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HORMANDER TYPE FUNCTIONAL CALCULUS AND SQUARE
FUNCTION ESTIMATES

CH. KRIEGLER

ABSTRACT. We investigate Hérmander spectral multiplier theorems as they hold on X =
LP(Q), 1 < p < oo, for many self-adjoint elliptic differential operators A including the
standard Laplacian on R?. A strengthened matricial extension is considered, which coincides
with a completely bounded map between operator spaces in the case that X is a Hilbert
space. We show that the validity of the matricial Hormander theorem can be characterized
in terms of square function estimates for imaginary powers A%, for resolvents R(\, A), and
for the analytic semigroup exp(—zA). We deduce Hérmander spectral multiplier theorems
for semigroups satisfying generalized Gaussian estimates.

1. INTRODUCTION

Let f be a bounded function on (0,00) and u(f) the operator on LP(R?) defined by
[w(f)g) (€) = f(|€*)§(€). Hérmander’s theorem on Fourier multipliers [20, Theorem 2.5]
asserts that u(f) : LP(R?) — LP(RY) is bounded for any p € (1,00) provided that for some
integer N strictly larger than g

2R 2 dt
(1.1) sup/ }tkf(k)(t)’ — <o (k=0,1,...,N).
R>0JR/2 t

This theorem has many refinements and generalisations to various similar contexts. For
a> 5, let Wi (R) ={f € LA(R) : [|fllwgm = [I(1+&*)*2F(€)l 12e) < oo} denote the usual
Sobolev space, and W = {f : (0,00) - C: foexp € W(R)}, which is a Banach algebra
with respect to || fllwe = [|f o exp lwgw). Let ¢g € C(3,2). For n € Z, let ¢, = do(27™)
and assume that ), ¢,(t) = 1 for any ¢ > 0. Such a function exists 2, Lemma 6.1.7] and
we call (¢, )nez a dyadic partition of unity. We define the Banach algebra

Ho — {f 0.50) = C e = sup 6w < oo}.

The definition of H* is independent of the dyadic partition of unity, different choices resulting
in equivalent norms [25, Section 4.2]. The space H® refines (1.1), more precisely, f € H®
implies that f satisfies (1.1) for N < «, and the converse holds for N > « [25, Proposition
4.11).
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2 CH. KRIEGLER

Now if A is a self-adjoint positive operator on some L?(€), i), then its functional calculus
assigns to any bounded measurable function f on (0,00) an operator f(A) on L?(2, u). In
particular, if A = —A and (Q, ) = (R4, dz), then f(A) equals the above u(f). A theorem
of Hérmander type holds true for many elliptic differential operators A, including sublapla-
cians on Lie groups of polynomial growth, Schrodinger operators and elliptic operators on
Riemannian manifolds [14, 1, 3, 7, 12]. By this, we mean that

(1.2) u:H*— B(X), f— f(A) is a bounded homomorphism,

where X = LP(Q), p € (1,00), a is the differentiation parameter typically larger than 4

27
where d is the dimension of €2, and f(A) is (the unique bounded LP-extension of) the self-

adjoint functional calculus.

The aim of this article is to characterize the validity of the Hormander multiplier theorem
for A in terms of square function estimates.

The latter have been introduced in Stein’s classical book [39] and have since then been used
widely with applications to functional calculi and multiplier theorems. Note that ||(-)®]|ya =
(1 + [t>)*/? [25, Proposition 4.12 (4)], so that for this particular function, (1.2) implies

| A%|| < C(1 + [t|?)*/2. Then a natural square function estimate for our situation is

(1.3) 1L+ ¢2) 72 A%y z.x) < Clallx,

12 ()l x) = || (/R |x(t)\2dt)%

for X = LP(Q, u) and p € [1,00), which explains the name square function. The general
definition of the space v(R, X) involves Gaussian random sums in the Banach space X, see
Section 2.

Our setting, developed in Section 2, is as follows: We let X be a Banach space having
Pisier’s property («), which a geometric property playing an important role for the theory of
spectral multipliers. It is natural to assume the operator A to be 0-sectorial i.e. a negative
generator of an analytic semigroup (exp(—zA))gre.~o which is uniformly bounded on the
sector X, = {z € C\{0} : |arg 2| < w} for each w < 7. Indeed, exp(—=2-) belongs to H* with
uniform norm bound on such sectors. Further, for simplicity we assume throughout that A
has dense range.

We shall base the definition of u in (1.2) on the well-known H> functional calculus [8, 29].
This means that for f belonging to H®(X,) = {f € H*(X,) : ¢, C > 0s.th. [f(2)] <
C'min(|z]9, |2|7¢)} which is a subclass of H*(X,,) = {f : ¥, — C: f is analytic, || f|lccw =
sup,exy, | f(2)] < oo}, f(A) € B(X) is defined by a certain Cauchy integral formula, see
(2.8). Secondly, under certain conditions, A has a bounded H* calculus, which means that
there is an extension to a bounded homomorphism H>*(X,) — B(X), f — f(A). Note that
H™>(%,) is a subclass of H*. In Lemma 4.3 it will be shown in particular that an extension
of the H* calculus to a bounded homomorphism u : H* — B(X) is unique.

where (R, X) is given by

X
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For any such mapping v and n € N, we now consider the linear tensor extension
. M, @H* — M, ® B(X)
"lewf =a@u(f)

where M, is the space of n x n scalar matrices. We will equip both M,, @ H* and M,, ® B(X)
with suitable norms. In fact, H® will become an operator space (see Section 4), M,, @ B(X) =
B((2 ®, X) if X is a Hilbert space, and if X is a Banach space, M,, ® B(X) = B(Gauss, (X))
carries the norm induced by an action on X-valued Gaussian random sums. We call u
matricially y-bounded in this article if

(1.4) [t mat- = sup [|un|| < oo.
neN

This is in general strictly stronger than ||u|| < oo (see Proposition 5.9), and is related to
the following two well-known boundedness notions, explained in Section 2. First, if X is a
Hilbert space, then (1.4) is equivalent to the complete boundedness of u, and second, if X
is a Banach space, then (1.4) entails that the set of spectral multipliers {u(f) : ||f|lxe < 1}
is v-bounded.

The main result reads as follows.

Theorem 1.1. Let X be a space with property («). Let A be a 0-sectorial operator on X
with bounded H* calculus. Let a > % Then the following are equivalent.

(1) The square function estimate (1.3) holds.

(2) The H* calculus mapping f — f(A) extends to a homomorphism u : H* — B(X)
which is matricially y-bounded.

Theorem 1.1 entails a spectral multiplier theorem in the following situations: The space
X = L*(Q) for p € (1, 00) has property («). If (€2, ) is a d-dimensional space of homogeneous
type, e.g. a sufficiently regular open subset of R? with Lebesgue measure u, and A is self-
adjoint positive on L?*(€2) such that the corresponding semigroup exp(—tA) has an integral
kernel k;(x,y) that satisfies the Gaussian estimate for some m € N

(1.5) \ki(z,y)| < Cp(B(z, tn)) exp <—c(dist(x,y)/t%)%) (z,y € Q, t>0),

then A has a bounded H* calculus on X [13, Theorem 3.4], [4, Corollary 2.3]. This is indeed
the case for many operators listed before (1.2) [3, Section 2]. Moreover, the mappings u from
(1.2) and Theorem 1.1 (2) are the same, so that we obtain as a corollary

Corollary 1.2. Assume that A is a self-adjoint positive operator on L*(Q) satisfying (1.5).
Let o > % and p € (1,00). If A satisfies the square function estimate

(1.6) H</R‘(1+t2)a/QAitx‘zdt)%H < Oz,

then for any f € H*, the spectral multiplier f(A) is bounded LP(Q2) — LP(1Q2).

In Proposition 5.9, we will show a partial converse of Corollary 1.2. More precisely, (1.2)
implies that a restriction to a smaller Hormander space H” is matricially v-bounded.
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Let us close the introduction with an overview of the rest of the article. In Section 2, we
give the necessary background of the above mentioned notions of matricial norms, square
functions, Gaussian random sums and functional calculus. Matricially y-bounded mappings
and the connection to square functions are explained in Section 3. Section 4 is devoted to
homomorphisms u : H* — B(X) and the connection to H* functional calculus. Moreover
Theorem 1.1 is proved. A main ingredient is to deduce a spectral decomposition of Paley-
Littlewood type, see (4.6), under the hypotheses of Theorem 1.1. In Section 5, we discuss
some extensions and applications. Firstly, the square function estimate in terms of imaginary
powers A in Theorem 1.1 has several equivalent and almost equivalent rewritings in terms
of other typical square functions, involving the analytic semigroup

N e L S R Ul (0 € (=n/2,7/2)),

TR+, X)

or resolvents
(1.8) |AZ R(e”t, A)a|lyz, x) < Cl0]77||2] (0 € (=m,m\{0}).

