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We consider an operator ¥ defined on a set of real valued functions and satisfying two properties of monotonicity
and additive homogeneity. This is motivated by the case of zero sum stochastic games, for which the Shapley
operator is monotone and additively homogeneous. We study the asymptotic of the trajectories defined by
Up = w (n € Nyn — o0) and vy = A¥ (1520)) (A € (0,1], A — 0). Examining the iterates of ¥, we exhibit
analytical conditions on the operator that imply that v, and vy have at most one accumulation point for the
uniform norm. In particular this establishes the uniform convergence of v, and vy to the same limit for a large
subclass of the class of games where only one player control the transitions. We also study the general case of
two players controlling the transitions, giving a sufficient condition for convergence.

Key words: zero-sum stochastic games ; asymptotic properties ; nonexpansive mappings ; Shapley operator ;
dynamic programming
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1. Introduction. An important topic in the theory of two-player zero-sum repeated games is the
asymptotic behavior of the values of finitely repeated (resp. discounted) games when the number of stage
becomes large (resp. when the discount factor tends to 0). Three main questions in this framework are:
existence of the limits, their equality, and their identification. Positive results have been obtained for
different class of games, for example absorbing games [I0], recursive games [6], games with incomplete
information [T}, 4], finite stochastic games [2, [3], and Markov chain games [I7] but the original proofs in
each case are specific.

In this paper we follow the operator approach based of the recursive structure of repeated games.
This was used in [21] and [24] to give new proofs in the case of both absorbing games and games with
incomplete information. The idea is to split the problem in two parts: on the first hand, one can derive
from some characteristics of a repeated zero-sum game (e.g. number of states, topology of the sets of
action, nature of the transition function) analytical properties of its Shapley operator. On the other
hand, the asymptotic behavior of some trajectories defined by such an operator can be inferred by these
analytical properties. Following an idea evoked in the appendix of [24], we extend methods of [2I] to
study iterates of Shapley operators.

Section 2 is devoted to the first definitions and results.

In section 3 we consider two class of stochastic games: the case where one player controls the transition;
as well as the case of a bounded payoff function. We prove that the Shapley operator of a game in which
one player controls the transition (resp. in which the payoff is bounded) satisfy a convexity inequality
(resp. a Lipschitz condition). In the finite dimensional case, there are inverse properties: an operator
satisfying this convex inequality (resp. this Lipschitz condition) is the Shapley operator of a game in
which one player controls the transition (resp. in which the payoff is bounded).

In section 4 we establish that some properties of Shapley operators induce the same properties on their
iterates.

In section 5 we use this to prove the convergence of v, and vy for some particular operators, hence
for some classes of games. We establish that for any game where only one player control the transitions,
both family v,, and vy have at most one accumulation point for the uniform norm. In particular when
the state space is precompact and when the v,, and v, are uniformly equicontinuous there is convergence
of both families to the same limit.

Section 6 is an appendix consisting of technical results.

2. Definitions.
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2.1 MHa Operators. Given a set (), define F{ as the set of bounded real functions on €2 endowed
with the uniform norm || - ||, and with the usual partial order: f; < fy if and only if f(w) < g(w) for all
w in Q.

From now on F is a closed (hence complete) convex cone in Fj containing the constants. A mapping
W from F to itself is a MHa (Monotone Homogeneous additively) operator if it satisfies both property:

(M)  Monotonicity : [<g=¥(f) <¥(g)

(Ha) Homogeneous additivity W(f +c¢)=®(f)+cforceR

It is immediate to check that any MHa operator satisfies the following additional property:
(Ne) Nonexpansiveness [[¥(2) — ¥ (y)|loo < ||z — ylloo ¥(7,7y) € X2

We consider, for n € IN and A €]0, 1], the following iterates and fixed points:
Vo = ¥(V,_1)=¥"(0) (1)
o= (1- W) @)
Notice that Vy is well-defined since the nonexpansiveness of ¥ implies that ¥((1 — \)-) is strictly con-

tracting on the complete set F, hence has a unique fixed point

EXAMPLE 2.1 For any ¢ € R, the mapping J from R to itself defined by J(x) = x + ¢ is nonexpansive.
In that case, Vi, = nc and Vy = 5.

These quantities being unbounded in general (see previous example), we also introduce their normalized
versions

Va
Vp = — 3
o= 3)

vy = AV (4)
In the previous example, one gets v, = vy = ¢ for all n and A. In general it is easy to prove that these
normalized quantities are bounded:

LEMMA 2.1 For any nonexpansive operator W, sequences v, and vy are bounded by || (0)].

