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Abstract. We prove a Meyers type regularity estimate for approximate solutions of second
order elliptic equations obtained by Galerkin methods. The proofs rely on interpolation
results for Sobolev spaces on graphs. Estimates for second order elliptic operators on rather
general graphs are also obtained.

Keywords: Elliptic operators, elliptic equations, interpolation, Holder regularity, Sobolev
spaces, graphs, Galerkin methods.

MSC numbers: Primary: 35J15. Secondary: 46B70, 65M60.

Contents

1 Introduction 2

2 Presentation of the discrete framework 5
2.1 ThemetriconI'. . . . . . . . . . . . 6
2.2 A measure on the graph and the edges . . . . . . ... ... ... ... ... 7
2.3 Differential and gradient . . . . . . . ... ..o 8
2.4 Sobolev and Holder spaces . . . . . . . . . ... 8
2.5 Geometric assumptionson I' . . . . . . ... 9

3 Interpolation and embeddings of Sobolev spaces 10

3.1 Real and complex interpolation of Sobolev spaces: the case of unbounded graphs 10
3.2 Real and complex interpolation of Sobolev spaces: the case of bounded graphs 12
3.3 Sobolev embeddings . . . . .. ... 13

*Université Claude Bernard, Lyon I et CNRS UMR 5208, Batiment Doyen Jean Braconnier, 43 boulevard
du 11 novembre 1918, 69622 VILLEURBANNE Cedex, FRANCE Email: badr@math.univ-lyonl.fr

tUniversité Joseph Fourier, Institut Fourier, UMR 5582, 100 rue des math, BP 74, 38402 Saint-Martin
d’Heres. E-mail: emmanuel.russ@Qujf-grenoble.fr



4 Meyers type regularity for Galerkin schemes 15

4.1 Definition of a graph and an operator . . . . . . . . .. ... .. ... .. .. 15
4.2 Conclusion of the proof . . . . . . . . . . ... L 17
5 Estimates for general second elliptic operators on graphs 19
5.1 Definition of the operators . . . . . . . . .. ... oL 19
5.2 Theestimateson L . . . . . . . . . . . 20
5.3 Proofs . . . .. 21
5.4 Proof of the estimateson L . . . . . . . . .. ... ... ... ... ... 21
5.5 Proof of Theorem 5.3 . . . . . . . . . . . . ... 21
5.6 Proof of Theorem 5.4 . . . . . . . . . . . . ... 23

1 Introduction

Let Q C R™ be a bounded C? domain. Let A : Q@ — M, (R) (where M, (R) is the space
of n X n matrices with real coefficients) be a bounded measurable function satisfying the
following uniform ellipticity condition: there exists ¢ > 0 such that, for almost every x € Q
and all ¢ € R™,

A(x)E - € = ce, (1.1)
where, for all u,v € R", u - v is the standard scalar product of v and v and || stands for

the Euclidean norm of £. Given f € W—12(Q), the Lax-Milgram theorem shows that there
exists a unique function u € Wy(Q) such that

div(AVu) = f, (1.2)

in the sense that, for all function ¢ € D(Q),

/Q A(2)Vu(z) - V(e = —{f, ). (1.3)

A classical result of N. Meyers ([17]) asserts that there exists ¢ > 0, only depending on
and A, such that, for all p € (2,2 +¢), if f € W=(Q), then u € W,”(Q) and

”u”Wl’P(Q) < Cp ”f”w—l,p(g)

where C, > 0 only depends on €2, A and p. This results still holds when €2 is Lipschitz ([11]).
Let us now focus on the case when n = 2 and Q C R? is a polygonal domain. Let A
as before. We shall be interested in approximate solutions of (1.2) obtained by Galerkin
approximations based on spaces of piecewise polynomial functions. Let us briefly present
these approximation schemes. By triangulation of €2, we mean a family 7 of triangles such

that
o=
TeT

Say that 7 is admissible if and only if, for all T',7" € T, T'NT" is either empty, or a vertex,
or a common side. If 7 is an admissible triangulation of 2, for all T € T, denote by hr

2



the diameter of T' and by pr the inner diameter of T' (i.e. the diameter of the largest ball
included in T"). Define also

VHT)={veC); vlr e P, VT € T}

where P; denotes the space of polynomials with degree less or equal to 1. Define also
Vi (T) as the subspace of V!(T) made of functions vanishing on 9. It is plain to see that
VIT) € WH(Q), so that V}(T) ¢ Wy?(Q). Another application of the Lax-Milgram
theorem gives a unique function ur € Vj'(T) such that

/ A(x)Vur(z) - Vo(z)de = —/ f(x)v(z)dxr Vv € V3 (T) (1.4)
Q Q

(note that the bilinear form given by the left-hand side of (1.4) is still coercive on Vi (7)) x
Vi (T)). Assume now that, for all A > 0, we have an admissible triangulation 7}, of 2, such
that
sup hr = h.
TeT
Say that the family of triangulations (73),., is regular if and only if there exists o > 0 such
that "
L <o VT €Ty Vh>0.
PT
For all h > 0, write uy, instead of ur,. Then, one always has (see [5], Chapter 5):

}ng(l] [un = ully1(q) = 0.

In the present work, we establish a Meyers type result for the approximate solutions u, of
(1.1), as well as an improved convergence result of u;, to u in a Sobolev norm. More precisely,
we establish:

Theorem 1.1 Assume that Q C R? is a convez polygonal subset and that A € L>®(Q) is
uniformly elliptic, in the sense that A satisfies (1.1). Then, there exist e > 0 and C' > 0 such
that, for all p € (2,2 +¢€) and all f € W=1P(Q), the solution uy, € Vi (T) of (1.4) belongs
to WHP(Q) and, for all h > 0,

||uh||wl,p(g) <C ||f||W—1,p(Q) : (1.5)
Moreover, for allp € (2,2 + ¢€),
]lliﬂ% [un = ullyrpi) = 0. (1.6)

Theorem 1.1 is optimal in the scale of Sobolev spaces in the following sense:

Proposition 1.2 Assume that Q@ C R? is a convex polygonal subset. Let € > 0. Then, there
exists A € L>®(Q) uniformly elliptic with the following property: for all p > 2 + £, there
exists [ € WIP(Q) such that, if uy, € V(Th) is the solution of (1.4), the (up)nso are not
uniformly bounded in WP(£2).



