytic space Y is pluri-subharmonic if every point of
Y has a neighbourhood V' that embeds in a complex ball B where the function ¢ can be extended as a
continuous pluri-sub-harmonic function. By a theorem of Fornaess-Narasimhan [FIN80], the map ¢ is
pluri-sub-harmonic on Y if and only if for every holomorphic maps j : A — Y from the unit disc to Y,
the function ¢ o j is pluri-sub-harmonic.

Choose a cycle Cp, a tangent vector 7i € Tjc,) CY(T), and a family

T

C T
|n
0eA
of cycles with this tangent vector 77 at the origin. Then,
id'd" cory Vol(Cs)(7t, Ji) = id'd" ILT*W(ii, Jii) = ILT* id'd" W(ii, Jii) > 0.

by theorem 3.2
For the irreducible image C’, of a section o : P! — T of the pencil f,

/ r*id'd" W(i, Ji) = / o*id'd’ W (i, Jn)
c Pl

-t g1t 2 2 ~ =
= /(Czdd W(U*aC,JU*aC,n,Jn)d)\@(C)

where ( is a complex coordinate on P! and 7 is any lifting of n under TTc, = Ng,r- For Cf is a section
of the map f, the composed map H|c; < TT|c: — Ng»r is an isomorphism and we can assume that the



lifting 7 lies in H|c,. Hence, by theorem 3.2 only the vertical part a% of J*a% = 2?21 6%01-(() 62 &) a%

contributes :
* + gl I - 7= - 3l g1 0 F ~ =
r*id'd"W(r, Ji) = id'd" Wy o) (57, I 57,7, In)dAc(€).
cr C a¢" " a¢
Theorem 3.2 gives

id'd" W) (2

a—C,J%,ﬁ,Jﬁ)dA@(o = [l (O).

As for the horizontal part Hj, using a parametrisation by P!, we get

/ *id'd" Vol(it, Jii) = / id'd" W(h, Jh, 7, Jn)
H; Pl
where h is horizontal and where 7 is any lifting of n under TT|c, — N¢, /7. By the Kéhler property of
the fibres of f or by theorem 3.2, only the vertical part of the lifting is relevant, and this contributes
non-negatively to the hessian.

The map Vol being a continuous exhaustion [Lie78], we infer from its pluri-sub-harmonicity, that the
cycle space CY¥(T) is pseudo-convex. O

Remark 3.4. — The inequality (1) displays the fact that, because a non zero tangent vector 7 €
ToCY(T) can have zero component n’ on the slanted component Cj, there can be compact families of
horizontal 1-cycles, as for example, in the Hilbert scheme Hilb™(S) D Hilb™(C) = P" of a K3 surface that
contains a smooth rational curve C. Nevertheless, in the case of K3 surfaces (n = 1), Verbitsky [Ver25]
proved that the component C)(T) is in fact Stein.

4. Twistor spaces of 4-dimensional anti-self dual Riemannian manifolds

We consider in this whole section a 4-dimensional anti-self dual Riemannian manifold (M,g). Let
V9 be the Levi-Civita connection of (M,g), n its connection 1-form in a given frame with values in
so(T'M) and R its curvature tensor defined by R(X,Y)Z := [V}, V%]Z + vaY]Z' Recall that, with
these conventions R(X,Y) = —(dn 4 n An)(X,Y). As an endomorphism of A\°TM = AT @A\ its
decomposition is
n— W+ + 51d B

‘B W=+ {51d

Jr —

Here B : /\_ - /\+
AN

W = W* + W~, called the Weyl operator, depends only on the conformal class of the Riemannian

metric g and s is the scalar curvature of g. By a fundamental theorem of [AHS78] the almost complex

is the trace-free Ricci tensor. It vanishes for Einstein’s metrics. The operator

structure J is integrable if and only if the metric g on M is anti-self-dual, that is W+ = 0. We will always
assume this. By the works of Trudinger, Aubin, and Schoen [Sch84] on Yamabe problem, when M is
compact, we will always choose a conformal representative of g with constant scalar curvature. This does
not change the isomorphism class of (T, J).