PrROOF. Since ¥ is non expansive,

”Vn - Vn—lH = H‘I’(Vn—l) - ‘I'(Vn—Z)

‘ < an—l - Vn—2H-
By induction this implies that
[Vall < nllVall = n][®(0)]].
On the other hand, again using the fact that ¥ is nonexpansive,
VAl =1 O)[ < [[Va — 2 (0)]
(1= A)Vx) —¥(0)
(1 =X)[Vall

IN

and so
[oall = Al[VAll < [ E(0)].

A consequence is that the family v, is of slow variation:

LEMMA 2.2 If W satisfies (Ne), then ||[vp41 — vn|| = O(1/n)
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PROOF.
wrtl(0)  w(0) [®+1(0)]] 1
_ < HE \lleo | 2 \pnrtlg) _ g
H n+1 n HOO - n(n+1) +n”ql (0) = ()]l
2
< —[|¥(0)| oo
< e

O

To point out the link between the families {v,, }nenw and {va}rejo,1) it is also of interest to introduce
the family of strictly contracting operators ®(c, ), o €]0, 1], defined by

@(a,x)zaql<1;o‘x). (5)

Then v,, and vy satisfy the relations

Un

® (i,vn_1> Cvp =0 (6)
vy = P(\vy) (7)

2.2 Shapley operators. A typical example of such an operator is obtained in the framework of
zero-sum two player stochastic games[22]: Q is a metric space of states, A and B are compact metric
action sets for player 1 and 2 respectively, g is the continous payoff from A x B x £ to R, and p is the
continuous transition probability from A x B x Q to A;(Q), the set of probabilities on © with finite
support . Denote by F the set of continuous bounded real functions on 2. We suppose in addition that
for each f € F and each b € B (resp. and each a € A), [, f(-)dp(-|a,b, w) is jointly continuous on A x Q
(resp. on B x ).

The game is played as follow: an initial stage wy € §2 is given, known by each player. At each stage m,
knowing past history and current state wy,, player 1 (resp. player 2) chooses o € A(A) (resp. 7 € A(B)).
A move a,, of player 1 (resp. by, of player 2) is drawn accordingly to o (resp. 7). The payoff g,, at stage
m is then g(am,, by, wn) and w41, the state at stage m + 1, is drawn accordingly to p(@,, by, Wi )-

There are several ways of evaluating a payoff for a given infinite history:

(1)) 13" | gm is the payoff of the n—stage game

n

(i) A Zjnozol(l — A" 1g,, is the payoff of the A—discounted game.

For a given initial state w, we denote the values of those games by v, (w) and vy (w) respectively; v,, and
vy are thus functions from 2 into RR.

The Shapley operator ¥ of this stochastic game is the mapping from F to itself defined by, for each
feFandweQ,

v = sw it Lo+ [ 0| ®)

cEA(A) TEA(B)

=t s {one)+ [ a0} (9)

TEA(B) s A(A)

where we still denote by g and p the multilinear extensions from Ax B to A(A)xA(B) of the corresponding
function.

Such a Shapley operator is a MHA operator, and the value v,, of the n-stage game (resp. the value vy
of the A-discounted game) satisfy relation (6) (resp. (7)), see [23] for example.

This recursive structure holds in a wide class of games [I5] ; more generally we will thus say that
an operator from .% to itself is a Shapley operator if there are two sets X and Y, and two functions
g: X xYxQ—=Randp: X xY xQ — ArQ such that for any f € F and w € Q,

P()w) = sup inf {g<a, ra)+ [ 1ap o, w>} (10)

ceX TEY

= inf sup {g(a, T,w) + /Qf(w’)dp(w'w, T, w)} (11)

TEY X
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Notice that any such operator is MHa.

The asymptotic behavior of v, (resp. vy) as n tends to 400 (resp. as A tends to 0) is a major topic in
game theory: one study properties of a stochastic game through a family of games with expected duration
converging to infinity. This approach is also called the compact case since we can interpret v, and vy as
values of some time-discretizations of a game played in continuous time between time 0 and 1 [23]. In
that framework letting n go to infinity or A to 0 gives a finer and finer discretization of the continuous
interval [0, 1], hence it is natural to expect convergence of those values.

2.3 The finite dimension case. When  is finite with cardinal &, we identify it to {1,--- ,k} and
F to R*. To simplify the notations in that case, we will write A, instead of A(f2), and we will write
the state as an index in ¥, g and p. For example formula will be written as

W, (z)= sup inf {g(o,7)+ {pi(o,7),z)} (12)
gEA(A) TEA(B)

where (, ) is the usual scalar product.

