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Strong solutions for a 1D viscous bilayer
Shallow Water model

Jean De Dieu ZABSONRE ¥ Carine LucAs | Adama OUEDRAOGO *

Abstract

In this paper, we consider a viscous bilayer shallow water model
in one space dimension that represents two superposed immiscible
fluids. For this model, we prove the existence of strong solutions in
a periodic domain. The initial heights are required to be bounded
above and below away from zero and we get the same bounds for
every time. Our analysis is based on the construction of approximate
system which satisfy the BD entropy and on the method developed by
A. MELLET and A. VASSEUR to obtain the existence of global strong
solutions for the one dimensional Navier-Stokes equations.
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1 Introduction.

In this paper, we study the global existence in time of strong solutions to the
following viscous bilayer shallow water model:

Oihy + 0y (hyvy) =0, (
O (hiv1) + 0p(h1v7) + ghiOshy 4 rghi0shs — 110, (h10yv1) =0, (2
Oiha + 0y (hovy) = 0, (
Oy (hava) + 0p(hov2) 4 gheOyhy + ghaOyhy — 150, (ha0,vs) = 0. (
where (t,z) € (0,7) x Q, and Q is a periodic domain in one dimension.
These equations represent a system composed of two layers of immiscible

fluids. Index 1 refers to the deeper layer and index 2 to the upper layer, see
Figure 1.

Free surface

Fluid 2, density po

Fluid 1, density py

Figure 1: Notations for the bilayer model

We denote by p; and p, the densities of each layer of fluid, and r is their
ratio r = po/p1 < 1. The quantities ;4 and v, are the respective kinematic
viscosity, that is v; = u;/p; where p; is the dynamic viscosity. This model is
formally derived in [21] in the two dimensional case. Such a model appear
naturally in geophysical flows, see for example [1, 6].

Let us give a non-exhaustive list of the results on the existence of solutions
to such kinds of equations. The existence of solutions to the one dimensional
Navier-Stokes equations (which includes the shallow water equations) has
been studied by many authors. In the case of a constant viscosity, the exis-
tence of weak solution was first studied in [13] with smooth initial data close
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to equilibrium. The case of discontinuous data was solved in [9, 10, 11, 22].
In particular, in [11], D. HOFF proved the existence of weak solutions with
large discontinuous initial data that can have different limits at ©+ = +oo.
But it requires the initial data to be bounded away from zero. The first
global existence result for initial density which can vanish was shown in [16].
This result was extended later in [7] to the full compressible Navier-Stokes
equations.

More recently, in [2, 3, 4], D. BRESCH and B. DESJARDINS obtained the
existence of a global weak solution for a 2D shallow water and a Korteweg
systems with a diffusion term of the typediv(hD(u)). The key point that gave
them this result is an entropy inequality namely BD entropy. This BD en-
tropy has been extended in [5] to more general Navier-Stokes equations with
an algebraic relation between the shear and the bulk viscosity coefficients.
But the authors used quadratic friction terms and capillary effects to get
the stability of the system. In [18], using this inequality again, A. MELLET
and A. VASSEUR obtained the stability of global weak solutions for the com-
pressible isentropic Navier-Stokes equations without any regularizing term.
Another consequence of this BD entropy is that it gives control on some neg-
ative power of the density in one dimension. This nice control was shown
in [17] and led the authors to prove that vacuum cannot arise if there is no
vacuum at the initial time. With this result, they obtained the existence of
strong solutions for the one dimensional viscous compressible Navier-Stokes
equations. However, the admissible viscosity must be some power of the
density, which does not take the shallow water system into account.

Let us go back to the shallow water equations, and more precisely to bi-
layer systems. An existence result on a one dimensional bilayer shallow water
model was studied in [19]. The authors obtained the existence, uniqueness
and some smoothness of weak solutions under the assumption that the data
are sufficiently small. But the bilayer shallow water they considered is not
exactly the one we study here. In this paper, we are interested in another
system of bilayer immiscible fluid obtained by derivation in [21]. These equa-
tions have been studied in [20, 23]; the authors proved the existence of a
global weak solution for viscous bilayer Shallow Water models with the BD
inequality (but in two dimensions).