As an immediate consequence of Theorem 1.1 and the usual Sobolev embeddings, we get a
version of Theorem 1.1 for Holder spaces:

Corollary 1.3 Under the assumptions and notations of Theorem 1.1, there exist n > 0 and
C > 0 such that, for allp € (2,2 +¢) and all f € WLP(Q),

”uh”com(ﬁ) <C ”f”w—l,p(g) (1.7)
and
}g% lun = ul| con @ = 0. (1.8)

When f € L*(Q) and if one furthermore knows that the solution u of (1.1) belongs to
W22(Q) (this is the case for instance if A € C1(£2)), one proves the following conclusion:

Corollary 1.4 The assumptions and notations are the same as in Theorem 1.1. Assume
that, for all f € L*(Q), the solution u of (1.1) belongs to W2%(2). Then, for allp € (2,2+¢),
there exist @ € (0,1) and C > 0 such that

[Jun — UHWLP(Q) < Ch’ ”fHL2(Q) : (1.9)

Let us give a few comments about these results.
First, at fixed h, uy, is piecewise linear. Moreover, since uy, is actually given by a finite system
of linear algebraic equations, it is easily seen that there exists C} > 0 such that

”UhHWLoo(Q) < Ch HfHLQ(Q) : (1.10)

However, as Proposition 1.2 shows, the constant C}, in (1.10) cannot be bounded when A — 0
in general.

Theorem 1.1 and Corollary 1.3 can be seen as regularity results for approximate solutions of
(1.2) obtained by the finite elements method. These results are the counterparts of classical
Meyers and De Giorgi type regularity results for the solution of div(AVu) = f (see the
results in [11, 17] stated at the very beginning of the paper). Since  C R? Theorem 1.1
yields Corollary 1.3 at once by means of the classical Sobolev embeddings.

Under the extra assumption that A is symmetric and when the data f belongs tp L*(Q2), a
version of Corollary 1.3 was proved in [19], Théoreme 6.2. Here, we get rid of the symmetry
assumption on A and we also derive the convergence result in (1.8), while only (1.7) was
established in [19]. To our best knowledge, Theorem 1.1 and Proposition 1.2 are completely
new.

Using ideas analogous to those involved in the proof of Theorem 1.1, we also establish
Sobolev, L* and C%" estimates for second order uniformly elliptic operators on quite general
graphs. A lot of work was devoted to estimates for reversible Markov chains on infinite graphs
(see for instance [7, 8, 10] and the references therein). In these references, the operators under
consideration have positive coefficients. In the present work, we deal with more general
operators, for which no positivity assumption is made on the coefficients but which are still
elliptic (see Section 5 below for the statements and the proofs). It seems therefore impossible
to use techniques such as the Moser iteration or the maximum principle.
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Let us describe our strategy for the proof of Theorem 1.1 and its corollaries. As in [19], the
proofs go through the analysis of some second order elliptic operators on graphs. However, we
simplify the arguments in a significant way. Given a triangulation 7, we define a graph I'y,,
the vertices (resp. the edges) of which are the vertices (resp. the edges) of Tj, and consider
a suitable “second order elliptic” operator on I, denoted by L, which approximates L on
[',. We then reduce (1.5) to proving that the inverse of Ly is L*(T',) — W1H*™(T';,) bounded
for some £ > 0.

The proof of this boundedness result for L,;l is inspired by an analogous perturbation argu-
ment for 2m-th order operators in R*™ (see [1], Chapter 1). Namely, we first observe that Ly
is bounded from W'?(T,) to W~1P(T},) for all p € (1,400), and that it is an isomorphism
from W12(T,) into W—12(T'y,). Then, using the fact that the W'?(T'},) and the W~12(T},)
form an interpolation scale for the complex method (this result is also new and has its own
interest), we use a general perturbation result to conclude that Ly is an isomorphism from
WhP(T},) onto W—1P(Ty,) for p € (2 —€,2 + ¢€) for some € > 0, which completes the proof.
We argue similarly to obtain WP L* and C" estimates for second order elliptic operators
on graphs I', under some geometric assumptions on I'. In particular, the volume of a ball
with radius 7 > 0 has to be controlled from below by r2. Sobolev estimates are obtained
by a perturbation argument relying on interpolation results for Sobolev spaces. Then, the
geometric assumptions on I' imply that L?(T') embeds into W~"P(T') and W1P(T') embeds
into C"(I") for p > 2, which yields Holder estimates.

Theorems 1.1 and its corollaries are stated for open polygonal subsets of R2. It is plausible
that an adaptation of our method would yield an analogue of Theorem 1.1 for polyhedral
subsets of R3. However, this would not yield an analogue of Corollary 1.3. Obtaining a De
Giorgi type regularity result for approximate solutions of (1.2) by a finite elements method
is an open challenging problem.

The plan of the paper is as follows. In section 2, we present the discrete setting. Section 3
is devoted to general interpolation results for Sobolev spaces on graphs for the real and the
complex method. In Section 4, we show Theorem 1.1 and its corollaries, while estimates for
general second order elliptic operators on graphs are stated and established in Section 5.
Notation: if A(f) and B(f) are two quantities depending on a function f ranging in a set
E, say that A(f) < B(f) if and only if there exists C' > 0 such that, for all f € F,

A(f) < CB(f),

and that A(f) ~ B(f) if and only if A(f) < B(f) and B(f) < A(f).

Acknowledgements: we would like to thank Franck Boyer for helpful discussion.