In that finite dimensional case MHa operators are known as topical operators and have been widely
studied [7, 8, [@]. In particular it is known that properties (M) and (Ha) provide a characterization of
Shapley operators [12]:

PROPOSITION 2.1 An operator ¥ from R” to itself is the Shapley Operator of a k-states stochastic game
if and only if it is a MHa operator.

Even in that finite dimensional case, there are examples of nonexpansive operators [11] or MHa oper-
ators [9] such that neither v, nor vy does converge.

3. Axiomatic Approach. The aim of this part is to link the characteristics of a game to some
properties of its Shapley operator.

3.1 Property satisfied by Player 1-controlled games.

DEFINITION 3.1 A stochastic game is Player 1-controlled if the first player controls the transitions, that
is if the transition function p does not depend on the action v € V' of the second player.

We will characterize Player 1-controlled games by introducing a new property of operators:

DEFINITION 3.2 An operator W from F to itself satisfies property (C) if for every w in Q the function
P (-)(w) is a convex mapping from F to R: for any f1, fo in F andt € [0,1],

W(tfi+ (1 —t)fa) <t®(fi)+ (1 —1t)T(fa)

A MHaC operator is an operator satisfynig properties (M) (Ha) and (C) ; we prove the following
Proposition:

PRrROPOSITION 3.1 Any Shapley operator of a Player 1-controlled game is MHaC.

PROOF. Since W is a Shapley operator, we already know that it is MHa. Since the first player controls
the transitions, then for every w € Q:
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W(tr+(1—-t)y) = sup inf {g(u,v,w)+ E,uu)(tz+ (1 -1)y)}
uEA(A) vEA(B)

= sup {t[ in(f ){g(u,v,w)}—i—Ep(u’w)x}

uEA(A) veA(B
1—t inf Euw
-0 | dat o0} + By

IN

t sup inf U, VU, W) + E (y )T
ueA(A)veA(B){g( ) plu) 7}

+(1—t¢) sup inf U, U, W) + Eyy.0
( )ueA(A)UGA(B){g( ) + Ep(uw)y}

= t®(2)+ (1 -1)¥(y)

When () is finite the reverse holds:

PROPOSITION 3.2 An operator W from R to itself is the Shapley operator of a player 1-controlled game
iff it is MHaC.

PrOOF. Let ¥ be a MHaC operator from R” to itself, and let ¥; be the i-th coordinate of W¥. Let
D C R be the set on which every ¥, is differentiable and let P; = {V¥,(z),r € D}. Since any MHa
operator is nonexpansive, Rademacher’s theorem implies that D = R¥.

For any f € D, monotonicity of ¥ implies that
Wi(f +tej) > Wi(f)
forall1 <i,j <k andt > 0, hence that égﬁ
U,(f+c)=¥,(f)+c

hence that Z?:l 8[513? (f) = 1, which prove that P; C Ay for every i.

(f) > 0. Homogeneous additivity implies that for any ¢ € R,

Moreover, Property (C) implies that for any i,

V(z,y) €R* x D, (V¥i(y),z —y) < Ti(x) — Ti(y). (13)
For any y € D let g;(y) = ¥,;(y) — (V¥,;(y),y)}. Let us prove that
Wi(r) = ;lelg{gi(y) + (V¥i(y), z)}. (14)

Notice first that inequality is
Wi(x) > sup{gi(y) + (V¥i(y), )}

yeD
On the other hand,
Slelg{\:[’i(y) +(V¥;(y),z—y)} = ¥i(z)+ Slelg{q’i(y) = (x) +(VE;(y),z —y)}

> Wi(2) + sup{-2[ly — 2|}
yeD

because W is nonexpansive and ¥, (y) € Ay. Since D = R this proves (14)).

Equation establish that ¥ is the Shapley operator of a Player 1-controlled game where the action
set of the first player is D, payoff is g, and transitions are given by p;(y) = V¥;(y). |

3.2 Property satisfied by games with a bounded payoff. Let us introduce a new property of
operators:

(L) Lipschitz 3K >0, Va € F, Vi, t' >0,

e (7) ¥ (7)

| < KJt—t|
o0

An operator is MHaL if it satisfies properties (M) (Ha) and (L) ; we show that assumption (L)
characterizes Shapley operators of games with bounded payoff:
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LEMMA 3.1 If ¥ is the Shapley operator of a game with bounded payoff, then ¥ is MHalL.