This paper deals with strong solutions, in one dimension. The main ex-
istence result is stated in Section 2. To prove this statement, we construct
approximate solutions in Section 3 following the work performed in [15, 16],
based on [12]. Indeed in [15], the authors obtained the existence of strong so-
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lutions for the one dimensional compressible Navier-Stokes equations, which
include the case of shallow water. They proved that there exists some time
after which the density is bounded by below by a positive constant and the
weak solution becomes a strong one. Here, we prove that our approximate
system verifies the BD entropy, which gives the lower bound for the water
heights. Next, in Section 4, we obtain the existence of strong solutions for
the approximate system by using the regularity theorem for smooth data
given in [14], and we pass to the limit. The last part (A) is dedicated to the
proofs of the classical energy and BD entropy inequalities.

2 Main result

Theorem 2.1. Let the initial data hyy = hi—g and vy, = vi—q satisfy the
conditions
0 <cy<hig<co hivio= G (5)
hio € Hl(Q), Vi, € HI(Q),
where ¢, and ¢y are some positive constants. Assume that the viscosities v,
and vy verify the relation

v > 7”(”1;- 2) 4! ;— V2 (2 - a)
with 1 > o > 2r/(1 4+ ). Then the problem (1)-(4) admits a strong solu-
tion (hi, ha,v1,vs) such that h; € L>®(0,T; H(Q)), v; € L>=(0,T; H(Q)) N
L*(0,T; H*()) and Opv; € L*(0,T; L*(Q2)).

To prove this theorem, we construct approximate smooth solutions in the
next section, following the work performed in [15].

2-a), wr>

3 Approximate smooth solutions

In this section, we consider the approximate system defined as follows:

Oth1c + Oy (hycv1e) =0, (6)
Op(hycv1e) + ax(hl,svig> + gh1:0:h .

+1gh1,0phoe — 110, (Ve (h1c)0rv1 ) = 0, (7)
Othae + 0p(hocva.) = 0, (8)
Or(hacv2) + aac<h2,€v§,s) + gh2,:0:ha

+gh20uhi o — 1205 (Ve(hoe)Opva,) = 0. 9)
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where . (hic) = hic + 5h£5 (for i = 1,2), € is a small parameter satisfying

1—7r

<
c 147’

(10)

B belongs to (0,1/2). We also assume the following relation on the viscosities:

V1>M(l+€), P

2

(1+¢) (11)

This type of approximate systems can be constructed by a mollifying process
as in [8, 11]. We suppose that the initial data hi»£\t:0 = hjy ., hi7gvi,€|t:0 =

Gip.« € C(Q2) satisfy (5) and that:

2

2
Pige = hiy in LN(Q), 2 — Bf* in HY(Q), 5= — j2 in 2(Q) - (12)

Remark 3.1. Let us define o.(hi.) = hi. + %hfs Then we have

hi,e@é(hi,s) = ws(hi,s)- (13>
This relation will be used to get the BD entropy, see A.

We assume that the initial energy associated to the approximate system
(6)—(9) is taken such that

1 r 1 —Tr
50 = —/hlo,gyvlo,s‘z + —/h20,6’U20,€‘2 + M/’hlo,sy2
2 Q 2 QO Q

2
r
+ Eg/|hlo,e + h20,5|2 S 052 S C
Q

and ) )
1 8:UQ05<h1 6) 1 azgpa(hQ a)
}‘:—/—0’ +—/—°’ <Cef<C
’ 2 Q \V/ hlo,z—: 2 Q \V/ h20,s

for € > 0 small enough.

3.1 Energy inequalities

In this section, we give the classical energy inequality and the BD entropy
for the solution of System (6)—(9).



