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Abstract

In this paper, we consider a viscous bilayer shallow water model in one space
dimension that represents two superposed immiscible fluids. For this model,
we prove the existence of strong solutions in a periodic domain. The initial
heights are required to be bounded above and below away from zero and we
get the same bounds for every time. Our analysis is based on the construction
of approximate systems which satisfy the BD entropy and on the method
developed by A. MELLET and A. VASSEUR to obtain the existence of global
strong solutions for the one dimensional Navier-Stokes equations.
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1. Introduction.

In this paper, we study the global existence in time of strong solutions to
the following viscous bilayer shallow water model:

8thl + 855(]111}1) = 07 ( )
8t(h1v1) + 836(11171%) + ghlﬁmhl + T'ghlaxhg — Vlﬁx(hlamvl) = 0, (2)
Othg + 0, (havz) = 0, (3)
8t(h21)2) + ax<h21]§) + ghgazhz + ghgarhl - Vgam(hgazvg) = 0. ( )
where (t,z) € (0,7) x €, and Q is a periodic domain in one dimension.
These equations represent a system composed of two layers of immiscible

fluids. Index 1 refers to the deeper layer and index 2 to the upper layer, see
Figure 1.

Free surface

Fluid 2, density po ha(t, )

h1<t7l’>

Fluid 1, density p;

Figure 1: Notations for the bilayer model

We denote by p; and py the densities of each layer of fluid, and r is their
ratio 7 = py/p1 < 1. The quantities 14 and v, are the respective kinematic
viscosity, that is v; = p;/p; where p; is the dynamic viscosity. This model is
formally derived in [1] in the two dimensional case. Such a model appears
naturally in geophysical flows, see for example [2, 3].

Let us give a non-exhaustive list of the results on the existence of solutions
to equations describing the motion of fluid substances. The existence of
solutions to the one dimensional Navier-Stokes equations (which includes
the shallow water equations) has been studied by many authors. In the case
of a constant viscosity, the existence of weak solutions was first studied in [4]



with smooth initial data close to equilibrium. The case of discontinuous data
was solved in [5, 6, 7, 8]. In particular, in [7], D. HOFF proved the existence of
weak solutions with large discontinuous initial data that can have different
limits at * = 4o0o. This theorem requires the initial data to be bounded
away from zero. The first global existence result for initial density which can
vanish was shown in [9]. This result was extended later in [10] to the full
compressible Navier-Stokes equations.

More recently, in [11, 12, 13], D. BRESCH and B. DESJARDINS obtained
the existence of a global weak solution for a 2D shallow water and a Korteweg
systems with a diffusion term of the form div(hD(u)). The key point that
gave them this result is an entropy inequality namely BD entropy. This BD
entropy has been extended in [14] to more general Navier-Stokes equations
with an algebraic relation between the shear and the bulk viscosity coeffi-
cients. The authors used quadratic friction terms and capillary effects to get
the stability of the system. In [15], using this inequality again, A. MELLET
and A. VASSEUR obtained the stability of global weak solutions for the com-
pressible isentropic Navier-Stokes equations without any regularizing term.
Another consequence of this BD entropy is that it gives control on some neg-
ative power of the density in one dimension. This nice control was shown
in [16] and led the authors to prove that vacuum cannot arise if there is no
vacuum at the initial time. With this result, they obtained the existence of
strong solutions for the one dimensional viscous compressible Navier-Stokes
equations. However, the admissible viscosity must be some power of the
density, which does not take the shallow water system into account.

Let us go back to the shallow water equations, and more precisely to bi-
layer systems. An existence result on a one dimensional bilayer shallow water
model was studied in [17]. The authors obtained the existence, uniqueness
and some smoothness of weak solutions under the assumption that the data
are sufficiently small. However the bilayer shallow water they considered is
not exactly the one we study here. In this paper, we are interested in an-
other system of bilayer immiscible fluid obtained by derivation in [1]. These
equations have been studied in [18, 19]; the authors proved the existence of a
global weak solution for viscous bilayer Shallow Water models with the BD
inequality (but in two dimensions).