4.1. Properties of type and directional decompositions. —

Lemma 4.1. — Given a positively oriented orthonormal frame (01,...,04) on an open set U of M
L. for all (o, B) in A& X NG, the matriz bracket [a, 8] (in fact [p~(a), ¢~ (B)]) vanishes.
2. 07 A0 € NE and 09 A0 € NE
3. 08 A0S € N\e @Vect(d(u))c).



Proof. — 1. Any endomorphism A € ¢~ (A1) C so(4) coming from a bivector of norm /2 can be
described as the left multiplication by a quaternion with a quaternion ¢ as the quaternion product
AX = q- X, and likewise any B € ¢~ '(A~) coming from a bivector of norm y/2 can be described
as the right multiplication by a quaternion. The result now follows from the associativity of the
quaternion algebra. More explicitly note that the family 0, N O3 — 03 N B,y is a basis of /\+ and
01 N0y + 02 N O3
01 N0y — O3 N0y
that 01 A O3+ 05 NGy is a basis of A
01 NOy— 02 N\ O3
2. At a point p = (m,u), expanding we get

1
O NGy = = (0; —iuby) A (), — iuby)

- —(ej A O, — ub; Auby — i(0; A uby + uf; A ek))

i

. +
= (I —iu)(0; A O — ub; Nuby) € /\(C .

The relation 6 A 05 € /\(Jcr follows by conjugation.
3. Expanding again, we get

1 .
N Z(Gj/\ﬁkJru@j/\u@ksz(@j/\u@k—uﬁj/\t?k)).

‘We then check 05 N\ Ok +uby N uby € /\(E oVect(p(u))
0; A uby, — uf; A Ok € N\ ®Vect(¢(u))

O

The data of a positively oriented orthonormal frame (#1,...,6,4) on an open set U of M defines a
trivialisation T D 7~ () ~ U x S2. The local coordinates of a point p in T will be denoted by (m,u).
Because the fibre of m over a point m € M is {u € SO(T,,M)/u? = —Id and u > 0}, the vertical space
V, at a point p = (m,u) is given by

Vp ={A € so(T,,M)/Au + uA = 0}.
Let A : U — so(TM) be a section of the bundle of anti-symmetric endomorphisms. We define A :
7~ 1U) — TT to be the associated vertical vector field computed with matrix brackets

o~

Ap) = A(m, u) = [u, A(m)] € V.

Note that these special vectors generate the vertical directions.
Remark 4.2. — The first easy property of lemma 4.1 will hugely simplify the forthcoming computations.
For example, if A : U — so(T'M) is a section and At : U — A7 its projection onto A" then the associated
vertical vector fields are equal A = A+. In particular, R(W;l) = (W++ %I/d\)(Hf A 6"). Similarly,
because B maps /\+ to A\, the vertical vector field EE) vanishes. Hence, for the vertical vector field
B(WH}I), only the component in A¢ of the vector 0] A 03 € A\ ®Vect(u)c is relevant.

Let X : U — TM be a vector field on Y. Its horizontal lifting H(X) is a basic vector field (i.e.

T H(X) = X everywhere on 7=1(U)). In terms of the local trivialisation 7= (U) ~ U x S?, the principal
bundle Py,4) of positively oriented orthonormal frames of 7'M maps onto T by

Pso(4) — T
(m,u) such that
0 -1 0 O
(m7 (915-'-594)) = 1 0 0 0
M e =]=
at(u, (913 ;04)) 0 0 0 —1
0 0 1 O

10



We infer that the horizontal lifted vector field H(X) reads

TT 5 H, > H(X) = X +1(X) € TU & TS

4.2. Bracket computations. — The following bracket computations of basic vector fields will be
used again and again. We first discuss according to vertical and horizontal directions.

Lemma 4.3. — Given a positively oriented orthonormal frame (61, ...,604) on an open set U of M and
two sections A and B of U — so(T'M), the Lie brackets of the associated vector fields are computed by
4B = [4, B]
(1(0:), H(6;)] = H[0:,0;] — R(0:; N 0;).

Proof. — At a point p = (

1. [A,B] = [[u, 4], [u, B
of Lie algebras.