2 Presentation of the discrete framework

Let us give precise definitions of our framework. The following presentation is partly bor-
rowed from [10]. In the sequel, T' stands for a non-empty finite or infinite set. When T is
finite, fix a non-empty strict subset of I, called the boundary of I' and denoted by OT.
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2.1 The metric on I'

Let hyy = hye, > 0 a symmetric weight on I' x I".. We assume that hy, = 0 for all z € I". If
xz,y €I', say that z ~ y if and only if hyy > 0 or z =y . We define for all z € T

hy := sup hgy
Yy~T
and
h:= sup hy,.
z,yel

Denote by E the set of edges in I'; 7.e.
E:={(z,y) eI xI'; x ~y},

and notice that, due to the symmetry of h, (z,y) € E if and only if (y,z) € E. In the sequel,
we always assume that I' is locally uniformly finite, which means that there exists N € N*
such that

supf{y el y~az} <N (2.11)

zel
(here and after, fA denotes the cardinal of any subset A of T').
We also assume that A is locally uniformly controlled with a constant Cy, > 1, which means
that for all z, y, z € I" such that x ~ y with = # y and x ~ z with x # z, we have

1 Py

— <
CW_hJ:z

< Cyw. (2.12)

For z,y € I', a path C joining z to y is a finite sequence of vertices xg = z,...,zy = y such
that, for all 0 <i < N — 1, x; ~ z;41. By definition, the length of such a path is

Assume that I' is connected, which means that, for all z,y € I', there exists a path joining
x to y. For all z,y € T, the distance between x and y, denoted by d(z,y), is defined as
the infimum of the lengths of all paths joining x and y. For all z € T" and all » > 0, let
B(z,r) ={y €T, dly,z) <r}.

Remark 2.1 Ifxz € T and r > 0 are such that r < Ch‘fv’ then B(z,r) = {z}. Indeed, let
y € B(x,r), so that d(y,z) <r < g—‘fv If y # x, there exists z ~ x such that

h
hy, < d(y, -
(yx)<CW

<h

which 1s impossible.

If B= B(z,r) is a ball, set aB := B(x, ar) for all a > 0.



2.2 A measure on the graph and the edges

We also consider measures on E and I". Assume that, for all x ~ y € T', we are given a
coefficient yi,,, > 0 such that p,, = .. Assume also that there exists C' > 0 such that, for
all x,y,z € I satisfying x ~ y and x ~ z,

P < ¢ (2.13)
MZ‘Z
For all x € T, set
m(z) = flay. (2.14)
%
If ACT, let
m(A) = Zm(w)
€A

For all 1 <p < 400, say that a function f on I' belongs to LP(I',m) (or LP(I")) if and only if

1/p
”f”p = (Z | f(x)[” m(:c)) < +00.

zel
Say that f € L>(I',m) (or L>(I")) if and only if
[ fllog = sup |f ()] < +oo.
zell
When I is finite and 1 < p < 400, say that f € L§(T) if and only if f € LP(T') and f(z) =0
for all x € OT".

Remark 2.2 [t is an elementary observation that the space of functions on I' with finite
support is dense in LP(I',m) for all 1 < p < +o0.

For all 1 < p < +o0, say that a function F' on F belongs to LP(E, 1) (or LP(E)) if and only
if F' is antisymmetric (which means that F'(z,y) = —F(y, z) for all (z,y) € E) and
1/p

IEl, = D [F@y)l ey | < oo

(z,y)eE
Say that F' € L>®(E, u) (or L>*(FE)) if and only F' is antisymmetric and

[Fll := sup |F(z,y)| < +oo.
(z,y)EE



2.3 Differential and gradient

In the spirit of [3], for all function f: ' — R and all (z,y) € E, define
fly) = flx)
———— ifx ,

day)=3 Iy 7

0 if v =y.

Say that d is the differential operator on T'.

We also define the sublinear operator “length of the gradient” by

1/2
Vf(z) = hi (Z ) — f(:c)|2>

y~zx

for all function f on I' and all z € I'. It is a consequence of (2.11), (2.12), (2.13) and (2.14)
that, for all function f:T'— R and all p € [1, +o0],

||df||LP(E,M) ~ ||vf||Lp(F,m) :

2.4 Sobolev and Holder spaces

Let 1 < p < +o00. Say that a scalar-valued function f on I" belongs to the (inhomogeneous)
Sobolev space W1P(T') (see also [3, 13, 18]) if and only if

1 oy = Iy + IVl oy < 400

In the case when I is finite, denote by W, (T') the subspace of WP(I') made of functions f
such that f =0 on OT.
It is then routine to check that both W'P(I') and W,*(I') are Banach spaces.

Finally, if 1 < p < +o00, as in the Euclidean case, we define W~1P(T") as the dual space

of W (T') (when I is infinite) or of Wol’p/(l") (when T is finite), equipped with its natural
norm. Here and after, p’ is defined by % + ]% =1.

Remark 2.3 It is easy to check that, for all 1 < p < 400, the space of functions with finite
support is dense in W1P(T).

For all ;1 > 0, we define the discrete homogeneous (resp. inhomogeneous) Holder spaces of
exponent p as

() —u(y)]
¢y = Sup Ay < +o0}

Ty

CHI) :={u € R"; |u

and
CH(T) == {u € R"; ||ullcury = ||lull e + Ul ey < +o0}.



2.5 Geometric assumptions on I

Let us now introduce some geometric assumptions on (I', m).

1. Say that (I', m) satisfies the doubling property if there exists C' > 0 such that, for all
r €I and all » > 0,
V(z,2r) < CV(z,r). (D)

Note that this assumption implies that there exist C', D > 0 such that, for all x € T,
all 7 >0 and all 6 > 1,
V(x,0r) < COPV(x,r). (2.15)

Remark 2.4 Observe also that, when T" is infinite, it is also unbounded (since it is
locally uniformly finite) so that, if (D) holds, then m(I') = +oo (see [16]).