Proposition 3.2. If (hi., hoe, V1, v2.) s a smooth solution of System (6)—
(9), then the following classical inequality holds:

1d
2dt

rd
h15| 15|2+§E h2,e|U2,s|2

141 / @Z}E(h175)(8x’11175)2 dJT + TVQ/wg(hQﬁ)(axUQ,g)Q dl‘ (14)
Q

(1—-7r)d
T Q|h1’5|2 2 dt |h1€+h2€|2<0

Corollary 3.3. The classical energy estimate gives the following uniform
bounds:

17/ PicViell oo o,m:2(0)) < C(T); |\ Pie || oo 0,m5220)) < C(T);

H\/%(h@-,s)amvi,e‘

As these bounds are not informative enough to get the existence of solu-
tions, we write the BD entropy to have more information on the solution.

(15)

L2(0,T5(L*(92))?)

Proposition 3.4. Let (hic, hoe,v1c,v2.) be a smooth solution of (6)—(9),
then the following mathematical BD entropy inequality holds:

1 d/h 81905(}7/175) 2 Ci 3x905(h2,5) 2
2 dt be hi e 2dt Jq hae

(I—r) d/ y Tg d/ 9
— [ |hie —— [ |h1c+ hoe

g / (1) (Duhi )2 + varg / ) (Oha)? (16)
Q Q

Vie + 11 hoe |vac + 15

+V1rg/axh2,eaz@€(hl,s) + VQrQ/a:phl,eaz@e(hQ,s) S 0.
Q Q

Corollary 3.5. Equation (16) can be integrated over [0,t], for t € [0,T].



Then we get:
2
a:vgps(hl,s)

1 2 T
— | hy. — [ ho,
2/91, I +2/927

1—r r
+g< >/|h175|2+—g/|h175+h275|2
Q 2 Q

ax Pe (hQ,E)
h2,z—:

Vie + 1y Vg e + 1o

2
t t
g / / (o) (Behr )2 + varg / / lhoe)@eha)®  (17)
0 Q 0 Q

t t
+V1Tg/ /ath,saxgos(hl,s) + 1/27"9/ /axhl,aaxgpa(hla)
0 JOQ 0 JQ

Do (hg) | 7 /
< hi, e _rreN C0E/ — [ hy, -
_/Q 1o, hlo,g +2 Q 20,

11— T
S g+ 2 g+ e
Q Q

S C(g() -+ fo) S 082.

Vige + 1

Propositions 3.2 and 3.4 are proved in A.

To obtain new bounds thanks to the BD entropy (in order to complete
Corollary 3.3), it remains to control the last two terms of the left hand side
of Equation (16). Since ¢.(h;.) > 1 (for ¢ = 1,2), one can write:

Q - V1T9/|azh2,aam(pa(hl,s)’+V2Tg/|axh1,ea:c905(h2,e)|
Q Q
< g / 10002 (h2.2) oo ()| + varg / 1005 (712 Do (o).
Q Q
and consequently

vrqg + vor virqg + vor
0 < %/ 10up-(hi )| + %/ 10002 (hoo) |2
Q Q

Next, we split the two integrals by using the sets {h;. < 1} and {h;. > 1},
with ¢ = 1 for the first integral and ¢ = 2 for the second one. Since § < %,



¢L(hie) <1+ ¢in the set {h;. > 1}. Then, we have

0 < V17’g+V2Tg/
N 2 (h1..<1}

n mrg + varg

ey MRS IO OOk

+V17“9 + org /
2 (ha<1}

+w / (1 + E)Spla(hla)(ax(hla))z'
2 {h2 5>1}

aw(pg(ih 6)
hl,z—:

The two quantities M/ (1+&)¢.(h1,.)(9x(h1))? and
2 {h1,e>1}

virg +verg
2

side. Due to conditions (11) on the viscosities and (10) on &, the quantities
TV + TV

(=" 2)g [ (1 )t ) 0a(hn ) amd
TV + 1rVs

2 0
The last step is to develop the first two terms on the left hand side of Equa-

tion (17) and to use the fact that 2ab < §a®+ 5b* for all § > 0. So, thanks to
2
aaﬂﬂe(hi,e)

vV hi,e

/ (14-€)@L(ha.)(0x(hoe))? can be absorbed in the left hand
{hg e>1

(11 — )g/ (1+ €)@ (hoo)(9x(hy.))? are indeed positive.