2. First note that, [0;, A] = [6;, [u, A]] = [u, V§, A] = V§ A. Hence,

3
£
o
=
=

| = [[u, A], B]—|[[u, B], A] = [u,[A, B]]. The map A — Ais hence a morphism

~ — — -

[H(6:), A] = 0: +1(6:), A = VG, A+ [n(6:), Al.

i

3. The result derives from previous remarks

e

[H(0:),#H(0;)] = 10i +n(6:),6; + n(6;)]
= [0:0;] + Véﬂ(\‘%‘) — V5 n(0:)
)

Il
=
-
D
.
+
QU
3
—
>
-
D
.
~—
+
—~
)
N
D
<

O

Remark 4.4. — This last relation shows that the curvature R accounts for the lack of integrability of
the horizontal distribution .

We now discuss adding type considerations. In the next lemma, the exponent ¢ denotes either types
h or a.

Lemma 4.5. — For every vertical vector field U on T, the following commutation relations hold
1. H[HO;,U] =0 and H[IHO,;, U] = —U(H6;)
3. H[HGZ’-‘,Ut] = %'Ut(m;?) and H[H@f,Ut] = —%Ut(HHf)
4. [HO;, U = [HO;,U]" and V[JHO;,Ut| = (V[JHO;,U)) .

Proof. — We use the notations of lemma 4.3. In order to get the first equality, simply note that for
any smooth function f, using the previous lemma and the properties of the Lie brackets, the vector field

~

[H6;, f A] is vertical. The second computation hence reduces to
HIHO, U] = HHO b)), U]
= = (U-ui)Hb; = = U;iHb; := —U(H0).

Use the bracket linearity to get H[HO!, U] = LU (H0;) = —H[H67,U]. Note that this is a tensor in U so
that in particular,
'  Id +iJ '
HIHO! U] = U (HO) = ;Z U (HO) = SU(HO?).

11



The third formula follows from the fact that the parallel transport along horizontal directions respect
the canonical metric and the orientation of the fibres, hence the vertical complex structures. The forth
follows from the fact that V[H0;,JU] = JV[H6;,U] is a tensor in 0;.

The last four follow by linearity. O

Remark 4.6. — The formula H[JHO;,U] = —U(H0;) can be made more intrinsic by considering the
map ¢ : 7 L(m) — SO(T,, M) that encodes the variation of complex structure on T}, M. We find

T [JHO;, Ul = =0, (U)(6;).

4.3. Computations of dW and d'W. — Let W = G(J-,-) be the Hermitian form on the twistor
space T. Its exterior derivative is given by the following

Proposition 4.7. — The exterior derivative dW of the Hermitian form W on the twistor space T of
an anti-self dual Riemannian 4-manifold (M, g) vanishes on pure directional (i.e. horizontal or vertical)
vectors except when evaluated on two horizontal vectors and one vertical vector. More precisely then,

—

1
VX,Y € TM,VU €V dW(U, HX, HY) = G((§Id “R)(X A Y),JU).

Proof. — The results of this proposition are well known and can be found for example in [dBN98]. The
usual formula for the exterior derivatives of a 2-form reduces here by orthogonality using the bracket
computations of lemma 4.3 to
AW (U, HO;,H0;) = U-W(H,;, H0;) —W([Hé’i,HOj],U)
= U-g(u(0),0;) + G([H0;,106;],1U)

= *Uij fG(R(t?i/\Gj),JU).

choosing vertical coordinates (u;;) such that w(0;) = > u;;0;. Now set E = 0; A 0;. From the definition
of G, and the property uU = —Uw of the vertical vector Uone has

G(Gi//\\oj,JU) = 71/2tr((uE—Eu)uU)
= —1/2tr(uEuU) —1/2tr(EU) (2)
= —tr(BEU) = -2U;;,.
It remains to check the vanishing of all the other pure directional components. As the fibres are of real

dimension two, the 3-form dW restricts to zero on fibres. Let A, B : M — so(T'M) be two sections. In
normal coordinates at the centre of which the connection 1-form 7 vanishes

dW(HO:, A, B) = Hb; - W(A,B) - W([H@i, A, E) + W([H@i, B, ?1)
— 6, -W(A,B) - W(V/gi\A, E) + W(V/g}, /T)
= W(V/g?x,é) +W(ﬁ, @)
w(ViA.B) + (3 B.3) =0
Finally for a triple of horizontal lifts, still with normal coordinates,
AW (HO;, HO;, HO,) = HO; - W(HO;, HO,) — HO; - W(HE;, Hbk)
+HOy - W(HO;, HO;) — W([HO;, HO;), HOy,)
+W([HO;, HOk), HO;) — W([HO;, HOk], 16;)
= 0;g(ub;,0k) — 0; - g(ub;, 0)
+0k - g(uby, 0;) — g(ulb;, 0], Ok)
+g(u[917 9k]7 9]) - g(u[ejv 9k]7 91) =0
for §; - w = 0 and for all the remaining quantities can be expressed in terms of Vga 6, = 0 only. |

This result leads to an expression for the (2, 1)-part d'W of dW.