2. Say that (I',m) satisfies (L,) if there exist o > 0, ¢ > 0 such that, for all x € I and

all > 0,
Vi(z,r)>er’. (Lo)

3. If 1 < ¢ < +oo, say that (I', m) satisfies a scaled L9 Poincaré inequality on balls (this
inequality will be denoted by (P,) in the sequel) if there exists C' > 0 such that, for
any r € I, any » > 0 and any function f on I,

> 1@ = al'mm) <0 > VI ml). (P)
yEB(z,r) yEB(z,r)
where ]
I = m ;f(x)m(x)

is the mean value of f on B.

When T is finite, we will consider local versions of these properties. Let rq > 0. Say that I’
satisfies (Do) if there exists C' > 0 such that, for all 0 < r < rg and all x € T,

Vi(z,2r) < CV(x,r).
Say that I' satisfies (L o) if there exists C' > 0 such that, for all z € I" and 0 < r < rg,
V(z,r) > Cre.

Let 1 < ¢ < +o00. Say that I' satisfies (P, ) if there exists C' > 0 such that, for all x € T,
all 0 < r < ry and any function f on T,

S 1fw) = falfmy) <Crt Y V)T m(y).

yEB(z,r) yeB(z,r)



3 Interpolation and embeddings of Sobolev spaces

3.1 Real and complex interpolation of Sobolev spaces: the case of
unbounded graphs

Let us first focus on the case when I' is infinite, and therefore unbounded. We will make
constant use of the following notation here and in the sequel:

Definition 3.1 When (B,) holds for some 1 < q < oo, we define qo = inf {q € [1,00) : (P,) holds}.

Note that if (P,) holds for some ¢ > 1, then ¢y < ¢ (see [15]), and that (P,) holds for all
qo < r < +00.

Let us first state the following real interpolation theorem for Sobolev spaces:

Theorem 3.2 Let q € [1,+00) and assume that (D) and (P,) hold. Then, for all 1 <r <
q <p<+oo, WH(T) = (WH(T), Wh(T)), _» .

The corresponding result for Sobolev spaces on Riemannian manifolds was proved in [2],
Theorem 1.1. We established in [3], Theorem 1.18; a statement very similar to Theorem 3.2
for homogeneous Sobolev spaces, and the proof, which we skip here, is analogous to the one
of Theorem 1.18 in [3], even if the definition of the gradient is slightly different. The only
important assumptions to be able to interpolate are (D) and (P,), see Theorem 7.11 in [2].

As an immediate corollary, we obtain:

Corollary 3.3 (The reiteration theorem) Assume that I' satisfies (D), (P,) for some
1 1—-6 0

1<g<+o0. Let g < p1 < p < py < +o00, with — = + —, then
p J4! D2

WP () = (WhP(T), W2 (D))

0,p°

If go = 1, then one can also take 1 = p; < p < py < 4o00.

Let us now turn to the complex interpolation of Sobolev spaces. We first recall the following
complex reiteration theorem:

Theorem 3.4 [/, 9] For any compatible couple of Banach spaces (A, As) we have
[(Alv A2)>\1,p27 (A17 AQ)>\27P2]04 = (A17 AQ)@P

for all Ay, A and « in (0,1) and all py, py in [1,400], except for the case py = py = co. Here
B and p are given by B = (1 — @)\ + aXy and % = 1;_04 + z%'

1

From this, we deduce a complex interpolation result for Sobolev spaces:

Corollary 3.5 Assume that I' satisfies (D) and (P,) for some 1 < ¢ < +00. Let gy < p1 <

_1
p < p2 < +0o0 where qq is given by Definition 3.1. Then for o = —1- = ﬁg:i;
P1 P2

one has

(Wi (D), Whe2(I)] = WhP(T).

10



_ 1 —1-—1
pl’)\Q D2

Proof: We apply Theorem 3.4 with A; = WH(T), Ay = Wh=(T), A\, =1
and =1 —% . We obtain

(WhPHT), WP (D)] | = (WHHT), WD), 1,

and the result follows from Theorem 3.2 which yields
(WD), Whe(T))y 1, = WHA(D)

since p > qp.
Now for dual spaces, we recall the following theorem:

Theorem 3.6 ([4/, Theorem 3.7.1) Let Ay, As a compatible couple of Banach spaces. Then
for all 0 € (0,1) and 1 < s < oo, we have
[(A1, Az)o,s]" = (AT, A3)os-
Combining this Theorem with Theorem 3.2, we deduce:
Theorem 3.7 Assume that I" satisfies (D) and (P,) for some 1 < q¢ < +00. Then, for all

1<r <r<ry<oo withr > qy, we have
(W=tr(r), w-t=(1)),. =W (I)

where 0 € (0,1) such that * = % - %.
=% + 120 Then
1

- /
Ty T

Proof: We have 1 < 1, <1’ <7} < oo with 7/ > ¢y and %

[(WH(), WD) g, = (W (1))
= WD) = (W (D), W (D), = (WD), WA (),

1
Theorem 3.8 Assume that I' satisfies (D), (P,) for some 1 < q < 4o00. Let 1 <p; <p <
D2 < q, where qq is given by Definition 3.1. Then

171 (0), WA ()], = W)

1

1
where f=1— 21 and a = 2.
p p1 P2

Proof: We have p; < p < ps < ¢). Then Theorem 3.7 shows that

= WD), (W), WD), = W)

(WD), W0, 1,
and

(WD), WD), 1, = W ().

This, with Theorem 3.4, yields

[(W=tryD), W=t (D)] =

11



3.2 Real and complex interpolation of Sobolev spaces: the case of
bounded graphs

Assume now that the graph I' is bounded.

Theorem 3.9 Let ¢ € [1,+00) and assume that (Dj.) and (Pyioc) hold. Then, for all
1 <r<q<p< oo, Wy([) = (Wy" (D), Wy™ (), _ .
Proof We refer to [2] and [3] for the proof. We just mention the differences between the
proof in [2, 3] and the present situation. We have to estimate the functional K of real
interpolation. Let

Q={z e M(IVI+DD() > (1)}

where M is the uncentered Hardy-Littlewood maximal function, that is

Mh(x) := sup !

