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Abstract

We define the spherical Hecke algebra H for an almost split Kac-Moody group G over a
local non-archimedean field. We use the hovel .# associated to this situation, which is the
analogue of the Bruhat-Tits building for a reductive group. The stabilizer K of a special
point on the standard apartment plays the role of a maximal open compact subgroup. We
can define ‘H as the algebra of K —bi-invariant functions on G with almost finite support.
As two points in the hovel are not always in a same apartment, this support has to be
in some large subsemigroup Gt of G. We prove that the structure constants of H are
polynomials in the cardinality of the residue field, with integer coefficients depending on
the geometry of the standard apartment. Actually, our results apply to abstract “locally
finite” hovels. When G is split, we prove that H is commutative.

Introduction

Let G be a connected reductive group over a local non-archimedean field X and K an open
compact subgroup. The space H of complex functions on G, bi-invariant by K and with
compact support is an algebra for the natural convolution product. Ichiro Satake [Sa63|
studied this algebra H to define the spherical functions and proved, in particular, that H is
commutative for good choices of K. We know now that one of the good choices for K is
the fixator of some special vertex for the action of G on its Bruhat-Tits building .#, whose
structure is explained in [BrT72]. Moreover H, now called spherical Hecke algebra, may be
entirely defined with .7, see e.g. [P06].

Kac-Moody groups are interesting generalizations of reductive groups and it is natural to
try to generalize the spherical Hecke algebra to the case of a Kac-Moody group. But there
is now no good topology on G and no good compact subgroup, so the “convolution product”
has to be defined only with algebraic means. Alexander Braverman and David Kazhdan
[BrK10] succeeded in defining such a spherical Hecke algebra, when G is split and untwisted
affine. For a well chosen subgroup K, they define H as an algebra of K —bi-invariant complex
functions with “almost finite” support. There are two new features: the support has to be in
a subsemigroup G of G and it is an infinite union of double classes. Hence, H is naturally a
module over the ring of complex Laurent polynomials.

Our idea is to build this spherical Hecke algebra using the hovel associated to the almost
split Kac-Moody group G that we built in [GR08|, [Ro12] and [Ro13]. This hovel .# is a set
with an action of G and a covering by subsets called apartments, in one-to-one correspondence
with the maximal split subtori, hence permuted transitively by G. Each apartment A is a finite
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dimensional real affine space and its stabilizer N in G acts on it via a generalized affine Weyl
group W = W? x Y (where Y C A is a discrete subgroup of translations) which stabilizes a
set M of affine hyperplanes called walls. So .# looks much like the Bruhat-Tits building of
a reductive group, but M is not a locally finite system of hyperplanes (as the root system ®
is infinite) and two points in % are not always in a same apartment (this is why .# is called
a hovel). There is on .# a G—invariant preorder < which induces on each apartment A the
preorder given by the Tits cone T C X

Now, we consider the fixator K in G of a special point 0 in a chosen standard apartment
A. The spherical Hecke algebra Hp is a space of K —Dbi-invariant functions on G with values
in a ring R, i.e. the space 7-['}{ of G—invariant functions on %, x %, where %) = G/K
is the orbit of 0 in .#. The convolution product is easy to guess from this point of view:
(pxV)(x,y) = D .cp p(@,2)Y(2,y) (if this sum means something). As two points z,y in
& are not always in a same apartment (i.e. the Cartan decomposition fails: G # KNK),
we have to consider pairs (z,y) € S X %, with < y (this implies that =,y are in a same
apartment). For Hpg this means that the support of ¢ € Hp has to be in K\G'/K where
Gt ={g € G|0<g.0}is a semigroup. Then K\G*/K is in one-to-one correspondence with
the subsemigroup Y+ =Y N C} of Y (where C7} is the fundamental Weyl chamber). Now,
to get a well defined convolution product, we have to ask (as in [BrK10]) the support supp(y)
of a ¢ € Hp to be almost finite: supp(¢) C Ui, (A — QYY) NY T, where \; € YT and QY
is the subsemigroup of Y generated by the fundamental coroots. Note that (A — QY) N y++
is infinite except when G is reductive.

With this definition we are able to prove that Hpg is really an algebra, which generalizes
the known spherical Hecke algebras in the finite or affine split case (§2). In the split case, we
prove that Hp is commutative (§3).

The structure constants of # g are the non-negative integers my ,(v) (for A\, u,v € Y1)
such that cy xc, = > cy++ ma u(V)cy, where ¢y is the characteristic function of KAK. Each
chamber (= alcove) in .# has only a finite number of adjacent chambers along a given panel.
These numbers are called parameters of .# and their set Q is finite; in the split case, there
is only one parameter ¢: the number of elements of the residue field x of K. In §4 we show
that the structure constants are polynomials in these parameters with integral coefficients
depending only on the geometry of an apartment.

Actually this article is written in a more general framework (explained in §1): we ask .
to be an abstract ordered hovel (as defined in [Roll]) and G a strongly transitive group of
automorphisms.

The general definition and study of Hecke algebras for split Kac-Moody groups over local
fields was also undertaken by Alexander Braverman, David Kazhdan and Manish Patnaik
(as we knew from [P10]). A preliminary draft appeared recently [BrKP12|. Their arguments
are algebraic without use of a geometric object as a hovel, and the proofs seem complete
(temporarily?) only for the untwisted affine case. In addition to the construction of the
spherical Hecke algebra (as here), they prove the Satake isomorphism, they give a formula
for spherical functions and they build the Iwahori-Hecke algebra. We hope to generalize, in a
near future, these results to our general framework.

One should notice that these authors use, instead of our group K, a smaller Ky, a priori
slightly different. With the notations of 3.4 below, K is generated by 7y, UJ‘ and U, hence
K = U™ Ky = U™ Ky, with Uy € U™ € U~ and U € UY™" C UT. But they
prove, at least in the untwisted affine case, that U~ NUt.K; C K |BrKP12, proof of 6.4.3];
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soUy™™ cU NK CcU NU".K; C Ky and K = K;. This result answers positively a
question in [Rol3, 5.4], at least for points of type 0 and in the untwisted affine split case.

1 General framework

1.1 Vectorial data

We consider a quadruple (V, W, (a;)ier, (o) )ier) where V' is a finite dimensional real vector

7

space, W a subgroup of GL(V) (the vectorial Weyl group), I a finite set, («));cr a family
in V and (;)ier a free family in the dual V*. We ask these data to verify the conditions of
[Roll, 1.1]. In particular, the formula r;(v) = v — a;(v)e; defines in V' a linear involution
which is in WY and (W?,{r; | i € I}) is a Coxeter system.

To be more concrete we consider the Kac-Moody case of [l.c. ; 1.2]: the matrix M =
(aj(ey))ijer is a generalized Cartan matrix. Then W is the Weyl group of the corresponding
Kac-Moody Lie algebra gy and the associated real root system is ® = {w(a;) | w €
Wviel}l CQ= @, Z.oy. Weset & = &N QF where QF = +(P,; (Z>0).c;) and
QY = (Dics Z.v), QY = £(B;c; (Z>0)-)). We have & = @TUP™ and, for o = w(wy) € P,
7o = wriw ! and ¥ = w(a)) depend only on «, and 7, (v) = v — a(v).a.

The set ® is an (abstract reduced) real root system in the sense of [MoP89|, [MoP95] or
[Ba96]. We shall sometimes also use the set A = ® UA} UA;  of real or imaginary roots
(with —A;, = Af C QF, WV—stable) defined in [Ka90]. It is an (abstract reduced) root
system in the sense of [Ba96].

The fundamental positive chamberis Cy = {v € V' | a;(v) > 0,Vi € I}. Its closure C_}’ is the
disjoint union of the vectorial facets FV(J) = {v € V | a;(v) > 0,Vi € J,a;(v) > 0,Vi € T\ J}
for J C I. The positive (resp. negative) vectorial facets are the sets w.F"(J) (resp. —w.F"(J))
forw e W¥ and J C 1.