can

rv (8%
Gronwall’s lemma, the two quantities gt rag /
2 {hie<1}

be controlled, for : = 1, 2.
More precisely, we proved the following result:

Corollary 3.6. The BD mathematical entropy inequality (Equation (17))
implies the following bounds:

xSpa( c)

—

12
_2H¢€( )% (R ") Lo°(0,T;L2(02)) < O,

00 (0,T3L2(9)) (18)
HSOE( i,s)axhi,s”L2(07T;L2(Q)) < C(T)




3.2 Uniform bounds for the heights and velocities

Proposition 3.7. Let (hic, hoe,v1,v2.) be a smooth solution of (6)—(9);
then for all T > 0, there exist some constants ¢(T) > 0 and ¢(T) > 0 such
that

oT) < hje(z,t) <e(T), VYxe tel0,T], i=1, 2. (19)

The proof of the lower bound relies on two main results. The first one is
the following remark:

Remark 3.8. For h;. between fized reference heights (0 < hy < h;. < hi)
fori=1,2, there exists a constant K such that

i+ R o < K(1+ (hie — hie)?), (20)
lim inf (h; . — hi)?> K™ i=1,2 (21)

The proof is also related to the following lemma derived in [11] and [18].

Lemma 3.9. For every T > 0, there exist 0 > 0 and R(T) such that for
every xg € R and ty > 0, there exists x; € [xg — R(T), xo + R(T')] with

hiﬁ(l’l, to) > 0.

Let us now detail the proof of Proposition 3.7.

Proof. Let us define ¢;. = inf(h;,1). We have 0,0;. = Oyh; 1, .<13. Due
to inequality (18), the following bound holds:

|e-ttironc2) < C(T)e.

L>2(0,T5L%(2))

Since ¢.(;c) = hic + %hfs > %hfg = %ﬁfs in the set where {h;. < 1}, we
deduce that
€ B—1/2 ’ —1/2
— |00 < || (4; )0, (€; < C(Te. (22
G106 ey S 2 <O (22)

Hence by using Sobolev-Poincaré inequality, Lemma 3.9 and Equation (22)
imply that 65;1/2 is bounded in L>(0,7; L>(2)). More precisely, we obtain
a lower bound for ¢;. (and for h;.): ¢;. > (6C(T))%.



Next, we want to get a bound for \/h;. in L>(0,7; WH(Q)). First, we
remark that:

J

1/2 -

i Oshic| d

Bchic |2\
: (/ hl) ( )
1 2 12 0 his i Qpls(hus) 2 12
: 5([2\% d‘”) (/Qh V| 0a(i) dx)

2

axspa(hi, )

< () (]t )

as Y > h;. and h;. has a lower bound denoted ¢(7"). Thanks to Equa-
tion (18), we obtain:
/ 2(T).
Q

Finally, we have 0,y/h;. € L>(0,T; L'(Q)) and \/h;. € L=(0,T; L*(2));
this means that /h;. € L>(0,T;W'(Q)). To conclude, we use Sobolev
embeddings to get the upper bound for h, .. O]

1/2

Proposition 3.10. For all T > 0, there exist some constants ky(T), ky(T) >
0 such that

Vil 20, m200)) < K1 (T),  10wicllr2qom),r2)) < kao(T). (23)
Proof. Relations (15) and (19) imply that
Vie || oo (0,1, 0200)) < C1(T) and ||0pviell22(0,1),22(0)) < Co(T)

for some positive constants Cy(T"), C2(T"). Moreover, since v;. belongs to
L>((0,T), H'(9)), thanks to Sobolev embeddings, we get:

athi,a = _ax(hi,avi,a) S LQ((Oa T)a LQ(Q))

Now let us write the two momentum equations in the following form:
B
atvi,e - aa: (waxvi,e)
i€

Oy hZ R
- _gax<hz,e + Tihj,s> - Ui,saxvz’,s +Vi— we( i e)amvi,s (24>
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where i, j =1,2,i# j, ry =r and 5 = 1.

It remains to control the right hand side of this equation to deduce a
better bound for the velocities v; ..

