Introduction

Sandwich plates being more and more involved in structural components, it becomes essential to develop analysis tools taking their specificities into account.

In this paper, we present some computational methods developed in order to describe the mechanical behaviour of sandwich plates in a more realistic way. Emphasis has been put on the determination of stresses at the interfaces between the skins and the core which have in general very heterogeneous mechanical properties.

A sandwich plate is a 3-layer laminate, whose layers have very different mechanical properties: the skins are generally very stiff and work in membrane, whereas the core, which has low stiffness and density, is subjected to shear efforts. It yields quite particular behaviour and failure modes (crack modes, instability modes, local denting...), as explained in [START_REF] Teti | Mechanical behavior of structural sandwiches[END_REF].

The main points of our sandwich modelling are the following:

transverse shear effects are taken into account: this point is extremely important since the core is only subjected to shear loading; the continuity of displacements and the equilibrium state of stresses at each interface of layers are fulfilled: these conditions ensure the physical interface condition; large differences of the geometrical and mechanical properties between layers are correctly modelized; the relative magnitudes of stresses: the plane stress assumption used in the classical theory of laminated plates is not acceptable for sandwich plates.

Computation of stresses at interfaces is of particular importance for sandwich panels submitted to flexural bending. Nevertheless, it remains difficult to calculate these quantities in a accurate way: at the interfaces, only some components of stresses are continuous. We also face the problem of working with "reduced" stress fields ("reduced" means "which does not contain all the components"). For this purpose several approaches have been developed and are presented in this paper.

Hybrid sandwich finite elements

In this section, we present the development of different special finite elements taking the aforementioned points into account.

Classical finite elements in displacements yield a correct displacement field, but cannot fulfill the equilibrium state of stresses, which are derived from displacements. On the other hand, mixed formulations, such as Reissner's one, which use both displacement and stress fields as variables, lead to the continuity of all components of both fields: these models induce too high number of degrees of freedom and non-required continuities.

Therefore, it is necessary to develop methods leading to the continuity of only required components. For this purpose, we introduced a reduced stress field as unknown. It can be done by insuring the displacements continuity at the interfaces by Lagrange multipliers; these multipliers are easily identified as the reduced stress field. The developed hybrid sandwich elements are initially composed of three sub-elements through the thickness, exactly as a sandwich plate. The displacement field is interpolated quadratically in each layer to take flexural effects into account in a better way. We developed two families of hybrid sandwich elements. In the first type, we use the functional of the potential energy in each sub-layer and ensure the displacement continuity at interfaces with Lagrange multipliers representing the reduced stress field. In the second case, we use the condensed Pian and Tong functional in each sub-domain and Lagrange multipliers to ensure the displacements continuity. These functionnals can be found in [START_REF] Washizu | Variational methods in elasticity and plasticity[END_REF].
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The first hybrid sandwich element leads to a non-symmetrical and non definite-positive stiffness matrix, the second one to a symmetrical but non definite-positive stiffness matrix, which is typical of mixed systems. Variational principles used by these elements are given in [START_REF] Manet | La modélisation des plaques sandwich par éléments finis hybrides et ses applications, Actes du troisième colloque national en calcul des structures 2[END_REF].

We use the term "hybrid" because the displacement field in approximated in the volume and Lagrange multipliers only along interfaces. We do not use the term "mixed hybrid" even if we have two types of unknowns (displacements and Lagrange multipliers) to point out that Lagrange multipliers are not a physical field (although they have a physical meaning).

Post-processing

Specials finite elements lead to "non-usual" stiffness matrices, in particular non definite-positive matrices. So, their implementation in commercialized FEM softwares is sometimes difficult.

STRESS PROJECTION

As an alternative solution, we developed a "stress-projection" method in order to improve the results obtained by displacement finite elements.

This method, initially proposed by [START_REF] Zienkiewicz | The Finite Element Method 1[END_REF], permits to improve the accuracy of nodal stresses extrapolated from stresses derived from the displacements at Gauss points.

The principle of the method is to minimize the difference between the stresses obtained from displacements and the stresses issued from a mixed formulation, in each element.

For sandwich structures, problems arise from the high heterogeneity of mechanical properties between the skins and the core. The computation of stresses at the interfaces cannot be done so easily, otherwise stresses would not fulfill the equilibrium state. We use the stress projection method, not on one element, but on two elements on each side of an interface, so that the integration volume includes the interface. In such a case, the calculated stress field fulfills the equilibrium state.