Proposition 4.8. — For all vertical vectors U, one has

12



a S a
1. dW(U", HOP, HOY) = (5 — DU

2. d'W(U", HO!, HO) = —iG(B(eg n62), Uh).

Proof. — 1. Because 6 A 9;7 = i(ld —iu)(6; A 6; — ub; A ubj) belongs to /\(JCr we infer by lemma 4.1
aWW,00,0)) = 1G((41d~ R)(Id ~ iu)(6; A 6; — ub; A udy), JU*)
= 1G((%— )(Id— iu)(0: A 0; — ub; A uby), TU*)
for W+ =0
= Yi-3)G M(G-Aefﬁ.mﬁ) JU*
= 23— 2)G((6; N0, b, Auby), L e
- la-3)c ((9 NG, — ub; /\u@)JU)

But we already found in 2 that G(Gi//\\Gj, JU) = —2U,;. Writing uf; = > up;0, we find
G(u@i//\\uej,JU) = —2upiw iU = Q(UUU)U = 2U;;

a ph nh — (S a
that leads to d'W(U*,0;,07) = (§ — DU, _

2. Because 0 A 0% belongs to g @Vect( ), we infer by lemma 4.1 on the one hand R(6 A 0%) =
(9" A 0%) and on the other hand Hh 0% = 0. This gives

—

a 1 a . /\a
AW, 8,00 = G((§Id—R)(9?/\9j),JUh):—zG(B(Gf/\Gj),Uh).

y Vg9V

1
Corollary 4.9. — The form W is Kahler if and only if R|/\+ = §Id/\+.

Proof. — The vanishing dW = 0 gives B = 0 (cf i7) and s/12 = 1/2 (cf. 7). The converse is straightfor-
ward. O

Remark 4.10. — This is the case for the round sphere S* and the projective space CP? with a Fubini-
Study metric. More generally, Hitchin [Hit81] actually proved that these are the only compact Kéahler
twistor spaces.

4.4. Computation of id’'d” W. — In this subsection, we will compute the real 4-form id”"d'W = idd'W
of type (2,2). We will express its values on pure directional vectors. This theorem accounts for the main
features we found.

Theorem 4.11. — The hessian id'd" W of the Hermitian form W on the twistor space T(M,g) of an
anti-self dual Riemannian 4-manifold (M, g) with constant scalar curvature s is given on pure directions
and pure types by the following formulae where HO; are basic horizontal lifts and U; vertical vectors,

1.
id'd" WU, UM Ug, Ug) =0

id'd" WU, U US HO) = id' d" W(HO! UM UL, US) =0

id'd" W(HO), 1O UL, Us) = id d" WU, U}, 1oL, HOF) =0

13



id’d/’W(H@?,Uf,Hog,U;) - fUS-G(B(Hl’?/\@?),U{l)
(I —
7§U2m]G(B(9frln/\91h)vU{1)
1 s o
+5(6 —1)(Us.U)i; (3)

id'd" W(HO, 1O, U, HO) = id'd" W(U", HOY, 1O, HOT) = 0

id " WO HOY HOL M) = G (B, A67), BE A 6p))
fG(B(WHf),B(@/\\Qg))
; S (pa A paya
_Z(g - 1)E(9k N )zj (4)

Proof. — 1. reflects the facts that the vertical distribution is integrable and that the metric on the

fibres is Kéhler.
2. The non vanishing of d'W requires two horizontal vectors. The integrability of the vertical distri-

bution hence shows the results.
3. By the usual formula for the exterior derivative, omitting zero terms, we get

d"d'W (MO} 1O, UL, Us)
= U -dW(HO! HO?, US) — Us - d'W(HO!, HOY, UT)
—d'W([Uy, U, HOY, HOY)
+d' W([HO), U], HOY, Ug) — d'W([HO!, US), 1O, UT)
+d' W([HO!, UL, 1O, Us) — d'W([HOY, US|, 1O, UT).