The Tits cone T is the (disjoint) union of the positive vectorial facets. It is a W¥—stable

convex cone in V.

1.2 The model apartment

As in [Roll, 1.4] the model apartment A is V' considered as an affine space and endowed with
a family M of walls. These walls are affine hyperplanes directed by Kera for o € ®.

We ask this apartment to be semi-discrete and the origin 0 to be special. This means
that these walls are defined as follows: M = {M(a,k) ={v eV | a(v)+k =0} | a€
O ke Ay} (with Ay = ko.Z a non trivial discrete subgroup of R). Using the following lemma
(i.e. replacing ® by 5) we shall assume A, = Z,Va € ®.

For o = w(ey) € @, k € Ay(= Z) and M = M (e, k), the reflection r,; = ry with
respect to M is the affine involution of A with fixed point set the wall M and associated linear
involution r,. The affine Weyl group W is the group generated by the reflections rj; for
M € M; it has to stabilize M.

With these data we can define in A half-apartments, sectors, sector-faces, facets, enclo-
sures... as in [GRO§| or [Roll]; see also [Ro12|, [Ro13].

There is a preorder on A defined by x <y <— y—z € T.

Lemma 1.3. For all a € ® we choose ko > 0 and define & = a/ky, @' = kq.o¥. Then
O = {a| a € P} is the (abstract reduced) real root system (in the sense of [MoP89], [MoP95] or
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[Ba96]) associated to (V,W", (k3 .c;)icr, (ka,- )icr) hence to the generalized Cartan matriz
M = (k;jl.aj(kai.a;/))i7j€1, Moreover with ®, the walls are described using the subgroups

A, =Z.

Proof. For o, 3 € ®, the group W* contains the translation 7 by kq.a" and 7(M(f,0)) =

M(B,—B(ka-a")). So ka.B(aY) € Ag ie B(@Y) = kz'ka.B(aY) € Z. Hence M =
(k;jl.aj(kai.aiv))mg is a generalized Cartan matrix and the lemma is clear, as kyq = ko. O

1.4 The hovel

We consider a thick ordered affine hovel .# of type A as in [Roll] with a strongly transitive
group of automorphisms G (i.e. all isomorphisms involved in the axioms (MAIi) of [Roll] are
induced by elements of G, cf. [Rol3, 4.10]). We choose in .# a fundamental apartment which
we identify with A. As G is strongly transitive the apartments of .# are the sets g.A for g € G
and the stabilizer N of A in G induces in A a group v(NNV) of affine automorphisms which
permutes the walls, sectors, sector-faces... and contains the affine Weyl group W [Rol3,
4.13.1]. We denote Gy the fixator of 0 € A in G by K.

We ask .# to be of finite thickness: the number of chambers (=alcoves) containing a
given panel has to be finite (> 3). This number is the same for any panel in a given wall M
[Rol1, 2.9]; we denote it by 1+ gas.

We ask v(N) to be type-preserving for its action on the vectorial facets. This means
that the associated linear map o of any w € v(N) is in W¥. As v(N) contains W% and
stabilizes M, we have v(N) = W" x Y, where W" fixes the origin 0 of A and Y is a group of
translations such that: QVcYcP'={veV]|al) € Z\Vac d}.

We ask Y to be discrete in V. This is clearly satisfied if ® generates V* i.e. (a;)ier is a
basis of V*.

Examples: The main examples of all the above situation are provided by the hovels of almost
split Kac-Moody groups over fields complete for a discrete valuation and with a finite residue
field, see [Ro12|, [Ch10|, [Chll] or [Rol3]. Some details in the split case can be found in
Section 3.

Remarks: a) In the following we often refer to [GRO8] which deals with split Kac-Moody
groups and residue fields containing C. But the results cited are easily generalized to our
present framework, using the above references.

b) For an almost split Kac-Moody group over a local field K, the set of roots ® is
K®,.q = {Fa € ¥@ | LXa ¢ X®} where the relative root system X® describes well the

commuting relations between the root subgroups. Unfortunately o gives a worst description
of these relations.

1.5 Type 0 vertices

The elements of Y considered as the subset Y = N.0 of V = A are called vertices of type
0 in A; they are special vertices. We note Y™ =Y N7 and Y+ =Y N C_}’ The type 0
vertices in ¢ are the points on the orbit %, of 0 by G. This set %, is often called the affine
Grassmannian as it is equal to G/K.

In general, G is not equal to KY K = KNK [GRO08, 6.10] i.e. % # K.Y

We know that .# is endowed with a G—invariant preorder < which induces the known one

on A [Roll,5.9]. Weset ¥ ={z e ¥ |0<a}, % = AHNITandGT = {g€ G| 0< g.0};
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SO fd" =GT.0=G"/K. As < is a G—invariant preorder, GT is a semigroup.

If z € fOJr there is an apartment A containing 0 and z (by definition of < ) and all
apartments containing 0 are conjugated to A by K (axiom (MA2) of [Roll|); so x € K.Y
as S;FNA=YT. But y(NNK)=W? and YT = WY " (with unicity of the element in
Y*H); so £ = K.Y *F, more precisely ;" = Gt /K is the disjoint union of the KyK/K
fory e YT,

We have proved that the map Y+ — K\G* /K is one-to-one and onto.

1.6 Vectorial distance and Q¥ —order

For x € T, we note z71 the unique element in C_}’ conjugated by W" to x.

Let S x< & = {(z,y) € F x F | © < y} be the set of increasing pairs in .#. Such a
pair (z,y) is always in a same apartment gA; so g~'y — g~ 'z € T and we define the vectorial
distance d*(x,y) € C_}’ by d’(z,y) = (g7 'y — g '2)*T. It does not depend on the choices
made.

For (z,y) € S x< S = {(z,y) € S x H | x < y}, d’(x,y) € Y. Actually, as
Sy = G.0, K is the fixator of 0 and fd" = K.Y ™" (with unicity of the element in Y1), the
map d induces a bijection between the set % x < .#/G of orbits of G in S x< . and Y.

Any g € GT is in K.d"(0,g0).K.

For z,y € A, we say that v < gvy (resp. x < QY y) when y —z € QY (resp. y —z €
Qi = Yier Rx0.0). We get thus a preorder which is an order at least when (o} )ier is free
or Ry—free (i.e. Y a0 =0,a; > 0= a; =0,Vi).

1.7 Paths

We consider piecewise linear continuous paths 7 : [0, 1] — A such that each (existing) tangent
vector 7'(t) is in an orbit WY.\ of some \ € C_}’ under the vectorial Weyl group W". Such a
path is called a A—path; it is increasing with respect to the preorder relation on A.

For any t # 0 (vesp. t # 1), we let ©’ (t) (resp. ' (t)) denote the derivative of
m at t from the left (resp. from the right). Further, we define wi(t) € W" to be the
smallest element in its (W?)\—class such that 7/ (¢) = wy(¢).A (where (WV), is the fixator
in W¥ of \). Moreover, we denote by 7_(t) = w(t) — [0,1)7"_(t) = [x(¢),m(t —¢)) (resp.
T (t) = w(t) + [0, )7 (t) = [n(t),7(t +¢)) (for € > O small) the positive (resp. negative)
segment-germ of 7 at ¢.

The reverse path 7 defined by ™ = 7(1 — ¢) has symmetric properties, it is a (—\)—path.

For any choices of A € C_}’, mo € A, r € N\ {0} and sequences 7 = (11,72,...,7) of
elements in WY/(W"), and a = (ap = 0 < a1 < az < --- < a, = 1) of elements in R, we
define a A—path m = 7(\, 7, 7, a) by the formula:

) =m0+ Y (ai—ai)n(A\) + (t—a;_)m(N)  for a3 <t<a;

Any A—path may be defined in this way (and we may assume 7; # 7j11).