The first term ¢, (h; . + r;h; ) is bounded in L?((0,T), L*(9)).
Next, we have

o [ (i) @uhic)* _ [ hie Oulpe(hic))®
foaher = [ < [ GW?ﬁQ.

Due to the BD entropy (18) and relation (19), the last term is bounded. So,
Oyhic is bounded in L>((0,T), L*(2)).
Finally, by using Holder and interpolation inequalities, we get:

Ouhic
‘ (Ui,e h2 we( )) aﬂﬂviﬁ

L2((0,T),L4/3(Q))

(9 hi,
> Vie — h2 ews(hi,a) HaﬂfviﬁHLQ((07T),L4(Q))’
L=((0,T),L2()
athia
S Ui,e v; h2 : ¢e(hi,5)
L ((0,7),L2())
1/3 2/3
1003 150,260 19001 | o029 wnssgey

2/3
S ( )Hax zaHL/Q ((0,T) W14/3( )"

Hence, thanks to standard regularity results for linear parabolic equations
(see [14] for example), we obtain that
1/3
Ha /UZEHL/Q (0,T) WL 4/3(9)) < C(T)

As a consequence of this bound, we get that the second member of (24) is
bounded in L*((0,T), L*(2)). So wv;. is bounded in L%((0,T), H*(Q2)) and
O is bounded in L*((0,T), L*()). O
4 Proof of the existence result

Proposition 4.1. (Solonikov). Let the functions 1-(h;.) be lower bounded:

wa(hi,a) Z 1/1, (25)
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where 1 is some positive constant, and vy, vy satisfying relation (11). As-
sume that the initial conditions h;, . and vy, . satisfy (5), with € verifying
condition (10). Then there exists Ty > 0 depending on ¢y, Co, ||hiyc| m1() and
Vi e || 1 () such that system (6)—(9) has a unique solution (hi e, hag,vi s, Vo)
on (0,Tp) satisfying

hi. € L®(0,Ty; H'()), wv;. € L*(0,Ty; H*(Q2)),
O € L2(0,Ty; L*(Q)),  Oihie € LP(0,Ty; L2()),

for all Ty < Tj.
Moreover, there exist some positive constants ¢(T') and ¢(T') such that

co(T) < hi(t,z) <e(T), Vte (0,Tp).

Proposition 4.2. Let h;, . and v, . satisfy (5); then the approzimate sys-
tem (6)—(9) admits a strong solution satisfying the energy and entropy in-
equalities.

Proof. Let us define 9. ,,(h;.) = max(¢-(h;c),1/n) for n > 1; we have ¢ <
en < 1+ 1. Moreover, for all n € N*, ¢, ,, > % > 0. Using Proposition 4.1,
we can consider (hf_, hi _,vi_, vy ) the strong solution of (6)—(9) where the
functions . (h;.) are replaced by 9. ,(h;.); this solution exits at least for
small time 7p. Due to Proposition 3.7, i}, is uniformly bounded in n from
below, and then we can take 7, = oco. Assume that n > 1/¢(7T); then

(h?,67 hy o7, U?}E) is the solution of (6)—(9) with . ,,(hic) = ¥o(hic). O
Proposition 4.3. Let us define the velocities:

hi,evi,e
\V4 hi,a ’
which s possible thanks to the lower bound on the heights. The strong so-

lution of the approzimate problem (6)—(9) converges to some expected strong
solution (hy, hg,v1,v2) of the problem (1)—(4) as e — 0T in the sense:

Ui,&‘ =

hz‘ﬁ — hz m C([O,T] X g)
v — v; in C([0,T] x Q)
bo(his) — he in C([0,T] x Q)
hivie — Vhiv; in L*T0((0,T) x Q)

0 being some positive constant.
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Proof. Since we have ¢(T') < h;. < ¢(T) uniformly with respect to ¢, the
limit h; is bounded and bounded away from zero. The limit system can then
be divided by h; and becomes parabolic with respect to the velocities v;.
Finally standard regularity results for parabolic systems can be used again
to obtain that

h; € L®(0,Ty; HY(Q)), wv; € L*(0,Ty; H*(Q)),
Ow; € L*(0,Ty; L*(Q)),  9h; € L*(0,T1; L*(Q)).