ProoF. It is enough to prove that if ¥ is a Shapley Operator it satisfies (L), which is a consequence
of the fact that Val is nonexpansive for the supremum norm: if g; and g are two functions from A x B
to R then

Val , — Val , < su ,T) — ST
SV )= vl e} < s (o) = o)

For any w, applying this inequality to gi(o,7) = tg(0,7,w) + Ep5rw)® and ga(o,7) = t'g(o, 7,w) +
Ep(o,7,w)T gives:

1 (2) @ -t (5) @] < sw gl mw)l-ft-¢]
t t A(A)xA(B)
By hypothesis there is a K > 0 such that |g(a,b,w)| < K for all (a,b,w) € U x V x 2, so W satisfies (L).

O

We now prove a weak version of the reverse of Lemma [3.1] First define:

DEFINITION 3.3 A stochastic game with a Shapley operator ¥ defined in (@ has a weakly bounded payoff
if there exists K > 0 such that for everye > 0, w € Q and f € F, there exists an action u. € X (resp.
ve €Y ) of Player 1 (resp. Player 2) which is e-optimal in ¥(f)(w), and such that |g(ue,v.,w)| < K.

In other terms, in a game with weakly bounded payoff there is a uniform bound K, such that for any
state and for any evaluation of the future, there are almost optimal actions for each player which yields
an expected payoff bounded by K.

With this new definition we can prove:

PROPOSITION 3.3 If W is MHaL from R* to itself, then ¥ is the Shapley operator of a game with weakly
bounded payoff.

We first prove a preliminary result. As in the proof of Proposition define D C R* as the set on
which every W¥; is differentiable. Then

LEMMA 3.2 If ¥ : RF — RF is MHalL for a constant K and if x € D, then for any i:
[Wi(z) = (V¥i(z),2)|| < K

ProoOF. For any z and i, t — tW; (%) is K-Lipschitz. If x € D, this function is differentiable at ¢t = 1

(. ().

which implies the result. O

<K

We now prove Proposition [3.3}

PROOF OF PROPOSITION @ Suppose ¥ MHalL for a constant K and let 1 < i < k. For every a
and b in D define I1;(a,b) = [; V¥;(ta + (1 — t)b)dt. ¥; being differentiable almost everywhere on any
segment (because of the nonexpansiveness of W), it implies that II; is well defined as soon as a # b, and
also when a = b since we supposed that v € D.

Define g;(a,b) = ¥;(a) — (I1;(a,b), a).
We prove that for any = € R¥
W;(z) = Valuep pepigi(a,b) + (I;(a,b), r)}

and that (a,a) is a couple of e-optimal strategies as soon as a € D[ B(z,e/2).
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Let a € D B(x,e/2) and b € D. We have
gi(a,b) + (IT;(a,b),z) = W;(a)+ (IL;(a,b),z — a) (15)
= Wi(z) + (¥i(a) — ¥i(z)) + (IL;(a,b), z — a) (16)
SO

W, (z) —e < gi(a,b) + (;(a,b),z) < ¥;(x) +e.

On the other hand ¥;(z)—¥;(y) = <f01 VU, (te+ (1 —t)y)dt,z — y>, so gi(x,y) = gi(y, x), which implies
U;(z) — e < gi(a,b) + (I;(a, ), v) < ¥y(x) +e.
for any u € D as soon as b € D[ B(z,£/2). The couple (a,a) is thus a couple of e—optimal strategies.

This prove that W is the Shapley operator of a game with weakly bounded payoff since D = R¥ and
lgi(a,a)| < K for every a € D according to Lemma O

REMARK 3.1 The interest of property (L) lies in the fact that one doesn’t know if there are stochastic

games with finite number of states and bounded payoff where the sequence v, does mot converge. By
Lemma and Proposition this relates heavily to the study of existence of a cycle time for MHal
Operators defined on a finite dimensional space.

3.3 Recession Operator. Let us define a new property of operators: we say that W satisfies
property (R) if ¥ has a recession operator R (W), that is

SR():F—F, Vo e F, lim Ht\IJ (%) - R(\Il)(x)H —0

oo

REMARK 3.2 Since ||t® (%) — <I>(t,x)”oo < ||z
x € F, ®(\ x) converges as A goes to 0.

condition (R) is satisfied if and only if for any

[eep)

In particular, the Shapley operator of a game with bounded payoff satisfies condition (R) and

REMARK 3.3 The recession operator R (¥) is additively homogeneous: for any ¢ € R R(¥)(x +¢) =
R (¥)(x)+c. It is also positively multiplicatively homogeneous : for any ¢ € RT R (¥)(cz) = cR (¥)(z).