In the displacements formulation, stresses are obtained from nodal displacements {q} by: {σ u } = [D] [L] [N u ] {q}, where [D] is the generalized Hooke's matrix and [N u ] the matrix of shape functions. In a mixed formulation, stresses are obtained directly from nodal stresses {τ } by: {σ m } = [N σ ] {τ }. If we now minimize the difference Ω {σ m }-{σ u } dΩ after having premultiplied by [N σ ] T , we reach:

[M σ ] {τ } = {P u } with: [M σ ] = Ω [N σ ] T [N σ ] dΩ and {P u } = Ω [N σ ] T [D] [L] [N u ] dΩ {q} Hence: {τ } = [M σ ] -1 {P u }
Contrary to [START_REF] Zienkiewicz | The Finite Element Method 1[END_REF], we perform the minimization process on two elements on each side of an interface, so that the result will yield a stress field which fulfills the force equilibrium state.

LOCAL REISSNER

Reissner's mixed formulation, as that of Pian and Tong, leads to a stiffness matrix in which the stress field can be condensed: the stress field does no more belong to the set on global unknowns, and is therefore discontinuous. This condensed method leads to the displacement field and is equivalent to the classical displacement method.

A post-processing method (in fact a decondensation method) can then be applied to retrieve the stress field, but once again on two elements:

{τ } = [A] -1 [B] {q}
in order to fulfill force equilibrium state at interfaces, with:

[A] = Ω [N σ ] T [S] [N σ ] dΩ and [B] = Ω [N σ ] T [L] [N u ] dΩ
This method is mathematically equivalent to the previous one.

Applications

In this section, we only present two simple examples. More results concerning hybrid sandwich elements can be found in [START_REF] Manet | La modélisation des plaques sandwich par éléments finis hybrides et ses applications, Actes du troisième colloque national en calcul des structures 2[END_REF]).

In the following, "Sandwich" denote solutions obtained with our hybrid sandwich elements (for legibility, these two elements are merged because their results are very close); "Disp." is the solution obtained with classical finite elements in displacements without post-processing; "P-P" denotes results obtained with the post-processing methods (the stress projection and local Reissner methods yield very close results).

A SANDWICH BEAM

We consider a simply supported beam, with total length L and total height H, under uniform pressure as shown in figure 2. The analytical solution is given in [START_REF] Lerooy | Calcul des contraintes de cisaillement transversales dans les structures modérement épaisses[END_REF]. The core represents 80% of the total thickness, and L/H = 12. The transverse shear stress distribution through the thickness is shown in figure 4.a. The result for the classical finite element method is not plotted, because this component is not continuous. > 0 for better legibility. This component does not have to be continuous at the interfaces. This figure shows that Reissner's method leads to a exceeding continuity. Our elements and post-processing methods give an appropriate shape of this discontinuous component.
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From figures 3 and 4 it is clear that the presented methods yield results in agreement with the theory, for displacements as well as for the stress distribution through the thickness, and especially at interfaces.

A SANDWICH PLATE

We now extend the previous example to 3D. Let us consider a simply supported square plate under uniform pressure, as shown in figure 5. The core represents 80% of the total height H, and L/H = 12, with L the length of the side of the plate. The reference solution is given in [START_REF] Pagano | Exact solutions for rectangular bidirectional composites and sandwich plates[END_REF]. simply supported uniform pressure 

Conclusion

The two different approaches, the hybrid sandwich finite elements and the post-processing, have been presented and assessed. From that, we can draw the following conclusion:

both methods give good results for displacements as well as for stresses: i) only required stress components are continuous at the interfaces and the force equilibrium state is fulfilled; ii) at the free edge of structures, the normal stress vector, σ ij n j , converges to zero. The hybrid sandwich finite elements are formulated without assumption of the theory of laminated plates. Even though they have a little higher number of degrees of freedom, they represent mechanical behaviours of the sandwich plates in a more realistic way. the post-processing methods permit to use directly the displacement results obtained by any existing FEM softwares.

The computing time of the present post-processing methods is a little higher than the direct computation, which uses only shapes functions ({σ} = [D] [L] [N u ] {q}) but has been shown to be numerically the worst, as explained in [START_REF] Hinton | Local and global smoothing of discontinuous finite element functions using a least squares method[END_REF]. Most of FEM programs use more sophisticated methods, generally a local least square method (ANSYS for example) to compute nodal stresses. The present post-processing methods have the same computation time as these methods, but obtains the same accuracy with fewer elements. We can emphasize that the two present approaches permit to calculate displacements and stresses in an accurate way, and that they can be easily implemented in existing FEM softwares.
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