A Proofs of Propositions 3.2 and 3.4

This section is devoted to the proofs of the energy and entropy inequalities
used in Section 3. For the classical energy, as usual, the idea is to multiply
the momentum equation by the velocity. More precisely, we multiply the mo-
mentum equations (7) and (9) by vy . and v, respectively, and we integrate
by parts. For ¢ = 1,2, we obtain:

/ (at(hl,tfvl,&) + ax(hl,evig>) Ul,e dl‘ + g/ (hl,samhl,e + Thl,eath,s) Ul,s dSL’
Q Q

— U1 /{; 85,; (¢8(h175)8x(0175)) V1,e dr = 0, (26)

and

/ (at(h2,6U2,€> + az(h2,5U§,5>) V2e dx + g/ (h2,saa¢h2,e + h2,ea$h1,s> V2. dx
Q Q
— Uy / Op (Ye(h1,)0p(vae)) Vo dx = 0. (27)
Q

We can reformulate some terms, namely (for i = 1,2)

1d

/(Gt(higvig)—l—ax(hiavfa)) ’Uiadl' = ——/hi5|vi£|2d$, (28)
o ekt el ) 2dt Jo

_Vz'/Q<8x(¢s(hi,s)3x(vi,s))Uz‘,gdx = Vi/ﬂwﬁ(hi,s) (az(viﬁ»Q dr. (29>

13



To obtain the energy inequality, we add (26) to (27) multiplied by r. We
remark that:

g/ hl,eaachl,avl,e dx + Tg/ hl,\e@th,evl,a dx + Tg/ hQ,SaachQ,a'UQ,e dx
Q Q

g(l—r)d/ 2 ng/ 2
hsxhe z—:d = 5 € h’E h‘E :
+rg/Q 9.:0; M1 V2 dx 5 7 |1|+2dt |h1 e+ hocl

Thanks to this simplification, we obtain the classical energy estimate (14):

1d rd
th h15| 16|2 th h2€|v25| +V1/77Z)€ hle (8 Ule)
rg d
+w2/we O e e 295/(2%1,5%2,5\%0.

The second proof of this section is the one of the BD entropy esti-
mate (16). Multiplying the mass equations by ¢.(h;.) (for i = 1,2), we
get

8t905(hi,a) + 8:5(90&(}%‘,5))%,& + @;(hi,a)hi,eaxvi,e =0
Thanks to Equation (13), this relation reads

at¢s(hi,s) + am(gos(hi,e))vi,s + we(hi,s)axvi,s =0.

We differentiate this equation with respect to x and introduce the corre-
sponding viscosity coefficient to get

o (D, (1, M), )
440, (1 (hi )0 (01.)) = 0.

We add the momentum equation (Equation (7) for i = 1 and Equation (9)
for i = 2) to the previous equality and we get

8:13905(}“@)

81 1> h 1>
Oy (hl,avl,e + hievy 3 MULS)
l,e

) + 090 (hl,av%e + h17gl/1
' hLa

+ ghl,eaachl,a + Tghl,eaachQ,a = 07 (30>

Orpe(hae
at (hQ,EUZE + h2,5V2 MU?,E)

—>> + a <h2,av§g + hQ,EVZ
’ h2,s
+ ghQ,Eath,e + gh?,aaxhl,a = 0. (31)

14



We add Equation (30) multiplied by (ULE +u

multilplied by r (11275 + 1y

M%@) to Equation (31)

. ) Integrating over €2, we obtain the
2,

BD entropy (16)

1d
2dt

ax(ps(hl,a) 2 r d azgoa(hls) 2
th 2dt h2s

(1 - 7") / 2 / 2

2t fye 2 0t Jo e el

g / () (@l o)? + varg / L (hoe) (Ouha)?
Q Q

+V17‘g/azh2,58:c§06(h175) +V2Tg/azh1,aax§05(h2,a) < 0.
Q Q

hls Vie + 11 h2s Ve + Vo
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