We have (1.3) = (1.7) and (1.8) for a < 3, and conversely, (1.7) or (1.8) = (1.3) for a > .

Secondly, we discuss Theorem 1.1 in the presence of generalized Gaussian estimates (see
Assumption 5.5), which in particular covers semigroups satisfying (1.5). This is a well-
studied property in connection with (Hérmander) functional calculus, see e.g. [12, 14]. In
particular, we show the square function assumption of Corollary 1.2 in the form of (1.7) and
improve the derivation order of the Hormander theorem from a > % + 1 as proved in [3] to

a>d )pio — %‘ + % We finally discuss the connections and differences between matricially ~-

bounded Hormander calculus and bounded Hormander calculus. The last Section 6 contains
some technical proofs of Section 4.

2. PRELIMINARIES ON OPERATOR SPACES, GAUSSIAN SUMS, SQUARE FUNCTIONS AND
FUNCTIONAL CALCULUS

We will need in different contexts cross norms on a tensor product of two Banach spaces.

Operator spaces. A Banach space E is called operator space if it is isometrically embedded
into B(H), where H is a Hilbert space. Let M,, denote the space of scalar n x n matrices.
What makes operator spaces different from mere Banach spaces is that there is a specific
collection of norms on M,, ® E, the operator space structure of E. Namely for all n € N, it
is equipped with the norm arising from the embedding M, @ E — B((2(H)), [a;] ® © —

(he)is = (o agw ()i )

Let E and F' be operator spaces and v : £ — F' a linear mapping. For any n € N, let w,
be the linear mapping M,, ® E — M, ® F, a ® v — a ® u(x). Then u is called completely
bounded (completely isometric) if ||u|| = sup,ey ||un|| < 0o (for any n € N, w, is isometric).

Clearly, any space B(H) itself is an operator space, so in particular M,, = B({?,)) is.
Further we will consider the Hilbert row space £ = {h — (h,z)e : x € (*} C B({*) where
e € (% is a fixed element of norm 1 and (h, x) is the scalar product. Different choices of e give
isometric norms of M, ®(? and (? is isometric to ¢* as a Banach space. We shall also consider
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the m-dimensional subspaces E?M C (2. These are completely isometrically determined by
the following embedding, which also explains the name of row space:

a ... Qm
0 ... 0
(21) Zmegn%MTfm (alu"'7am) — . . .
0O ... 0

We refer to the books [15, 38| for further information on operator spaces.

v-bounded sets, property («) and square functions. We let ) be a probability space
and (vx)rez a sequence of independent standard Gaussian random variables on ). For a
Banach space X, we let Gauss(X) be the closure of span{y; ® z; : k € Z} in L*(Q; X) with
respect to the norm

1
2 2

dw

<22) HZ% ® kaGauss(X) - /S; Zyk(tu)xk
k k=1

It will be convenient to denote Gauss, (X) the subspace of Gauss(X) of elements of the form

2 k=1 Ve ® T,
Note that if X is a Hilbert space, then

(23) H;’yk ® ka?}aussn(X) - ; ||5Ek||2

A collection 7 C B(X) is called 7-bounded if there exists C' > 0 such that

|Z'Yk®kaEk <C ch@m
k Gauss(X) k Gauss(X)
for any finite families 71,...,7, € 7 and x4, ..., 2, € X. The least admissible constant is

denoted by (1) (and v(7) := oo if such a C' does not exist). Note that a -bounded set is
automatically uniformly norm bounded, since one has v(7) > supy¢, ||T]|. For 0,7 C B(X)
and corT={SoT: S€o, T e}, onehas y(oco71) <~v(c)y(r). The set 7 = {aidx : a €
C, |a| <1} is 7y-bounded with constant 1.

We say that X has property («) if there is a constant C' > 1 such that for any finite family
(x;;) in X, we have

1
(24) 5 HZ Vi ® Lij HGauss(X) < HZ Vi ®’7] ® Lij HGauss(Gauss(X)) < CHZ Vi ®xij HGauss(X)’
7/7] Z7j 7/7]
where v;; is a doubly indexed family of independent standard Gaussian variables. Property

(«) is inherited by closed subspaces and isomorphic spaces. The L? spaces have property ()
for 1 < p < 0o and moreover, if X has property («), then also LP(€2; X)) has. Property («)
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is usually defined in terms of independent Rademacher variables ¢;, i.e. Prob(¢; = £1) = %
instead of Gaussian variables [37]. In analogy with (2.2), we define Rad(X) C L*(Q; X) by

‘}ZE’“@MHRM(){): /Zek(w)xk
k Q| k=1

It turns out that the two definitions are the same:

1
2 2

dw

Lemma 2.1. The property (2.4) is equivalent to the following equivalence uniform in finite
families (z;;) in X.

(2.5) HZ € © € O Tij HRad(Rad(X)) = HZ €ijLij HRad(X)'
irj irj
Proof. First observe that the Schatten classes SP for p € (1, 00)\{2} are spaces which do not
satisfy (2.4) nor (2.5). This is shown in [37] for the Rademachers. On the other hand, S?
has finite cotype, which implies that on this space, Rademacher sums and Gaussian sums
are equivalent [10, Theorem 12.27], i.e.

(2.6) 1Y "% @ llcansco = 1Y e @ 2ellrad(x),

keF keF

uniformly in F' C Z. From this one easily deduces that (2.4) does not hold.

Next observe that by the Banach-Mazur theorem and [10, Theorem 3.2], S? (in fact any
Banach space) has the property that all finite dimensional subspaces are isomorphic to a
subspace of some /:°, with one fixed isomorphism constant. This implies that > does not
satisfy (2.4) nor (2.5).

Therefore, by the characterization of finite cotype in [10, Theorem 14.1], a space X sat-
isfying (2.4) or (2.5) has finite cotype. As cited above, Rademacher and Gaussian sums are
then equivalent, so the corresponding expressions in (2.4) and (2.5) are, which shows the
lemma. t

We recall the construction of Gaussian function spaces from [23], see also [22, Section 1.3].

Let H be a separable Hilbert space. We consider the tensor product H ® X as a subspace
of B(H,X) in the usual way, i.e. by identifying > ,_, hy ® z, € H ® X with the mapping
w:hw— Y _ (h h)xy for any finite families hy, ..., h, € H and z4,...,2, € X. Choose
such families with corresponding u, where the h; shall be orthonormal. Let ~q,...,7, be
independent standard Gaussian random variables over some probability space. We equip
H ® X with the norm

HuH’y(H,X) - qu/k ® kaGauss(X)'
k

By [10, Corollary 12.17], this expression is independent of the choice of the hy representing
u. We let v(H, X) be the completion of H ® X in B(H, X) with respect to that norm. Then
for u € y(H, X), llullyax) = [|[>Zpm ® u(ek)HGaUSS(X), where the e, form an orthonormal

basis of H [23, Remark 4.2].
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A particular subclass of v(H, X) will be important, which is obtained by the following
procedure. Assume that (£, p) is a o-finite measure space and H = L*(Q). Denote P,(£2, X)
the space of Bochner-measurable functions f :  — X such that 2’0 f € L?(Q2) forall 2’ € X,
We identify P»(€2, X) with a subspace of B(L*(Q2), X”) by assigning to f the operator u
defined by

2.7) (ush, o) = / (1), 2Yh(E)dp(t).

An application of the uniform boundedness principle shows that, in fact, u; belongs to
B(L*(Q), X) [23, Section 4], [17, Section 5.5]. Then we let

V(LX) ={f € P(X): up € y(L*(Q),X)}
and set
1f ) = [l llyzz@).x)-
The space {us : f € v(€, X)} is a dense and in general proper subspace of v(L*(Q), X).
Resuming the above, we have the following embeddings of spaces, cf. also [31, Section 3].
LX) ®X — (2 X) = v(L*(Q),X) — B(L*(Q), X).

In some cases, Y(L?(€), X) and (2, X) can be identified with more classical spaces. If X
is a Banach function space with finite cotype, e.g. an L? space for some p € [1,00), then for
any step function f =3 | zrxa, : & = X, where x;, € X and the Ay are measurable and
disjoint with p(Ag) € (0,00), we have (cf. [23, Remark 3.6, Example 4.6])

el (Sratar) 1, = (frooran) ],

The second equivalence follows from [10, Theorem 16.18]. The last expression above is a
classical square function (see e.g. [8, Section 6]), whence for an arbitrary space X, ||u|,m,x)
is called (generalized) square function [23, Section 4]. In particular, if X is a Hilbert space,
then (2, X) = L*(Q, X) with equal norms.

We have the following well-known properties of square functions.