An interest of the Recession operator lies in the following lemma

LEMMA 3.3 Let ¥ be a MHAR operator, then any accumulation point for the uniform norm of either
{vn} or {vr} is a fized point of the recession operator R ().

1
v, = P (71}71—1)
n

Uy = ‘I’()\, U)\)

PROOF. Recall that

so the result follow immediately from Remark and Lemma [2.2]in the case of v,,. O

REMARK 3.4 The set of fixved point of R (¥) may however be large, for example in the case of games
with incomplete information[21)].

To conclude this section, we prove that either (L), or (C) in the finite dimension case, is a sufficient
condition for (R) to hold:

LEMMA 3.4 If W is MHaC from R to itself, then W satisfies (R).
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PROOF. Given z € RF, let f(t) := t® (%) — ¢t®(0) be defined from R™ to R*. Since ¥ is nonex-
pansive, || f(t)|l, < tllz/t] = ||z], which implies that f is bounded. Moreover,

150 = 7Ol < -1 12O+ (D)o (D) e ()

v
et ([ @+ s )

so f is continuous. Finally, ¥ satisfies (C), which implies that for ¢’ < ¢:

) = t® (%) — +®(0)

_ t\p(i-;+<1—i>~0> — t%(0)

< tw (%) + (t —t")¥(0) — t¥(0)

IN

= ft).
We have established that each coordinate f; of f is nonincreasing and bounded, it follows that each f;(t)
converges as t goes to 0, which implies that ¥ satisfies (R). ]

LEMMA 3.5 Any MHAL Operator satisfies property (R).

PROOF.  Suppose that ¥ is MHaL and let « € F. Let h be the function defined on ]0,1[ by
h(t) = t®(%). Since ¥ satisfies (L), for any sequence ¢, in ]0, 1] converging to 0 the corresponding
sequence h(t,) is Cauchy, hence converges. This prove that the function h converges as t goes to 0, which
implies that W satisfies (R). O

The following corollary follows immediately from lemmas [3.1] and

COROLLARY 3.1 If ¥ is the Shapley operator of a game with bounded pay off, ¥ is MHaR.

4. Iterated Operators. First let us define the lim sup and liminf of sequences in Zy:

DEFINITION 4.1 For any bounded sequence x,, in Fg,
lim sup(z, ) (w) = lim sup(z,, (w))

for every w.

Notice that
x < limsup x,

for any accumulation point x of z, for the uniform norm, but that the limsup of a sequence is not
necessarily an accumulation point itself for the uniform norm.

The following proposition, proved in [24], gives a sufficient condition for an element of .# to be greater
than both lim sup v,, and lim sup vy:
ProprosITION 4.1 Let W : F — F be a MHa operator.

If x € F satisfies O(Lx) < (L+ 1)x for every L large enough, then limsupv, < x and limsupvy < z.

If x € F satisfies W(Lx) > (L+ 1)z for every L large enough, then limsup v, > x and limsupvy > x.

An interesting consequence is a sufficient condition for v,, and vy to converge: define
LT = {ze€.Z,¥(Lz) < (L+ 1)z for all L large enough}
L7 = {xe F,¥(Lx) > (L + 1)z for all L large enough} .
Then if the intersection £+ N .27+ is nonempty, it is a singleton {v} and v = limv,, = lim v}

However, there are examples of simple games where Proposition does not apply immediately.
Consider the following 0-player game (meaning that each set action is reduced to one element): there are
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two states wy and wy with payoff 0 and 1 respectively, and a deterministic transition from each state to
the other :

Il
—_ = = O

The Shapley operator of such a game is given by
a b
v(5)=(.00)
V2n
Vant1 = <2£T11>
2n+1

1-X\
2—A

11
hence both v,, and vy converges to (27 2). In that case one checks that

and one verifies that

I
7 N
B[00 | =
N—

Lt = {(z,2), 2 >1}
<7 = {(z,x), <0}

hence the intersection is empty. However, let us consider the game played by blocks of two stages. Its
Shapley operator is given by:

~(a\ ([ a+1l

v(3)-(i0)

and Proposition [4.1] immediately imply that in this new game both v,, and vy converge to (1,1), hence
. o 11
that in the initial game both v, and vy converge to 33 )

Given a stochastic game I' with a Shapley operator W it is thus worthwhile to study the game I'"
played by blocks of stages of a fixed length m, with payoff at stage | equals to Y ;" ; gim-r. This leads
to a new Shapley operator equals to ¥™. Since the payoff function in I'" is not bounded as m goes to
+00, it is convenient to also introduce the game T',,,, with payoff at stage [ equals to - Zzlzl Jim+k- The

m
Shapley operator of this normalized game is given by z — L @™ (muz).