This paper deals with strong solutions, in one dimension. The main ex-
istence result is stated in Section 2. To prove this statement, we construct
approximate solutions in Section 3 following the work performed in [20, 9],
based on [21]. Indeed in [20], the authors obtained the existence of strong so-
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lutions for the one dimensional compressible Navier-Stokes equations, which
include the case of shallow water. They proved that there exists some time
after which the density is bounded from below by a positive constant and the
weak solution becomes a strong one. Here, we prove that our approximate
system verifies the BD entropy, which gives the lower bound for the water
heights. Next, in Section 4, we obtain the existence of strong solutions for the
approximate system by using the regularity theorem for smooth data given
n [22], and we pass to the limit. The last part (Appendix A) is dedicated
to the proofs of the classical energy and BD entropy inequalities.

2. Main result

Theorem 2.1. Let the initial data hy, = hi—q and vy, = vy satisfy the

conditions
0<20§h20 §607

hi, € HY(Q), v, € H(Q), (5)
where ¢, and ¢y are some positive constants. Assume that the viscosities v,
and vy verify the relation

r\v 1% 1% 1%

5 5 (2 —a)
with 1 > o > 2r/(1 4+ ). Then the problem (1)-(4) admits a strong solu-
tion (hy, ha,v1,vs) such that h; € L>®(0,T; H(Q)), v; € L>=(0,T; H(Q)) N
L*(0,T; H*()) and Opv; € L*(0,T; L*(Q2)).

To prove this theorem, we construct approximate smooth solutions in the
next section, following the work performed in [20].

3. Approximate smooth solutions

In this section, we consider the approximate system defined as follows:

Oth1c + Oy (h1cv1e) =0, (6)
Op(h1cv1e) + aac(hl,sviz-:> + gh1:0:h .

+1gh1,0phoe — 110, (Ve (h1c)0rv1 ) = 0, (7)
Othae + 0p(hocva.) = 0, (8)
Oi(hacv2e) + ax(hzevg,g) + gh20:ha

+gh20uhi e — 120, (Ve(hoe)Opva) = 0. 9)
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where . (hic) = hic + 5h£5 (for i = 1,2), € is a small parameter satisfying

1—r

€< ,
147

(10)

B belongs to (0,1/2). We also assume the following relation on the viscosities:

v > M(l—i—é), Vo >

1%} —l—VQ

(1+e). (11)

This type of approximate systems can be constructed by a mollifying process
as in [23, 7]. We suppose that the initial data h

iy <Vipe € C(2) satisty (5) and that:

i,e‘t:() = hio,€7 hi,svi,a|t:0 =

hiye — by, in LNQ), h2 — h}o/? in HY(Q),  hipev? . — hiv? in LY(Q).

io,E
(12)
Remark 3.1. Let us define o.(hi.) = hi. + %hfa Then we have
hi,egp/g(hi,s) = lpe(hi,s)‘ (1?))

This relation will be used to get the BD entropy, see Appendiz A.

We assume that the initial energy associated to the approximate system
(6)—(9) is taken such that

1 r 1—r
50 = —/h10,5’U1075‘2 + _/h20,€’U20,€|2 + u/ ’h10,€’2

+ %/mloﬁ +hyy P < CE2<C (14)
Q

and
1 £ e 2 1 TY'E 13 ?
R R e — IELEEI D
2 QO hlo,s 2 Q h20,6

for € > 0 small enough.



3.1. Energy inequalities

In this section, we give the classical energy inequality and the BD entropy
for the solution of System (6)—(9).

Proposition 3.2. If (hi., hoe, V16, 02.) is a sSmooth solution of System (6)-
(9), then the following classical inequality holds:

rd
hzs 52 S 1. hs 52
1|1‘+2dt 2,6 V2c |

o /Q () (Byvn ) e + 1 / Valho)(Byve2de (16

g(l 7’) / 2 / 2
<
+ 5 ‘ |h15‘ 2 ‘ |h15—|—h/25‘ 0.

Corollary 3.3. The classical energy estimate gives the following uniform

1d
2dt

bounds:
I \% hivwi’fHL""(O,T;LZ(Q)) < C(T) ||hi,€||L°°(0,T;L2(Q)) < C(T);
U (hi)Ovi < o). (17)

L2(0,T;L2%(Q))

As these bounds are not informative enough to get the existence of solu-
tions, we write the BD entropy to have more information on the solution.