Definition 1.8. [KMO08, 3.27] A Hecke path of shape A with respect to —C7% is a A—path such
that, for all ¢t € [0,1]\ {0, 1}, 7. (¢) <we, 7'_(t), which means that there exists a W —chain
from 7’_(t) to 7/, (t), i.e. finite sequences (& = 7’_(t),&1,...,& = 7/ (t)) of vectors in V" and
(B1,...,Bs) of real roots such that, for all i = 1,...,s:
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i) rg,(&i-1) =&,

ii) Bi(&-1) <0,
iii) rg, € Wl i-e. Bi(m(t)) € Z: w(t) is in a wall of direction Ker(8;).
iv) each f3; is positive with respect to —C} i.e. 5;(C}) > 0.

Remarks 1.9. 1) The path is folded at 7(¢) by applying successive reflections along the walls
M(B;, —Bi(m(t)) ). Moreover conditions ii) and iv) tell us that the path is “positively folded”
(cf. [GLO5]) i.e. centrifugally folded with respect to the sector germ &_o = germe(—C7}).

2) Let ¢ = germo(—C7) be the negative fundamental chamber (= alcove). A Hecke path
of shape A with respect to ¢ [BCGR11] is a A—path in the Tits cone T satisfying the above
conditions except that we replace iv) by :

iv’) each f3; is positive with respect to c¢_ i.e. f;(mw(t) —c_) > 0.

Then ii) and iv’) tell us that the path is centrifugally folded with respect to the center ¢_.

2 Convolution algebras

2.1 Wanted

We consider the space ﬁ){ =Hp(I,G) ={p: A X< Iy — R | ¢(gz,9y) = ¢(z,y),Vg € G}
of G—invariant functions on % x < %, with values in a ring R (essentially C or Z). We want
to make 7/-21‘}; (or some large subspace) an algebra for the following convolution product:

(()0 * 1/})(1.7 y) = ngzgy (P(xv ZW(% y)

It is clear that this product is associative and R—Dbilinear if it exists.

Via d?, ﬁ'g is linearly isomorphic to the space Hp = {p : Y+ = K\G*/K — R}, which
can be interpreted as the space of K —bi-invariant functions on G*. We consider the subspace
’Hﬂ of functions with finite support in Y+ = K\G™" /K its natural basis is (c))ycy++ where
cy sends A to 1 and p # A to 0. Clearly ¢g is a unit for x.

In this setting the convolution product should be: (¢ *¥)(9) = X peq+ /K o(h)w(htg),
where we consider ¢ and 1) as trivial on G\ GT.

In ﬁ'}g, (ex*xcy)(x,y) is the number of triangles [z, z, y| with d"(z, z) = X and d"(z,y) = p.

As suggested by [BrK10| and lemma 2.4, we consider also the subspace Hp of 7:23 of
functions ¢ with almost finite support i.e. supp(¢) C Uy (A; — QY) NY T where \; € Y.

2.2 Retractions onto YT

For all x € % there is an apartment containing z and ¢_ |[Roll, 5.1] and this apartment
is conjugated to A by an element of K fixing ¢_ (axiom (MA2) of l.c. ). So, by the usual
arguments and [l.c. , 5.5] we can define a retraction p,_ of .# 7 into A with center ¢_; its image
ispe () =T=STNnAand p. (F)=Y".
There is also a retraction p_o, of .# onto A with center the sector-germ S_., [GRO8, 4.4].
For p = p._ or p_ the image of a segment [z,y] with (z,y) € & x< & and d"(z,y) =
A€ C_}’ is a A—path [GRO08, 4.4]. In particular, p(z) < p(y).
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2.3 Convolution product

The convolution product in # g should be (px)(y) = > w(2)1¥(d(z,y)) where the sum runs
over the z € f0+ such that 0 < z < y.

1) Using p._ we have, for X\, p,y € YT, (crxc,)(y) = 2 wewe vy, Neo (1, w.A,y) where
Ne_ (g, w.A,y) is the number of z € .#;" with d”(z,y) = pand p,_(z) = w.A € YT. Note that,
if Ne_(u,w,y) > 0, there exists a y—path from w to y, hence y € wA + Y.

So ¢y * ¢ is the formal sum ¢y * ¢, = > cy++ mau(v)c, where the structure constant
mau(V) = 2 pews jwey, Neo (1, WA, v) € Z>oU{+00} is also equal to the number of triangles
[z,z,y] with d’(z,z) = X and d"(z,y) = p, for any fixed pair (z,y) € S x< H with
d*(z,y) = v (e.g. (z,y) = (0,v)).

2) Using p_oc we have my ,(v) = >_,, N_oo(pt,2',v) where the sum runs over the 2’ in
YT\ = poco({z € F 1 d°(0,2) = A}) and N_oo(p, 2',v) € Zzo U {+00} is the number of
z € 3 with d¥(0,2) = A, d¥(z,y) = u (for any y € #;" with d*(0,y) = v e.g. y = v) and
P—oo(z) = 2'. But p_o([0, 2]) is a A—path hence increasing with respect to < ,so Y (\) C Y.
Moreover, p_oo([z,v]) is a p—path, so 2’ has to be in v — Y. Hence, 2’ has to run over the
set YT )N(v=-YHcYtny-Y").

Actually, the image by p_ of a segment [x,y] with (z,y) € & X< & and d"(z,y) =\ €
YT is a Hecke path of shape A\ with respect to —C}’ [GRO8, th. 6.2]. Hence the following
results:

Lemma 2.4. a) For A€ YT and w € WY, wh € A — QY, i.e. wh < v \.

b) Let  be a Hecke path of shape X € YT with respect to —C}’, fromyg €Y toy; €Y.
Then A = ' (0)tT = 7/(1)*F, @'(0) < gv A, ©/(0) < Qy W1 —y0) < gy (1) < v A and
Y1 — Yo < Qv A

¢) If moreover (o) )icr is free, we may replace above < Qy by < v

d) For A\, p,v € Yt ifmy ,(v) >0, thenv € A+ p— QY ie. v < ov A+ pu.
N.B. By d) above, if x < z <y in S, then d"(z,y) < gvd®(z,2) + d"(z,y).

Proof. a) By definition, for A € Y, w\ € A+ QV, hence a) follows from [Ka90, 3.12d] used in
a realization where (o );er is free.

b) By definition of Hecke paths in 1.8, A = #/(0)** = #/(1)**. Moreover, Vt € [0, 1],
A=7_(t)TT =7/ (t)"" and we know how to get @/, (¢) from 7’ (t) by successive reflections;
this proves that 7, (t) € 7’ (t) + Q. By integrating the locally constant function 7’'(t), we
get 7(0) < qv (1 —¥o) < gy ™' (1) < gy M

It is proved (but not stated) in [GROS8, 5.3.3] that any Hecke path of shape A starting in
Yo € Y can be transformed in the path m)(t) = yo + At by applying successively the operators
€a; OF €q, for i € I; moreover eq, (7)(1) = 7(1)+0¢;" and €, (7)(1) = m(1), hence y1 —yo < gv A.

¢c) By b) y1 —yo — 7(0) € Qp, NQY = QY, so @'(0) < ¢gv(y1 — yo). Idem for
y1— Yo < qv'(1).

d) If my ,(v) > 0 we have an Hecke path of shape A (resp. p) from 0 to 2" (resp. from 2’
to v). So c) follows from b). O

Proposition 2.5. Suppose (o) )icr free in V. Then for all A\, p,v € YT, my ,(v) is finite.

N.B. Actually in the following, we may replace the condition () );es free by (o )ier RT —free.
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Proof. We have to count the z € .%;" such that d’(0,z) = X and d*(z,v) = u. We set 2/ =
P—oo(2). By lemma 2.4b, 2’ € A—QY and v € 2'+p—QY, hence 2" is in (A—QY)N(r—p+QY)
which is finite as (o )ier is free or RT—free. So, we fix now z’. By [GRO8, cor. 5.9] there is a
finite number of Hecke paths 7’ of shape p from 2’ to v. So, we fix now /. And by [Lc. th.
6.3] (see also 4.10, 4.11) there is a finite number of segments [z, v] retracting to 7’; hence the
number of z is finite. O

Theorem 2.6. Suppose (o )icr free or RT—free, then Hp is an algebra.