This motivates us to define, for a general MHA operator:

DEFINITION 4.2 If W is an MHa operator and m € IN*, we define operators @™ (-) ®™(\,-), ¥,,(-) and

¥(z) = W (T (x)) (17)
(N z) = B\ P" (N 2)) (18)
Uo(r) = O (ma) (19)
&, (\z) = )\\Pm<1;)\x> (20)

S (\I'mT)L”(O) (21)

®,, (N, ) being 1 — X contracting, one can also define

Uxm = q)m (>\a 'UA,m) (22)
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In the two following propositions, we show that if an operator W satisfies some properties, it is also
the case for operators ¥ and ¥,,:

LEMMA 4.1 If ¥ is MHa, then so does ¥™ for any m € IN. Moreover,
a) If ¥ is MHaC, so does ™.
b) If ¥ is MHaR, so does ¥™ and R (¥™) = (R (¥))™
c) If ¥ is MHaL for a constant K, so does ™ for the constant mK.

Proor. If it easy to check that if ¥ is MHa, then ™ is also MHa.

To prove part a) of the lemma, we proceed by induction on m: if we assume that ™ satisfies (C),
then for any ¢ € [0,1],

O (1 4 (1 - t)y) (O™ (tr + (1 —t)y))
V(e (z) + (1 -1)¥"(y))

<
< W () + (1 — )T (y)

For assertion b) we also proceed by induction on m: assume that ¥ satisfies (R) and R (¥™) =
(R(¥))™ and fix x in F. Since ¥™ satisfies (Ne), it follows that

ma1 (T gm ( B (¥)(z) < H T\ H
‘tql (t) o ( : s tqf(t) R (¥)(x)]| . (23)
Since W satisfies (R), the righthand member of goes to 0 as t converges to 0. The induction hypothesis

implies that
e (RO g

goes to 0 as well, and so we have established the convergence to 0 of

et (5) R @)

oo

as required.

For part ¢) we proceed again by induction: assume the property true for m. Notice that

v ()t () = e () (2]
n [mm (“{5”5)) g (;)1

o (w (f)) _ g, (tw (if))
t t

By induction hypothesis,

@l (%) —e <Nt§a§)>

< mKlt—t]
On the other hand, ¥ being nonexpansive,
t/ t/ - t/ t/
= e ()-re (3]
t t' ) llso
< Kl|t—1t|

and we deduce that

Ht\Ilm“ (%) — ' gmHt (%)Hw < (m+1D)K[t—t].
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ProproSITION 4.2 If ¥ is MHa, then so does W, for any m € IN. Moreover,

a) If ¥ is MHaC, so does W ,.
b) If ¥ is MHaR, so does W ,,.

¢) If W is MHaL, so does W,, for the same constant.

ProOOF. It follows directly from Lemma (and for the second assertion, from the observation that
any recession operator is multiplicatively homogeneous). O

The operator ¥,,, is a more natural operator to consider than W™ for several reasons: first notice that
property (L) is preserved for the same constant for operator ¥,,, but not for ¥™. Another point is that
in the case of a Shapley operator, the payoff of ¥ is given by a sum of the payoffs in m stages of the
original game, hence W™ gives a weight m to the present and 1 to the future. The operator ¥,,, which
can be seen as a normalized version of ¥, is thus a more adequate description of the game played by
blocks of m stages. This is emphasized by two following propositions:

PROPOSITION 4.3 Let ¥ be any MHa operator. Then the equality vy m = Unm holds for any m € IN* and
n € IN. In particular, for any m € IN*,

lim sup vy, = limsup v,,.
n——+4oo n—-4oo

PRrOOF. To prove the first part of the proposition, just verify that
_ (P)"(0) _ 1 ¥™(0)

n,m — = = Unm-

n m n

In particular, for any m,
lim sup vy, = lim sup vpm,.
n——4oo n—-—4oo
Lemma [2.2] implies that

lim sup vy, = limsup vy,
n—-+o0o n—-+4oo

hence the second part of the proposition. O
PROPOSITION 4.4 Let ¥ be an MHAL operator. Then for any m € IN*,

lim sup vy, = limsup vy.
A—0 A—0

The proof of this proposition is technical and postponed to the appendix. The idea is that the operator
®™(,-) and ®,,(u, ) are close to each other for p=1— (1 — \)™.

