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PLANE WAVEGUIDES WITH CORNERS IN THE
SMALL ANGLE LIMIT

MONIQUE DAUGE AND NICOLAS RAYMOND

ABSTRACT. The plane waveguides with corners considered here are infinite V-shaped strips
with constant thickness. They are parametrized by their sole opening angle. We study the
eigenpairs of the Dirichlet Laplacian in such domains when their angle tends to 0. We provide
multi-scale asymptotics for eigenpairs associated with the lowest eigenvalues. For this, we
investigate the eigenpairs of a one-dimensional model which can be viewed as their Born-
Oppenheimer approximation. We also investigate the Dirichlet Laplacian on triangles with
sharp angles. The eigenvalue asymptotics involve powers of the cube root of the angle, while
the eigenvector asymptotics include simultaneously two scales in the triangular part, and one
scale in the straight part of the guides.

1. INTRODUCTION AND MAIN RESULTS

1.1. Motivations and related questions. Quantum waveguides refer to meso- or nanoscale
wires (or thin sheets) inside electronic devices. They can be modelled by one-electron Schro-
dinger operators with potentials having high contrast in their values. In many situations, such
Schrédinger operators can be approximated by a simple Laplace operator with Dirichlet condi-
tions on the boundary of the wires [14]. The presence of bound states is an undesirable effect
which is nevertheless frequent and useful to predict. The same Laplace-Dirichlet problems
arise for TE modes in electromagnetic waveguides [9].

This is a well-known fact, from the papers [15, 14, 10, 11], that curvature makes discrete
spectrum to appear in waveguides. Moreover the analysis of this spectrum can be accurately
performed in the thin tube limit (in dimension 2 and 3, see [14, Section 5]). In fact, this
asymptotical regime corresponds to a semiclassical limit so that the standard techniques of
[22] could have been used to investigate that problem.

Curvature inducing discrete spectrum, this is then a natural question to ask what happens
in dimension 2 when there is corner (infinite curvature): does discrete spectrum always ex-
i1st? This question is investigated with the L-shape waveguide in [16] where the existence of
discrete spectrum is proved. For an arbitrary angle too, this existence is proved in [3] and an
asymptotic study of the ground energy is done when 6 goes to 5 (where 6 is the semi-opening
of the waveguide). Another question which arises is the estimate of the lowest eigenvalues in
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2 MONIQUE DAUGE AND NICOLAS RAYMOND

the regime # — (. This problem is analyzed in [9] through matched asymptotic expansions
and electromagnetic experiments. This is precisely the question we tackle in this paper: We
are going to prove rigorous and complete asymptotics for the eigenpairs in plane waveguides
with corner (also called “broken strips™) as 6 tends to 0. We have provided in [13] numerical
experiments by the finite element method for this situation too.

For the case of dimension 3, we can cite the paper [17] which deals with the Dirichlet
Laplacian in a conical layer. In this case, there is an infinite number of eigenvalues below the
essential spectrum. The other initial motivation for the present investigation is our previous
work [4] in which we study the Neumann realization on RY = {(s,t) € R? : ¢ > 0} of the
Schrodinger operator —9? — 9?7 + (t cos 6 — s sin §)? in the regime 6 — 0 (see also [26, 23]). Tt
turns out that the lowest eigenfunctions of this operator are concentrated near the cancellation
line of the potential as it is confirmed by numerical experiments which also enlighten the link
between a confining electric potential and a strip with Dirichlet boundary conditions.

While performing our analysis of plane waveguides with corners, we will precisely study the
Dirichlet problem on an isosceles triangle with a small angle. This subject is already dealt with
in [18, Theorem 1] where four-term asymptotics is proved for the lowest eigenvalue, whereas
a three-term asymptotics for the second eigenvalue is provided in [18, Section 2]. Finally,
we can mention the papers [19, 20] whose results provide two-term asymptotics for the thin
rhombi and also [5] which deals with a regular case (thin ellipse for instance), see also [6].

1.2. The Dirichlet Laplacian on the broken guide. Here we introduce the family of broken
guides €2y, parametrized by the angle #, and give basic properties of the spectrum of the positive
Laplacian with Dirichlet condition in §24. Then we state our main result related to the behavior
as @ — 0 of the Rayleigh quotients fig,i,(¢) of these operators.

1.2.1. Basic properties. Let us denote by (x1, z5) the Cartesian coordinates of the plane and
by 0 = (0,0) the origin. The positive Laplace operator is given by —9? — 92. The domains
of interest are the “broken waveguides” which are infinite V-shaped open sets: For any angle
6 € (0,Z) we introduce

(1.1) Qp = {(xl,xg) € R?: z tanf < |1y < <x1 + L@) tan@} )
sin

Note that its width is independent from #, normalized to 7, and 6 represents the (half) opening
of the V, see Fig. 1. The limit case where § = 7 corresponds to the straight strip (—,0) x R.
The aim of this paper is the investigation of the lowest eigenvalues of the positive Dirichlet
Laplacian Ag'" in the small angle limit 6 — 0.

The operator Agg is a positive unbounded self-adjoint operator with domain

Dom(AgQ") = {v € Hy(Q) : A € L*(Q)}.

When 0 € (0, g), the boundary of {2y is not smooth, it is polygonal. The presence of the
non-convex corner with vertex O is the reason for the space Dom(ABZ) to be distinct from
H? N H} (). Nevertheless this domain can be precisely characterized as follows. Let us
introduce polar coordinates (p, ) centered at the origin, with ¢ = 0 coinciding with the upper

part x5 = x1 tan 6 of the boundary of €2y. Let x be a smooth radial cutoff function with support
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FIGURE 1. The broken guide €2y (here § = ). Cartesian and polar coordinates.

in the region x; tanf < |xs| and y = 1 in a neighborhood of the origin. We introduce the
explicit singular function

(12) ,lvbseing(xla $2) = X(p) pﬂ—/w sin Ea with w = 2(7T - 9)
w

Then there holds, see the classical references [25, 21]:
(1.3) Dom(AQ") = (H? N Hy(Qp)) & [15]

0
sing

When 0 = %, we simply have Dom(Agr) = H? N Hj ().
We gather in the following statement several important preliminary properties for the spec-

trum of ABZ. All these results are proved in the literature. We briefly indicate hereafter what
are the main arguments of the proofs, and where details can be found.

0

where 1], ] denotes the space generated by ¢, .

Proposition 1.1. (i) If 0 = 3, Agg has no discrete spectrum. Its essential spectrum is the
closed interval |1, +00).

(ii) For any 0 in the open interval (0,%) the essential spectrum of Agi; coincides with
[1, +00).

(iii) For any 0 € (0, §), the discrete spectrum of Ag: is nonempty and finite. In other words,
Agf; has at least one eigenvalue below 1, but a finite number of them.

(iv) For any 0 € (0, %) and any eigenvalue in the discrete spectrum of ABL', the associated
eigenvectors 1) are even with respect to the horizontal axis: 1(x1, —x3) = ¥(x1, x2).

(v) Forany 0 € (0, %), let piguin(0), n = 1,..., be the n-th Rayleigh quotient ongf;. Then,
forany n > 1, the function 0 — Ly (8) is continuous and increasing.

Proof. (i) is a clear consequence of the separation of variables in {2/ = (—7,0) x R.

(ii) is a consequence of the fact that outside a compact set, {2y is the union of two strips
isometric to (0, +00) x (0, ).

(ii1) The fact that there are eigenvalues below the essential spectrum is known since [3]. See
also in [13, §4] another proof based on a more general argument developed in [14, 10, 11] for
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waveguides with curvature. The fact that there is only a finite number of such eigenvalues is
proved in [13, §5] using a similar method as [28, Theorem 2.1].

(iv) Since the domain and the operator are invariant by the symmetry x5 — —x5, the eigen-
vectors are even of odd with respect to the horizontal axis. An argument of monotonicity for
Dirichlet eigenvalues excludes the odd eigenvectors, see [13, §2.2] for details.

(v) The monotonicity of the Rayleigh quotients is a consequence of the previous point and a
suitable change of variable which transform the operator —A in a domain depending on # into
an operator depending on € on a fixed domain, see [13, §3] for details. U

1.2.2. Statement of the main result. If we let A(x) = Ai(—x), where Ai is the standard Airy
function, then we can consider za(n) the n-th zero of A. We can now state one of the main
results of this paper, giving a complete asymptotic expansion' of the eigenvalues jig,;,(f) in
powers of §/3.

Them:em 1.2. For all Ny, there exists 0y > 0, such that for 6 € (0,0) the N, first eigenvalues
of Agg exist. These eigenvalues, denoted by jici(0), admit the expansions:

L 1 .
Heuin(®) o D with o, = 2, i =0, and 4, = 2(4mV/2) 7 2 (n)
Jj=0

and the term of order 0 is not zero. The corresponding eigenvectors have multi-scale expan-
sions in powers of 0'/3 with terms independent of 0, and with terms at the scale x10"/> when
x1 < 0.

Remark 1.3. Once the asymptotic expansions of the eigenvalues are proved and quasi-modes
at any order constructed, this is standard to deduce the asymptotic expansions of the eigen-
functions (see [22]).

1.3. Organization of the paper. In Section 2, we discuss the different reductions to simpli-
fied operators and introduce the main notation used in this paper. In Section 3 we investigate
through a construction of quasimodes and an ODE analysis the one dimensional toy model
—k20% + W with the discontinuous triangular potential 7V equal to —z when 2z < 0 and 1
when z > 0. In Section 4 we study a one dimensional approximation of the Dirichlet problem
on a triangle with small angle. By Agmon estimates and a projection method, this leads in
Section 5 to results on triangles in the small angle limit. Finally, in Section 6, we perform
another construction of quasimodes for the waveguide and introduce in particular Dirichlet-
to-Neumann operators to solve a transmission problem; we complete the proof by comparing
with the triangle case. We conclude our paper by discussing relations between the eigenvector
asymptotics and the reentrant corner singularity. We also discuss the extension of our results
on X-shaped waveguides (crossing straight wires).