S 1B > |h(y) m(y)

yeB

and o(t) = M((|Vf] + \f|)q)*é(t).We recall that for a function g on T', ¢* denotes its
decreasing rearrangement function.

If Q =T (note that this may happen since m(I') < 4+00), this is the easy case, we argue as
in [2], Section 3.2.2.

Otherwise, we write I" as the union of balls B, of radius p small enough (namely 0 < p < r()
and having the bounded overlap property. We take (¢'); a partition of unity subordinated
to the covering (B?); and write f = Y, f¢' = >, f. We estimate the functional K as in
2], Section 3.2.2, using the Calderén-Zygmund decomposition applied to f?. Note that here
the functions (b;)J of the decomposition should belong to Wol’r(l"), that is bé» =0on Jl'. For
this, we take b} = f'x} if B; N O # () and, if not, we define as usual b} = (f* — (fi)Bj)Xé».
We characterize then K as in [2]. Integrating K, we get the interpolation result. N

As in section 3.1, from this theorem, we deduce:

Corollary 3.10 Assume that I' satisfies (Djoe) and (Pyio) for some 1 < q¢ < 4o00. Let
1

1
do < p1 < p < py < +00 where qq is defined by (3.1). Then for a = % = i%}g’;:ii; one has
P11 P2

(W™ (D), W ()], = Wy (D).
As far as dual spaces are concerned, we have:

Theorem 3.11 Assume that I' satisfies (Djoe) and (Pyioc) for some 1 < g < 4o00. Then,
foralll1 <ry <r <ry<oo withr > qy, we have

(W*lﬂ'l (F), W*l,?‘g (F)) — Wfl,r (F)

o,r

where 6 € (0,1) such that + =12 4+ £

1 T

N
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Finally,

Theorem 3.12 Assume that I' satisfies (Dioc), (Pyioc) for some 1 < q < +oo. Let 1 < p; <
p <p2<q,. Then
W71 (), (D)), = W)

11
where B=1—1 and a = 22
p

P11 P2

[un

3.3 Sobolev embeddings

Assuming (D), (P,) and (L,) for some ¢ > 0, we obtain Sobolev embeddings analogous to
the Euclidean situation. Namely:

Proposition 3.13 Assume that I' satisfies (D), (P,) and (L,) for some o > 0. Then

[ fll oy S IV llzeqry
for all g < p < o where p* = £

This result is proved in [20], Corollary 3.3.3, p.75.

Proposition 3.14 Assume that I" satisfies (D), (P,) and (L,) for some o > 0. Then, for
all p > max(qo, o),
W'P([) — C"(T)

withn =1 — %, where the symbol — means that the embedding is continuous.

Proof: Let u € WYP(T), z,y € I with x # y and set r := d(z,y). Define B := B(z,r),
so that B C B(x,2r) N B(y,2r). One has

u(x) —u(y)| < fu(z) — up| + [u(y) — usl, (3.16)

and we estimate each term of the right-hand side of (3.16).

13



Let us first focus on the second term. Using Remark 2.1, write

0
|U(’y) - uB| < Z |uB(y,2’“r) - uB(y,2k+1r)| + |uB(y,2r) - uB|

k=—o00
0
1 1
< Z W Z lu(z) — uB(y72k+1r)‘m(Z) + m Z lu(z) — UB(y,Qr)|m<Z>
k=—00 2€B(y,2kr) 2€B

0
V(y, 2k+1r) 1
S L VT Vi 2 MO T il

2€B(y,2k+1r)

¢ Y )~ ungan )

S —
V(y,QT' z€B(y,2r)

B =

<c'y o W S V) Pmz) | +Cr ﬁ S Vu)

k=—00 2€B(y,2k+1r) z€B(y,2r)

0
1-£ _c
<C < > (2) ”) IV llzoey + Cr' e [Vl oy

k=—o00

< Or' 7o || V) = Cd(z,y)' ™7 |Vl oy »

where we used (D) and (P,) in the third and fourth inequalities and (L, ) in the fifth one.
Arguing similarly, one obtains

lu(w) = up| < Cd(z,y)'"7 |Vl oy (3.17)

Thus v € C(I') and ulenry < Cll V|l o).
It remains to prove that v € L>(T"). For all x € T, write

u(@)] < |u(z) = up@y| + [up@) — w(y)] + [u(y)] (3.18)

for all y € B(z, 1).
Applying (3.17) with r = 1, one obtains

u() = up@y| < CIVull ey - (3.19)

Then, taking the average over B(z, 1) in (3.18) yields

1 1
u(@)| < |u(z) — up@y| + > uly) — up@ym(y) + > July)m(y)
V(z,1) V(z,1)
yeB(x,1) yeB(z,1)
1 C
<C|[l1+—— ] ||Vu sy T —llu z
( V(e )%> | ”Lp(B( 1)) V(1 %H HLP(B( 1))

< C”“”WW(F)-

We used (3.19), (B,) and (Ly) in the last inequality. Thus [ju[[zer) < Cllullwiery and
therefore v € C"(T') with ||ullcnry < Clluflwre. O
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4 Meyers type regularity for Galerkin schemes

This section is devoted to the proof of Theorem 1.1, Proposition 1.2, Corollary 1.3 and
Corollary 1.4.

4.1 Definition of a graph and an operator

Let Q C R? be a convex polygonal domain and (Th) =0 be a regular family of triangulations
of  as in the statement of Theorem 1.1. Let I'j, be the set of vertices of 7. Define
al'y, .= T, NoQ. For all z,y € Ty, say that x ~ y if and only if z = y or there exists a
triangle T" in 7Tj, such that the segment joining x and y is an edge of T'. For all x ~ y € Ty,
set

hxy:|x_y|7

where we recall that |u| denotes the Euclidean norm of uw € R2? Note that, since the
triangulation is admissible, (2.11) and (2.12) hold. For all x ~ y, define also

32
Py = Dy,

so that (2.13) holds and
m(x) ~ h;

for all x € T'y,.