Proof. We saw that for X\, p, v € YT+, my ,(v) is finite; hence ¢y ¢, is well defined (eventually
as an infinite formal sum). Let us consider ¢, 9 € Hp: supp(p) C U™, (A — QY), supp(y) C
Uiy (ke — QY). Let v e YTt If my,(v) > 0 with A € supp(p), p € supp(y) (hence
Ae XN —QY, pe p;— QY for some 4,7), we have X\ + p € v+ QY by lemma 2.4d. So
Aew—p+QY)NN—QY) C (v—pj+QY)N (N —QY), a finite set. For the same reasons
1 is in a finite set, so ¢ * ¢ is well defined.

With the above notations v € (A4 p — QY) C U; j (A + pj — QY), so ¢ x 1 € Hp. O

Definition 2.7. Hr = Hgr(.¥,G) is the spherical Hecke algebra (with coefficients in R)
associated to the hovel .# and its strongly transitive automorphism group G.

Remark. We shall now investigate Hpr and some other possible convolution algebras in H R
by separating the cases: finite, indefinite and affine.

2.8 Finite case

In this case ® and W are finite, (o) )ier is free, T = V and the relation < is trivial. The
hovel .# = #7 is a locally finite Bruhat-Tits building.

Let p be the half sum of positive roots. As 2p € Q and p(«)) = 1, Vi € I, we see that an
almost finite set in Y is always finite. So Hp and /Hf% are equal.

The algebra Hc was already studied by I. Satake in [Sa63|. Its close link with buildings
is explained in [P06]. The algebra Hz is the spherical Hecke ring of [KLMOS8|, where the
interpretation of my ,(v) as a number of triangles in .# is already given.

ﬁR is not an algebra as e.g. m)\7(,wO))\(O) #0 VX € YT (where wy is the greatest element
in Wv).

2.9 Indefinite case

Lemma. Suppose now ® associated to an indefinite indecomposable generalized Cartan matrix.
Then there is in A} an element § (of support I) such that 6(e)) < 0, Vi € I and a basis
(0;)ier of the real vector space Qg spanned by ® such that 6;(T) >0, Vi € I.

Proof. Any ¢ € A;’,‘n takes positive values on T [Ka90, 5.8]. Now, in the indefinite case, there
is § € Al N (Pier Rso.0;) such that §(a)) < 0, Vi € I [l.c. 4.3], hence § + a; € AT, Vi € 1.
Replacing eventually ¢ by 34 [l.c. 5.5], we have (6+a;)() <0, Vi, j € I, hence d+a; € A
The wanted basis is inside {6} U{dp + o | i € I}. O
v

The existence of § € A as in the lemma proves that ()

V)ier is RT—free. So Hp is an

algebra. The following example 2.10 proves that 7-[1’; is in general not a subalgebra.
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If (oy)ics generates (i.e. is a basis of) V*, Hp is also an algebra (the formal spherical
Hecke algebra): Let v € YT, we have to prove that there is only a finite number of pairs
(A, 1) € (YT)? such that m, ,(v) > 0. Let 2’ be as in the proof of 2.5. We saw in 2.3 that
ZdeYtNnw—-Y")=YNTnN(-—T). By thelemma, TN (v — T) is bounded, hence
Y NT N(v—T)is finite. So we may fix z’. Now X € 2/ + QY hence (for § as in the lemma)
I(A) < 6(2'); as aj(N) € Zso Vi € T and 6§ € ®ierRsp.; this gives only a finite number of
possibilities for A. Similarly 4 € v — 2’ + QY has to be in a finite set.

Actually Hp is often equal to #p when (o) )ier is free and («;)ier generates V* (hence
the matrix Ml = («;(y)) is invertible), see the following example 2.10.

2.10 An indefinite rank 2 example

2 =3

Let us consider the Kac-Moody matrix M = ( ~ 3 9

>. The basis of ® and V* is {a1,as}

and we consider the dual basis (@), @y ) of V. In this basis af = <_23>, ay = <_23> and

the matrices of 71, 9, rory and rire are respectively <_31 (1)>, <é _31>, M = (_83 _31>

-1 -3
d Mt =
an ( L
diagonalizing M and M ~! we see easily that (rori)™ + (r172)" = ay,.Idy where a,, = a” +a™
is in N and increasing up to infinity (ag = 2, a1 =7, as = 47, a3 = 322,...).

>. The eigenvalues of M or M~! are ayx = (7 4 +/45)/2. In a basis

1
Consider now A = p = —af — a3 = ;) Yt C Zso.wy @ Z>o.wy. We have

(ror1)™ XA+ (r1r2)™. A = ap.A. This means that my x(an.A) > Nc_ (A, (ror1)™ A, an.A) > 1, for
all positive n (and the same thing for N_). So ¢y * ¢ is an infinite formal sum.
Actually (—QY)NY T D Z>o.5w) @ Z>¢.5wy, hence Y7 itself is almost finite!

2.11 An affine rank 2 example

2 =2
Let us consider the Kac-Moody matrix M = (_2 9 The basis of ® is {ay,as} but
we consider a realization V of dimension 3 for which {ay, a3} is free and with basis of
V* {ap, = —p,a1,a2}. More precisely, if (g, @), w@y) is the dual basis of V, we have
-1 -1
af = 2 |, ay = [—2] and the matrices of ry, re, riry and ror; are respectively
-2 2
1 1 0 1 0 1 1 1 3 1 3 1
0 -1 0,101 2|, M=(0 -1 —2JandM1t=1]0 3 2 |. A classical
0 2 1 00 -1 0o 2 3 0 -2 -1
2 4n* 4n?
calculus using triangulation tells us that (rar)™ + (rir2)” = |0 1 0 |. Actually
0 0 1
c=a +af = —2wj € QY is the canonical central element [Ka90, § 6.2] and the above

calculations are peculiar cases of [l.c. § 6.5].
Let’s consider now A\ = p = Y7 | aw) € Y+ C @2, Zsow). We have (rar1)"(\) +

i

(r1m2)"(A) = X — 2n?|A|e with |A| = a3 + a2. This means that my (A — 2n%|Ac) >
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Ne_ (A, (rar1)" (M), A — 2n2|Mc) > 1, ¥n € Z (and the same thing for N_). So cy * ¢y is
an infinite formal sum.

Moreover as c s fixed by r1 and 7y, (ror1)"(A42n2|Ale)+(r172)™" (A) = A, 50 My Lop2)rjen(A) >
1,Vn € Z, and 7/-23 is not an algebra.

Remark also that, if we consider the essential quotient V¢ = V/Re, the above calculus tells
that my (X)) > >2,cz Ne_ (A, (r2r1)"(A), A) is infinite if [A] > 0.

2.12 Affine indecomposable case

We saw in the example 2.11 above that my y(\) may be infinite, VA € Y+ when (o) )er is
not free. So, in this case, 7/-[\3 seems to contain no algebra except R.cg.

Remark also that (o) );cr free is equivalent to () );er Rt —free in the affine indecomposable
case as the only possible relation between the o is ¢ = 0 where ¢ = Y., )./ (with
a € Zso Vi € I) is the canonical central element.

An almost finite subset in Y is a finite union of subsets like Y) = (A—QY)NY**. Let
8 be the smallest positive imaginary root in A. Then §(QY) =0so Yy C {y € Y™t | i(y) =
SN} =Y. But 6 = >, ; aj.oq with a; € Zq Vi € I, so the image of Yy in V¢ = V/Re
(where Re = Njer Ker(ay)) is finite. It is now clear that Y) is a finite union of sets like
p — Z>o.c with p € YT, Hence an almost finite subset as defined above is the same as an
almost finite union (of double cosets) as defined in [BrK10].