! By the notation A\(h) W > i>0Cj h7P (with a positive p) we mean that for any positive integer .J we have
—0 =

the estimate
IA(R) = Yo j< g ¢ih??| < Cy hTTDP for b small enough.
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2. REDUCTIONS

This section is devoted to the introduction of reduced and simplified operators that we will
encounter throughout this paper. In particular we will use the symmetry of the waveguide to
reduce the investigation to an half-guide. This first simplification makes a discontinuity in the
boundary conditions to appear (see Figure 2). In fact we will see that this jump in the boundary
conditions creates a trap for the eigenfunctions so that these one are led to live near the non-
convex corner. This concentration of the eigenfunctions will be deduced from the so-called
Born-Oppenheimer approximation (a projection method) introduced in this section. Finally,
due to this localization, we will introduce the Dirichlet Laplacian on triangles.

2.1. Half-guide and triangles.

2.1.1. The half-guide. As a consequence of the parity properties of the eigenvectors of AB‘;,
cf. point (iv) of Proposition 1.1, we can reduce the spectral problem to the half-guide

2.1) Q;_ = {(1’1,1172) € Qy: 19> 0} .

We define the Dirichlet part of the boundary by dp;, €2y = 92 N 9L, and the corresponding
variational space (the form domain)

Hu () ={v e H'(Qf): ¢ =0 on Jp; Q2 }.
Then the new operator of interest, denoted by A?)Ag’ is the Laplacian with mixed Dirichlet-
Neumann conditions on Qj. Its domain is:

Dom(ANY) = {v € Hy (%) : Ay € L*(f) and & =0 on x5 = 0}.

Qg
Then the operators Ag" and AY have the same eigenvalues below 1 and the eigenvectors of
0

the latter are the restriction to € of the former.

2.1.2. Rescaling of the half-guide. In order to analyze the asymptotics  — 0, it is useful to
rescale the integration domain and transfer the dependence on 6 into the coefficients of the
operator. For this reason, let us perform the following linear change of coordinates:

(2.2) r=x1V2sin0, y=zyv2cos0,

which maps Q] onto Q:rr/ , Which will serve as reference domain, see Fig. 2. That is why we
set for simplicity

23) Q:=QF,, i =i Qf,, and Hy,(Q) ={¢ € H(Q) ¢ =0 on dpirf2}.
Then, Ag‘g is unitarily equivalent to the operator defined on €2 by:

(2.4) Deui(f) := —25sin’0 92 — 2 cos*0 0,

with Neumann condition on y = 0 and Dirichlet everywhere else on the boundary of (2. We
let h = tan @ ; after a division by 2 cos? 6, we get the new operator:

(2.5 Laii(h) = —hzﬁi - 85,
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,,,,,,,,, o

Neumann Neumann

FIGURE 2. The half-guide Q for § = Z and the reference domain ).

with domain:
Dom(Leui(h)) = {¢ € Hyp() = Laui(h)y € L*(Q) and 9y1p =0 on y = 0}.

2.1.3. The triangles. We will also need to introduce the triangular end of this waveguide:
(2.6) Trig = {(l’l,l’g) c Qg Ca < 0}
and the corresponding Dirichlet Laplacian denoted by A%{G.

Prior to the investigation of Lg,i(h), we are to going to study Lr;(h) which denotes the
same operator —h*J; — 92 with Dirichlet conditions on the triangular end Tri of the model
waveguide €24

(2.7) Tri:{(x,y)eRZ:—7r\/§<a?<0and|y| <9:+7r\/§}.

2.2. Born-Oppenheimer approximation and models. As mentioned at the beginning of this
section, we will use a projection method to analyze Lg,i(h). This method is based on the
original idea of Born and Oppenheimer (see [7]) which was used to study the Hamiltonian of
molecules (see [27, 24]). By analogy with this situation, we can say that, in this paper, x plays
the role of the nuclei variables whereas y plays the role of the electrons and where h would
represent a mass ratio. The variable x is sometimes said to be the slow variable and y the fast
variable. Therefore we will broaden the “molecular idea” to our waveguide situation.

2.2.1. Schridinger operators in one dimension. In the analysis of L;(h) and Lg,i(h), we
will see that its so-called Born-Oppenheimer approximation will play an important role:

(28) HBO,Gui(h’) = _h2a§ + V(ZIZ’),
where
G h (—7v/2,0)
——— whenzx € (—7 ,U),
Via) = ot w2y
3 when z > 0.

This effective potential V' is obtained by replacing —85 in the expression of Lg,(h) by its
lowest eigenvalue on each slice of €2 at fixed x. When h goes to zero, the behavior of the
ground eigenpairs of Hgo cui(h) is driven by the structure of the potential near its minimum,



PLANE WAVEGUIDES WITH CORNERS IN THE SMALL ANGLE LIMIT 7

attained at x = 0: In a neighborhood of x = 0, V' can be approximated by its left and right
tangents, which provides the approximate potential V,p, defined by

1 1
- — xr whenzx € (—7mv2,0),
B 8  4m/2 ( V2 )
Vapp(m) = 1
3 when x > 0.

After the change of variables z = /22/(37) and the change of parameter x = 4h/(37/3),
we find the correspondence

3 1
(2.9) — B202 + Vapp(2) ~ gﬂmy(m) [2;0.] + S

where the toy model operator Hioy (%)[2; 0,] is defined as:

—z when z <0,

(2.10) Hioy (k) = —K202 + W(2) with W(z) = { 1 whenz > 0.

This toy model invites us to recall the properties of the Airy operator.

2.2.2. The Airy function and its zeros. Let us recall the basic properties of the Airy operator,
i.e. the Dirichlet realization on L?*(R_) of the operator —9> — 2. This is standard that this
(positive) operator has compact resolvent. Thus, its spectrum can be described as an increasing
sequence of eigenvalues tending to +o0o. Let us use the traditional notation Ai for the Airy
function. We recall that it satisfies:

—Ai" + zAi = 0.

All along this paper, we will use A the reverse Airy function, i.e. A(z) = Ai(—z). We recall
that A does not vanish on R_, is exponentially decreasing when z — —oo and that its zeros
(which are simple) form an increasing sequence of positive numbers tending to +oo.

Notation 2.1. The n-th zero of A will be denoted by za(n).

If (X, ¢,) is an eigenpair of the Airy operator, we have —¢) — z1), = A, hence the equation
—Y — (2 + A)hn = 0. We deduce that there exists a number ¢(\) so that:

Ua(z) = c(NA(z + N).

With those remarks, we can see that the spectrum of the Airy operator is {za(n),n > 1} and
these eigenvalues are simple.

2.2.3. Born-Oppenheimer approximation on the triangle. Finally, let us introduce the Dirich-
let realization on L?((—m+/2,0)) of:

7T2

2.11 Heo,mi(h) = —h*02 + ——— .

(2.11) Bo,Tri (1) st et ava?

This operator is the Born-Oppenheimer approximation of the operator L1,;(h) on the triangle
Tri and will be the first order approximation of Hgo ci(h) defined in (2.8).
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2.3. Asymptotic expansions of eigenvalues. We are now in position to state the results on
eigenvalue expansion that we have proved in this paper.

2.3.1. Toy model in one dimension. The lowest eigenvalues of the toy model (2.10) admit
analytic expansions with respect to x'/® (when & is small enough):

Theorem 2.2. For all Ny € N, there exists ko > 0 such that, for k € (0, ko), there exists
at least Ny eigenvalues of Hioy (k) below 1. Denoting by Aoy (k) the increasing sequence of
these eigenvalues, we have the converging expansions for 1 < n < Ny and k small enough:

+oo
Aoy (k) = K%/ Z i3 with first coefficient ag, = 2a(n).
j=0
The corresponding eigenvectors have expansions in powers of k'/3 with the scales z/k*/* when

z < 0and z/h when z > 0, see (3.7)-(3.8).

2.3.2. Triangles. The lowest eigenvalues of the triangle Triy admit expansions at any order in
powers of §1/3. We first state the result for the scaled operator L;(h) introduced in §2.1.3:

Theorem 2.3. The eigenvalues of Lvi(h), denoted by At ,(h), admit the expansions:

; 1
Aiin(h) o Zﬁj,thB with By = <, bin =0, and [, = (47T\/§)_2/3ZA(71)7
—

87
>0

the terms of odd rank being zero for j < 8. The corresponding eigenvectors have expansions
in powers of h'/> with both scales x/h* and x/h, see (5.14).