£l = HZ%@u (A0

Lemma 2.2. Let (2, 1) be a o-finite measure space and X a Banach space with property
().
(1) Suppose that f,, f € P5(, X) and f,(t) = f(t) for almost all z € Q. Then || f || x) <
hm mfn an”,y(Q7X)
(2) Let K € B(Hs, Hy), where H;, Hy are separable Hilbert spaces. Then for u €
v(Hy, X) we have uo K € y(Hs, X) and ||uo K||W(H27X) < ||u||q/(H1,X)||K||.
(3) If @ —» B(X), t— N(t) is a strongly continuous map such that 7 = {N(t) : t € Q}
is v-bounded, and f € v(Q, X), then ||V - f||,Y(Q,X) < ’7(7’)||f||,y(g7x).

Proof. As X has property («), it does not contain ¢q isomorphically. Using this fact, a proof
of (1) can be found in [23, Lemma 4.10], or in [42, Proposition 3.18]. For (2), we refer to
(23, Proposition 4.3] or [42, Corollary 6.3]. Finally, (3) is proved in [23, Proposition 4.11],
see also [42, Theorem 5.2]. O
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Sectorial operators and H* functional calculus. Let 6 € (0,7) and A: D(A) C X —
X a densely defined linear mapping on some Banach space X. A is called #-sectorial, if

(1) The spectrum o(A) is contained in 3.

(2) For all w > 6 there is a C,, > 0 such that |[A(A— A)~'|| < C, for all A € £.°.

(3) R(A) is dense in X.
We call A 0O-sectorial if it is #-sectorial for all & > 0. In the literature, property (3) is

sometimes omitted. It entails that A is injective [29, Proposition 15.2]. For such an operator
Aand f € H°(X,), w € (0, 7), one defines the operator

(2.8) f(A) = — / FO) - A) A,
% (0+w)/2

= om

where 0¥ p1.)/2 is the sector boundary which is parametrized as usual counterclockwise.
It is easy to check that f(A) is bounded and that u : H{*(3,) — B(X) is a linear and
multiplicative mapping. Suppose that there exists C' > 0 such that

(2.9) [FA < Clifllooe (f € Hy" (X))

Then there exists an extension of u to a bounded mapping H*(3,) — B(X), f — f(A),
satisfying the so-called Convergence Lemma [8, Lemma 2.1].

Lemma 2.3. Let (f,)nen be a sequence in H*(X,) such that sup,cy || folloow < 00 and
fn(A) = f(A) for all A € ¥, and some f (which then necessarily belongs to H*(X%,)). Then
f(A)z = lim,,_,o fr(A)z for any x € X.

Note that the extension is uniquely determined by Lemma 2.3 since for any f € H*>(%,),

(2.10) £ = FO) (M (14 )

is a sequence in H§°(X,) approximating f in the sense of that lemma. As a consequence,
if (2.9) is satisfied, then it also holds for any f € H*(X,). In this case, we say that A
has a bounded H*(%,,) calculus, or without precising the angle w € (6, 7), a bounded H*
calculus.

3. SQUARE FUNCTION ESTIMATE AND MATRICIALLY BOUNDED HOMOMORPHISM

Throughout the section, we let X be a Banach space. For any n € N, we identify M,, ®
B(X) with B(Gauss, (X)) by associating [a;;] ® T € M, ® B(X) with the operator

(3.1) Z’Yk @ Ty Z Ve @ an T (;).
k=1

k,j=1
Via this identification, we get a norm on the tensor product space, which we note by M, ®,
B(X).

Definition 3.1. Let E be an operator space. Let further u : E'— B(X) be a linear mapping.
We call  matricially y-bounded, if idy;, @u : M, ® E — M,, ®., B(X) is bounded uniformly
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in n € N, i.e. if there is a constant C' > 0 such that for any n € N,

I Z Y ® u(fij)xjHGaussn(X) = CH[fiJ]HMn@EHZ Vi & xiHGaussn(X)'

1,7=1

We denote the least admissible constant C' by ||| mat-r-

Remark 3.2.
(1) If u: E — B(X) is matricially y-bounded then
(3:2) {u(@): |zl <1}

is y-bounded. Indeed, from the definition of y-boundedness in Section 2, we immedi-
ately deduce that (3.2) is satisfied if and only if idy;, ®u|p,sr is bounded uniformly
inn € N, where D, C M, denotes the subspace of diagonal matrices. We call a
linear mapping u y-bounded if (3.2) holds.

(2) Assume that X is a Hilbert space. Then by (2.3), u is matricially y-bounded if and
only if u is completely bounded, and in this case, ||ul|s = ||t/ maty-

A first example for Definition 3.1 is given by
Proposition 3.3. For a given space X and m € N, consider
Om,X Mm — Mm ®’Y B(X), [CLZ']'] — [aij ldx]

Then o, x is matricially y-bounded with sup,,cy [|0m,x|lmaty < 00 if and only if X has
property ().

It is shown in [27, Lemma 4.3] that the o, x are y-bounded uniformly in m € N if and
only if X has property («) (with Rademachers in place of Gaussians). Actually the same
proof applies to Proposition 3.3.

Mappings which are y-bounded or matricially v-bounded have been studied so far in
connection with functional calculi and unconditional decompositions [27, 11] where E is a
C(K)-space and representations of amenable groups [31], where E is a nuclear C*-algebra.
We shall focus in this section on the row Hilbert space E = (2.

Theorem 3.4. Let u : > — B(X) be a bounded linear mapping. Assume that X has
Pisier’s property (a). For n € N, denote by C,, C M, the subspace of matrices vanishing
outside the first column. Then the following conditions are equivalent:

(1) [[u()e]]. o 5 < Clel.
(2) u: ¢ — B(X) is matricially y-bounded.
(3) The restriction id ®u : C,, ® £2 — M, ®, B(X) is bounded uniformly in n € N.

Proof. We fix an orthonormal basis (e,);, of £2. Write T}, = u(eg). Then condition (1) of the
statement rewrites

(33) HU()I‘HW - ilé-];N)HZfYk ® TkaGauSSn(X) < CHI”
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On the other hand, for [f;;] € M, ® (%, we have with fl.(f) = (fijs €x),

.m0

H(idMn ®u)|fij] HMn®qB(X) - hnImnH [Z f(k T

Thus, condition (2) is equivalent to
(3.4) HZ Z% ® fif Tk%HGaussn x) S Cllfiillaee,, ' ® i s )
i=1 k=1 i=1

where fi; = ( f( )) € (2, and C is independent of n and m. Denote the linear bounded
mapping Gaussn(X) — Gauss, (X)) arising from (3.4) by s, m([fi;]). Finally, condition (3) is

equivalent to (3.4) with f;; = 0 for j > 2.

1) = (2)
For m € N fixed, let Y = Gauss,,(X) and define the operators

V:X—>Y,:U|—>nyk®Tkx, W:Y—)X,nyk@)xk»—)xl.
k=1 k=1

By assumption (3.3), V' is bounded with constant C' independent of m. Further, W is bounded
(see e.g. [25, (2.13)] for a simple proof). For n € N, denote

Vi =idp ®V : Gauss,(X) — Gauss, (Y), Z% ® Xp Z% ® V(zg).

It is easy to check that [[V,| = [|V/||. Similarly, defining W, = ide @W : Gauss,(Y) —
Gauss,, (X), one has |[W,|| = [|[W]|. Let i, : £, — M, be the first row identification as in
(2.1) which is completely bounded of cb-norm 1. Then by Remark 3.2 and Proposition 3.3,
along with property (&), T, = 0 x © i, : Efn’r — B(M,, ® X) is a matricially y-bounded
mapping and sup,,ey [|Tm ||maty < 00. For f = [fi;];; € M, ® £7, ., we have the identity

Unm [Z fzj

= Wrn(fi5)V] = Walmm(fij)]Va

Therefore,

[t (O < AWl VAT (i) < IWATIV 17 it | i a2, .
o (3.4) follows.

(2) = (3)
This is clear, since (3) is an obvious restriction of (2).

(3) = (1)
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Choose n =m € N and f = [f;] € M, ® £2 . with f;; = ;1€;, where (e;) is the standard
basis of 2. By definition of the row norm, we have

1 llarpsez, = || Z<fm,fjk>] Iz,

— } 25k1<€i,€j>] H]%\Jn

= 1112,
=1.