From proposition 4.8 and lemma 4.5, we infer that the terms
d'W([HOM, U, H@?, Ug) = dW(H[HOM UMP, /Hé']h, U$) in the last two lines vanishes for type rea-
son. As the scalar curvature is constant, the proposition 4.8 leads to

UL dW(HO! , HO, US) — Us d'W(HO, HOY, UL — dW([UT, US], HOY, HOY)
S a a a a a a
= (6 - 1)(U1 -(U2 )ij - U2-(U1 )ij - [UlaUz]ij) =0

The second equality follows by conjugation.
4. By the usual formula for the exterior derivative, omitting zero terms, we get

&' W (He?, U, Ho?, U;)
- vs. d’W(Uf,H@f,H@;) - d’W([H@?,U;},Uﬁ,H@;)
—d’W([H@;, U], Ho", Uf) + d'W([H@;, U, 1", Ug)
— iUz G(B(ﬂ@;),Ulh) — d'W (MO, US)", UL M3 )
—d'W (MO, US)", 1oL UL ) + d'W (HIHOS, UL MOl US ).
From lemma 4.5, we infer that the second term vanishes for type reasons, and that for the third

term H[HO?, Ug] = —%Ugmjm;;. Hence

—d'w (o7, US), 10!, U ) = %U;ij(B(ﬂe?), ut).

14



From lemma 4.5, we infer that for the forth term H[H0, Uh = f%U{lmj’HQZI. Hence,
d’W([H@;, Uh), ok, Ug)
- —%d’W(Ufmjﬂeg,Heﬁ,Ug)
= 50 - (
. Still from the formula of the exterior derivative

a"d'W (HOL, HOY, U HOL )

~ D)(UsUT)i5-

N | =
D ®»

1)U1hij§mi =

= —H@g.d’w(ﬂo?,m;, U") + d’W(V[%@;;, U“],H@?,Hog)
+d'W(V[H9?, U], Ho", Heg) —d'W (V[HG}‘, U], 1ok, Heg)
AW (7—[[7—[9;‘, 0%, HO", U“) —d'W (7—[ (10", 107, 16", Ua) .
From proposition 4.8 we can write
Heg.d'w(ﬂef,m;, Ua) - H@g.((% - 1)U;;.) - HG,‘:.((% - 1)U;;.) ~0

computed in normal coordinates centred at a point m. In such coordinates, we can choose U = A
with furthermore V§ A = 0 at m. By lemma 4.5, V[HO:, U] = (V[HO:, U] = (V] A) +

—

[7(0), A])® = 0. Now, the vanishing of the third and forth terms, follows from lemma 4.5, after
which V[H6", U] is of type (0, 1). Still at the centre m of normal coordinates , we have H[6", 091 =0
because [0;,0;] = V§ 0; — Vg 0; = 0. As H0; - u = 0, we conclude ’H[@ﬁ;, %] = 0.
. Again from the formula of the exterior derivative and from 4.8
h h a a
4" W (MO 1Y HOR, MO
- d’W( [HOL, HOY), HO', Hela) + d’W([HG}‘, AN mg)
fd’W([HH?, 1L, HOY, Hola) - d'w([m?, HOP, 1O, Hog)
fd’W<[H9Z, AR 7{9;?).

As 01 A 67 belongs to Ag @Vect(u) and V[HO! HO7] is a tensor, we find [HOF, HOYy =
—R(0" A0%) = —B(01 A 6%) using lemma 4.1. This leads to

d’W([’H@?, Hop, HO, 7—[9?) + d’W([HG;?, MO, HOY, %9;)
_ 7d’W<B(mg)h,H9?,H0;’) - d’W(B(W;I)h,H@?,H@;;)

= iG(B@} A 0p). BT A0 +iG(BO £ 0). B@E A0 )
= 4G (B A Op), BT A0 ) +iG(B@E A0, BT A 07)*)
= iG(B@} A 0p), BOF A 0p)).
where we used the orthogonality of two (1,0) vectors. For the last term, as 6§ A 6§ belongs to /\(JCr
we find V[HOZ, HOY| = —R(0% N 07 = —%eg/@g. Finally,
fd’W([HQ,'j,HGf],HGf,HG?)
s

a aja h h S a/\a a
= —aW(VIHOL HOP) HOL HO) ) = (5 = )5 (A0
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A detailed analysis of parts (3) and (4) shows that the twistor construction here does not provide
examples of manifolds (X,w) strong KT without w being Kéahler. We recover a version of the result of
Verbitsky ([Ver25, corollary 3.4]).