In terms of the physical domain Trig, we deduce immediately from the previous theorem
that the eigenvalues of A%‘{G, denoted by jiyi . (#), admit the expansions:

, 1
P (0) ot Z fnﬁy/g with ﬁ(fn =7 ﬁfn =0, and ﬁﬁn = 2(47v2) "3 2a(n),
>0

the coefficients jA,n having the same properties as the 3, ,,. Performing the dilatation:
i’l = Sin29.ﬁ(31 i’g = sin29x2,

we transform Triy into a new isosceles triangle with angle o = 26 and two sides with length ¢ =
2m. Let us denote by p=: («) its Dirichlet eigenvalues. It is easy to see that the eigenvalues
satisfy the relation:

,UTri,n(e) - (Sin a)Zuﬁm(a),
so that we find back the result of [18, Theorem 1].
Remark 2.4. As it will be seen in the proof, the existence of a non-zero coefficient f3g ,, at the

order 9 in the expansion of Ay, (h) reduces to the evaluation of an integral, see (5.12). If
Bo,n # 0, there is a nonzero odd term after O(a/?) in the asymptotics of yiz  (a).
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2.3.3. Broken guides. Finally, we state the approximation result for the eigenvalues of the
scaled operator Lg,;(h) introduced in (2.5):

Theorem 2.5. For all Ny, there exists hg > 0, such that for h € (0, hy) the N, first eigenvalues
of Lcui(h) exist. These eigenvalues, denoted by Acyin(h), admit the expansions:

' 1
AGuin(h) ~ Zvjmhﬂg with Yon = =, Yin =0, and vy, = (47v2)"2325(n)
h=0 o= 8

and the term of order h is not zero. The corresponding eigenvectors have expansions in powers
of h'/® with the scale x/h when x > 0, and both scales x/h*® and x/h when x < 0, see (6.11).

Deducing the eigenvalues in the waveguide {2y (Theorem 1.2) is an obvious consequence of
this theorem.

2.4. Notation and terminology. The L? norm will always be denoted by | - ||, in general
without mention of the integration domain. For a subset S C R and a point p € R, dist(S, p)
is the distance between S and p, i.e. infscg |s — p|.

We denote by G(A) the spectrum of a self-adjoint operator A, by Gg(A) its essential spec-
trum, and by Sg;s(A) its discrete spectrum. An eigenmode (or eigenpair) of A is a pair (A, ¢))
with ¢ in the domain of A, such that Ay = A¢); then A is the eigenvalue and 1 the eigenvector.
A quasimode for A is a pair (), 1) such that || Ay — A|| < ¢||v|| with e small; A is the quasi-

eigenvalue and v the quasi-eigenvector. The spectral theorem implies that dist(S(A), \) < e.

Domain Notation Variables Main operators

Scaled Triangle | Tri (2.7) z,y) 22) | Lri(h) = —h*0% — 02

Rectangle Rec (5.2) u,t) (5.1) | Lrec(h) (5.3)

Half-strip Hst = R_ x (—=1,1) | (s,1) (5.5) | >_; Lojh™/3 (5.7)
o,t) (5.5) Zj./\fgjhj (5.8)

Scaled half-guide | Q (2.3) z,y) (22) | Lowi(h) = —h?0% — 02

Left half-strip Hlef = R_ x (0,1) | (s,t) >_; L2;h*/3 Notation 6.2
o,t) >; N55'h? Notation 6.2
Right half-strip | Hrig =R, x (0,1) | (0,7) (6.2) | >, /\/?:;.ghj Notation 6.2

TABLE 1. Main notation for domains, variables and operators.

3. TOY MODEL IN ONE DIMENSION

This subsection is devoted to the proof of Theorem 2.2 devoted to the spectral asymptotics
of the operator Hioy (x) defined in (2.10). This proof is divided into two steps. First, we
construct quasimodes for H., (%), and second, we show that the lowest quasi-eigenvalues are
the approximations of the lowest eigenvalues of ., () of the same rank.
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3.1. Construction of quasimodes. In this section we prove in particular the following:
Proposition 3.1. For all Ny € N*, there exists ko > 0 and C' > 0 such that for k € (0, kg):

(3.1) dist (Gis(Heoy (1)), £7/%2a(n)) < Cr, n=1,---N.

Proof. The basic tool for the proof is the construction of quasimodes and the application of the
spectral theorem. Convenient quasimodes are given by power series in x'/3 of profiles at the
scales
(3.2) s=#k"2%2 when z <0 (left) and o =r"'z when z >0 (right).
More precisely we look for quasi-eigenfunctions v),, in the form:
> oo Vier j(s) 72 when 2 <0

(3.3) Ue(2) ~{ 27 "

> is0 Prig,(0) k3 when 2 >0,

and quasi-eigenvalues in the form:

(3.4) Qe ~ K23 Zozjﬂoj/g as k— 0.
Jj=0
The continuity conditions at z = 0 provide the formal identities:
Ejzo Wier,;(0) R/ = ijo Drig,;(0) K/
{ "{_2/3 ijo as\IIIef,j(O) 'ij/g = "{_1 ijo a0(I>rig;,j (0) /{j/ga
and the formal eigen-equation is

(3.6) — 12P(2) + W(2)e(2) = ate(2) 2z €R.

(3.5)

e Determination of . Collecting the terms in x*/% in (3.6) and using (3.3)-(3.5) we obtain:
{ — & 3(0) + Prigo(o) =0 for ¢ >0, and @} ,(0) =0,
—\Ifféf’o(s) — S\I]|ef70(8) = ao\lﬂeﬂo(s) for s < O, and \I]|ef70(0) = (I)rig,o(O).

We deduce first that @i, 0 = 0 and thus Wi o(0) = 0. This implies that «y is a zero of the
reverse Airy function A. At this stage we can choose a positive integer n, take oy = za(n) and
Wt o as the corresponding normalized eigenfunction g,,).

e Determination of o;. Collecting the terms in x, we get the equations:
—<I>ﬁ’ig’1 + Prig1 =0 foro >0, and @’rig,l(O) = Wl 0(0),
—Wie s — $Vier1 — apWier1 = a1 Wierg fors <0, and Wier1(0) = Pyig 1 (0).

We find first:
(I)rig,l(g) = —\Iffef’o(O)e_U.

Moreover we obtain the existence of a number a; and of an exponentially decreasing Wies 1
solution of the second equation with the help of the following lemma:
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Lemma 3.2. Let n > 1. We denote by g,y an eigenvector of the operator —0? — s associated

with the eigenvalue za(n) and normalized in L*>(R_). Let f = f(s) be a real function with

exponential decay and let c € R. Then there exists a unique o € R such that the problem:
(=02 —s—za(n)) g = f+ agm) in R_, with g(0) = c,

has a solution with exponential decay. There holds
0
a=cg,y0)— / f(s) gny(s) ds.

e Further terms. A similar procedure can be reproduced at each step, providing the construc-
tion of @ ;, then «r; and Vi ;, for any j > 2.

e Expressions for quasimodes. Relying on the previous iterative constructions we can set for
all integer J > 0
J+2 .
Z \I]Ief,j<2—/3> K)j/g when z S 0
— K
G ) =17
Z Drig,j (Z) R Wier,s42(0) k7152 X(E) when z >0,
5=0

where y is a smooth cutoff function equal to 1 near 0. By construction, 1&,&]] and its first

derivative are continuous in z = (. Moreover 1/),[.;]] is exponentially decreasing as z — =+o0.
Therefore it belongs to the domain of H..y (). With this remark and taking the error introduced
by x into account, we get for all kg > 0:

J+2

B8 ||(Huoy () — 62 (zaln) + 3 agn”’) Yol
j=1

’ < C(J,n, ko) K3, Wk < k.

Hence

| (Heoy (k) — /ﬁz/ng(n)) Uil € Cln, ko) 5, Yk < ko,
and the spectral theorem applies. In particular, for ~ small enough, the discrete spectrum of
Hioy (k) is not empty since Sess(Hioy (k) = [1, +00). O

Remark 3.3. We have proved in fact more than Proposition 3.1. The expression (3.7) of quasi-
modes and corresponding estimates (3.8) will provide an asymptotic expansion for the eigen-
vectors of Hiey (%), once one knows Proposition 3.4 below.

3.2. Localization of the lowest eigenvalues. We now want to refine Proposition 3.1 by prov-
ing that the Ay (%) are power series with respect to x'/3 and whose coefficients are given by
(3.4). We begin to prove the following proposition:

Proposition 3.4. For all Ny € N*, there exists ko > 0 and C' > 0 such that for k € (0, kg):

(3.9) Mioyn(r) — 732a(n)| < Cr, n=1,---N,.
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Proof. Let Ny € N*. As a consequence of Proposition 3.1, we have in particular that, for all
k € (0, ko), the first N eigenvalues Aoy () (denoted by A, for shortness) exist and satisfy:
(3.10) M| < C(NQ) Y3, Kk €(0,k), n=1,---Nj.

Let us denote by 1, an eigenfunction associated with \,, so that (., ¢,,) = 0 if n # m. For
z < 0 we have:

_'%277%: - Z'l/)n = )\n'lvbn

Thus, there exists a coefficient ¢, (k) such that:

(3.11) Un(2) = cu(R)A(K™2P2 + 5723N,), 2 <.
For z > 0 we have the equation —x2¢)" = \,1),,, hence the existence of d,,(x) such that:
(3.12) Un(2) = dp(k)e™ #1720 250

The transmission conditions at z = 0 imply:
cn(K)AETEN,) = do(k),  cn(k)RYPAN (K722N,) = —d(K)V/1 — A,

This implies:

(1/3

T M.

(3.13) A0, = -

We infer:
IA(k™22\,)| < C(Ny) &3,

Since k~%/3),, is bounded, see (3.10), and the zeros of the Airy function being isolated and
simple, we deduce that for all n € {1,---, Ny}, there exists p = p(n, ) such that:

|/~€_2/3)\n —za(p)| < C(No)l-zl/g.