As f is supported by the first column, by assumption (3.4) there is some C' < oo such that

C Z Hun,n<f)”Mn®wB(X)
7 0 ... 0

=l : - HMn®yB(X)
7, 0 ... 0

= Sup {HZ,}% ® Tkl‘lHGaussn(X) : szk ® kaGaussn(X) = 1}
k k
:Sup{HZVIQ@TkaGauSSn(X) : HI‘” < 1} ’
k

Letting n — oo shows that (3.3) holds. O

Remark 3.5. Theorem 3.4 is a generalization of [30, Proposition 3.3, where X is an LP-
space, and [18, Corollary 3.19], where more generally X has property («). There it is shown
that condition (1) of the theorem implies that u : £> — B(X) is y-bounded. (In these two
references, u maps to B(Y, X) instead of B(X). A corresponding version of Theorem 3.4
with B(Y, X) in place of B(X) holds with the same proof).

4. THE HORMANDER FUNCTIONAL CALCULUS

Recall the spaces W< and H® and the dyadic partition of unity (¢, )ez from the intro-
duction. Clearly the space W is a Hilbert space. We equip H® with an operator space
structure by putting

(4.1) 1fis) I ar, 0me = Sup @& fijll aowe,

where the index r refers to the row space structure. It is easy to check that (4.1) indeed
defines an operator space, arising from the embedding

HY — B(@ W), f= ((9x)rez = ((gr, Or.f)E)rez) »

keZ
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2
where @ W is the Hilbert sum, and e is some fixed element in W< of norm 1.

kez
In this section we focus on (unital) homomorphisms

(4.2) w: HY = B(X).

We give a characterization when such mappings are matricially v-bounded. An example of
a bounded homomorphism of this type is given by Hormander’s classical theorem mentioned
in the introduction, which states that for a > 4, X = LP(R?) and p € (1,00), the radial
Fourier multiplier representation u_a : H* — B(X) given by

(4.3) u-a(f)g=[f(-)g] = f(=A)g
is bounded. In fact, by means of our characterization, we will show in Section 5 that u_A is
even matricially fy—bounded provided that o > d“

For n € N, let M" be the space consisting of n- tlmes continuously differentiable functions
f defined on (0,00) such that || f|mm = Y p_oSUDssg [tFf*)(¢)] is finite. Let us record how
We H®, H*(3,) and the auxiliary space M" compare. The proof is an easy verification,
see also [25, Lemma 4.15, Proof of Proposition 4.22; Proposition 4.9].

Lemma 4.1. Let w € (0,7) and o > 3.
(1) H>(X,) — H.
(2) W — H* where the embedding is completely bounded.
(3) For any w € (0,7), H>®(3,) N W is a dense subset of W.
(4) M"™ — H* for n > a.
(5) H>®(X,) is a dense subset of M" . Moreover, any f € W*NM" can be simultaneously
approximated by a sequence (fy)ren C H*®(X,)NW*NM".

The main interest of M" is the following convergence lemma, which is proved in [25, Section
4.2.4].

Lemma 4.2. Let u : M" — B(X) be bounded such that u(f) = f(A) for some 0-sectorial
operator A and any f € U@E(O,ﬂ) H>(3y). Let (¢n)nez be a dyadic partition of unity and
(an)nez a bounded sequence. Then ) . a,¢, belongs to M" and

(4.4) Z anu(dn)r = u <Z angbn) r (zeX).

neZ ne”

Many spectral multiplier theorems for Laplace type operators A consist in the bounded-
ness of w in (4.2), which in turn is the functional calculus u4 of some 0O-sectorial operator.
For example, in the case of (4.3) one has A = —A. In the sequel we will only consider
homomorphisms of the form u = u4. The next lemma gives a criterion when this is the case.

Lemma 4.3. Let w € (0, 7).

(1) Let u be a bounded homomorphism u : H* — B(X). There exists a 0-sectorial
operator A such that

(4.5) u(f) = f(A) (f € H*(%,)),
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if and only if the restriction of u to H*(X,,) satisfies the Convergence Lemma 2.3,
ie. for any f,, f € H®(3,) with sup, || fallccw < 00 and f,(A) — f(X\) pointwise,
we have u(f)z = lim, u(f,)z for any x € X. In this case, we write f(A) in place of
u(f) for any f € H“.

(2) Let A be a 0O-sectorial operator. Then there exists a bounded homomorphism wu :
H* — B(X) satisfying (4.5) if and only if ||f(A)|| < C| fllue (f € H®(X)).

Moreover, u is uniquely determined by (4.5).

Proof. (1) By Lemma 4.1 (1), only the “if” part has to be shown. Suppose that u : H* —
B(X) satisfies the Convergence Lemma 2.3. Since u is a homomorphism, one has u((A —
)7 = u((p =) = (p=Nu((A=) " u((p—-)7") for any A, pp-€ C\[0,00), i.e. u((A—-)7")
is a pseudo resolvent [36, Definition 9.1]. By Lemma 2.3, u(A(A — )"}z — z for any z € X
and |A| — oo. Thus, by [36, Corollary 9.5], there exists a densely defined operator A such
that u((A—-)71) = ()\ A)~! for A € C\[0, 00). Again by Lemma 2.3, — (2 4+ A) 'z — 0 for
any x € X and n — oo. Thus, A has dense range [29, Proposition 15. 2] As u is a bounded
homomorphism, it now follows that A is O-sectorial and for any rational function r € H¢,
1A S e S o

We claim that A has an H* calculus coinciding with u. Indeed, a given f € H{°(%,,), we
write

1 -1
f=5= VA=) dA.

2 Jox, 12

As f(N)(A—=)"1: 05,2 — H™(%,,4) is continuous, we find a sequence r,, = Zle crf M) (Ak—
)71 such that r, — f in H OO(ZW 1), so in particular in ‘H®. Clearly, r, are rational func-
tions. Inserting formally (-) = A in the Cauchy integral, the same arguments apply, and
rn(A) = f(A). We conclude u(f) = lim, u(r,) = lim, r,(A4) = f(A).

We have shown that u(f) = f(A) for any f € H{°(X,). For a general f € H>*(X,,) we use
the approximation (2.10).

(2) The “only if” part is clear and the “if” part is shown in [25, Remark 4.27]. Using density
and Lemma 4.1, u is uniquely determined on W* and M" for any n > «. Thus u satisfies the
decomposition (4.4). Then for f € H*, we have u(f)x = u(f) D icpu(dr)r =D pcq u(fdr).
As for € W<, we conclude the uniqueness of u. O

The strategy to prove matricial y-boundedness of a mapping from H* to B(X) will be to
show the matricial y-boundedness from W* to B(X), and then to pass to H* by means of a
spectral decomposition, given by (4.6) in the following theorem. The restriction of the H*
calculus angle w to (0,7/4) is only for technical reasons.

Theorem 4.4. Let X be a Banach space with property (a). Let a > 1, w € (0,7/4) and A
be a 0-sectorial operator on X having a bounded H*(%,) calculus. Assume that

[F(AN < Cllfllwe (f € HZ(3,) N W)
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and that the extension resulting from density v : W — B(X), f — f(A) is matricially
v-bounded. Let (¢,)nez be a dyadic partition of unity. Then

(46) H.T” = H Zf}/n ® (bn(A)x”Gauss(X)u

ne”L
the sum on the right hand side being convergent in Gauss(X).

As the proof is rather long we separate four preliminary lemmas, whose proofs are annexed
in Section 6.

Lemma 4.5. Let X have property («), let & > 1. Let A be as in Theorem 4.4. Then for
BeN, > a,

B
(4.7) {exp(—2FzA) : k € Z} is v-bounded with constant < ’RL’ (Rez > 0).
ez

Lemma 4.6. Let A be a O-sectorial operator on some Banach space X such that for some
B >0, (4.7) holds. Then for v = 5+ 1, we have
(4.8)

{)\%(QkA)%()\ —2kA)7t: ke Z} is 7-bounded with constant < |argA|™” (ReX > 0).

Lemma 4.7. Let A be a 0-sectorial operator on some space X with property («) having
a bounded H*>(X,) calculus. Assume that A satisfies (4.8) for some v > 0. Then for any
n>-,

LF(AN < Cllflhan - (f € HX(E)).