Proposition 3.4. Let (hic, hae,v1c,02.) be a smooth solution of (6)-(9),
then the following mathematical BD entropy inequality holds:

1d / ) Orpe(hac)|* 7 d Oipe(hae) |”
2dt ), * hlg 2 dt ho.e

2 rg d 2
2 dt/' el 5 2 dt/’hl’EJth’S’

g / () (@l o)? + varg / A(ho)(@hoe)*  (18)
Q Q

Ve + 11 h2,s Voe + Vo

+V1Tg/axh2,aax§05(hl,a) +V2rg/azh1,aax§0£(h2,a) S 0.
Q Q



Corollary 3.5. Equation (18) can be integrated over [0,t], for t € [0,T].

Then we get:
oy
+ 2/h25

1
_/hla
2 /o
_/|h15+h2€|2

g / / L (he)(@uhr o)? + varg / / (o) (Ouha)?
0 Q 0 Q
t t
‘H/lTQ/ /axhleax@e(hl,a) +V2Tg/ /axhl,aax(pa(hla)
0 Q 0 Q

1 &Egoe(hlo 5) 2 7”/
< =
- \/th075 hlo € * 2 h20 :

11—
2D [+ 72 [ g+ o

With the two relations (14) and (15), we can write:

1 8190€<h16) 2 T/
~ [ hy. srrelle) ha.
2/Q ! T3/

hls
g / / () (@l o)? + varg / / L (hoe)(@ohae)?  (19)
0 Q 0 9]

|2 _/ |hl € + h25
t t
+V1Tg/ /azh2,58w(ps(h1,s> +V27”g/ /axh1,581905<h2,5)
0 JQ 0 JOQ
(& + Fo) < Ce?.

8x§05(h1 s)
hl €

890905(}712,5) 2
h2,5

Ve + 11 Voe + Vo

Vig,e T V1 V2g,e T V2

(\V]

Bupe(hae) |’
h2,s

Ve + 11 Ve + Vo

Propositions 3.2 and 3.4 are proved in Appendix A.

To obtain new bounds thanks to the BD entropy (in order to complete
Corollary 3.3), it remains to control the last two terms of the left hand side
of Equation (18). Since ¢.(h;.) > 1 (for ¢ = 1,2), one can write:

Q - Vlrg/|amh2,saﬂc90€(h1,s)’+V2Tg/|8xh1,saxsos(h2,e)|
Q Q
< g / 10002 (h2.2) oo ()| + varg / 1000 (1) Duipe (.2,
Q Q

7



and consequently

mrg + vaerg mrg + vorg
Q < %/Q ’ax@s(hl,s)F + %/Q |8:Jc(ps(h'2,s>’2'

Next, we split the two integrals by using the sets {h;. < 1} and {h;. > 1},
with ¢ = 1 for the first integral and ¢ = 2 for the second one. Since § < %
¢L(hie) <14 ¢ in the set {h;. > 1}. Then, we have

0 < V17“9+V27”9/
N 2 (h1..<1}

n mrg + vorg

Ny MIRUE S IR ORIk

2
+V17"9 + vorg / €(h2,6)

2 (hoe<1} | /hoe
+1/17’g + vorg

2 /{h2g>1}(1 +€)90 (h2 5)( (hZE)) .

a:c@a (h1,€)
hl,z—:

&
S

The two quantities M/ (1+€)¢-(h1,.)(9x(h1))? and
{hl 5>1}

nrg + verg
2 El
hand side of Equation (18). Due to conditions (11) on the viscosities and

ATy [ (U )l ) Oulhn )P and
Q

)g/ (1+ €)@ (hoo)(0x(hy.))? are indeed positive.

/ (1 + &)@l (ho)(0:(has))? can be merged with the left
{hg 5>1}

(10) on €, the quantities (4 —

TV + TV

2 0
The last step is to develop the first two terms on the left hand side of Equa-

tion (19) and to use the fact that 2ab < fa® + 5b? for all @ > 0. So, thanks to
2
axspa(hi,a)

\V hi,e

(TI/Q —

rv TV
Gronwall’s lemma, the two quantities g +rieg / can
{hi <1}

2

be controlled, for : = 1, 2.
More precisely, we proved the following result:

Corollary 3.6. The BD mathematical entropy inequality (Equation (19))



implies the following bounds:

8z908 (hz‘,a)

N =2 [ (e )u (1)

L>(0,T;L2(2))
HSOZ-:(hi,E)axhi,e||L2(()7T;L2(Q)) < C(T)

3.2. Uniform bounds for the heights and velocities

< C(T)e,
L>=(0,T;L2(2)) (20)

Proposition 3.7. Let (hic, hor, V1e,02.) be a smooth solution of (6)—(9);
then for all T > 0, there exist some constants ¢(T') > 0 and ¢(T) > 0 such
that

c(T) < hje(z,t) <e(T), YxeQ, tel0,T], i1=1, 2. (21)

The proof of the lower bound relies on two main results. The first one is
the following remark:

Remark 3.8. For h;. between fized reference heights (0 < h; < h;. < hy)
for i =1,2, there exists a constant K such that

hie +hi. < K1+ (hie — hie)?), (22)
liminf(h;. — hi)? > K™, i=1,2. (23)
hi’g_>0

The proof is also related to the following lemma derived in [7] and [15].

Lemma 3.9. For every T > 0, there exist 0 > 0 and R(T) such that for
every xg € R and ty > 0, there exists 1 € [xg — R(T),zo + R(T)] with

hm(xl, to) > 0.
Let us now detail the proof of Proposition 3.7.

Proof. Let us define ¢;. = inf(h;.,1). We have 0,0;. = O,h; 1, .<13. Due
to inequality (20), the following bound holds:

Since ¥, (£;c) = hio + Bhfg > Bhfg = Bﬁfa in the set where {h;. < 1}, we
deduce that

Uelli) 06,7 < C(T)e.

L>(0,T3L%(Q2))

V(6,067 <C(T)e. (24)

HLOO (0,T;L2(Q)) — ‘ L>(0,T5L%())

€
3 -



Hence by using the Sobolev-Poincaré inequality, Lemma 3.9 and Equation (24)
imply that é-ﬁ_l/Q is bounded in L>(0,7; L>(2)). More precisely, we obtain
a lower bound for £;. (and for h;.): £ > (BC(T))7.

Next, we want to get a bound for \/h;. in L>®(0,T; W' (Q)). First, we
remark that:

J

1

1/2

_1/28 hzg

< (/ ) ([ azi:*)”z
< 3 [V ae) (o |t )
- 2\l o | Vhie| |¥e(hic)

2
aJJSDE(hi, )

< () (]

as ;. > h;. and h;. has a lower bound denoted by ¢(7"). Thanks to Equa-
tion (20), we obtain:
/

Finally, we have d,1/h;. € L>(0,T;L*(Q?)) and \/h,. € L>®(0,T; L*(Q));
this means that /h;. € L>(0,T; W'1(Q)). To conclude, we use Sobolev
embeddings to get the upper bound for h; .. O

1/2

o).

Proposition 3.10. For all T > 0, there exist some constants ky(T), ky(T) >
0 such that

viellz2o.rm20)) < Fi(T),  0wicll20m2) < ka(T). (25)
Proof. Relations (17) and (21) imply that
|Viell Lo 0,m522(0)) < CL(T) and || 0yv; e || L2(0,1;02(0)) < Ca2(T)

for some positive constants C;(T"), C2(T"). Moreover, since v;. belongs to
L>(0,T; H'(Q)), thanks to Sobolev embeddings, we get:

athi,s = _ax(hi,avi,s) € L2<Oa T7 LQ(Q))

10



Now let us write the two momentum equations in the following form:

atvi,e - az (¢€]§hi76) axvi,e)

1,€

ahia

%1#6(}%5)81%5 (26)

= _gaz<hz,e + Tihj,s> - Ui,saxvi,s + v n
i€

where i, j = 1,2, i # j, ry =r and 7, = 1.

It remains to control the right hand side of this equation to deduce a
better bound for the velocities v; ..

The first term ¢, (h; . + r;h; ) is bounded in L?(0,T; L*(12)).