Note that p is bounded too. It remains to prove that p = n for x small enough. In view
of Proposition 3.1, it suffices now to prove than if x is small enough and n # m (with n,
m < Np), the integers p(n, k) and p(m, k) are distinct. Let us prove this by contradiction.
Since the considered sets of integers n, m and p are finite, the negation of what we want to
prove can be written as

dm,n,p €N, Vk; >0, dJrk € (0,r) suchthat p(m,k)=p(n,k)=np.
The eigenfunctions can be taken in the form:

A(k=23z + k23)\) when z <0
Y(2) = for j=m,n,

A(k™23);) e *VITA when 2> 0,
and we have

(Vn, Pm) = / A~z + k72PN )A(R32 + k723N, dz + O(K°F) = 0.
2<0

A rescaling leads to:

/ Az + K72BN) Az 4+ 5723\, dz| < C(N)k.
2<0
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By assumption, x2/3)\,, = 2a(p) + O(k'/3) and k=23, = 2a(p) + O(k'/3). For j = n, m,

A being Lipschitz on (—oo, M] for all M, there exists D(Ny) > 0 such that for all z < 0:
A(z + 5723N;) — A(z + 2a(p))| < D(No)&'3,  for j =m,n,

so that:

| MG ARG+ A da = [ Rl d:
2<0

z<0

< D(No)/il/g.

We deduce:

VK1 >0, 3k € (0,k1) such that < D(Ny)&'/3

/KO A2(= + 2a(p)) d=

which leads to a contradiction and ends the proof of Proposition 3.4. U

3.3. Proof of Theorem 2.2. Let us observe that Proposition 3.4 allows to separate the first /Ny
eigenvalues when x < k. Let us write § = x'/3. We let:

An(8) := 62 Moy (6%),
1/3

so that A,,(¢) is uniformly bounded forn = 1,..., Ny and § < r;

1.2

0.8

0.6

0.4}

0.2

Essential spectrum
First eigenvalues
Analytic extension

i i
0 0.5 1 15

FIGURE 3. The first two eigenvalues Aoy 1 and iy o as functions of § = x/3,

We rewrite (3.13) in the form:

o 1) v
(3.14) AAn(9)) = ——=—=—=A"(An(9)).
1 —62X,(6)
We know that A is analytic and, using again the simplicity of its zeros, we can apply the
analytic implicit function theorem near § = 0 and for all n € {1,---, Ny}, which, together

with (3.7)-(3.8) and Proposition 3.4, ends the proof of Theorem 2.2.
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1.01 T

T T
Essential spectrum
First eigenvalue
Analytic extension

1.005 -

Essential spectrum
Second eigenvalue
Analytic extension

0.995

0.99

0.985

FIGURE 4. The eigenvalues Ay 1 (left) and A 2 (right) as functions of § =
x1/3, zoom near the bottom of the essential spectrum.

Remark 3.5. From (3.14), we can deduce that the 5\n(5 ) are solutions of the analytic equation:
(3.15) (1= 02N)AN)2 = 2A (V)2 =0

This equation provides an analytic extension of the functions ¢ — 5\”(5), hence of Aoy =
525\n(5 ), in the sense of analytic curves. We represent in Figures 3 and 4 the first two eigenval-
ues and their analytic extensions. Taking the continuity and monotonicity of the eigenvalues
with respect to J into account, we can see that any branch which starts by 6 — \(0) =
52z + O(6%) represents an eigenvalue while \() is less that 1. Beyond 1, the Rayleigh quo-
tient stays = 1, but the curve A(d) has an analytic extension as a continuation of a branch of
roots of the equation (3.15).

4. BORN-OPPENHEIMER APPROXIMATION FOR THE TRIANGLE

This section is devoted to the analysis of Hgo 1i(h) defined in (2.11). We are going to
prove:

Theorem 4.1. The eigenvalues of Hgo 1i(h), denoted by Ao 1vi.n(h), admit the expansions:

- B 1 . _
)\BO,Tri,n(h) h:O Z 53"”]12#3, with 50,n = — and 51,n = (477'\/5) 2/3ZA(H).
>0

8

Again, the proof is essentially organized in two steps. The first step is the construction of
quasimodes which proves that quasi-eigenvalues are close to true eigenvalues. The second step
uses Agmon type exponential localization for true eigenvectors to prove that true eigenvalues
are close to quasi-eigenvalues.
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4.1. Quasimodes. In this subsection, we construct quasimodes and prove the proposition:

Proposition 4.2. For all Ny € N*, there exists hg > 0 and C' > 0 such that for h € (0, hg):

1
(41) dlSt (Sdis(HBo,m(h)), g + h2/3(47r\/§)_2/3zA(n)) S Ch4/3, n = 1, te N().
Proof. The proper scale in z is h%/3 as can be seen by approximating the potential in 2 = 0
by its tangent and recognizing the Airy operator. Thus, we will construct quasimodes 1)}, as
functions of s = h~2/3x: We look for quasimodes ()\h, p,) in the form of series

Ay~ > BihPE and gy (x) ~ Y W(s)h
j=0 j=0

in order to solve Hgo 1ri(h)Yn, = Anty in the sense of formal series. A Taylor expansion at
x = 0 of the potential V' yields:

; 1 1
Heo1i(h) ~ —h*02 + E Viel, with V== and V} = ———,
e0.1i(#) —" 078 T2
which, in s variable, becomes
1 . .
(4.2) Heomi(h) ~ o + W= 02+ Vis) + > h¥PVs),

Jj=2
The construction of the terms Bj and W; is similar (even simpler) than for Proposition 3.1.
e The expansion (4.2) yields that Bo = é, and collecting the terms in 4%/® and we obtain:

4.3) —Wl(s) — Uo(s) = 1 To(s) Vs <0 and Wy(0) = 0.

47r\/_
Thus for any chosen positive integer n we can take 3 = (4mv/2)~2/32a(n) together with
4.4) Uy(s) = A((47T\/§)_1/3s + 2a(n)).

e Collecting the terms in 2*/? we obtain

—U () + VisUy(s) — (101 (s) = B0y — Vas® Ty Vs <0 and Uy(0) = 0.
The compatibility condition states that Bg<\110, Vo) = Vo(s*Wy, ¥y). This determines Bg and
implies the existence of a unique solution ¥; € L*(R_) such that (¥, ¥g) = 0.

e This procedure can be continued at any order and determines (Bj, ;) at each step. This
construction depends on the choice of the integer n and can be done for any positive integer n.

e To conclude, we consider a smooth non-negative cutoff function y'*f satisfying:

45 (@) =1 for:ce(— +oo> and  Yf(z)=0 forz < —m,

s
\/57

and introduce for any .J > 0 the quasimode (3 J] [J}) with:

M“

(4.6) Zﬁ W and (@) = X () Y00 (o )

J=0
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Thanks to this cut-off 1&}[;]] satisfies Dirichlet condition in —7+v/2, and in 0 by construction.

Using the exponential decay of x — \Ilj(h_Q/ 32) and the definition of ¥, and Bj, we get for
any hy > 0 the existence of C'(n, J, hy) > 0 such that:

4.7 H (Heora(h) — 5&”)%‘”“ < C(n, J, ho) B2IHV3 Wk € (0, hy).

This proves the existence of quasimodes at any order and ends the proof of Proposition4.2. [

4.2. Agmon estimates. In this subsection, we prove Agmon estimates (see [1, 2]) for the
eigenfunctions of Hgo 1i(h). The role of Agmon estimates is to replace an explicit knowledge
of the solution at infinity like in (3.11)-(3.12) by suboptimal exponential estimates.

Here we prove two kinds of estimates: near z = 0 and near z = —7+/2. In the analysis of
triangles (cf. Section 5.2), we will meet the same estimates. Let us consider an eigenpair (A, )
of Hgo 1i(h). The Agmon identity writes, for some Lipschitz function ¢ to be determined:

0
(4.8) / B0, (e2) | + V (x)]e®|? — h?|D'e®|* — A|(e®y)|* dz = 0.
2

—T

It is a consequence of Proposition 4.2 that the lowest N, eigenvalues \ of Hgo 1+ (h) satisfy:
(4.9) A — 3| < T2,

for some positive constant ['y depending on Nj.

4.2.1. Agmon estimates near x = (. We use (4.8) and the convexity of V' to get the inequality:

0 1 x
h2am [l 2_'_<__ ) [l 2_h2q)/<132_)\ P 2d < 0.
[ R + (§ = ) €U — B ()R e <

With (4.9), we deduce:

0 x
/ — e®ap|> — h2|D'e®|? — Ch23|(e®4)|* d < 0.
0 47/2

This leads to the choice
®(z) = nh~Hal?,
for a number 77 > 0 to be chosen small enough. We get:
‘ |z| 9 5
——n°|z —C’h2/3) e®Y|? dr < 0.
[ (s = o o dr <

For 7 small enough, we obtain the existence of 77 > 0 such that:

0
/ (|| — Chz/g) le®y|? dx < 0.

—mV2
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Splitting the integral into the parts —mv/2 < 2 < —Dh??3 (where ® is unbounded) and
—Dh?3 < 2 < 0 (where ® is bounded) with 7D — C' = d > 0, we find:

—Dh?/3 —Dh?/3
/ d *3e®y|? do < / (7| z| — Ch*?) |e®y|* dw

T2 -2

0

0
g/ (i|z| + Ch*3) |e*y|? dw < éh2/3/ |2 da.

—Dh2/3 —Dh2/3
We deduce the proposition:

Proposition 4.3. Let Iy > 0. There exist hg > 0, Cy > 0 and 1y > 0 such that for h € (0, hy)
and all eigenpair (A, V) of Heo 1i(h) satisfying |\ — X| < Toh?/?, we have:

0 3/2
/ moh~al?/ (\W + \h2/38xw\2) dz < Collv]*.