Lemma 4.8. Let n € N. Let (gi)rez satisty sup,cy [|gx|lmn < 0o. Suppose that the supports
of gx satisfy the following overlapping condition

1
sup#{k € Z: supp g N [ax, 2] # 0} < oc.
>0

Then ), ., g, which is consequently pointwise a finite sum belongs to M", and

1> gellve < sup [|gillar < oo.
keZ kez
Proof of Theorem 4.4. Using Lemmas 4.5, 4.6 and 4.7 one after another shows that || f(A)|| <
| fllm» for n sufficiently large (n > |« +2). For any k € Z, let a;, € {1,—1}. Apply Lemma
4.8 with gr = ap¢x. It is easy to check that ||gx||m» is independent of k € Z. Further, the
overlapping condition is clearly satisfied with constant 2. Thus we have, for any finite F' C Z,

1> ardn(A)all S 11D axdelle )l S |-
kEF keF
Replacing a; by independent Rademacher variables ¢, and taking expectation gives
1D e @ k(A)z||raacx) S -
keF

Since X has property («), the equivalence of Gaussian and Rademacher sums (2.6) holds. By
(4.4), > ez ardr(A)x converges in X. By dominated convergence (resp. (2.6)), convergence
holds also in Rad(X) (resp. Gauss(X)), when ay, is replaced by € (resp. 7).
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We have shown
| Z’Vk ® ‘bk(A)x”GauSS(X) S [z
keZ
For the reverse inequality, we argue by duality. Let 2’ € X', write E for expectation and

Z v—;_1 @x- By the support condition on the ¢y, gblgbl or. Then using the independence
of the ¢, we have

Z Vet (A Z noi(A

keZ leZ
< || Z Vi & Qbk(A)xHGauss(X) || Z "M & ¢I(A)/x,||Gauss(X/)-
keZ leZ

We conclude the proof by the same argument as above which shows that

1" ® (A2 aussioey S Nl

lEZ

The main result of this section reads as follows.

Theorem 4.9. Let A be a 0-sectorial operator with bounded H>(3y) calculus for some
0 € (0,7) on a space X with property («). Let o > % Then the following are equivalent.

(1) For any z € X, (14 t?)7%/2 A%z belongs to (R, X) and
11+ %) A || e x) < Cll])-
(2) The H* calculus of A extends to a matricially v-bounded mapping u : H* — B(X).

Proof. Assume first that the theorem is shown under the additional assumption that ¢ < 7.

For a general 6 € (0, 7), we can reduce to this case by considering B = A, Namely, by [19,
Theorem 2.4.2], B has a bounded H*(X,) calculus for some w < & < Z. Moreover,

. 14 (£)2\*? AN
<1+t2)fa/2Bltx: ( (4) ) . (1_'_1) Alir.

14t

The first factor is bounded, so its multiplication with an L?*(R) function is a bounded opera-
tion on L*(R). The same holds for its inverse, and also for the change of variables f — f(3),
and its inverse. Thus, by Lemma 2.2, if A satisfies (1) then so does B, so B satisfies (2).
As H*(%,) — H*, B has an H*(X%,,) calculus actually for any w > 0, so by [19, Theorem
2.4.2], A has an H>(X) calculus for some 6 < 7. The same is true, provided that A satisfies
(2). Thus (1) or (2) imply that the assumption of the theorem actually holds with 6 < 7.
We suppose from now on that 6 < 7.

(1) = (2).
Fix an arbitrary orthonormal basis (fi)r of L*(R). Let Ty € B(X) be defined by

(T, ") /fk (141372 (A, 2/)dt
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and v : 2 — B(X) the linear mapping given by e + T}. Then (1) implies

WOl =11 w@v(en) s = 1Y w@Tewllcassx) = [1(14+£2)72 A%z, < ||,
k k

so that by Theorem 3.4, v : {? — B(X) is matricially y-bounded. Consider the mapping

w: We = 2 f— (i Jo(f oexp) (£)(1 —i—tz)o‘/zﬁ(t)dt)k. It is easy to check that w is

unitary and consequently, @ = v ow : W* — B(X) is also matricially v-bounded. On the
other hand, u(f) = f(A) for any f € H*(Xy) N W*. Indeed, by the representation formula
in [25, Proposition 4.22],

2 (f(A), 7') = /R (f o exp) (t)( Az, o'}t
- /R (f o exp) (H)(1+ 2)/2(1 + £2) /2 Atz ")t
= /R (f o exp) (1)(1 + )T (t)dt Ty, ')
-

Let n € Nand F' = [fi;] € M,@H>(%g). We show that [|[fi;(A)]l|v.e,8x) S [1[fis] | amemne
For N € N consider

[b_n fij] 0 . 0
0 vy 5 a
Fy = . (9~ n+1i] ' . € Mint1yn @ WO
0 0 onl
By (4.1), we have supy [|Fy|amyyi,ewe = [|Flla,ene. Observe first that for any scalars

J1s-- -, Gn, by Theorem 4.4, with ggk = Efj,j_l o1,

I 0Dzl = 1Y D we@ gl figon)zll = 1> v @ giiil fiydn)i( )]

ij=1 ij=1 keZ i,j=1 keZ

Replacing g; by Gaussian variables and taking expectations shows that

(49) || Z Z’YZ ®ﬂ(flj)x]||Gaussn(X) = || Z Z’Yz ®/Yk ®ﬂ(f1j¢k)a(¢k)xj||Gaussn(Gauss(X))

1,7=1 k€EZ i,j=1 kEZ

Further we have

n N
|| Z Z Yi X Vi X ﬂ(.fwgbk)a(gbk)x] ||Gaussn(Gauss(X))

I p—
= Z Vit ® U( fij O )U( k) 2| Gauss(x)
1,5,k

5 ||FN||M(2N+1)n®Wa || Z Vi & {L(Qbk)xiHGauss(X)
i,k
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(410) 5 ||F||Mn®7'l°‘|| Z’Yz ® xiHGaussn(X)-

Finally taking the supremum over N € N, (4.9) and (4.10) give

11fes (Al atrne, By S I fislllanene

In particular, ||f(A)|| < || f]lae, so that by Lemma 4.3, there exists a bounded mapping
u: H* — B(X) extending the H* calculus in the sense of (4.5). Now repeat the above
argument with an arbitrary F' = [f;;] € M, ® H® and u(f;;) in place of f;;(A), to deduce
that u is matricially y-bounded.

(2) = (1). Denote @ the restriction of u to W< which by Lemma 4.1 is again matricially
v-bounded. Thus also the mapping v = @ow~! from the first part of the proof is matricially
v-bounded and by Theorem 3.4, ||(1 + ¢*)~*2A%z|| & x) < C|z|. O

5. EXTENSIONS AND APPLICATIONS

We have characterized in Theorem 4.9 the matricially ~v-bounded Hérmander calculus
in terms of square functions of A. In fact, the imaginary powers A® appearing in these
square functions can be replaced by several other typical operator families associated with
A, such as resolvents R(\, A) for A € C\[0,00) and the semigroup generated by —A, T'(z) =
exp(—zA) for Rez > 0. This gives (almost) equivalent conditions, see Proposition 5.2 below.
Subsequently, we use the semigroup condition of this proposition to apply Theorem 4.9
to some examples. The starting point for us will be semigroups that satisfy (generalized)
Gaussian estimates (see (GE)).

The following lemma serves as a preparation for Proposition 5.2.

Lemma 5.1. Fori = 1,2, let (€, u;) be o-finite measure spaces and K € B(L?*(2), L*()).

(1) Assume that f € v(€y, X) and that there exists a Bochner-measurable g : 2 — X
such that

(9(), ") = K({f(),z) («' € X).
Then g € (£, X) and

19117, ) < K Nl x)-

(2) Let @ — B(X),t — N(t) and Qo — B(X),t — M(t) be weakly measurable.
Assume that | N(-)z||, < C||z|| and that there is K € B(L*(), L*(€22)) such that
K[(N()z,2")] = (M(-)x,2') for € D, where D is some dense subset of X. Then
M( )z € 7(S, X) for any z' € X and [[M( )z, S [N()al,.

(3) Let (€2, 1) be a measure space and g : 2 — X measurable. For n € N, let ¢, : Q@ —
[0, 1] measurable with > ¢, (t) =1 for all ¢t € 2. Then

lglly@x) <D llengllh@x-

n=1
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Proof. (1) By assumption, g € P(2, X). Consider the associated operator u, : H — X as
n (2.7). We have u, = uy o K'. Thus, by Lemma 2.2, |Jug||z2(0.),x) < || K| HufHV(Lz(Ql X),
which proves (1).

(2) We show first that M(-)x belongs to Py(€, X) for any = € X. For = € D, this follows
immediately from the assumption. For x € X, we let z,, € D such that z,, = = (n — o).
Then (M(t)z,2") = lim,(M(t)z,,2") for any ¢t € Qy. On the other hand, (M(-)z,,2') is
convergent in L?(Qy). Indeed,

KM () (@ = m), @) [ 22(02) = I LN ) (@ = 2m), 2] []22(00)

SINC) @ = zm)lly 121 S lwn — 2l [127]],

which converges to 0 (n,m — o0). Thus, (M(-)z,2') the pointwise limit, so necessarily
equal to the L? limit, belongs to L?(£2;). Consequently, by (1) and Lemma 2.2, ||M(-)z||, =
iy, [|M ()2l < ([ K[ limy, [N ()2 lly = [ KN ()2}, which shows (2).