Lemma 4.1 The graph Iy, endowed with hy, and ji,, satisfies (Dioe), (Pajoc) and (Lo o),
with constants only depeding on ) and o and independent of h.

Proof: The proof uses essentially the regularity of the graph I';, and Poincaré inequality
(Py10c) on Q. A detailed proof can be found in [19], Chapter 7, section 7.2. M

For all z € T, N, define ¢, as the unique function in V3 (7,) such that
Pu(y) = Oay

for all y € T',. The functions (¢, )zer,no form a basis of Vi (75).
Let R, be the “reconstruction” operator defined by

Rhaﬁ = Z ﬂ;(x)gom

zelR,NQ

for all function wuy, on T'j, vanishing on dT',. In other words, Rjuy is the function in V'(7y)
which coincides with wu;, at the vertices of T,. We claim that the norms of w;, and Rjuy in
the various functional spaces introduced before are equivalent:

Proposition 4.2 Let p € (1,+00) and n € (0,1). For all function uy on T’ vanishing on
arlw

L lunll o,y ~ 1R unl oy
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2. IVunll por,y ~ IV Ert]| 1oy

3. H&\;ch(rh) ~ ”RhaﬁHCo,n@)-
The implicit constants in these equivalences of norms only depend on o and are independent

of h.

Proof: It is a straightforward consequence of the definitions of the norms, of R;, the
properties of the triangulation: namely the regularity of I', and the fact that it is locally
unifomly bounded, and finally the Poincaré inequality on a bounded open convex subset of
R2. A detailed proof can be found in Appendix E of [19]. K
Let us now define a maximal accretive operator on L3(T';) associated to the Galerkin scheme.
For all uy,, vy, € Wol’Z(Th), define

Qn (@5, 57) = /Q A@)Y (Biin) () - ¥ (Rad) (2)d.

The operator VR, : L3(T',) — L*(Q,C") is defined on the whole LZ(T,) space, and the
operator F +— AF is obviously bounded on L?(€, R™). Moreover, if uj, € Wy*(I's),

/Q A(@)V (Ruiii) (2) ¥ (Roi) (1) > 61|V (R 2o

>
—~12
2 ||Rhuh||L2(Q)
> 02
= HuhHLg(rh)-
As a consequence, using a construction due to Kato ([14]), there exists a unique maximal

accretive operator Ly, on LZ(T,) such that, for all w, € D(Ly) (here and after, D(L) stands
for the domain of an operator L) and all o, € Wy (")),

(L e = [ A@Y (R (@) -V (Rai) (o)

The following facts are easily checked:

Proposition 4.3 For all p € (1,400), the operator Ly, extends to a bounded operator from
Wy P(Ty) to WYP(Ty). Moreover, Ly is an isomorphism from Wy 2(T'y) into W=12(T).
The norms of Ly, and of its inverse (for p =2) do not depend on h.

Proof: Let p € (1,400) and p’ € (1,+00) such that % —i—z% = 1. Let u, € Wy*(I'). The

map v, — [ A(@)V (Ryuy) () - V (Ry0,) (2)de is clearly a linear functional on Wol’p/(l“h).
Moreover, for all ¢, € Wo* (Ty),
[{Lan, oa)| S IV (Brin) | ooy IV (Bavn) | L
< ”vuhHLP(I‘h) HVUhHLp’(rh) :

This ends the proof of the first part of the claim. Assume now that p = 2. For all
bounded linear functional 7" on WO1 ’Q(Th), the Lax-Milgram theorem yields a unique func-
tion u, € Wy*(I',) such that, for all o, € Wy *(Ty), (Lnun, On) 120,y = T(01), and one
has ||Z[;:||W01,2(Fh) S IT[lw-12(r,,- This shows that Ly is an isomorphism from Wy 2(I) into

W=L2(T,). Moreover, the norms of L, and L, do not depend on h because of Lemma 4.1
and Proposition 4.2. O
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4.2 Conclusion of the proof

Our next step is a perturbation argument, in order to show that L;, is still an isomorphism
from Wy (I',) into W~'#(T'}) for p close enough to 2. Indeed, since (Paj.) holds, there
exists gy < 2 such that, for ¢qg < po < p < p1 < ¢}, the WHP(T') and W~1?(T) form a
complex interpolation scale (see Corollary 3.5 and Theorem 3.8). We then combine this fact,
Proposition 4.3 and the following general result ([21]):

Lemma 4.4 Let X*,Y*, s € [0,1] be two scales of complex interpolation Banach spaces. If
T : X* — Y* is bounded for each s € [0, 1], then the set of s for which there exists C' > 0
such that ||T f|lys > C||fl|xs holds for all f € X* is open.

Thus, there exists € > 0 such that Lj is an isomorphism from W, ?(T',) into W~1?(T',) for
all p € (2 —¢,2+¢). Thus, we have established:

Proposition 4.5 The operator Ly maps W=2(T'},) into Wy (T,) for p € (2,2 +¢) with a
norm independent of h.