—mV2

4.2.2. Agmon estimates near x = —mv2. We use again (4.8) and (4.9):
0 2 1
h20, (e®)|? + <7T———) |2 — 2@ e — Ch¥3|(e® )2 da < 0.
e+ (T = g ) K - R Rty P <
We take:
O(z) = —ph 'In (D' (z + W\/ﬁ)),
where we choose p € (0, 7) so that there holds:

0
/ (@ )@ VD) - é) P2 — O3 ()2 de < 0,
_7“/5

and D > 0 large enough so that
2

s 2) D2 1

— = —=>0.
( TR 8
Then we split the integral into the parts —7v/2 < x < —7v/2 + D (where ® is unbounded)
and —mv/2 4+ D < 2 < 0 (where ® is bounded) and the same procedure as in the previous
paragraph leads to the proposition:

Proposition 4.4. Let I'y > 0 and py € (0, 3). There exist hy > 0, Co > 0 such that for any
h € (0, ho) and all eigenpair (X, 1) of Hpo 1i(h) satisfying |\ — | < Toh?/3, we have:

0
/ (o + 72 (|6 + [h 0,0 de < Collw*
—V2

4.3. Proof of Theorem 4.1. Let us fix N, and consider the N, first eigenvalues of Hgo 1i(h)
denoted by A\, = A\go Trin(h). Foreach n € {1,--- Ny}, we choose a normalized 1), in the
eigenspace of \,, so that (¢,,, ¥,,,) = 0 for n # m. Let us introduce the space:

QENO (h) = Span(¢17 <. 77vbNo)'
We recall that, for h small enough, (4.9) holds. We can write:

HBO,Tri (h)wn - )\nwn
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so that (the 1), are orthogonal in L? and for the quadratic form), for all 1) € & Ny (h):
QBo,Tin(¥) < Anol[9[|*.

For ¢, small enough we introduce a smooth cutoff function y being 0 for |z + mv/2| < g, and
1 for | + mv/2| > 2. Proposition 4.4 implies that:

Qeo.mrin(X¥) < (Any + O(hX))|Ixv]%.

Then, the convexity of the potential allows to write:

1 1
<<—h28§ v g) w,w> < O + O e

where we have used the convexity. The dimension of & y, (h) is Iy so that, with the properties
of the Airy operator and the mini-max principle, we get:

1
3 + (47V2) P 2a(No) < A + O(h™).

This is true for all fixed /Ny and, combined with Proposition 4.2, provides the separation of the
lowest eigenvalues of Hgo Tvi(h):

1
ABo.Trin(h) — (§ + h2/3(47r\/§)_2/3zA(n))‘ < ChY/3,

Finally, with (4.6)-(4.7), we obtain Theorem 4.1.

5. TRIANGLE WITH DIRICHLET BOUNDARY CONDITION

The aim of this section is to prove Theorem 2.3. As usual, the proof will be divided into two
main steps: a construction of quasimodes and the use of the true eigenfunctions of Lr;(h) as
quasimodes for the Born-Oppenheimer approximation in order to obtain a lower bound for the
true eigenvalues.

We first perform a change of variables to transform the triangle into a rectangle:

Y

5.1 w=1x¢€ (—m/2,0), t=—"— € (-1,1).
G0 (-7V2.0), =L e (-1
so that Tri is transformed into
(5.2) Rec = (—7v/2,0) x (=1, 1).
The operator L1,;(h) becomes:

t 2 1
5.3 Lrec(D)(u,t;0,,0,) = —h*(0, — ——=0,) — ———— 02,
6H  Lnal)085000) = (0= ) — 0

with Dirichlet boundary conditions on ORec. The equation L1,;(h)iy, = Buiby, is transformed
into the equation

Lrec(h)iby = Biibn  with Oy (u, t) = 1y (,y).
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5.1. Quasimodes. This subsection is devoted to the proof of the following proposition.

Proposition 5.1. There are sequences (3} ) ;>0 for any integer n > 1 so that there holds:
Forall Ny € Rand J € N, there exists hg > 0 and C' > 0 such that for h € (0, hy)

J
(5.4) dist <6d;5 (Lri(h). Y ﬁj,nhf/?’) < CRUHIB =1 .. N,

Jj=0

Moreover, we have: o, = %, B, = 0, and [, = (47\/2) 723 2a(n).

Proof. We want to construct quasimodes ([}, ) for the operator Lvi(h)(0,, 0,). It will be
more convenient to work on the rectangle Rec with the operator Lrec(h)(u,t; 0y, 0;). We
introduce the new scales

(5.5) s=h"?*u and o=h"lu,

and we look quasimodes (3, ﬁh) in the form of series

(5.6) B~ > Bk and  y(u,t) ~ > (U(s,t) + (o, 1)) b/

§>0 j=0

in order to solve ERec(h)qﬂh = ﬁhqﬂh in the sense of formal series. As will be seen hereafter, an
Ansatz containing the scale h~2/3w alone (like for the Born-Oppenheimer operator HeoTi(h))
is not sufficient to construct quasimodes for Lge.(h). Expanding the operator in powers of h%/3,
we obtain the formal series:

1

- 2n?

(5.7)  Lrec(h)(h¥3s,t: h72/30,,0,) ~ Z £2jh2j/3 with leading term  Lq =

>0

0/
and in powers of h:

L : 1
(5.8)  Lrec(h)(ho,t;h™10,,0,) ~ Z./\/gjhj with leading term Ny = —0% — ﬁﬁf.

=0

In what follows, in order to finally ensure the Dirichlet conditions on the triangle Tri, we will
require for our Ansatz the boundary conditions, for any j € N:

(5.9) U;(0,t)+®;(0,t) =0, —1<t<1
(5.10) U(s,+1) =0, s<0 and ®,(c,+1)=0, o <O0.

More specifically, we are interested in the ground energy A = é of the Dirichlet problem for
L on the interval (—1, 1). Thus we have to solve Dirichlet problems for the operators Ny — é
and L, — 1 on the half-strip

(5.11) Hst = R_ x (—1,1),

and look for exponentially decreasing solutions. The situation is similar to that encountered in
thin structure asymptotics with Neumann boundary conditions. The following lemma shares
common features with the Saint-Venant principle, see for example [12, §2].



20 MONIQUE DAUGE AND NICOLAS RAYMOND

Lemma 5.2. We denote the first normalized eigenvector of Lo on H}((—1,1)) by cp:

colt) = cos (%t) .

Let F = F(o,t) be a function in L?(Hst) with exponential decay with respect to o and let
G € H*?*((—1,1)) be a function of t with G(41) = 0. Then there exists a unique v € R such
that the problem

(/\/0 - 1) ® = F in Hst, ®(0,+1) =0, ®(0,t) = G(t)+vco(t),

admits a (unique) solution in H?(Hst) with exponential decay. There holds

/ /_1 (0,t) oco(t) dodt — / G(t) colt) dt.

The following two lemmas are consequences of the Fredholm alternative.
Lemma 5.3. Let F = F(s,t) be a function in L?(Hst) with exponential decay with respect to
s. Then, there exist solution(s) V such that:

1
(EO — g) U =F in Hst, W(s,£1)=0

if and only if (F(s,-),co), = 0 for all s < 0. In this case, W(s,t) = U(s,t) + g(s)co(t)
where U satisfies <\Il(s, ), co> . = 0 and has also an exponential decay.

Then, we will also need a rescaled version of Lemma 3.2.

Lemma 5.4. Let n > 1. We recall that za(n) is the n-th zero of the reverse Airy function, and
we denote by

Iy = ((4wf) 1/3s+zA(n))

the eigenvector of the operator —0° — (4m+/2)~'s with Dirichlet condition on R_ associated
with the eigenvalue (47+/2)"%/3zp(n). Let f = f(s) be a function in L*(R_) with exponential
decay and let ¢ € R. Then there exists a unique 3 € R such that the problem:

<_ag e Ul ))g=f+ﬁg(n) in R_, with g(0) =

has a solution in H*(R_) with exponential decay.

Now we can start the construction of the terms of our Ansatz (5.6).
e Terms in h°. The equations provided by the constant terms are:
LoWo = BoWo(s,t), No®y= BoPo(s,t)

with boundary conditions (5.9)-(5.10) for j = 0, so that we choose 5, = % and Wy(s,t) =
go(8)co(t). The boundary condition (5.9) provides: ®y(0,¢) = —go(0)co(t) so that, with
Lemma 5.2, we get go(0) = 0 and &y = 0. The function gy (s) will be determined later.
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e Terms in h'/3. Collecting the terms of order h'/3, we are led to:
(Lo— Po)¥y = 1Ty — L1¥ = [1¥, (Ny— Bo)P1 = 1Py — N1Py =0

with boundary conditions (5.9)-(5.10) for j = 1. Using Lemma 5.3, we find 51 = 0, Uy (s, t) =
gl(S)Co(t), 91(0) =0and (I)l =0.

o Terms in h*/3. We get:
(Lo — Bo)W¥s = foVg — LTy,  (Ny— o) P2 =0,

where Ly = —0? + ﬂ;ﬁ 0? and with boundary conditions (5.9)-(5.10) for j = 2. Lemma 5.3

provides the equation in s variable
((B2%g — L2%g(s,)),c0), =0, s<0.