Take for example the case of a Shapley operator and m = 2. Then ®2(),-)(w;) is the value of the
one-shot game with payoff

)‘g(a’lvbl?wl) + )‘(1 - A)g(a2ab27w2) + (1 - A)2.](l(a3;b?no-)?))

while ®@5(2\ — A2, -)(w1) is the value of the one-shot game with payoff
A2 A2
()\ - 2> g(a1,by,w1) + <)\ - 2) g(az, by, ws) + (1= X) f(as, by, ws).

REMARK 4.1 It is unclear whether Proposition still holds for an operator which does not satisfy
condition (L).

5. Convergence of v,, and vy - Operator Approach.
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5.1 MHaC operators : the case of v,. This section study the asymptotics of v, for MHAC
operators. We prove the following proposition:

ProPOSITION 5.1 If ¥ is MHaCR then v, has at most one accumulation point for the uniform norm.

which implies the following corollaries:

COROLLARY 5.1 If ¥ is MHaC from RF to itself then v, converges.

PROOF. Since the space is finite dimensional, any M HaC operator satisfies also condition (R) by
Lemma [34] ; and the bounded sequence v, has at least one accumulation point. The result thus follows
from Proposition [5.1 O

COROLLARY 5.2 Suppose that a Player 1-controlled zero-sum stochastic game with a Shapley operator ¥
satisfies the two following hypotheses:
(i) its payoff g is bounded
(ii) the set {v,, n € N} is relatively compact in F for the uniform topology.
Then the sequence v, converges uniformly as n tends to infinity.
PrROOF. The Shapley operator of such a game is MHaC by Proposition and since the payoff

g is bounded Lemma implies that it satisfies also (R). So, by Proposition v, has at most one
accumulation point, towards which it converges since the set {v,, n € IN} is relatively compact. (]

Notice that Corollary and Ascoli’s Theorem imply in particular

COROLLARY 5.3 Suppose that a Player 1-controlled zero-sum stochastic game with a Shapley operator ¥
satisfies the two following hypotheses:

(i) its payoff g is bounded

(i) the state space Q) is endowed with a distance d such that (2, d) is precompact and such that the
sequence v, 18 uniformly equicontinuous.

Then the sequence v, converges uniformly as n tends to infinity.
REMARK 5.1 Classes of games that satisfy the assumptions of Corollary[5.3 include repeated games with

incomplete information and standard signalling [1], as well as Markov chain games [T7] and stochastic
games with incomplete information on one side where the informed player controls the transitions [20)].

The remainder of this section is devoted to the proof of Proposition [5.1} for which we will need a basic
lemma:

LEMMA 5.1 If ¥ satisfies (C) et (R), then for every x and y,
U(z+y) < ¥(z)+R(¥)(y)

PROOF. Since W satisfies (C), then for any ¢ €]0, 1],

T(y+(1—t)z)=T (t% +(1-t)) < 1w (%) F(1—0)®(2)
which gives as t tends to 0
Y(z+y) < ¥(z)+R(¥)(y)

since we assumed that W satisfies (R).



Mathematics of Operations Research xx(x), pp. xxx—xxx, (©200x INFORMS 13

REMARK 5.2 We have thus
Y(z+y) —¥(x) <y

as soon as y = R(®)(y). This gives insight on each coordinate and is stronger than just using the
nonexpansive inequality

1@ (z+y) = (@) < Yl

We now prove Proposition [5.1] :

PROOF OF PROPOSITION [5.1] Let ¥ be an operator MHaCR and v an accumulation point of {v,}.
The aim of this proof is to get the inequality

limsup v, <wv.
n—-+4oo

Since the reverse inequality is true for any accumulation point v, this will establish that v is the only
accumulation point of {v,}.

Recall that v = R (¥)(v) by Lemma Let € > 0 and m such that ||v,, —v||,, < e. The operator
¥, is MHaCR according to Proposition [£.2] so for any L > 0 one can apply Lemma [5.1] to ¥,, and
x = L(v + ). This gives:

U (Lv+e) < R(TL)(L+e))+ Tp(0)

According to Proposition[d.2] R (¥,,) = (R (¥))™. Moreover, Remark[3.3]implies that R (¥)(L(v+e)) =
L(v +¢). Since ¥,,(0) = v, < v+ ¢ we thus deduce that

W, (Llv+e) <(L+1)(v+e)
Apply Proposition to ¥, and v + ¢:

limsup vy, m < (v +¢)

n— 00

hence, by Proposition |4.3|

limsupv, <v-+e.
n—-+oo

This inequality holds for any € > 0, which implies the result. ]

REMARK 5.3 In the case of a finite number of states (Corollory , convergence of v, can be proved in
the same way with an hypothesis slightly weaker than C[8].