(3) For n € N, put ¢, = Y _,_, ¥&. Then ¢, : Q@ — [0, 1] and ¢, () — 1 monotonically for all

t € Q. Then sup, [|¢nglly < sup, >k lerglly = 2252, lorglly- It remains to show [|g|l, <
sup,, ||¢ngll,- Let us show first that g € P»(Q, X), i.e. for any 2’ € X', (g(-),2') € L*(Q2). By

assumption, we have [(g(t), z)| = lim,, ¢,,(t)|{g(t), 2’)| for any ¢t € Q, and this convergence is
monotone. Then by Beppo Levi’s theorem,

K9 (), 2|2y = im [[{@n(-)g (), )| 2@ < limsup [[én - gl .||

where we have used that |[(f(-),2")||z2@) < || fllyox) |2]| for any f € v(2, X). Thus we
have shown that g € P»(£2, X). Then by Lemma 2.2,

191l~(@.x) < liminf [[én - glly@,x) < sup [|¢n - gllyc.x)-

U

Proposition 5.2. Let A be a 0-sectorial operator having a bounded H* calculus on some
space X with property («). Let a > % Consider the following conditions.

Hormander functional calculus
(1) The H® calculus of A extends to a matricially y-bounded mapping H* — B(X).

Imaginary powers
(2) (1 +8) A%y @x) < Ol

Resolvents
(3) For some € (0,1) and 6 € (—71',71')\{0} [P AP R(ePt, A) ||y at/e,x) S \9\‘“”1’“
(4) For some B € (0,1), 6y € (0,7 : || ||6]*2tP AP R(et s A)T ||y Ry x [—00,00),dt/td0, X)) S [T

Analytic semigroup
(5) For6€ (~5.3). [AVT(tallm, ax) S (5~ 16D~ al.

272
(6) 11+ |4")*"2al 3 AYV2T (0 + ib) e, xmdaan ) S 2l
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Then the conditions (1), (2), (4), (6) are equivalent. Further these conditions imply the
remaining ones (3), (5), which conversely imply that the H* calculus of A extends to a
matricially y-bounded homomorphism H**¢ — B(X) for any € > 0.

Proof. (1) <= (2).
This is Theorem 4.9.

(2) <= (4).
Consider
Oé_l 1 S o

(5.1) K : LZ(R,dS) — LQ(R X (=m,m),dsdf), f(s)+— (m—10]) 2m69 (s)*f(s),
where we write in short

(s) = (1+]s])2.
Note that |sin7(8 + is)| = cosh(ws) for g € (0,1) fixed. K is an isomorphic embedding.
Indeed,

1 = [ [ (= i) e 0 Pl

and

/ <ﬂ- _ ‘9‘)2a71€293d9 ~ / 92a71€2(ﬂ79)‘s|d9

-7 0
>~ cosh?(7s) / gre—Le®lslgg.
0
The last integral is bounded from below uniformly in s € R, and for |s| > 1,

- 2|s|m
/ 92a7162€|s\d9 — (2‘8‘)720{ / 92a71€€d9 ~ |S|f2a_
0 0

This clearly implies that ||K f||2 2 || f|l2- Applying Lemma 5.1, we get

1

Os pts
— A
cosh(7s) ‘ v

—a AtS ~ a—1
[{s) ™" A% 2|y @as,x) = || (m — [0])>

(R (=77, dsd,X) .
In [29, p. 228 and Theorem 15.18], the following formula is derived for z € A(D(A?)) and
0] < 7 :

T
sin(B + is)

Note that A(D(A?)) is a dense subset of X. As the Mellin transform f(s) — [° " f(s)% is
an isometry L*(R, %) — L*(R,dt), we get by Lemma 5.1 (2)

4 oo , , dt
(5.2) ARy = / £ [tPeP AP (et + A)'a] -
0

—a Ais ~ a—4i _ i _
1(s) " Al x) = (= 10])* 2 A (€t + A) 72 20,50
1 .
= ||10]*2tP AP R(™t, A) ||y R x(0,20),dt1d0,%) -
so that (2) < (4) for 6y = 7.
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For a general 6y € (0, 7|, consider K from (5.1) with restricted image, i.e.
K : L*(R,ds) — L*(R x (—m, —(m — 0y)] U [1 — 6y, 7), dsdf).

Then argue as in the case 6y = 7.

(4) <= (6).
The proof of (2) < (4) above shows that condition (4) is independent of 6y € (0, 7] and
B € (0,1). Put 6y = 7 and 3 = L. The equivalence follows again from Lemma 5.1, using the

fact that for 6 € (-7, %) and p > 0,
(5.3) (e p+it) ™" = Klexp(—(-)e" 1) X(0,00) (I (1),
where K : L*(R,ds) — L*(R,dt) is the Fourier transform.

(3) <= (5) for f = 3.
We use the same argument as right above.

(2) = (3).
We use a similar Ky as in the proof of (2) < (4), fixing 6 € (-7, 7) :
1

Ko : L*(R,ds) = L*(R,ds), f(s) + (7 — \ﬂ)"m

e (s)"f (s).

We have
Os
sup ||[Ky|l| = sup ()% (7 —|0])*— — < sup(s(m — |0 ap=lsl(m=18) ~ ~o.
wp [Kl = s (5 (r — 10" e S s 10)

Thus, by (5.2),
sup. (61747 A™P R(te, A)oly, ey = sup (r — )74 (9% A) Ml g

0<|6|<m 0] <m
T .

5.4 — —lepef|——— GsAzs .
(5.4 sup (7 = 01 e A et

S {s) A%zl @ as.x)-
3),a = (2), a+e
First we consider (s)~(®T9 A%z for s > 1.
(5.5) 1(s) T A"y 100).x) < D 27 (5) AT (2m 2001 )

n=0
For s € [2",2"*1]) we have

eens

—a L gTna L 9-na —27"s <« o en o
(07 S 27 S 2 S () o

where 6,, = m — 27", Therefore

— A1S o m
[(s) " A" x|y (2n 2nt1),x) S (7 — )|

Ons Ais
—¢e"%A
sin (5 + is)e zlhw.x)
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(5.4) L 0
< sup |0|O‘||t5A _5R(tel ATy (ry et x) < 00
0<|0|<m

Thus, the sum in (5.5) is finite.

The part (s)~( @t Az for s < —1 is treated similarly, whereas ||(s)~A%z||,(—11).x) =
| A%z || ((~1,1),x)- It remains to show that the last expression is finite. We have assumed that
X has property (). Then the fact that A has an H* calculus implies that {A* : |s| < 1}
is y-bounded [23, Corollary 6.6]. Then by Lemma 2.2 (3), we have [[A™z|,(—1,1,x) <

v ({A% < [s| < 1}) 1|2l u
Condition (5) of the preceding proposition can be checked in the following way.

Lemma 5.3. Let A be a 0-sectorial operator on a space X with property («) having an H>
calculus. If for some > 0

(5.6) {T (teﬂ(%’e)) : t>0} is y-bounded with constant <677,
then [|AzT(e*G )2z, x) < 07| with a = 8 + L.
Proof. Decompose
6
t exp (iz(g - 9)) = s(t,0) + r(t,0) exp <iz(g — 5))

where the reals s and r are uniquely determined by ¢ and 0. We have s(t,0) = k(0)t with
k(0) = 0. Then by Lemma 2.2,

AT (e G|, x) = IT(re 5 =2) A2 T(5) e, x)
w0
<y ({TOeE D) 1> 0}) AT (st 0l e, )
S (6/2)7P07 2| AT ()l e x)-

By (5.3) and [23, Theorem 7.2], | A2T(t)z|y@, x) = [|A2 (it — A) " a||@.x) < C||z||, which
finishes the proof. O

Let us now turn to some examples.

Definition 5.4. Let €2 be a topological space which is equipped with a distance p and a
Borel measure p. Let d > 1 be an integer. € is called a homogeneous space of dimension d
if there exists C' > 0 such that for any z € QQ, r > 0and A > 1:

u(B(w, Ar)) < CXp(B(w, 7).

Typical cases of homogeneous spaces are open subsets of R? with Lipschitz boundary and
Lie groups with polynomial volume growth, in particular stratified nilpotent Lie groups (see

e.g. [16]).
We will consider operators satisfying the following assumption.

Assumption 5.5. A is a self-adjoint positive (injective) operator on L?(Q), where € is a
homogeneous space of a certain dimension d. Further, there exists some pg € [1,2) such that
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the semigroup generated by —A satisfies the so-called generalized Gaussian estimate (see
e.g. [3, (GGE))):
(GGE)

11

IXB@r)€  “XBwr) lpo—spy, < Cr(B(z,r))7 ™ exp (—C(p(x,y)/n)m> (r,y € Q, t>0).