Taking the formula Wy = go(s)co(t) into account this becomes

puan(s) = (02 - (5)

S
471'\/5) 90

This equation leads to take 3y = (4mv/2)"2/324(n) and for g, the corresponding eigenfunction
9(n)- We deduce (Lo — )Wy = 0, then get Wy(s,t) = ga(s)co(t) with go(0) = 0 and @, = 0.

o Terms in h/3. We get:
(Lo — Bo)Vs = B3V + B0y — LWy,  (Ny — Bo)Ps =0,

with boundary conditions (5.9)-(5.10) for j = 3. The scalar product with ¢y (Lemma 5.3)
and then the scalar product with gy (Lemma 5.4) provide 83 = 0 and g, = 0. We deduce:
‘1’3(8, t) = gg(S)CQ(t), and 93(0) = O, (I>3 =0.

o Terms in h*/3. We get:
(Lo — Bo)Vy = BaVo + PoWs — LsWo — LoWs, (Ny — Fy)Ps =0,

where
2 3
£4 = % t@tas — mszatz,
and with boundary conditions (5.9)-(5.10) for j = 4. The scalar product with ¢, provides
an equation for g, and the scalar product with gy determines ;. By Lemma 5.3 this step
determines W, = Wy + ¢o(t)g4(s) with a non-zero ¥ and g4(0) = 0. Since by construction
<\Ifi(0, s Co> , = 0, Lemma 5.2 yields a solution ¢4 with exponential decay. Note that it also

satisfies (®4(0,-), ¢p), = 0 forall o < 0.
o Terms in h°/3. We get:
(Lo — Bo)W¥s = BsWo + BV — LaV3,  (No — fo)Ps = 0,

and with boundary conditions (5.9)-(5.10) for j = 5. We find 55 = 0, g3 = 0, ¥5 = g5(s)co(t),
95(0) = O, (I>5 = 0.
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o Terms in h/3. We get:
(Lo — Bo)Vs = LsWo + BV + SoWy — LoWy — LyTy,  (Ny — o) Ps = 2Dy,

and with boundary conditions (5.9)-(5.10) for j = 6. This determines g, g4, Vg = \Ifé +
co(t)gs(s), gs(0) = 0, and Pg with exponential decay due to the orthogonality of ®, to ¢.

o Terms in h"/3. We get:
(Lo — Bo)V7 = ¥+ BoUs — LoV,  (Ny — So)Pr = — N3Py,

where

2
Ny = ——t0,0, +
3 7'(‘\/5 t \/—
and with boundary conditions (5.9)-(5.10) for j = 7. We take 87 = 0, g5 = 0, Uy = g7(s)co(?).
Then, Lemma 5.2 induces a value for the trace g(0) so that there exists ®; with an exponential
decay. Note that if there holds:

2
—F=0;,

(5.12) / (N3D4)(0,t) oco(t) dodt # 0,
Hst

we would deduce by Lemma 5.2 that g;(0) # 0.
o Terms in h®/3. We get:

(Lo — Bo)Vs = PsVo+ sV + BaVy + foWs — LsWog — LeWo — L4V — LoV,
(No — Bo)Ps = B4Py + B2Ps.

This determines fg, gs and Wg = W5 + cogs, the trace gg(0) and the exponentially decreasing
solution ®g.

o Terms in h?/3. We get:
(Lo — Po)¥g = BoVo + BoU7 — LoWr,  (Ny — Bo) Py = Loy — N3P

We find 9, g7 and then Wy = Wy + cog9 and go(0), @9. Note that if g7(0) # 0, i.e. if (5.12)
holds, we would deduce that 3y # 0.

e Continuation. The construction of the further terms goes on along the same lines. This
leads to define the quasimodes for L (h):

J
(5.13) B =" pni5,
=0
J
X Yy x Yy /3
(5.14) ;0( <h2/3,x+7r\/—>+<1>< ’x+wﬁ))hj ,

where ' is defined in (4.5). The conclusion follows from the spectral theorem. 0
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5.2. Agmon estimates. On our way to prove Theorem 2.3, we now state Agmon estimates
like for Hgo vi(h). Let us first notice that, due to Proposition 5.1, the lowest eigenvalues of
Lri(h) still satisfy an estimate like (4.9). It turns out that we have the following lower bound,
for all ¢ € Dom(Qvin):

2

Qrin(th) > / R0, + —— | dady.

Tri (—i—f)

Thus, the analysis giving Propositions 4.3 and 4.4 applies exactly in the same way and we
obtain:

Proposition 5.5. Let I'y > 0. There exist hg > 0, Cy > 0 and ng > 0 such that for h € (0, hg)
and all eigenpair (N, ) of L1i(h) satisfying |\ — £| < Toh*/®, we have:

/ e (g2 4+ 120,02 dady < Collw®.
Tri

Proposition 5.6. Let Iy > 0. There exist hg > 0, Cy > 0 and py > 0 such that for h € (0, hg)
and all eigenpair (\,v)) of Lti(h) satisfying |\ — | < Toh*/®, we have:

/ (o +mvVD M ([ + 1k 8,0l dady < Gl
Tri

5.3. Approximation of the first eigenfunctions by tensor products. In this subsection, we
will work with the operator Lgec(h) rather than L+,(h). Let us consider the first N eigenvalues
of Lrec(h) (shortly denoted by A,,). In each corresponding eigenspace, we choose a normalized

eigenfunction v, so that (¢, 1,,,) = 0if n # m. As in Section 4.3, we introduce:

En,(h) = span(z/?l, . ,@ENO).

Let us define Q%.. the following quadratic form:

~ 1 - 1, -
Rec(lp) /Rec <ﬁ|&tw|2 - g‘w|2> (U+7T\/§) dudt,

associated with the operator L3, = Id, ® (—5:07 — £) on L?(Rec, (u + mv/2)dudt). We

consider the projection on the eigenspace associated with the eigenvalue 0 of —2%8,? —
s

(5.15) Mot (u, t) = (¢(u, ), ¢o), co(t)

where we recall that ¢o(t) = cos (gt) We can now state a first approximation result:

1.
5

Proposition 5.7. There exist hy > 0 and C > 0 such that for h € (0, hy) and all ) € &y, (h):
0 < QRec(w) < C1h2/3||772||2

and
1(Id = TTo)3b|| + [|8:(1d — To)eb|| < CR* (|||
Moreover, 1y : €y, (h) — (€, (h)) is an isomorphism.



24 MONIQUE DAUGE AND NICOLAS RAYMOND

Proof. 1f ’Q/A) = ’l/A)n, we have:
QRec,h(¢n) = )\nH'QDnHZ

From this we infer:

Qrecn(Vn) < (% + Ch2/3) 412

The orthogonality of the ﬁn (in L? and for the quadratic form) allows to extend this inequality
to) € €, (h):
Qneald) < (§+ 007 ) 1P

This clearly implies:

Rec(¢) < Ch2/3||¢H2

I1y%) being in the kernel of LY., we have:
%ec(lp) = Rec((Id HOMD)
If we denote by us the second eigenvalue of the 1D operator —ﬁ@f — é, we get by the

min-max principle:
Rec(Id — o)) > puol|(Id — TIo ).
Now the conclusions are standard. O

5.4. Reduction to the Born-Oppenheimer approximation. In this section, we prove The-
orem 2.3 by using the projections of the true eigenfunctions (Ily%),,) as test functions for the
Born-Oppenheimer approximation. Let us consider an eigenpair (A, ) of L,(h) such that

(4.9) holds. We let ¢h(u, t) = v (x, y). Then, (), 1)) satisfies:
2 (aQ 2t0,,0, 2t0, N 20?2 ) - 1
u—l—7rxf (u+7mv2)2  (u+mV2)? (u+ 7V/2)2
The main idea is to determine the (differential) equation satisfied by H0¢. In other words we
will compute and control the commutator between the operator and the projection 1I,. For

that purpose, a few lemmas will be necessary. The first one is an estimate established in the
original coordinates (z, y) in the triangle Tri:

Lemma 5.8. Forall k € N, there exist hy > 0 and C > 0 such that we have, for h € (0, h):

————=—} = M.

/ (2 + 7v/3) 0,0 dedy < Cllb|1.
Tri

Proof. The equation satisfied by v is:
(—h?0? — 85)1/} = 1.
Multiplying by (24 7/2)7*, taking the scalar product with v and integrating by parts we find:

[ o mv o0 dudy <€ [ (ot mvDF(6F + 2+ 7D w001 dody
Tri

Tri
Using the Agmon estimates of Proposition 5.6 with py/h > k + 1 we deduce the lemma. [
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We can now prove:

Lemma 5.9. There exist hg > 0 and C' > 0 such that we have, for h € (0, hy):

|{w+mva) .00, w®) || <cn .

t ‘ ‘ L2(du)
Proof. Integrating by parts in ¢ for any fixed v € (—7v/2,0), we find:

1

{(w+ mv3) 10,000, clt)) | <€ [ (s mvB) ol e

1

1 1/2
<C (/ (u+7r\/§)_2|8u1/)|2dt) :
1
To have the lemma, it remains to prove that

/ (u+ 7V2) 720,90 dudt < CW/ b|? dudt.
Rec

Rec

We have:
R ) 2
/ (u + 7V2) 2|0, 0 dudt = / (z +mV/2) 73 (aw + L) o drdy
Rec Tri T+ 7r\/§
and we apply Lemma 5.8 to control the term in J,. We end the proof using the Agmon esti-
mates of Proposition 5.6. U

The same kind of computations yields:

Lemma 5.10. There exist hy > 0 and C' > 0 such that we have, for h € (0, hy):

< Cll4l.

L2(du)

H <(u +V2) 20,0, co(t)>

t

Finally, we have:

Lemma 5.11. There exist hy > 0 and C' > 0 such that we have, for h € (0, hy):

H<(u+7r\/§)‘2t28§@ﬁ, co(t)> < |19

t ‘ ‘ L2(du)
From Lemmas 5.9, 5.10 and 5.11, and from Proposition 5.7, we infer:

Proposition 5.12. Let Iy > 0. There exist ho > 0 and C > 0 such that for h € (0, hg) and all
eigenpair (\, V) of Lti(h) satisfying |\ — 1| < Toh*?, we have:

2

22, T p
H( ha"+4(u+7r\/§)2 A)Ho@b

' < Ch|Ted.
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e Proof of Theorem 2.3. We deduce, from Proposition 5.12, for all n € {1,--- |, Ny}:

7T2

1292 N

From this inequality, we infer, for all ) € &y, (h):

1292 m ;
( WOu 4(u+7r\/§)2) Hov

< (Mo () + OR)|| Tt .