The algebra Hc is the Hecke algebra introduced by A. Braverman and D. Kazhdan in
[BrK10]. We gave above a combinatorial proof that it is an algebra, without algebraic
geometry.

el

3 The split Kac-Moody case

3.1 Situation

As in [Ro12| or [Ro13], we consider a split Kac-Moody group & associated to a root generating
system (RGS) & = (M, Ys, (@)icr, (o) )icr) over a field K endowed with a discrete valuation
w (with value group A = Z and ring of integers O = w1([0,+00])) and finite residue field
k =Fg. So, M = (a; ;)i jer is a Kac-Moody matrix, Y5 a free Z—module, (o
Ys, (@;)icr a family in the dual X = Y¢ of Y5 and @;(o)) = a ;.

If (@;);er is free in X, we consider V = V3 = Ys®zR and the clear quadruple (V, W?, («; =
Q;)iel, ())ier). In general, we may define Q = Z! with canonical basis («;)ies, then V =
Vo = Homgz(Q,R) is also in a quadruple as in 1.1. A third example Vel of choice for V is
explained in [Ro13]. We always denote by bar : @ — X the linear map sending «; to @;.

With these vectorial data we may define what was considered in 1.1 and 1.2 (we choose
Ao =AN=7Z,Va € ).

Now the hovel .# in 1.4 is as defined in [Ro12] or [Ro13] and the strongly transitive group
is G = &(K). By [Roll, 6.11] or [Ro12, 5.16] we have gy = ¢ for any wall M.

)ier a family in

3.2 Generators for GG

The Kac-Moody group & contains a split maximal torus ¥ with character group X and cochar-
acter group Ys. We note 7' = T(K). For each v € ® C @ there is a group homomorphism
Zq @ K — G which is one-to-one; its image is the subgroup U,. Now G is generated by T and
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the subgroups U, for a € ®, submitted to some relations given by Tits [T87|, also available

in [Re02] or [Ro12]. We set U* the subgroup generated by the subgroups U, for o € ®*.
We shall explain now only a few of the relations. For u € K, t € T and o € ® one has:
(KMT4) t.zq(u).t™ = zo(@(t).u) (where @ = bar(a))

For u # 0, we note 34 (1) = 2o (u).7_o(u™1).24(u) and 3, = 5,(1).
(KMT5) 84(u).t.5q(u) "t = ro(t) (W acts on V', Ys, X hence on T')

3.3 Weyl groups

Actually the stabilizer N of A C .# is the normalizer of ¥ in G. The image v(NN) of N in
Aut(A) is a semi-direct product v(N) = v(Ny) x v(T') with:

Ny is the fixator of 0 in N and v(Np) is isomorphic to W acting linearly on A = V.
Actually v(Np) is generated by the elements v(s,) which act as r, (for a € ).

t € T acts on A by a translation of vector v(t) € V such that X(v(t)) = —w(x(t)) for any
X € X =Y¢ and x € X or @ which are related by X = x if V = Vy or ¥ = bar(x) if V = Vg.

So, ¥(N) = WY x Y where Y is closely related to Ys ~ T/%(0): as A = w(K) = Z,
they are equal if V' = Vy and, if V = Vg, Y = bar*(Ys) is the image of Ys by the map
bar* : Ys — Homz(Q,Z) dual to bar.

So, the choice V' = V- is more pleasant. The choice V' = Vj is made e.g. in [Ch10|, [Ch11]
or [Re02| and has good properties in the indefinite case, c¢f. 2.9. They coincide both when
(@i)icr is a basis of X ® R = V5. This assumption generalizes semi-simplicity, in particular
the center of & is then finite [Re02, 9.6.2].

3.4 The group K

The group K = G should be equal to &(QO) for some integral structure of & over O cf. [GROS,
3.14]. But the appropriate integral structure is difficult to define in general. So we define K
by its generators:

The group Ny is generated by Ty = T(O) = T'N K and the elements s, for a € ® (this is
clear by 3.3). The group Uy, generated by the groups Uy = 24(O) for a € @, is in K. We
note UofE = UyNU*. In general US—L is not generated by the groups U, for a € d* [Rol2,
4.12.3a).

It is likely that K is greater than the group generated by Ny and Uy (i.e. by Uy and Tp). We
have to define groups UJ mt S UO+ and U™~ D Uj as follows. In a formal positive completion
G+ of G, we can define a subgroup UJ"*" = [Toca+ Uayo of the subgroup U™t =T], ca+ Ua
of @+, with Ut C U™t (where U, and U, are suitably defined for o imaginary). Then
Ubmt = Ut 0 G = Ut N UT. The group U™ is defined similarly with A~ using a
group Uy~ C U™ in a formal negative completion G~ of G.

Now K = Go = U™ .Uy .No = Uy .Uy .Ny  [Rol2, 4.14, 5.1]

Proposition 3.5. There is an involution 6 (called Chevalley involution) of the group G such
that O(t) =t~ for allt € T and 0(zo(u)) = 2_o(u) for all « € ® and u € K. Moreover K is
0—stable and 0 induces the identity on WY = N/T.

Proof. This involution is well known on the corresponding complex Lie algebra, see [Ka90,
1.3.4] where one uses for the generators e, a convention different from ours ([eq, e_o] = —a¥
as in [T87] or |[Re02]). Hence the proposition follows when x contains C or is at least of
characteristic 0. But here we have to use the definition of G by generators and relations.
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We see in [Rol12, 1.5, 1.7.5] that 5,(—u) = 54(u)~" and 34(u) = 5_4(u~!). So for the
wanted involution 6 we have 0(54(u)) = 5_4(u) = 54(u™!). We have now to verify the
relations between the 0(z4(u)) = z_o(u), 6(t) = t~! and 0(5,(u)) = 54(u"1). This is clear
for (KMT4) and (KMT5) (as rq = 7_4). The three other relations are:

(KMT3) (zq(u),zp(v)) = [] xv(CﬁbB.upvq) for (o, 8) € ®? prenilpotent and, for the
product, v = pa+ ¢S runs in (Zsga+Z~ofB)NP. But the integers Cgf’f are picked up from the
corresponding formula between exponentials in the automorphism group of the corresponding
complex Lie algebra. As we know that 6 is defined in this Lie algebra, we have C), ¢ == Cp, ;16
and (KMTS3) is still true for the images by 6.

(KMT6) 54(u™t) = 54.a" (u) for a simple and u € K \ {0}.

This is still true after a change by 0 as 0(3,(u™!)) = 54(u) and (—a)V(u) = " (u™1).

(KMT7) 54.25(u).5,1 = x4 (cu) if v = 74(8) and 3,4(eg) = €.e, in the Lie algebra (with

e = £1). This is still true after a change by 6 because 5,(eg) = €.e, = 54(e—_g) = €.e_, (as
ra(BY) =7Y).

So 6 is a well defined involution of G, 6(Up) = Uy, 8(No) = No and 0(Uy) = UF. But
the isomorphism @ of U onto U™ can clearly be extended to an isomorphism 6 from U™+
onto U™~ sending U onto U™, So (UL ) = UF™ and §(K) = K. As 0(34) = 3a,
6 induces the identity on W"¥ = N/T. O

Theorem 3.6. The algebra ”;QR or Hr is commutative, when it exists.

Notation: To be clearer we shall sometimes write Hg(®, K) or Hz(®,K) instead of Hp or
Hr.

Proof. The formula 6% (g) = 6(g~") defines an anti-involution (67 (gh) = 6% (h).0%(g) ) of G
which induces the identity on 7" and stabilizes K. In particular 07(GT) = 0#(KY+TTK) = G
and 0% (KAK) = KAK, VA € Y**. For ¢, € Hp and g € GT, one has: (p*v)(g) =
(*9)(07(9)) = Ypeg+ i P(R)Y(h"16%(g)). The map h s b’ = §%(h=16%(g)) = g6%(h™")
is one-to-one from G*/K onto GT /K. So, (¢ *)(g) = D oheGH/K (07 (W'~ g))y (07 (1))

Swea+x PTIOU(R) = (¥ 9)(9). O

Remarks 3.7. 1) When & is an almost split Kac-Moody group over the field K (supposed
complete or henselian) which splits over a finite Galois extension £, the hovel X.# over K exists
and embeds in the hovel .# over £ [Rol3, § 6]. Suppose that .7 intersects .#, then we may
choose 0 € X7 and the fundamental apartments A C A with the same origin 0. Suppose
moreover A stable under I' = Gal(L/K) i.e. the corresponding torus defined over K. Then it
seems clear that # commutes to I, so its restriction *6 to &(K) = &(£)" has good properties
and the above properties tell that Hz(6,K) or Hz(6,K) is commutative.