Next, we have

2 _ [ (P2 @Ochi)® _ [ hie Oulpe(hic))?
Jomar = [ SR @g;mf '

Due to the BD entropy (20) and relation (21), the last term is bounded. So,
Oyhi . is bounded in L>(0,T; L*(Q)).
Finally, by using Holder and interpolation inequalities, we get:

8 P e
‘ (Ui,s h2 ¢5( )> axvi,a

L2(0,T;L4/3(Q))

8 h;,
> ||Vie — h2 Ew€<hi,s) Haxvi,eHL2(o,T;L4(Q))’
Lo2(0,T5L2())
ar hz €
S Vie Vi h2 : wa(hi,e)
i,

L>(0,T;L2(Q))
2/3
19003 1 0 722y 1051t gy oy

2/3
S C<T)”aﬁtviﬁHL/2(0,T;W1,4/3(Q))'

Hence, thanks to standard regularity results for linear parabolic equations
(see [22] for example), we obtain that

1/3
102011 2t apasagayy < CT).

As a consequence of this bound, we get that the second member of (26) is
bounded in L*(0,T; L*(2)). So v;. is bounded in L2(0,T; H*(2)) and d,v; .
is bounded in L*(0,T; L*(Q)). O

11



4. Proof of the existence result
Proposition 4.1. (Solonnikov). Let the functions.(h;.) be lower bounded:
1/)5(hi,s> 2 ¢, (27>

where 1 is some positive constant, and vy, ve satisfying relation (11). As-
sume that the initial conditions h;, . and vy, . satisfy (5), with € verifying
condition (10). Then there exists Ty > 0 depending on ¢y, Co, ||hiyc | m1() and
Vi e || () such that system (6)—(9) has a unique solution (hi e, hag,vi s, Vo)
on (0,Ty) satisfying

hi. € L=(0,Ty; HY(Q)), wvi. € L*(0,Ty; H*(Q)),
8tvi7€ - L2<O, T17 LQ(Q))a Gthiyg € LZ(O, T17 L2<Q)),
for all Ty < Ty.
Moreover, there exist some positive constants ¢(T') and ¢(T') such that

co(T) < hi(t,z) <e(T), Vte (0,Tp).

Proposition 4.2. Let h;, . and v, . satisfy (5); then the approxzimate sys-
tem (6)—(9) admits a strong solution satisfying the energy and entropy in-
equalities.

Proof. Let us define 9. ,,(h;.) = max(¢:(h;c),1/n) for n > 1; we have ¢ <
Yen <10+ 1. Moreover, for all n € N*, 4., > % > 0. Using Proposition 4.1,
we can consider (hf_, hf _, v, v3_ ) the strong solution of (6)-(9) where the
functions ¢.(h;.) are replaced by ., (h;.); this solution exists at least for
small time 7p. Due to Proposition 3.7, A, is uniformly bounded in n from
below, and then we can take Ty = oo. Assume that n > 1/¢(T); then
(hY o, By o, 07, v3,) is the solution of (6)-(9) with 9. ,(hic) = ¥e(hic). O

Proposition 4.3. Let us define the velocities:

vV hi,svi,e
AV hi,e ’
which is possible thanks to the lower bound on the heights. The strong so-
lution of the approximate problem (6)—(9) converges to some expected strong
solution (hy, hg,v1,v2) of the problem (1)—(4) as e — 0T in the sense:
hi’g — hl m C([O,T] X ﬁ)
vi.e — v; in C([0,T] x Q)
ws(hz,s) — h,l m C([O,T] X ﬁ)
Vhicvie = VR in L*0 (0, T;ﬁ) ,

12
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0 being some positive constant.

Proof. Since we have ¢(T) < h;. < ¢(T) uniformly with respect to ¢, the
limit h; is bounded and bounded away from zero. The limit system can then
be divided by h; and becomes parabolic with respect to the velocities v;.
Finally standard regularity results for parabolic systems can be used again
to obtain that

h; € L®(0,Ty; HY(Y)), wv; € L*(0,Ty; H*(Q)),
Ow; € L*(0,T1; L*()),  0h; € L*(0,Ty; L*(2)).