< (Atino (h) + Ch) ||

and thus: R R
Qo mi.n(IloY)) < (Ating (h) + Ch)|[Tgep].
It remains to apply the min-max principle to the Ny dimensional space I1o& y, (k) (see Propo-

sition 5.7) and Theorem 4.1 to get the separation of eigenvalues. Then, the conclusion follows
from Proposition 5.1.

6. APPLICATION TO THE WAVEGUIDE

In this section, we prove Theorem 2.5. Firstly, we construct quasimodes and secondly we
use Agmon estimates reduce to the triangle case. On the left, Lg,;(h) writes, in the coordinates
(u,t) defined in (5.1):

t 2 1
6.1 L (h) = —h? <8u — 78) - ?
(6.1) Gui(R) u+7ﬁ/§f (u—|—7rx/§)2t
and on the right, we let:
y—x
6.2 u=x, T=
(6.2) 2

and the operator writes:

63 casim = (3, g0 ot
The integration domain is (—7v/2, +00) x (0,1) = Qs U (4ig Where:

Qier = (—m/2,0) x (0,1) and Qg = (0, +00) x (0,1).
The boundary conditions are Dirichlet on (0, 00) x {0} U (—7v/2, 00) x {1} and Neumann on
(—7v/2,0) x {0}.
6.1. Quasimodes. The aim of this subsection is to prove the following proposition:

Proposition 6.1. For any n > 1, there exists a sequence (v, ,,) such that, for all Ny € N and
J €N, there exists hg > 0 and C > 0 such that for h € (0, hy):

J
(6:4) dist (S (Lau()). Y- 35,0%) < CRUIB =1, N,

=0

Moreover, we have: 7, = %, Yim = 0 and v, = (47/2) 723 2p(n).
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6.1.1. Preliminaries.

e Ansatz, boundary and transmission conditions. In order to construct quasimodes for Lg,;(h)
of the form (v, ¥, ), we use the coordinates (u, t) on the left and (u, 7) on the right and look

for quasimodes @Eh(u, t,7) = ¥n(x,y). Such quasimodes will have the form on the left:

(6.5) ier(u, ) ~ Y W (Wieg i (WP, t) + Breg i (h 1, 1))
7=>0
and on the right:
(6.6) Yig(, 7) ~ > BP0 (W, 7)
>0

associated with quasi-eigenvalues:
Voo~ I,
Jj=0

We will denote s = h~?/3u and o = h~'u. Since 1/}, has no jump across the line z = 0, we
find that 1¢s and 1yig should satisfy two transmission conditions on the line u = 0:

Uier(0,8) = gl0,8)  and (au - %ﬁa) Gier(0,1) = (au - f—ﬂ) b0, 1),

forall t € (0,1). For the Ansitze (6.5)-(6.6) these conditions write for all j > 0

(6.7)  Wier,;(0,t) + Pies (0, 1) = Pyig ;(0, 1)

tat tat

(0.8)  OpPier j(0,t) + OsWier j—1(0, 1) — —ﬂ_\/iq)lef,j—3(07t) — —W\/?\I]Ief,j—Zi(Oa t)
0
:aa(bri j Ovt _—T(bri j— 07t7
EJ( ) 7T\/§ g.J 3( )

where we understand that the terms associated with a negative index are 0.

Notation 6.2. We still set s = h~2?/3u and ¢ = h~'u. Like in the case of the triangle Tri, the
operators L& and L2, cf. (6.1)-(6.3), written in variables (s, t) and (o, t) expand in powers
of h?/3 and h, respectively. Now we have three operator series:

o LE(h)(h*3s,1;h72130,,05) ~ 3.~ Lajh*/%. The operators are the same as for Tri,
but they are defined now on the half-strip Hlef := (—o0,0) x (0, 1).

o L& (h)(ho,t;h™10,,0;) ~ 3o N55'h? defined on Hlef.

o L (h)(ho, T3 h™'0,,0,) ~ ngo-/\[?z‘ghj defined on Hrig := (0, 00) x (0, 1).
We agree to incorporate the boundary conditions on the horizontal sides of Hlef in the defini-
tion of the operators £, ./\fj'-ef, and _/\/J re.

e Neumann-Dirichlet 9,¥(s,0) = 0 and ¥(s,1) = 0 (s < 0) for £;,

e Neumann-Dirichlet 9,®(s,0) = 0 and ¥(0, 1) = 0 (0 < 0) for N},

o Pure Dirichlet ®(c,0) = 0 and ¥(, 1) = 0 (o > 0) for N®.
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Note that
1 : 1
lef 2 2 g 2 2
(6.9) Nof = =05 — o 50f and NG® = 0] — o502

e Dirichlet-to-Neumann operators. Here we introduce the Dirichlet-to-Neumann operators
T and 7" which we use to solve the problems in the variables (o, ). We denote by I the
interface {0} x (0, 1) between Hrig and Hlef.

On the right, and with Notation 6.2, we consider the problem:

- 1
( e §) P =0 in Hrig and @,,(0,t) = G(t)

where G € HééQ(I ). Since the first eigenvalue of the transverse part of N — £ is positive,
this problem has a unique exponentially decreasing solution ®,;;. Its exterior normal derivative
—0,Pyig on the line I is well defined in H_l/z(l). We define:

TrigG == anq)rig = _80(I)rig’
We have: .
(TG, G) = Quig(Prig) > CHGH?{W(I)'
00

On the left, we consider the problem:

1
< o — g)@ef =0 in Hlef and ®.(0,t) = G(¢)

where G € Héf([).

For all G € HS({Q(I ) such that I1oG' = 0 (where I, is defined in (5.15)), this problem has a
unique exponentially decreasing solution ®.¢. Its exterior normal derivative 0, @ on the line
I is well defined in H~'/2(I). We define:

TG = 0,Pier = 0y Dies.
We have:
(TG, G) = Qies(Prer) > 0.
Proposition 6.3. The operator T"& + T''T1, is coercive on HY*(I) with TI; = 1d — Il,. In
particular, it is invertible from Hy)*(I) onto H=V/2(I).
This proposition allows to prove the following lemma which is in the same spirit as Lemma

5.2, but now for transmission problems on Hlef U Hrig (we recall that co(t) = cos(5t)):

Lemma 6.4. Let Fief = Fif(0,t) and Fig = Fiig(o,7) be real functions defined on Hlef

and Hrig, respectively, with exponential decay with respect to o. Let G° € H0162(I ) and
H € H7Y2(I) be data on the interface I = OHlef N OHrig. Then there exists a unique

coefficient ( € R and a unique trace G € H, é({ 2([ ) such that the transmission problem
(NEF = 1) Bres = Fier in Hlef, Pier(0, £) = G(t) + G(t) + Ceolt),
(NG — 1)@y = Fyyg in Hrig, ®,g(0,1) = G(1),
OpPier(0,1) — 05 Prig(0,2) = H(t) on I,
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admits a (unique) solution (Pief, Prig) with exponential decay.

Proof. Let (D), (o) be the solution provided by Lemma 5.2 for the data F' = Fis and G = 0.

Let CI)?ig be the unique exponentially decreasing solution of the problem
ri 1 . .
(Nog — §><I>9ig = Fyg in Hrig, ®}.(0,¢) =0.
Let H" be the jump 9,P%, (0, 1) —0, P (0, ). If we define the new unknowns &/, = &y — 7,
and O, = ®j; — D)., the problem we want to solve becomes
1 .
(A= S) e =0 in Hief,  ®(0,1) = G(H) + (¢ = G)eold).
ri 1 . .
('/VE] &~ §>(D}Ig =0 in Hr|g7 (I):ig(ou t) = G(t)v
0y ®1g(0,1) — 0,Pi¢(0, 1) = H(t) — H(t) on 1.

Using Proposition 6.3 we can set G = (T"8+T"'I1,)~'( H — Hy), which ensures the solvability
of the above problem. ([

6.1.2. Construction of quasimodes.

e Terms of order h°. Let us write the “interior” equations:

lef, : LoVier0 = Yo Vlef,0
lef,, N @it 0 = Y0Pier 0
rg : N 8Prig 0 = Y0 Prig,0 -

The boundary conditions are:
Wier 0(0, 1) + Pier,0(0, 1) = Prig0(0, 1),
0o Pief,0(0,1) = 0y Prig.0(0, 7).
We get:
Y =75, Viro= go(s)co(t).
We now apply Lemma 6.4 with Fi = 0, Fiig = 0, Gy = 0, H = 0 to get
G=0 and (=0.

We deduce: Pierg = 0, Prigo = 0 and, since { = —go(0), go(0) = 0. At this step, we do not
have determined g yet.

| —

o Terms of order h'/®. The interior equations read:

lef, : LoWier1 = Y0Vier,1 + 71 Vier,0
lef,, : (;efq)lef,l = Y0Pier,1 + V1 Plef 0
rg : Ng8@rig1 = 70Prig1 + 71 Prig.0-

Using Lemma 5.3, the first equation implies:
71=0, Wera(s,t) = gi(s)co(?).
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The boundary conditions are:
91(0)co(t) + Pier,1(0, ) = Prig1(0, 1),
95(0)co(t) 4+ 0y Pier,1(0, 1) = 05 Pyig,1 (0, 1).

The system becomes:

1
|f02 < IEF__>(I)e :07
€ 0 3 lef,1
- 1
rg : (/\/Or'g - §><I>r;g,1 = 0.