Corollary 4.12. — The form W is id'd"-closed if and only if it is d-closed if and only if s = 6.

4.5. Convexity of the 1-cycle space. — In the case of Einstein manifolds, the trace-free Ricci tensor
B vanishes so that only parts (3) and (4) occur. We first study the sign of part (3). At the point (m, I),
a vertical vector U writes U = aJ + bK so that UU" = 1(U +iIU)(U —iIU) = —3(a® + b?)(Id + iI).
The sign of id’d”W(H@?, U, HOS, U“) is hence the sign opposite to that of % - 1.

For part (4), a simple computation, using that the anti-symmetric endomorphism associated with
03 A\ 0; sends 0, on 6; and §; on —0y, leads to (9,‘://\\97)Zl = £(1—u},) > 0, so that the sign of part (4) is
that of (§ —1)75-

We find, using [Bar78, proposition 1] as a general argument to get the pluri-sub-harmonicity from
the semi-positivity of the hessian of W,

Corollary 4.18. — The hessian id'd" W of the Hermitian form W on the twistor space T = T(M, g) of
an anti-self dual Finstein 4-manifold (M, g) with non-positive constant scalar curvature s is semi-positive.
If furthermore M is compact, the volume function on the 1-cycle space is a continuous pluri-sub-harmonic
erhaustion function.

5. Twistor spaces of quaternionic Kédhler manifolds

In this section, (M, g, D) will be a quaternionic Kéhler 4n-manifold with constant scalar curvature s.

5.1. Computations of dW and d'W. — We begin with the exterior derivative of the natural Hermi-
tian form.

Proposition 5.1. — The exterior derivative dW of the Hermitian form W on the twistor space T of the
quaternionic Kdhler manifold (M, g, D) vanishes on pure directional (i.e. horizontal or vertical) vectors
except when evaluated on two horizontal vectors and one vertical vector. More precisely for all X,Y in

TM and U inV

1 —_—
dAW(U, HX, HY) = G((§Id “R)X AY), JU)
S
1- — 2 )GUX,Y
( n(n +2) (UX,Y)
where R denotes the curvature of the restriction of the Levi-Civita connection to the rank three sub-
bundle D.

Proof. — Over a open set U of M trivialising T = T(M, g, D) — M, the lifting of a vector field X on
M reads
TTS>HX) =X +3(X) e Ha V.
The first equality is hence a formal analog of proposition 4.7.
We choose a point (m, I) in the twistor space T. Every vertical vector U is of the form U = aJ + bK
and hence JU = IU = —bJ + aK, where (I, J, K) is a direct orthogonal basis of D of vectors of norm 2.
Recall now

Lemma 5.2. — ([Bes87, lemma 14.40]) For all vectors (X,Y) € TM, with ¢ = Intngay the following
holds
LRXAY)] = (X, V) —a(X,Y)K where { B(X,Y)=cg(JX,Y)
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Note that a(X,Y) = n—+2r(IX Y)= g(IX,Y) =cg(IX,Y). This lemma encodes the Einstein

property of the metric ¢ and simplifies the previous expression. In fact, R&,\Y) = [I , R(X ,Y)] =
—cg(KX,Y)J + ¢cg(JX,Y)K. Then,

n+2 4n

G(R(/X,\Y),JU) = 2bcg(KX,Y) + 2acg(JX ))

- 2CG((aJ+ bK)X, Y) GUX,Y).

A formula analog to formula 2 gives the value G(X ANY,JU) = 729(X, UY) =29(UX,Y), we conclude
G(( 1d-R)(X AY), J]U) = (1 - m)G(UX, Y). O

It then follows by linearity and anti-commutation UJ = —JU, that the (2,1)-part of the exterior
derivative of W reads

Proposition 5.3. — For a vertical vector U € V, and an orthonormal frame (6;) of TM,
1. d a h W _(1- 5 _ \ya
AW, HO, HOT) ( n(n+2))U”
2. dW(U", HOP, HOF) = 0.