Appendix A. Proofs of Propositions 3.2 and 3.4

This section is devoted to the proofs of the energy and entropy inequalities
used in Section 3. For the classical energy, as usual, the idea is to multiply
the momentum equation by the velocity. More precisely, we multiply the mo-
mentum equations (7) and (9) by vy . and v respectively, and we integrate
by parts. For ¢« = 1,2, we obtain:

/ (at(hl,svl,a) + aa:(hl,svia)) UV1,e dx + g/ (hl,aaxh/l,a + Thl,gath,a) V1,e dx
Q Q
- / O (e (hr )0 (01.)) Ve dz = 0, (A1)
Q

and

/ (at(h2,5U2,5> + aﬂf(hQ,EU%’g)) /02,5 dx + 9/ (hQ,sath,s + hQ,Eaxhl,s) U2,5 dx
Q Q

- /Q Oy (Ve (ho.)0u(v5.)) Voo d = 0. (A.2)

We can reformulate some terms, namely (for i = 1, 2)

1d
/ (3t(hi€v¢5) —|—3z(hmv22€)) Uiedl’ = ——/ hi€|Ui€|2 d.T, (A?))
0 ’ ’ ’ ’ ’ th QO ’ ’

_Vi/ﬂal‘ (¢a(hi7a)3x(vi,a))vi,gd:ﬂ = V"/Q%(hzya) (536(%8))2 d:z:(A.4)

13



To obtain the energy inequality, we add (A.1) to (A.2) multiplied by r. We
remark that:

g/ hl,aa:chfl,avl,a dx + rg/ hl,aaa:hQ,avl,a dx + Tg/ h?,aaxhlavla dx
Q Q Q

1—r)d rg d
+’f’g/ﬂh27€@xh1’50275 dz = g( 9 )E/Q“LLEF + ?ga\/glhl’g +h2’5|2.

Thanks to this simplification, we obtain the classical energy estimate (16).

The second proof of this section is that for the BD entropy estimate (18).
Multiplying the mass equations by . (h; ) (for i = 1,2), we get
atgps(hi,s> + ar(gps(hi,s))vi,s + Sola(hi,s)hi,saxvi,s = 0.
Thanks to Equation (13), this relation reads

at¢6(hi,s) + ax(Q[)E(hi,e))Ui,a + @Z)e(hi,s)aarvi,a - 0

We differentiate this equation with respect to x and introduce the corre-
sponding viscosity coefficient to get

8t (hz,ayzax(wfi(hlyg))) + (% (hi,eyiax(gpgghiﬂs))vi,a)

+ Viam <¢E<hi,e)aa:<vi,€)) =0.

We add the momentum equation (Equation (7) for i = 1 and Equation (9)
for i = 2) to the previous equality and we get

81?@5(]11,6)

Oppe(hi e
O (hl,svl,s + hion 3 MULE)
l,e

> + 836 <h175/0%€ + hl,syl
' hl,s

+ ghl,aaxhl,e + Tghl,aaxhla = 07 (A5)

895(,05(}7@,5)

Orpe(hae
O (h2,5U2,5 + ho 1o 3 MUZE)
2.

) + 036 (hzyﬂ)%a + hlgl/g
' h2,s
+ gh?,aath,a + ghQ,gathg =0. (A6)

We add Equation (A.5) multiplied by { vy + I/1M> to Equation (A.6)

hl,s
0x(¢pe (h2,€))

multilplied by r <U2,5 + 15 Y
2.

BD entropy (18).

). Integrating over €2, we obtain the

14



References

1]

[9]

[10]

G. NARBONA-REINA, J. D. D. ZABSONRE, E. FERNANDEZ-NIETO
and D. BRESCH. Derivation of a Bilayer Model for Shallow Water Equa-
tions with Viscosity. Numerical Validation, CMES, 43(1), 27-71 (2009).

E. AuDUSSE. A multilayer Saint-Venant model: Derivation and numeri-
cal validation, Discrete Contin. Dyn. Syst. Ser. B, 5(2), 189-214 (2005).

M. J. CAsTRO, J. MAacias, C. PARES, J. A. GARCIA-RODRIGUEZ
and E. VAzZQUEZ-CENDON. A two-layer finite volume model for flows
through channels with irregular geometry: Computation of maximal

exchange solutions: Applications to the Strait of Gibraltar, Commun.
Nonlinear Sci. Numer. Simul., 9(2), 241-249 (2004).

A. KazHIKHOV and V. SHELUKHIN. Unique global solution with re-
spect to time of initial-boundary value problems for one-dimensional
equations of a viscous gas, (translated from Prikl. Mat. Mekh., 41(2),
282-291 (1977)), J. Appl. Math. Mech., 41(2), 273-282 (1977).