Let us now conclude the proof of Theorem 1.1. Take f € W~1?(Q) and define, for all x € T,

1
——(f,vz) whenz €T, NQ,

fu(z) == ¢ m(z)
0 when x € I';, N 0N

We claim that, if u;, € V() solves (1.4) and u, € W,*(T'y,) is defined by

() = up(x)  when xz € I', N Q,
U= 0 when z € T';, N 01,

then
Lyup, = — fp. (4.20)

Indeed, Lyuy, € W=12(T}), and (4.20) exactly means that, for all z € T';, N,
—(Lntin, 0z) = (fn, o),

where g, is the function in W, *(T';,) defined by &, (y) = d,, for all y € T, so that ¢, = Ry@,.
But,

(Lyun, pz) = m(x) Lyuy(v), (4.21)
and
Wi F) = = [ AW (R )V () W)y
= — QA(y)Vuh(y)-Vsom(y) (4.22)
= (f, )
= m(z)fa()
= (fn, Q)
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where we used (1.4) in the third equality and the definition of f, in the fourth one. Gathering
(4.21) and (4.22), we obtain (4.20). It therefore follows from (4.20) and Proposition 4.5 that,
for all p € (2,2 + ¢),

[unllwroq,y S 1fellw-ro,) - (4.23)
Proposition 4.2 shows that, for all p € (2,2 + ¢),
lunllwro ) ~ Nunllyro,) - (4.24)
Moreover,
[fnllw 1o,y < CNF w100 - (4.25)

Indeed, let v be a function in I';, with finite support. Then,

(o)l = | D (frpa)o(a)

zel'y

= (£ U(ﬂf)@x)’
> v(@)ps

zel'y,

< [ fllw-rae)

W (©)
= w10 [Brollam

S ||f||W*1’P(Q) ||v||w(}4“(rh) ’

which proves (4.25). Gathering (4.23), (4.24) and (4.25) yields (1.5).

For the proof of (1.6), it is enough to interpolate between (1.5) and the fact that
lw = uplyyr2) — 0 when h — 0. O
Let us now prove Proposition 1.2. Let ¢ > 0. By [17], there exists a uniformly elliptic
matrix A € L°°(§) with the following property: for all p > 2 + ¢, there exists f € W~1P()
such that the solution of —div(AVu) = f in W;*(€2) does not belong to WP(Q). Assume
now that the uj are uniformly bounded in W?(Q). Up to a subsequence, Vu; converges
weakly in LP(Q) to some vector field V. But since Vu;, — Vu in the L? norm, it follows
that Vu =V and that Vu € LP(Q), a contradiction. M
As explained in the introduction, Corollary 1.3 follows at once from Theorem 1.1 by Sobolev
embeddings. Finally, for Corollary 1.4, it is well-known (see [5], Chapter 5) that, in this
situation,

Ju— Uh”WL?(Q) <Ch ||f||L2(Q) : (4.26)
By the results of [11] stated in the introduction, and since L?(Q) < W~12¢(Q)), one has
||u||W1’2+E(Q) <C ||f||L2(Q) : (4.27)
so that
= unllyseey < C 1l s (4.25)
Interpolating between (4.28) and (4.26) gives (1.9) with
11
P 2+e _
0= i —
2 2+e€
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5 Estimates for general second elliptic operators on
graphs
In the present section, we prove estimates in L> and Holder spaces for general second order

elliptic on graphs, assuming suitable geometric properties on the graph I', which is assumed
to be unbounded.

5.1 Definition of the operators

Assume that, for all z ~ y, a coeflicient ¢;, € C is given, and that there exist C, > 0 such
that

|coy] < Cx VY ~ y (5.29)
and ¢ > 0 such that, for all w € WH3(T),
Re Y oy ldu(@, y) pray > 6 |du(a, ) fray. (5.30)
T~y T~y

We associate to these coefficients an operator, which is the discrete version of second order
uniformly elliptic operators in divergence form in R™. To that purpose, we use again a
classical construction of maximal accretive operators due to Kato ([14]). The operator d :
L*(T) — L*(E) is densely defined (see Remark 2.2) and closed, and the operator F' +— cF is
clearly L?(E) bounded by (5.29). Since (5.30) holds, there exists a unique maximal accretive
operator L on L?*(T') such that, for all w € D(L) and all v € WH(T),

> Lute)o(imiz) = 3 caydu(r,y)dor, g (5.31)
zel (z,y)EE

(recall that D(L) stands for the domain of L).

Remark 5.1 Note that assumption (5.30) is satisfied in particular when the coefficients
Coy are real-valued and satisfy cy,, > 6 whenever x # y. However, we do not make this
assumption in the sequel, and all that is needed is (5.30).

We say that L is a second order uniformly elliptic operator on L?(T") with ellipticity constants
Cs and §. Recall that D(L) is dense in L?(T") and that L generates a holomorphic semigroup
on L*(T"). Note finally that, for all u € D(L),

Re (Lu,u) > ¢ |Vulf;. (5.32)

Remark 5.2 Let1 < p < 4o00. Assume thatu € D(L)YNW'P(T) andv € WH2(T)nW P (T).
From the definition of L, we deduce that

|{Lu,v)| < C'||Vu||Lp(r)||VU||Lp’(r)-

This and Remark 2.3 show that Lu extends to a bounded linear form on WP (T'), with norm
less or equal to C||ullwiery . Thus L is a bounded operator from WHP(T') to W=12(T"), with
bound less or equal to C.

19



5.2 The estimates on L

Our first estimates deal with the resolvent of L. Let w € (0, g) be such that L is w-accretive
on L*(I), p € (5,7 — w) and

Y, ={2€C; z=0o0r |arg 2| < p}.
Let f € L*(T) and A € ¥,,. We are interested in weak solutions of the equation
Lu+ A u=f. (5.33)

By “weak solution”, we mean a function u € W1?(T") such that, for all v € Wh2(T),

Y caydu(w, y)dv(w, Yy + A u(@)o(e)m(z) =D f@)o(z)m(z).

(z,y)EE zel’ zel’

We establish that, if (D), (L2) and (P,) hold, given f € L*(I') and A € X, (5.33) has a
unique weak solution in W12(T'), and that this solution actually belongs to C"(T") for some
n > 0:

Theorem 5.3 Let ' be a graph satisfying (D), (La) and (Py). Let L be a second order
uniformly elliptic operator on L*(T) with ellipticity constants Cs, and 8. Let w be such that
L is w-accretive on L*(T) and p € (3,m —w). Then, for all f € L*(T) and all X € I,
there exists a unique solution uw € WH(T') of (5.33). Moreover, there exist C,n > 0 only
depending on the constants in (D), (Ly) and (P2) and the constants of ellipticity of L such

that )
ull ooy < CINTZ 1F Il 2y
and )
[l ey < CIAZ N2 (1 F 1] gy -

Theorem 5.3 is a version of the De Giorgi regularity theorem for elliptic equations in this
context.