5.2. Computation of id'd’ W. — The previous paragraph showed that for quaternion Kahler mani-
folds, the computations follows the lines of the 4 dimension Einstein case (with vanishing trace-free Ricci
operator B). We find

Theorem 5.4. — The hessian id'd" W of the Hermitian form W on the twistor space T = T(M, g, D) of
a quaternionic Kahler 4n-manifold (M, g, D) with constant scalar curvature s is given on pure directions
and pure types by the following formulae where HO; are basic horizontal lifts and U; vertical vectors,

1.
id'd" W(UT, U, US, US) =

2.
id'd" W(UR, UP, US, HO) = id'd" W(HOr, UL, UL, Us) =0
3.
id'd" W(HOP, HOM, UL, US) = id'd" W(UP, Uy, 1O, HOL) =0
4.
z‘d’d”w(ﬂef, Uk, Mo, Ug) = %(# — 1) (Us.UD)i (5)
n(n+2)
5.
id d" W(HOP, 1O U HOp) = id'd" W(U", 1oy, HOL, HOT) =0
6.
id d" W(HO!, HO" HOL, HOY) = —i(ﬁ — D)(R(EE A B (6)
= _i(n(ns+ 5 1)2n(n5+ 5 (08 N O

As in the previous setting,

Corollary 5.5. — The form W is id'd”-closed if and only if it is d-closed if and only if s = n(n + 2).

J+iK J—iK
Rl so that U*U" =

Proof. — At a point (m,I) for U = J, one has U® = and U" =

Id+ad

# 0. It follows from the identity (5) that id’d”W(’H@?, U, HOS, Uél) vanishes for all ij if
and only if s = n(n + 2). O
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5.3. Convexity of the l-cycle space. — We study the signs of non-zero terms. We first study
the sign of part (6). At the point (m,I), a vertical vector U writes U = aJ + bK so that UU" =
LU +iIU)(U —iIU) = —%(a® + b*)(Id + iI). Hence, (UU");; = —1(a® + ) = —2||U||?> = =% ||U"|]2.
The sign of

1 s
~d/d// ( 9}7, h L a) . -1 a hy .
i W({HO;, U, HOF, U 2(771(”_’_2) YU2UM)y;
1 s
S (. a— Uh 2
1 ~ DI
1 s
- __ -1 eh 2 Uh 2
3tz ~ DI
is hence the sign opposite to that of m - 1.
To study the sign of part (5), we have to again make use of the fundamental lemma 5.2
RO AO7) = [IR(OS A6 = —cq(K62,00)T + cg(J0, 00K

- % (—co (K05 +i16;), 0 +i10,) T + cg (1 (0; +16;), 01 + 16, ) K )

c

= —(Kjk + ’Lij)J — Q(ij — ink)K

[\

So, R@A\eg)jk - %(Jfk +K2,). Tt follows that
id'd" W(HO!, HOR, HO, HOY) =

~ 5 (92 ga
_Z(m - 1)R(9] s Gk)jk

C S

= (—2 1Y JA + K2
1 s s
= = -1 JZ 4+ K3).
Q(n(n+2) )Qn(n—i—Q)( ik T Jk)
So, the sign of part (5) is that the sign of ( ( 12) - 1)2 ( s+ %)
n(n n(n

In the case of non-positive scalar curvature, we get the

Corollary 5.6. — The hessian id'd" W of the Hermitian form W on the twistor space T = T(M, g, D)
of a quaternionic Kdhler 4n-manifold (M, g, D) with non-positive constant scalar curvature s is semi-
positive. If furthermore M is compact, the volume function on the 1-cycle space is a continuous pluri-
sub-harmonic exhaustion function.

In the case of vanishing scalar curvature we recover the formula of theorem 3.2
. a a 1
zd’d”W(’H@?,Uh,HGj,U ) = SlerEun)

up to the factor % that accounts for the change of the radius of the vertical spheres from 1 to /2.

In the case of positive scalar curvature, our considerations are compatible with the compacity of the
cycle space. Moreover, we find that there is exactly one way of adjusting the volume (i.e. the scalar
curvature) of the base manifold in order to make the volume function constant.
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