2) The commutativity of ﬁR or Hp is linked to the choice of a special vertex for the
origin 0. Even in the semi-simple case, other choices may give non commutative convolution

algebras, see [Sa63| and [KeRO7].

4 Structure constants

We come back to the general framework of § 1. We shall compute the structure constants
of Hr or Hp by formulas depending on A and the numbers gy of 1.4. Note that there are
only a finite number of them: as gy = gy, Yw € v(N) and wM (o, k) = M(wa, k), we
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may suppose M = M(«a;, k) with i € [ and k € Z. Now o € Q¥ C Y; as a;(o)) = 2
the translation by « permutes the walls M = M(w;, k) (for k € Z) with two orbits. So
Y has at most two orbits in the set of the constants qps(q, r), those of ¢; = gpr(a,0) and
4 = qM(as,+1)- Hence the number of (possibly) different parameters is at most 2.|I|. We

denote by Q@ = {q1, - ,q1,¢} = @41, -+ ,q] = g2} this set of parameters.

4.1 Centrifugally folded galleries of chambers

Let z be a point in the standard apartment A. Let ®, be the set of all roots a such that
a(z) € Z. Tt is a closed subsystem of roots. Its associated Weyl group W, is a Coxeter group.

We have twinned buildings .#;" (resp. ., ) whose elements are segment germs [z,y) =
germy([x,y]) fory € I,y # x, y > x (resp. y < x). We consider their unrestricted structure,
so the associated Weyl group is W? and the chambers (resp. closed chambers) are the local
chambers C' = germ,(z + C) (resp. local closed chambers C = germ,(z + C?)), where C”
is a vectorial chamber, c¢f. [GR08, 4.5] or [Roll, § 5|. To A is associated a twin system of
apartments A, = (A, A).

We choose in A} a negative (local) chamber C; and denote C; its opposite in A}. We
consider the system of positive roots ®* associated to C;f (i.e. d+ = wq);f, if ‘1>}L is the system
®+ defined in 1.1 and C;f = germy,(x + wC?7)). We note (;)ics the corresponding basis of ®
and (r;);er the corresponding generators of W?.

Fix a reduced decomposition of an element w € WY, w = r; ---r; and let i =
(i1, ...,7-) be the type of the decomposition. We consider now galleries of (local) cham-
bers ¢ = (C,,C,...,C,) in the apartment A starting at C, and of type i. The set
of all these galleries is in bijection with the set I'(i) = {1,7;} x --- x {1,r;.} via the

map (c1,...,¢) = (Cp,a1Cy,.,c1---¢.Cp). Let Bj = —c1---cj(ay;), then B; is the root
corresponding to the common limit hyperplane M; = Mg, of Cj—1 = ¢1---¢;—1C; and

Cj = c1---¢;C; and satisfying to 3;(C;) > Bj(x) (actually M; is a wall < f; € &,). In
the following, we shall identify a sequence (cy, ..., ¢,) and the corresponding gallery.

Definition 4.2. Let 9 be a chamber in Af. A gallery ¢ = (cy,...,¢,) € T'(i) is said to
be centrifugally folded with respect to Q if ¢; = 1 implies §; € ®, and w51 Bj < 0, where
wq = w(C;f,Q) € WY (i.e. Q = wqC,;). We denote this set of centrifugally folded galleries
by TH(3i).

Proposition 4.3. A gallery ¢ = (C,,C4,...,C,) € T'(i) belongs to Ig(i) if, and only if,
Cj = Cj_1 wmplies that M; = Mg, is a wall and separates Q from Cj = Cj_1.

Proof. We saw that M is a wall <= ; € ®,. We have the following equivalences:

(M; separates Q from C; = Cj_1) < (wgle separates C from wgle = wgle,l) =
(wglﬁj is a negative root). O

The group G, = G, /G 4, acts strongly transitively on .#,” and .#,. For any root a € ®,
with a(xz) = k € Z, the group Uy = Uy /Uqs k41 is a finite subgroup of G, of cardinality
Qz,0 = AM(a,—a(z)) € Q- We denote by u, the elements of this group.

Next, let pg : Z, — A, be the retraction centered at 3. To a gallery of chambers
c=(c1,.y¢r) = (C;,Ch,...,Cp) in T'(i), one can associate the set of all galleries of type i
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starting at C; in %, that retract onto ¢, we denote this set by Cq(c). We denote the set of
minimal galleries in Cq(c) by CZ'(c). Set

g if wg'B; > 0 or B & @, X
95 = ucj(aij)cj if wglﬁj < 0 and ,8]‘ € d,. ( )
Proposition 4.4. Cq(c) is the non empty set of all galleries (C; = C{,C1,...,C}) where
Vj: C}=g1---g;C; with each g; chosen as in (1) above. For all j the local chambers Q and
C} are in the apartment gy - - - g;A;.

The set CF(c) is empty if, and only if, the gallery c is not centrifugally folded with respect
to Q. The gallery (C;, = C{,C1,...,C}) is minimal if, and only if, ¢; # 1 for any j with
wglﬁj >0 or Bj € ®, and Ue(a;,) # 1 for any j with c; =1 and wglﬁj < 0.

Remark. For g; as in equation (1) we may write g; = wu,, (0i,) € (with w, (ai,) = 1 if
wglﬁj > 0or B; ¢ ®,). Then in the product g;---g; we may gather the ¢; on the right
and, as ci---cp(@i,) = —Bk, We may write g1---g; = u_p, ---u_g;.c1---c;. Hence C} :=
g1+ 9;C; =u_p,---u_g,C;. When u_g, # 1 we have [ € &, and wglﬂk < 05 so it is clear
that ,OQ(C]/) = Cj.

The gallery (C; = Cj,C1, ...,CL) (of type i) is minimal if, and only if, we may also write
(uniquely) C]’~ = Ueagy Uy (i) " Uy ey, (—agy) T T T (Cy) = hi---hjry -1, (CF)
with hy = vy, e (—ai) € Upyoriy (—aiy) (which fixes C;). In particular, C} € hy -~ hjA,.
But this formula gives no way to know when pQ(C]{) = (. We know only that, when g € ®,
i.e. riy o1, (—ou,) & Py, we have necessarily hy = 1.

Proof. As the type i of (C; = C{,CY1,...,C}) is the type of a minimal decomposition, this
gallery is minimal if, and only if, two consecutive chambers are different. So the last assertion
is a consequence of the first ones. We prove these properties for (C; = C{,C1, ...,C]’») by
induction on j. We write in the following just Hj for the common limit hyperplane Hg, of
C;—1 and Cj of type i;.

There are five possible relative positions of Q, C7 and Cj with respect to H; and we seek
O} with pg(C}) = Cy and C] D C; N Hy.

0) f1 = —c1au, € Dy, then Hyp is not a wall, each C] with F{ D Cz N Hy is equal to Cf
or 1;,C; and C] or C are contained in the same apartments. So C] = C; = ¢;C; C1 and
Q are in g1A, = A, with g; = ¢;. When C] = C, we have ¢; = 1 and c is not centrifugally
folded.

We suppose now 31 € &, so H; is a wall.

1) C; is on the same side of Hy as Q and C; not, then ¢; = r;y, /1 = a4y, w51ﬁ1 < 0,
Cl = 10y = u—q,; 7i,C; = u_q, C1. But u_,, pointwise stabilizes the halfspace bounded
by Hj containing C;, hence u_q, (Q) = Q and C] are in the apartment g1A,.