We also obtain estimates on the kernel of the semigroup generated by L. Before stating the
Theorem, we introduce the following notations: for all z, y € I', h;_,, is equal to 0 if z =y
and is the supremum of the weights of edges where at least one of the two vertices belongs

to the ball B(z,d(x,y)), when x # y. We then define
hy, =min(h;_, h, ).

z—y) y—T

Theorem 5.4 Let I' be a graph satisfying (D), (La) and (Py). Let L be a second order
uniformly elliptic operator on L*(T') with ellipticity constants Cs, and §. We then have:

1. The operator L generates a holomorphic semi-group (e *£);~q on L?(T") which has a
kernel, denoted by Ky(x,vy) in the sequel. For all u € L*(T') and all x € T,

(e u)(@) =Y Kilw,y)uly).

yel

Moreover, there exist C, C', 3 > 0 depending only of the geometric constants and that
of ellipticity, such that for every (x,y) € I'? and t > 0 we have

20



a. ift < C'hy,d(z,y),
_5M

C
Kiw,y)] < we T

b. if t > C'hEd(z,y),

C % (o
[K(y) < o700

2. There exist constants C" and n > 0 depending only on the geometric constants and
that of ellipticity such that for every t > 0 and for every x,z',y € I, we have

, " (d(x,2')\"
wmm—w%wg7(¢f).

5.3 Proofs
We first focus on Theorem 5.3. We begin with the following observation:

Proposition 5.5 Let ' as above and L a second order elliptic operator on I, with ellipticity
constants Cy and 6. Then, for all A € C, L + M is a continuous operator from W12(T')
to W=L4(T). Moreover, when A =1, L + I is an isomorphism from W'%(T') onto W~12(T)
and the norm of its inverse is bounded by a constant only depending on §.

Proof: That L+ A is bounded from W'2(T') to W~1%(T") was already seen in Remark 5.2
above. The Lax-Milgram theorem, applied with the sesquilinear form

B(u,v) := Z Coydu(z, y)dv(x, y) ey + Zu(x)v(:c)m(:c)

(@y)eE zel

which is clearly continuous and coercive on W12(T') thanks to (5.32), yields the invertibility
of L 4+ I and the bound on the norm of the inverse. L

Relying on Lemma 4.4 again and arguing as in Proposition 4.5, we prove:

Proposition 5.6 Assume that T' satisfies (D) and (Py) and L is an elliptic operator as
above. Then there exists ¢ > 0 only depending on the geometric constants of I' and the
ellipticity constants of L such that L+ 1 is invertible from WP to W=LP forp € (2—e,2+¢).

5.4 Proof of the estimates on L

We prove here Theorems 5.3 and 5.4.

5.5 Proof of Theorem 5.3

Let f € L*T). Since L + I is an isomorphism from W12(T') onto W~12(T"), there exists a
unique u € W?(T') such that (5.33) is satisfied. Moreover, we have seen in Proposition 5.6
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that, for some & > 0 L+1 is an isomorphism from W'?(T') onto W~1P(T') for p € (2—¢,2+¢).
Let p € (2,2 4+ ¢). Propositions 3.13 and 3.14 applied with ¢ = 0 = 2 yield

L*(T) — W5(T)

and
WP(T) — C™(T).
Therefore (L + )~ maps L*(T) into C"(T') with n =1 — %.
With an analogous argument, L + I can be replaced by L + Al for A € ¥, with || = 1:

1L+ M) ulloe < Cllullraey (5.34)

and
|(L+X) ", < Cllull 2. (5.35)

We now claim that there is a constant C' > 0 such that, for all A € ¥, \ {0},
_ 1
1L+ N ulloo < CIAT2 lullz2qry

and
_ n_1
(L4 N ulgn < CIA272 ull 2y,

We treat the case where A > 0 using a scaling argument. A similar proof can be done for a
general A € X,.
The scaling argument is as follows. For all a > 0, let I', be the set I', endowed with the
weights ah,, and the measures a2u$y. Note that, if V, stands for the gradient in I',, one
has V,f = iV f. As a consequence, it is easily checked that, endowed with the distance d,,
defined by the weights ah,, and the measure a®m, the graph I, satisfies the assumptions
(D), (Py) and (L) with the same constants as T'.
Consider now the operator L, on I'y, given by the coefficients ¢;,. A straightforward com-
putation yields that L, has the same ellipticity constants on I', as L on I
Let f € L*(T") and A > 0 be given. Define g := %f Applying the conclusion of Theorem 5.3
with I" 5 and the operator L /5, one obtains that there exists a unique function u € WH*(T' )
such that

(Lyx+DHu=g

on I' s, and -
||u||Cn(Fﬁ) <cC ||9||L2(rﬂ) = ﬁ ||f||L2(F) :
Therefore, (L + A )u = f on I'. Moreover,

C
||u||L°°(F) < ﬁ ||f||L2(F) J

and
n—1
wlemry < CXN = [ fll 2y »
which ends the proof of Theorem 5.3. m
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5.6 Proof of Theorem 5.4

The proof of Theorem 5.4 is analogous to that of Proposition 28, p.59 in [1] in the Euclidean
case, and we only indicate the main differences.
Let us first recall that, for all ¢ > 0,

1
e = ML+ N)"td (5.36)

211 .

where v is made of two rays v4 := {T@iie; r> %} and of the arc vq := {%e""; lo| < 0} where
¢ €]5, [, and v is described counterclockwise.
Combining (5.36) with Theorem 5.3, we obtain

HeitLU/”Loo(F) S Ctié”U,”LQ(F), t > O

and )
e~ | g < Ct G ||ulf,, t> 0.

We finish the proof as in [19], Chapter 5, section 5.2, see also [1], Chapter 1. I
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