Here, p; is the conjugated exponent to py, C,c > 0, m > 2 and r, = t%, x5 denotes the
characteristic function of B, B(x,r) is the ball {y € Q: p(y,z) < r} and x5, TXB, |lpy—p, =

supy i, <1 1XB1 - (X5, f)lpy-

If po = 1, then it is proved in [6] that (GGE) is equivalent to the usual Gaussian estimate,
i.e. e * has an integral kernel k;(z,y) satisfying the pointwise estimate (cf. e.g. [14,
Assumption 2.2])

©B) (el S (Bt tesp (—e (pea)/eh) ) eni>0)

This is satisfied in particular by sublaplacian operators on Lie groups of polynomial growth
[44] as considered e.g. in [32, 7, 1, 33, 12], or by more general elliptic and sub-elliptic
operators [9, 34, and Schrodinger operators [35]. It is also satisfied by all the operators in
[14, Section 2].

Examples of operators satisfying a generalized Gaussian estimate for pg > 1 are higher or-
der operators with bounded coefficients and Dirichlet boundary conditions on domains of R¢,
Schrodinger operators with singular potentials on RY and elliptic operators on Riemannian
manifolds as listed in [3, Section 2] and the references therein.

Theorem 5.6. Let Assumption 5.5 hold. Then for any p € (po, pj), the H* calculus of A
extends to a matricially y-bounded homomorphism H* — B(LP(2)) with

1 1 1

n 5' i)

Proof. We show that (5.6) holds with g = d(pi0 -
(GGE) implies that

a>d

1). By [5, Proposition 2.1], the assumption

1_1 _m_
IXBGre X B lposz < Crp(B(a,14))2 70 exp(—ci(p(a,y)/re)»1)  (z,y € Q, t > 0)

for some Cy, ¢; > 0. By [4, Theorem 2.1], this can be extended from real ¢ to complex z = te®

with 0 € (=7, 5) :

L _d(L_%)

1_ _m_
X Br)€ XBr)llpose < Cop(B(x,72))? 70 (cos 8) 202 exp(—ca(p(, y) /r:)7T),

for r, = (cos§)~ "= tw, and some Cy, c; > 0. By [5, Proposition 2.1 (i) (1) = (3) with R =
11

e*zA,7:(1:17—0—5,6:0,r:rz,u:p0andv:Q],thisgivesforanyxEQ,Rez>0
and k € Ny
A 1_1 ,d(i,l) m_
IXB@r)e " Xa@rilpo—2 < Csp(B(x,12))? 7o (cos ) "o > exp(—czhm-1),
where A(z,7,,k) denotes the annular set B(z, (k + 1)r,)\B(x, kr,). By [28, Theorem 2.2

d( )e—ZA]

with ¢o = po, 1 = s = 2,p(z) = r, and S(z) = (cosb) b2 and property («), we
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deduce that
1 1
{(cos@)d(%_a)e’“‘ : Rez > 0}

is 7-bounded. Now apply Lemma 5.3 and Proposition 5.2, noting that A has an H* calculus
on LP(Q) [4, Corollary 2.3]. O

Remark 5.7. (1) Theorem 5.6 improves on [3, Theorem 1.1] in that it includes the
matricial 7-boundedness of the Hormander calculus. Note that [3] obtains also a

weak-type result for p = pg. If pg is strictly larger than 1, then Theorem 5.6 improves

iy
— — |+ =-+e
po 2| 2

In [43, Theorem 6.4 a)], under the assumptions of Theorem 5.6, a H? calculus with
with 3 > (d+1)|.- — 3l and r > |3 — 2| ! is derived. Here H] is defined similarly to
H* by

d 1
the order of derivation « of the calculus from — + = + € in [3] to d

1

po

H = {f:(0,00) = C:: sup |(f o exp)dullyp < o0}
S

Note that H? is larger than H®. In the classical case of Gaussian estimates, i.e.
po = 1, [14] yields a ‘HS? calculus under Assumption 5.5 and even a H* calculus
for many examples, e.g. homogeneous operators, with the better derivation order
Qg > g

(2) The theorem also holds for the weaker assumption that € is an open subset of a
homogeneous space Q. In that case, the ball B(z, ;) on the right hand side in (GGE)
is the one in . This variant can be applied to elliptic operators on irregular domains
Q) C R? as discussed in [3, Section 2].

In Theorem 5.6, the operator A was assumed to be self-adjoint, and thus, admits a func-
tional calculus L>® — B(L*(2)). The space L™ = L>((0,00);du4) is larger than H®, and
one can use this fact to ameliorate the functional calculus of A on L9(2) by complex inter-
polation.

Proposition 5.8. Let A satisfy Assumption 5.5. Then for ¢ € (po,p}), a > d
and 6 € (0,1) with 0 > /

(5.7) ura : (L, HY)g — B(LY(Q)) is matricially y-bounded.

1 1 1
PO 2_'_2
_ 1

Po

1
q

_ 1
0

% , the functional calculus of A on L4

Here (L, H%)y is the complex interpolation space which is given an operator space structure
(38, p. 56] by

M, ® (L=, H")g = (M, @ L=, M, @ H*)y.
Proof. The self-adjoint calculus uze : L® — B(L*(Q)) is completely bounded since it is
a #-representation [38, Proposition 1.5], so by Remark 3.2, uz: is matricially y-bounded.

Moreover, we have (Gauss(LP), Gauss(L?))y = Gauss((L?, L?)y) [21, Proposition 3.7]. Then
by bilinear interpolation between

M, ® L™ x Gauss,(L?) — Gauss,(L?), ([a5] ® £, >y @ x) = > wrarjurz(f)z,
B kg
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and, with the mapping wuy» resulting from Theorem 5.6, p given by 6 = \% — %|/\% — % ,

M, ® H* x Gauss, (LP) — Gauss, (L), ([a;;] ® f, Zyk ® Tp) Zykakjum(f)xj,
k k.j

one deduces (5.7). O

Note that the space (L, H%)y contains Hﬁo, where 1 > ¢ 8 > af + (1 — %). Here
HE = {f € HP: |(f o exp)dg|lys — 0 for [k — oo} . Then (5.7) implies that in particu-

lar, ’Hf,o — B(L%), f — f(A) is (norm) bounded and by [25, Section 4.6.1], this extends
moreover boundedly to H? — B(L9).

In [14, Section 7], for many examples of operators A satisfying (GE), it is shown that the
functional calculus

d
(5.8) u:H* — B(LP(QQ)), f — f(A) is bounded for 1 < p < co and « > 7"
Moreover, for the fundamental example A = —A on LP(R?), the critical order ¢ in (5.8)
is optimal [40, IV.7.4],[25, Proposition 4.12 (2)]. Note that the derivation order for the
matricially y-bounded calculus obtained in Theorem 5.6 under the assumption (GE) (i.e.

po = 1) is only %21 and therefore gives a weaker result in the derivation order compared to

(5.8). i

Thus the question arises if an arbitrary A that has a norm-bounded Hérmander calculus
also has a matricially y-bounded Hormander calculus. In contrast to the self-adjoint L*°
calculus on Hilbert space, which is always matricially y-bounded (see the proof above), we
have the following result.

Proposition 5.9. Let A be a 0-sectorial operator on a space X with property («). Let av > %

and 8 > a+ 1. Suppose that its functional calculus f — f(A) is bounded u, : H* — B(X),

and denote ug the restriction of u, to H”. Then ugz : H® — B(X) is matricially y-bounded.
On the other hand, for any o > 0, there exists some A on a Hilbert space X such

that u, : H* — B(X) is bounded (even -bounded because of (2.3)), but its restriction

Uyl : Hotz — B(X) is not matricially y-bounded.

Proof. For t € R, let fi(\) = A% It is easy to check that ||fi]|lxe < (£)* [25, Lemma

~

412 (4)]. By Lemma 4.1 (1), A has an H* calculus. By [26, Corollary 6.3], the set

{T(te*5=9): t > 0} is 7-bounded with constant < Cooz (0 e (0,%)). By Lemma
5.3, condition (5) of Proposition 5.2 is satisfied with a + 1 in place of « and therefore,
ug : HP — B(X) is matricially y-bounded.

For the second statement, let a > %. Consider X = W* and the group U(t)g = (-)"g on
X. Note that

() gllx = [l(g 0 exp) (- = 1))l = ll(g 0 exp) (J{() + ) [l = (1)*[lg]lx-

In particular, |U(t)| = (t)®. It is easy to check that U(t) = A" are the imaginary powers
of a 0-sectorial operator A and that f(A)g = fg for any g € X and f € |J, ., H>*(3.). By
[41], one has || fg|lwe < || f]l2ellgllwe- Thus, A has a bounded H* calculus.
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On the other hand, since X is a Hilbert space, the square function condition of Theorem
4.10 reads

| | ;
102 A%l ay = (167 A o) = ( / <t>-2ﬁ+2adt) Jall,
which is finite if and only if 5 > a + % U

6. PROOFS OF LEMMAS 4.5 - 4.8

Proof of Lemma 4.5. Since X has property («), the fact that A has a bounded H*(X%,)
calculus implies [29, Theorem 12.8] that for any 6§ > w,
{9(A) : ||gllcc.o < 1} is y-bounded.