2) Q and C,; = C} are separated by Hy, then ¢; =1, 51 = —ay,, w51ﬁ1 <0,C1=qC; =
Uq; Oy but uq, pointwise stabilizes the halfspace bounded by H; not containing C, hence
9 and O] are in the apartment g1 A,.

3) C1 is on the same side of H; as Q and C, not, then ¢; =7, /1 = a4y, w51ﬁ1 > 0 and
C] has to be C1 so g1 = ¢1 =14y, wgl(ail) > 0, moreover Q and C] = r;; C,; = Cy are in the
apartment g1A,.
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4) 9Q and C; = C] are on the same side of H;. Then ¢; = 1 and w5151 > 0; the gallery c
is not centrifugally folded. So pQ(C’{) Cy implies C] = C; = ¢1C, with g1 =¢; =1 as in
(1). But the gallery (C; = Cp, C1, ..., C}) cannot be minimal.

By induction we assume now that the chambers £ and C 1 =g1---9;—1C, are in the
apartment A;_1 = g1 ---g;—1A;. Again, we have five p0881ble relative positions for Q,Cj_;
and Cj with respect to H;. We seek C? with pq(C}) = C; and C D C 4 Ngr- gj_lHaij.

0) Bj = —c1 -+~ cjay; & Py, then Hj is not a wall, each C’ with C" ) C’ _Nag1-- gj,lHaij
is equal to C}_; = g1---g;—1Cy or g1+ gj—17i;Cy; moreover C} or C’ _, are contained in
the same apartments. So C} =g1--gj—1¢;C, and Q are in g; - ngm = g1+ gj—1A,; with

gj = ¢j. When O = C’_;, we have ¢; = 1 and c is not centrifugally folded.
We suppose now 3; € ®,, so H; is a wall.
1) Cj_1 is on the same side of H; = cl---cj,lHaij as Q and Cj not, then ¢; = Tij
Bj =c1--cjo1a, wglﬁj < 0. Moreover £ and C'J'-f1 are on the same side of gy - - - gj_lHaij
n Aj—l; and

Cj/ e gl PRPe gj_lu_aij Tij C;
g1 gjrta, 73 (91 gj-1) MOy
g1 Gj-1U—ay; (g1~ gjfl)_ g1 g]—lﬁ'j(gl“‘gjfl)_lcg,‘—l’

where g1 -+ - gj—17; (g1 - -gj_l)*lCLl is the chamber adjacent to C]’» along g - - -gj_lHaij in
Aj_1. Moreover, g -+ gj_1u— o, (91 gj— 1)~! pointwise stabilizes the halfspace bounded by
g1 gj,lHaij containing C" 1 and 9. So 9 and C” are in the apartment gy - -- g;jA,.

2) Cj—1 = Cj and Q are separated by Hj, then ¢; =1, 8 = —c1 -+~ ¢cj10y,, wglﬂj < 0.
Moreover CJ’;l and £ are separated by g1 - - -gj,lHaij in A;_1, and Q and the chamber

g1 gj-17i; (g1 gjfl)flc]/'q

are on the same side of this wall. For U, #1

Ci=g1-- gj—1Uay, Cy =g gj—1Uay, (g1~ 'gjfl)_lc;—l

is a chamber adjacent (or equal) to Cj_; along gi- gj_lHaij = gl---gj_luainaij in
g1+ g;A; (with g; = U, ).

The root-subgroup g; - - - gj_anij (g1~ gj_l)*l pointwise stabilizes the halfspace bounded
by g1---gj-1Ha,, and containing the chamber gy - - g;_17y, (g1 '93‘—1)710]'-,1- So 9 and C]
are in the apartment g; - -- g;jA,.

3) C; is on the same side of H; = 01"'Cj—1Ha,-j as 9 and Cj_1 not, then ¢; = Tijs
Bj = c1--ci1ay,, wglﬁj > 0. and so C]’~ =g1---gj-17;;C; . Whence Q and C} are in the
apartment gp - -- g;A;.

4) Cj—1 = C; and Q are on the same side of H; = 01"'Cj—1Haij, then ¢; = 1, B;
—c1 -0 ¢j-10; and wglﬁj > 0. The gallery c is not centrifugally folded. So pQ(C]{) = Cj
implies C} = C]_; = g1---¢g;C, with g; = ¢; = 1 as in (1). But the gallery (C, =
Co, C1, .., C}) cannot be minimal. O
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Corollary 4.5. Ifc € Fg(i), then the number of elements in CZ(c) is:

t(c) r(c)
1€ (c) = H Q. < H(qﬁ -1
k=1 =1

where q; = qup, = Gz, € Q, te) = #{j | ¢ = ri;,8; € @, and wglﬁj < 0} and
r(c)=8{j|¢;=1,5; € &, and wglﬂj < 0}.

4.6 Galleries and opposite segment germs

Suppose now x € AN.ZT. Let £ and 7 be two segment germs in A}. Let —n and —¢ opposite
respectively n and ¢ in A/. Let i be the type of a minimal gallery between C, and C_g,
where C_¢ is the negative (local) chamber containing —¢ such that w(C; , C_¢) is of minimal
length. Let  be a chamber of A containing 1. We suppose ¢ and 7 conjugated by WY.

Lemma. The following conditions are equivalent:

(i) There exists an opposite ¢ to n in -~ such that p, - (¢) = —¢.

(ii) There exists a gallery ¢ € T§ (i) ending in —1.

(i) & < wen (in the sense of 1.8, with ®T defined as in 4.1 using Cy ).

Moreover the possible ¢ are in one-to-one correspondence with the disjoint union of the
sets C3'(c) for c in the set I’g(i, —n) of galleries in Fg(i) ending in —n. More precisely, if
m € Cq(c) is associated to (hi,--- ,hy) as in remark 4.4, then ¢ = hy - hy(=§).

Proof. If ( € #_ opposites n and if Pa,.cr () = —¢&, then any minimal gallery m =
(Cy, My, ...,M, > () retracts onto a minimal gallery between C; and C_¢. So we can as
well assume that m has type i = (41, ...,%,) and then { determines m. Now, if we retract m
from 9, we get a gallery ¢ = ps, o(m) in A starting at C}, ending in —n and centrifugally
folded with respect to Q.

Reciprocally, let ¢ = (C,,Ch,...,C,) € F;S(i), such that —n € C).. According to proposition
and remark 4.4, there exists a minimal gallery m = (C,, C{, ..., C}) in the set Cq(c), and the
chambers C} can be described by C = g1 - -+ g;C; = hy -+ hj.ryy - - 13;,Cy where each hy, fixes
Cy , hence p, - restricts on C? to the action of (hy---h;)~

Let ¢ € C/ opposite n in any apartment containing those two. The minimality of the
gallery m = (C, (1, ...,C) ensures that Pp,.c-(C) € C_g; hence py - (¢) = =€ as they are
both opposite n up to conjugation by W,.

So we proved the equivalence (i) <= (ii) and the last two assertions.

Now the equivalence (i) <= (iii) is proved in [GRO8, Prop. 6.1 and th. 6.3]: in
this reference we speak of Hecke paths with respect to —C}’, but the essential part is a local
discussion in .#, (using only C; and the twin building structure of .#;) which gives this
equivalence. O

4.7 Liftings of Hecke paths

Let m be a A—path from 2/ € YT to y € YT entirely contained in the Tits cone 7, hence
in a finite union of closed sectors wC_}’ with w € WY, By |GROS8, 5.2.1], for each w € W"
there is only a finite number of s €]0, 1] such that the reverse path 7(t) = m(1 — t) leaves,
in m(s), a wall positively with respect to —wC_}’, i.e. this wall separates m_(s) from —wC_}’.
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Therefore, we are able to define £ € Nand 0 < ¢t; < to < --- < t; < 1 such that the z; = m(tx),
k € {1,....,¢} are the only points in the path where at least one wall containing z; separates
7_(t) and the local chamber c¢_ of 1.9.2.