D. Horr. Global existence for 1D, compressible, isentropic Navier-
Stokes equations with large initial data, Trans. Amer. Math. Soc.,
303(1), 169-181 (1987).

D. Horr. Global Solutions of the Navier-Stokes Equations for Mul-
tidimensional Compressible Flow with Discontinuous Initial Data, J.
Differential Equations, 120(1), 215-254 (1995).

D. Horr. Global solutions of the equations of one-dimensional, com-
pressible flow with large data and forces, and with differing end states,
Z. Angew. Math. Phys., 49(5), 774-785 (1998).

D. SERRE. Solutions faibles globales des équations de Navier-Stokes
pour un fluide compressible, C. R. Acad. Sci. Paris Sér. I Math.,
303(13), 639642 (1986).

P.-L LioNs. Mathematical Topics in Fluid Mechanics. Vol. 2, Com-
pressible Models. Clarendon Press. Oxford (1998).

E. FEIREISL. On the motion of a viscous, compressible, and heat con-
ducting fluid, Indiana Univ. Math. J., 53(6), 1707-1740 (2004).

15



[11]

[12]

[13]

[14]

[18]

[19]

D. BrescH, B. DESJARDINS and C. K. LIN, On Some Compress-
ible Fluids Models: Korteweg, Lubrication and Shallow Water Systems,
Commun. Partial Diff. Equations, 28(3-4), 843-868 (2003).

D. BreEscH and B. DESJARDINS. Existence of Global Weak Solu-
tions for a 2D Viscous Shallow Water Equations and Convergence to
the Quasi-Geostrophic Model, Comm. Math. Phys., 238(1-2), 211-223
(2003).

D. BRESCH and B. DESJARDINS. On the construction of approximate
solutions for the 2D viscous shallow water model and for compressible

Navier-Stokes models, J. Maths Pures Appl., 86(4), 362-368 (2006).

D. BrRESCH and B. DESJARDINS. On the existence of global weak solu-
tions to the Navier-Stokes equations for viscous compressible and heat

conducting fluids, J. Math. Pures Appl., 87(1), 57-90 (2007).

A. MELLET and A. VASSEUR. Existence and Uniqueness of Global

Strong Solutions for Omne-Dimensional Compressible Navier-Stokes
Equations, SIAM, J. Math. Anal., 39(4), 1344-1365 (2008).

A. MELLET and A. VASSEUR. On the Barotropic Compressible Navier-
Stokes Equations, Comm. Partial Diff. Eqs, 32(3), 431-452 (2007).

M. L. Mu~Noz-Ruiz, M. J. CAsSTRO-DiAZ and C. PARES . On an one-

dimensional bi-layer shallow-water problem. Nonlinear Analysis, 53(5),
567-600 (2003).

G. NARBONA-REINA and J. D. D. ZABSONRE. Existence of global

weak solutions for a viscous 2D bilayer Shallow Water model, Comptes
Rendus Mathematique, 349(5-6), 285-289 (2011).

J. D. D. ZABSONRE and G. NARBONA-REINA. Existence of a global
weak solution for a 2D viscous bi-layer Shallow Water model, Nonlin.

Anal., Real World Appl., 10(5), 2971-2984 (2009).

H.-L. L1, J. L1 and Z. XiIN. Vanishing of Vacuum States and Blow-
up Phenomena of the Compressible Navier-Stokes Equations, Commun.
Math. Phys., 281(2), 401-444 (2008).

16



[21]

[22]

23]

S. JIANG, Z. XIN and P. ZHANG. Global weak solutions to 1D com-
pressible isentropic Navier-Stokes equations with density-dependent vis-
cosity, Methods and Applications of Analysis, 12(3), 239-252 (2005).

O. A. LADYZENSKAJA, V. A. SOLONNIKOV and N.N. URALTSEVA.
Linear and quasilinear equations of parabolic type, translated from the
Russian by S. Smith. Translations of Mathematical Monographs, Vol. 23.
Providence, R.I. American Mathematical Society (1968).

Z. Guo, Q. Jiu and Z. XiIN. Spherically Symmetric Isentropic Com-
pressible Flows with Density Dependent Viscosity Coefficients, STAM J.
Math. Anal., 39(5), 14021427 (2008).

17