We fix some 6 € (w,%). As the mapping v : W — B(X) is matricially y-bounded, by
Remark 3.2,
{h(A) : ||h]jwe < 1} is y-bounded.

The lemma stated that v ({for,(4) : k€ Z}) < |2/Rez|?, where for,(A) = exp(—2Fz)).
Thus it suffices to decompose for, = g + h, where ||g]/cc.0, [|2]lwe S |2/ Rez|” .

As U : f — f(r-) is an isomorphism H>(3y) — H>(3y) and W — W, with ||| -
| U] < C, C independent of r > 0, it suffices to have the above decomposition for |z| = 1
and k = 0. We choose g(\) = exp(—(z + 1)A) and h(\) = exp(—2A)(1 —e™?). As |arg(z +
D46 <%+ 7% =7, we actually have ||g[lco <1 S |Re 2| ™" . Further it is a simple matter
to check that ||h|lye < [Rez| ™ for any 8 > a. O

Proof of Lemma 4.6. The assumption of the lemma was

(6.1) v ({exp(—2F2A4) : ke Z}) < ’é ’ (Rez > 0).

We first show that

(6.2) v ({(thA)% exp(—2fteT 29 A) : ke Z}) <w ) (w e (0, g))_
Decompose

(G0 — g1 FiE-%9),

)

where s, > 0 are uniquely determined by ¢ and w. Then

1 . N o
e expl-e= G20 = (1) (04a)Eoxpl-2s ) expl 275139,
S

and consequently,

264A)7 exp(—et 325 A) - ke Z)) < sup(t/s)? 25 A)7 exp(—2¥sA) : ke Z
7 (2" ) exp(—e )i keZ) <sup(t/s)} x 7 ({(2°54)} exp(~2"s) : k € 2})
(6.3) x v ({exp(=2Fre* 52 A) 1 k€ Z}).

We will show that the right hand side of (6.3) can be estimated by < w2 x 1 x w?. The
estimate for the first factor follows from the law of sines

t/s = sin(g +w/2)/sin(w/2) 2w,
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For the second estimate, note that by [29, Example 2.16], (6.1) implies that {exp(—zA) :
2 € Y5} is y-bounded for any 0 < 5 and consequently, by [29, Theorem 2.20, (iii) = (i)],
{AA—=A)"": =X € Yy} is y-bounded for any 6 € (5, 7). Then with f(\) = Aze | the
Cauchy integral formula (2.8) gives

1 1
(2°0A4)% exp(—2¥1A) = — / FOVO = 2664) 1 d
271 0%, _g

1 A A, A
B S W e
The first factor in the last integral belongs to L'(0%, g, |d)\|) and the second factor is -
bounded by the above for any 6 < 7. Thus by the well-known integral lemma for y-bounds
29, Corollary 2.14], the second factor in (6.3) is finite.
The estimate for the third factor in (6.3) follows from the assumption (6.1), so that we
have shown (6.2).
Now we will write the expression in (4.8) as an integral of the expression in (6.2). Let
0 €(0,2), A =te” and set ¢ =2 — &, so that Re(e’”\) < 0. Then

Az(2FA)2(N —2FA) 1 = AE(ZkA)Ee’¢(eZ¢A — P2k A) !

— A)~tdx

= / —ei®sTa )T exp(e®As) x (2’“5/1)% exp(—2Fe?sA)ds.
0

The second factor of the integral is v-bounded by (6.2) and the first factor is integrable, as
the following lines show.

/Sél)\%exp(ew)\S)\ds:/ 52| exp(e'?e”s)|ds
0 0
= [ s expleos(E + D)s)a
S 2 exp(cos 5 5 s)as

N[

o T 0
2 d BT
/0 s”2 exp(— s|cos(2+2)|

1
2

A

6
Then 7 = {)\%(ZRA)%()\ 28A)L: ke Z} is 7-bounded since by [25, Proposition 2.6 (5)],

we have

(1) < / 3_%|)\% exp (e As)|ds x supy ({(ZktA)% exp(—2FtetG9A) : |k € Z})
0 >0
< \arg)\\’% X |arg)\\’5’%
The same reasoning applies for A = te” and 6 € (—%,0). O

Proof of Lemma 4.7. By [25, Proposition 4.18] and [8, p. 73], it suffices to show that for
some § € (y,n),

(6.4) LF A S 07N fllowp for any f € | ) Hg (o).

0>0
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To show (6.4), we use the Kalton-Weis characterization of the bounded H>(%y) calculus
in terms of y-bounded operator families ([24], see also [29, Theorem 12.7]). More precisely,
we follow that characterization in the form of the proof of [29, Theorem 12.7] and keep
track of the dependence of appearing constants on the angle 6. It is shown there that for
fe H(Xqy), x € X and 2’ € X/,

[(f(A)z, )] = Ii/a2 (A2 F(N)AZ(\ = A) ', a)d)|

271

Z / Fte)(tA)Z (€7 — tA) Lo m%

]:l:l

We put
AF(1 4 )3 AN
Bro(N) = —;%%ﬁLmﬁ¢“*=(u+AP)’

so that (tA)2(e? — tA)~! = 0jo(tA)Y(tA)Y(tA). By [29, Lemma 12.6], the integral (*) can

be controlled by Gauss-norms. More precisely, we have

N
(6.5) (¥) S sup supsup || > @ F(2€7%) (2" A) (2" A) | Ganss)

j=£1t>0 N b—_ N

N
) || Z Yk ® w(thA)/x,HGauss(X/)

k=—N

N
S ||f||oo70 Sutp7 ({¢]9(2ktA) D ke Z}) S]tfllt) || Z Vi & w(thA)xHGauss(X)
I t o p=—N
N
* sup H Z Yk ® Q/J(thA) T HGauss(X’
7t =—

By [29, Theorem 12.2], the fact that A has a bounded H* calculus implies that supy, || SN N N®

V(2" A) 2 | Ganss(x) S |z and supy, || SN N ® V(2R A) || Ganss(x) S ||27]|. Note that
there is no dependence on # in these two inequalities. It remains to show that

(6.6) sup 1({60(2A) : k € Z}) S 07",
J==£1,t>0
We have
dA
Gjo(2"1A) = Go(AAE(2°A) 7 (A — 251 A) 1=
27T 8ZQ )\
1

= — [ g2 A)2 (A — 2k A) ==

27 Joy,
2
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By [25, Proposition 2.6 (5)],

csup Y({0e(2"A) : keZ}) S jﬁ{;o”¢j9(t)\)HL1(azg,\%\)

J=%£1,t>0 j=

X sup 7({5(2'?;1)%@—2%)*

A€DT4,2\{0}

By assumption, it suffices to show that for any ¢ > 0

sup [ (EA) [l 11 ox o)) < Cel™"
£>0 $

[ o5 = [ o[- % [

I=+1
The denominator is estimated from below by

eiif — i

2

l
R L= s| = eos(0(j — 3)) = 1[ +0

>l —s—0+0=>1—5s]+0

for the crucial case of small 8. Thus
d\ * si(1+s)2 ds
[l S)s [T
829 0 +| $| S

We split the integral into the parts fo = fo + fl "4 f1+6 + f1+9 + f2

/% si(1+4s)2 ds</%si(1+s)5@<oo
0 0

O+1[1—s| s — 1—s] s

is independent of #. The same estimate applies to f;o

1-6 1-0
/ O s1(1+s)2 ds / 1 dsg/ 1
1O+ —sl s V)i 04|15 11—
2 2 2
? s d
/ ¥ SN/ d3<\log9|
0+|1—s] s os—1

1+6
/ O s1(1+s)2 dsN/ ldsﬁl.
19 O+ |1—s] s 10 0

Since 1+ |logd| < C.0~¢, the lemma is shown.

-

Similarly,

Finally,

1
s1(1+ e”2s)2

g 4 oy l
U0 eas] = (U7 — 5| 2 [ cos(0()j — 5)) — | + [sin(6(] — 5

L. kEZ}).

ds

S .

I

ds < |logd)|.
s
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Proof of Lemma 4.8. Denote N = sup,., #{k € Z : supp gx N [32,2z] # 0} < 0. Fix > 0
and 7 € {0,1,...,n}. Then almost all g; vanish in a neighborhood of z, and thus

i dJ i J i d7
W | 2o ) @] = | 0| < Noup o 2o ()] < Nup g e
ke keZ
Taking the supremum over x and j gives || >, ., gk|lv» < N supgey [|gx||avm. O
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