For each k € {1,...,£} we choose for C; (as in 4.1) the germ in zj of the sector of vertex
21, containing ¢_. Let ij be a fixed reduced decomposition of the element w_(t;) € W" and
let 9 be a fixed chamber in f;); containing 1y = w4 (tx). We note —& = m_(tx). When 7 is
a Hecke path (or a billiard path as in [GRO8|), & and 7, are conjugated by W7 .

When 7 is a Hecke path with respect to ¢_, {z1,---, 2/} includes all points where the
piecewise linear path 7 is folded and, in the other points, all galleries in I’gk (ix, —ny) are
unfolded.

Let S._(m,y) be the set of all segments [z, y] such that p._([z,y]) = 7.

Theorem 4.8. S._(m,y) is non empty if, and only if, ™ is a Hecke path with respect to c_.
Then, we have a bijection

V4
Sy =[] 11 ca

k=1 cngk (i, —7k)

In particular the number of elements in this set is a polynomial in the numbers q € Q with
coefficients in Z>o depending only on A.

N.B. So the image by p._ of a segment in £ is a Hecke path with respect to ¢_.

Proof. The restriction of p._ to %, is clearly equal to p, - ; so the lemma 4.6 tells that =
Zk7 Zk

is a Hecke path with respect to ¢_ if, and only if, each ng(ik, —1) is non empty.
We set tg = 0 and tp1; = 1. We shall build a bijection from Sc_(m,_,15,¥) onto

Hf;:n Hcngk(ik,—nk)Cng(c) by decreasing induction on n € {1,--- £+ 1}. Forn = £+ 1

and if ty # 1, no wall cutting 7([ty, 1]) separates y = w(1) from ¢_; so a segment s in % with
s(1) =y and p,_ o s = 7 has to coincide with 7 on [ts, 1].
Suppose now that s € Sc_(m[tn,l]ay) is determined, in the following way, by a unique

. ¢ . .
element in [[;_, ., Hcefgk (i) Cn (c): For an element (my, 41, my, 2, ..., my) in this last set,

oy ck, ..., ka) is a minimal gallery given by a sequence of elements (h¥, ..., hffk) €
(G.,)™, as in remark 4.4 and, for t € [t,,, t,+1], we have s(t) = (hli...hfe) - (RTLRP)(t)

Tn41

k . . TT
where actually each A7 is a chosen element of Ufnl---nj,l(aij) whose class in U —riyr (o))

each my = (C

is the hf defined above; in particular each h;‘? fixes c_.
We note g = (h{..hL,) -+ (WP ALYy € Ge_. Then g 's(ty) = 7(tn) = 2n.

Tn+1

If s € Sc_(mt,_,,1,y) and sy, 1) is as above, then g~ 's_(t,) is a segment germ in I
opposite g7's, (t,) = 74 (t,) = 1, and retracting to m_(¢,) by p._. By lemma 4.6 and the
above remark, this segment germ determines uniquely a minimal gallery m,, € CJ (c) with
ce I‘gn(in, —1n).

Conversely such a minimal gallery m,, determines a segment germ ( € .7, , opposite
T4 (tn) = mn such that p, - (¢) = 7—(tn). By lemma 4.6, ¢ = (h7...h7 )m_(t,) for some
well defined (Y, ,h? ) € (G.,)™. As above we replace each g7 by a chosen element of
G(2,uc_) whose class in G, is this 95 As no wall cutting [z,_1, z,,] separates z, = 7(t,)
from ¢_, any segment retracting by p._ onto [z,-1,2,] and with [z,,2) = 7_(t,) (resp.
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— = g0) is cqual t0 (51, 5] (resp. (i, ons,2a) o(hf,onor.2a]). We set
s(t) = (hf..hL,) -+ (R LR ) (BB )7 (t) for t € [ty_1, ).

With this inductive definition, s is a A—path, s(1) = y, p._ os = m and s|,_, 4] Is a

segment Vk € {1,...,+1}. Moreover, for k € {1, ..., ¢}, the segment germs [s(tx), s(tx+1)) and

[s(tx), s(tx—1)) are opposite. By the following lemma this proves that s itself is a segment. [

Lemma 4.9. Let z,y, z be three points in an ordered hovel .7, with x < y < z and suppose
the segment germs [y, z) , [y,x) opposite in the twin buildings #,. Then [x,y] U [y, 2| is the
segment [x, z].

Proof. For any u € [y,z], we have z < y < u < 2, hence z and [u,y) or [u,z) are in a
same apartment [Roll, 5.1]. As [y,z] is compact we deduce that there are points uy =

y,u1, - ,up = z such that = and [u;_1,w;] are in a same apartment A;, for 1 <7 < {. Now Ay
contains z and [y, u1], hence also [z,y] (axiom (MAO) of Lc. ). But [y,z) and [y,u;) = [y, 2)
are opposite, so [z,y| U [y, u1] = [z, u1]. The lemma follows by induction. O

Remark 4.10. The same things as above may be done for the retraction p_, instead of p._:
for all  we choose C;7 = germy(x — C7). For a A—path 7 in A from 2’ to y, [GR08, 5.2.1]
tells that we have a finite number of points z; = 7(t;) where at least a wall is left positively
by the path 7(t) = m(1 —t). We define as above i, Qp, nx and €. Now S_o(m,y) is the set
of all segments [z, y] such that p_([z,y]) =7

In [GRO8, Theorems 6.2 and 6.3], we have proven that S_..(7,y) is nonempty if, and only
if, m is a Hecke path with respect to —C?%. Moreover, we have shown that, for .# associated to
a split Kac-Moody group over C((t)), S—_oo(m,y) is isomorphic to a quasi-affine toric complex
variety. The arguments above prove that, with our choice for .#, S_ (7, y) is finite, with the
following precision (which generalizes to the Kac-Moody case some formulae of [GL11]):

Proposition 4.11. Let 7w be a Hecke path with respect to —C}) from 2’ toy. Then we have a
bijection:

)4
=]l I c&©

k=1 cngk (k=)

In particular the number of elements in this set is a polynomial in the numbers q € Q with
coefficients in Z>o depending only on A.

Theorem 4.12. Let \,pu,v € YT, ¢_ the negative fundamental alcove and suppose (o )icr
R*—free. Then

a) The number of Hecke paths of shape p with respect to ¢_ starting in 2’ = w (for some
w € WY fizing 0) and ending in y = v is finite.

b) The structure constant my ,(v) i.e. the number of triangles [0, z,v] in & with d,(0, z) =
A and dy(z,v) = p is equal to:

mauv) = ) ZH > 8 (o) (2)

weEWv /(W) 7T k=1 CEFEk(ik,—nk)

where ™ runs over the set of Hecke paths of shape p with respect to ¢ from wA to v and £y,
ng(ik, —ni) and CF (c) are defined as above for each such .

¢) In particular the structure constants of the Hecke algebra Hp are polynomials in the
numbers g € Q with coefficients in Z>qo depending only on A.
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Proof. We saw in 2.3.1 that my ,(v) is the number of z € % such that d,(0,2) = X and
dy(z,v) = p. Such a z determines uniquely a Hecke path m = p._([#,v]) of shape p with
respect to ¢_ from 2’ = p._(z) to v. But d,(0,2) =X and 0 € ¢_, s0 d,,(0,2) = X i.e. 2/ = wA
with w € W*. So the formula (2) follows from theorem 4.8.

We know already that m ,(v) is finite (2.5) and Sc_(m,y) # 0 (theorem 4.8), hence a) is
clear. Now c) follows from corollary 4.5 O

Remark 4.13. The commutativity of ﬁR or Hp corresponds to polynomials identities (de-
pending on A) in the variables ¢ € Q. In the homogeneous case (where all ¢ € Q are equal)
and for A associated to a RGS as in 3.1 we saw that these identities are verified for ¢ a power
of a prime number; hence for any gq.

So, for any choice of a homogeneous hovel with the same A and Y, ”;QR or Hp are still
commutative.
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