We apply Lemma 6.4 with Fies = 0, Fyig = 0, Gy = 0, H = —g(0)co(2) to get:
G = —go(0)(T"& + T"T1,) *ep.
Since G = Pz 1 and ( = —g1(0), this determines Pief 1, Pyig 1 and g1 (0).

o Terms of order h*/3. The interior equations write:

lef LoVt + LoWier2 = Z V1V ef &
I+k=2
lef,, : N(;Efq)lefﬂ = Z %(I)|ef,k
I+k=2
. rig 1
ng: -/\/0 (I)rig,2 = g(brig,%

with

, 1
LoWiero = —g5(s)co(t) + W3—\/§SQO(S)8§(CO)-

Lemma 5.3 and then Lemma 5.4 imply:
1
Sgo = .
Amy/2 9o = 7290

Thus, 7 is one of the eigenvalues of the Airy operator and g, an associated eigenfunction. In
particular, this determines the unknown functions of the previous steps. We are led to take:

Uiera(s, t) = \Ilim + go(s)co(t), with \Iféﬂz =0

(6.10) — g5 -

and to the system:

1
|ef0 : (N(;Ef - §>(I)Ief,2 =0
: 1
rg : (/\/Or'g - g)ér;g,g = 0.
Using Lemma 6.4, we find

G = —g1(0)(T"8 4+ T*L;) " cq.

This determines @iz 2, Pief 2 and g2(0). The function g; is still unknown at this step.
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o Further terms. Let us assume that we can write e, = \Iféka + gr(s)co(t) for 0 < k <
j and that (gx)o<k<j—2 and (Wig ,)o<k<; are determined. Let us also assume that g;_,(0),
(Ve)o<k<j> (Prigk)o<k<j—1> (Pref .k )o<k<;j—1 are already known. Finally, we assume that g;(0),
D j, Prig,; are known once g;_ is determined and that all the functions have an exponential
decay.

Let us collect the terms of order U*1)/3, The interior equations write:

J+1 J+1
lef, : E LiVief jr1-k = E Vi Wief j4+1—k
k=0 k=0
j+1 J+1
. lef _
lef, E N Dief j1—k = § Vi Pref j+1-k
k=0 k=0
J+1 J+1
P rig _
rig : g NEDig i1 = E YePrig,j+1-k;
k=0 k=0

We examine the first equation and notice that £; = 0 and 7; = 0 so that ¥ ; does not appear.
We can write this equation in the form:

1
<£0 — §> \I]Ief,j—i-l = —,Cg\lﬁef,j_l - 72\IIIef,j—1 - 7j+1\11|ef70
Jj+1 J

- E ﬁk‘I’|ef,j+1—k— E %‘I’|ef,j+1—k-
k=4 k=3

We apply Lemma 5.3 and we obtain an equation in the form:

1
g}’_l - msgj—1 —Y29j-1 = [ + Vj+190,

where f and g;_;(0) are known. Then, Lemma 5.4 applies and provides a unique value of v,
such that g;_; has an exponential decay. From the recursion assumption, we deduce that ¢;(0),
Dier j» Prig,; are now determined. Lemma 5.3 uniquely determines Wig ;. , such that:

Wief j+1 = \IIIJe_ng'-{-l + gj+1(s)co(t)-

We can now write the system in the form:

1
lef,, : (/\/'(;ef — §>®|ef,j+1 = Fies
. 1
rig ( 0 — g)q)rig,j—l—l = Fig,

where Fief, Fiig have an exponential decay. The transmission conditions are, cf. (6.7)—(6.8):
Dief j+1(0,1) = Prig j11(0,1) — Wier j11(0, 1)
= (I)rig,j+1(07 t) - ‘I’éf,jﬂ(oa t) - gj+1(0)00<t)

and

05 Prer +1(0,1) — Do Prig j11(0, 1) = H(t) = —g;(0)co(t) + H(t),
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where H is known. We can apply Lemma 6.4 which determines ®yig j11, Pier j4+1 (With an
exponential decay) and g;.(0) once g, is known.

e Quasimodes. The previous construction leads to introduce:

J+2
u u .
BN D o) RO A
(6.11a) u,t)y = 979

Z‘brigg(h )h]/g‘l‘uX”g(h)RJh() when u >0,
=0

where the correction term

(6.11b) Ryp(7) = 0.Wies s 12(0, 7)h773
Jao J42

_Z ( 0, (wlefj (0,7) + Pier; (0, 7 )) hﬂ/3+z o Dig (0, 7) WI/®

is added to make @Dh satisfy the transmission condition (6.8). Here we have used a smooth
cutoff function " being 1 near 0. By construction, 1/)}[;]] defined by the identity

(6.11c) W, y) = X () ) (. )
belongs to the domain of Lg,(h). Using the exponential decays, for all J € N we get the
existence of hy > 0, C'(J, hg) > 0 such that for h € (0, ho):

(et 32t < o

6.2. Agmon estimates and consequences. In this last subsection, we prove Theorem 2.5. For
that purpose, we first state Agmon estimates to show that the first eigenfunctions are essentially
living in the triangle Tri so that we can compare the problem in the whole guide with the
triangle.

Proposition 6.5. Let (X, v)) be an eigenpair of Lci(h) such that |\ — 1| < Ch*/3. There exist
a >0, hg > 0and C > 0 such that for all h € (0, hy), we have:

/ 6ah*1x<|w|2 + |hax¢|2> dzdy < C1||77b||2
x>0

Proof. The proof is left to the reader, the main ingredients being the IMS formula and the fact
that Hpo cui is a lower bound of L¢,i(h) in the sense of quadratic forms (see the analysis of
Propositions 4.3 and 4.4). See also [ 13, Proposition 6.1] for a more direct method. U

e Proof of Theorem 2.5. Let Q/JZ be an eigenfunction associated with Ag,i,(h) and assume
that the ¢2 are orthogonal in LZ(Q), and thus for the bilinear form Bg,; j, associated with the
operator Lg;i(h).

We choose ¢ € (0, %) and introduce a smooth cutoff y"at the scale h!~¢ for positive =

X"(z) = x(zh*™") with x=1ifz<i x=0ifz>1
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and we consider the functions x"¢)"". We denote:

QENo(h) = span(Xh@D{l, S thvbj}ifo)'
We have:
QGui,h(¢Z) = )‘Gui,n(h)HQ/)r}zH2
and deduce by the Agmon estimates of Proposition 6.5:
QGui,h(thZ) = ()\Gui,n(h') + O(h'oo)) ||th2||2
In the same way, we get the ”almost”-orthogonality, for n # m:
Bauin(X" 05, X"ty,) = O(h™).
We deduce, for all v € &y, (h):
Qcuin(v) < (Aauing () + O (%)) vl
We can extend the elements of &y, (h) by zero so that Qi n(v) = Qi , (v) for v € €y, (h)
where Tri_, is the triangle with vertices (—7v/2,0), (h!75,0) and (h'~%,h1=¢ + 7/2). A

dilation reduces us to:
h1_€ - 292 2
( ™2 ) ( )
on the triangle Tri. The lowest eigenvalues of this new operator admits the lower bounds
L+ za(n)h?3 — Ch'=¢ ; in particular, we deduce:

AGuing (h) > é + ZA(NQ)h2/3 _ ChiE.

This provides the separation of the eigenvalues and, joint with Proposition 6.1, this implies
Theorem 2.5.

6.3. Conclusion.

6.3.1. Back to the physical coordinates. The two-term asymptotics
(5, ) Luco + BV (@ (0, ) Lo + @T5(0, 7) Lo

provides us with the leading behavior of the eigenvectors in the scaled half-guide 2. It is
interesting to come back to the physical domain and to interpret this two-term asymptotics
in the original variables (1, x2). We have to chain formulas (2.2) giving (z,y), (5.1) giving
(u,t), (6.2) giving (u, 7), and (5.5) giving s and 0. We have also to take the relation 2 = tan
into account.

Returning to section 6.1.2 and more particularly to (6.10) — and Lemma 5.4, we find that

t
T (s5,1) = A<(47r\/§)_1/3s + zA(n)> cos (%)
Coming back to physical variables (z1, x2) we find that
e 6 \1/3 T 91’1
U (s,1) = A((%> x1 + zA(n)> cos (5 — %> +0(6*) as 60— 0.
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As for the term &, := <I>'ff]lo<0 + <I>Tg]lo>0, we find that there exists a profile o, independent
of 6 such that
(I)l(U, t]lo'<0 + T]lo'>0) = (i)l(,fl, 1’2) -+ 0(92) as 0 —=0.

Here #; = x; and

T cos 0 )
_— if 21 <0,
Gy ={ T+ sin 0
Ty cosl — xysind if z; > 0.

This profile ®; is exponentially decreasing as #; — Zoo. It is solution of a transmission
problem with smooth data for the Laplace operator on the infinite strip R x (0, 7r) with mixed
Neumann-Dirichlet conditions on the bottom side %, = 0, and Dirichlet on %, = 7. Hence, it

is piecewise H? modulo the addition of a multiple of the singular function wgng, cf. (1.2).
0

The consequence of this is that the coefficient of the singularity g, for a normalized eigen-

vector of AQ" behaves as O(6'/%) as § — 0.

6.3.2. X-shaped waveguides. Our results provide without any difficulty the structure of the
eigenpairs of lowest energy in the small angle limit when the domain is formed by the union
of two infinite strips of same width 7 crossing with an angle 26 (this model appears in the
physical literature, see [8]). The two non-convex corners of this structure are at the dis-

tance 5 = O(6~1). This X-structure can be viewed as a double symmetric V-structure

and the eigenmodes can be constructed from the V-structure eigenmodes since they interact
very weakly (their lower scale is §'/3). Nevertheless they do interact by an exponentially small
tunnelling effect which would be interesting to investigate.

o Acknowledgments. The authors would like to thank Francis Nier for giving them the impulse
to write this paper.
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