5.2 MHaC operators : the case of v). In this section we prove the analogous of Proposition [5.1
for the family {vy}:

PROPOSITION 5.2 If W is MHaCL then {vx} has at most one accumulation point for the uniform topology.
This proposition has the following interesting corollary:

COROLLARY 5.4 Suppose that a Player 1-controlled zero-sum stochastic game with a Shapley operator ¥
satisfies the two following hypotheses:

(i) its payoff g is bounded
(i) the set {vx, A €]0,1]} is relatively compact.
Then the sequence vy converges uniformly as A tends to 0.
PROOF. The Shapley operator of such a game is MHaC by Lemma [3.I] and since the payoff g

is bounded Lemma implies that it satisfies also (L). So, by Proposition vy has at most one
accumulation point, towards which it converges since the set {vx, A €]0, 1]} is relatively compact. O

By Ascoli’s Theorem we also have
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COROLLARY 5.5 Suppose that a Player 1-controlled zero-sum stochastic game with a Shapley operator ¥
satisfies the two following hypotheses:

(i) its payoff g is bounded

(ii) the state space 2 is endowed with a distance d such that (Q,d) is precompact and such that the
sequence vy is uniformly equicontinuous.

Then the sequence vy converges uniformly as A tends to 0.

As in the previous section, to prove Proposition we study iterations of the operator. We use the
following consequence of Proposition 4.1

LEMMA 5.2 Assume that ¥ is MHaCR, R (P)(z) < z, and ®(N\g,z) < x for some Ao > 0. Then
limsupwy < .

PrOOF. According to Proposition it is enough to show that ®(\, z) < z for every A < \g, and
according to Lemma

D(\ 2)

I

>

S
N
N
> =

|

—_
——

&
——

(24)
) (G%)) @
e ((L o)) oma (L 1)2) o
(

— %0‘1?()\0,:1:) +(1- ;0> R (¥)(z) (27)
A A

< )\()x—i—(l—)\())x (28)

= (29)

O

We can now prove Proposition [5.2] :

PROOF OF PROPOSITION [5.2] Let v be an accumulation point of vy, which implies v < limsup vy.
It is thus enough to prove that v satisfies limsup vy < v.

Fix m in IN* and A > 0, and denote
po= 1-(1=XN"
2 — v —oalloe + K(mA — p)
I

/

vo= v+

where K is the constant of property (L). We want to apply Lemma[5.2to ®,,, z = v’ and Ao = 1 ; we first
verify that the hypotheses of this lemma are satisfied. The operator ¥,, is MHaCR by Proposition
According to Lemma R (¥)(v) = v so R(¥,,)(v) = v, which implies by additive homogeneity that
R (¥,,)(v') =v'. It remains to show that ®,,(u,v') < v’. First we find an upper bound of ®™(\,v'):

2||v — K(m\ —
2"\ ) = " (A’”_””—Uxﬂwﬂt v vAoo: (m u))
< o <)\,w A ChulPY P8 +K(mA—u)>
I
2|v—v + K(mX —
= U>\+(1_/\)m H )\oou ( M)
2||U_U)\||OO+K(m)\—'u,)

IN

vt flv—oxl + (1= p)

I

v — K(m\ — p)
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According to Corollary [AT] @, (11, v") < @™(,v')+ K (mA—p), so we deduce that indeed ®,,,(u, v") < v/
We can thus apply Lemma [5.2] which implies that

lim sup vy, < '
7—0

and so, according to Lemma we have established that for every m € IN* and A > 0,

limsupv, < o'
v—0
U+2|\v7m|\oo+K(m>\fl+(1f)\)m)
= = (1 —)m

(30)

Fix € and A > 0, and choose m = [ﬂ in . Since (1 — )\)[i] converges to e~¢ as A tends to 0, we
deduce that for A small enough,

2||v — K e -1
limsupv, <v+2 [0 = vAlloo + Kl + e )
~—0 1—e¢

Since v is an accumulation point of the family vy, this implies by letting A go to 0 that

e _1
limsup v, < v+2KL (31)
~—0 1—e—¢
Letting € tend to 0 in finally prove
limsupv, <v
’YHO
O

REMARK 5.4 The proof of Propositions also establish that if v, converges uniformly and ¥ is
MHACR, then hm U >hmsupv,\

n—-4o0o

Similarly, the proof of Proposztwn shows that if vy converges uniformly and ¥ is MHACL, then

hm vy > limsupv,.
—0 n—-+4o0o

In the particular framework of dynamic programming, it is already known [13] that uniform convergence
of either v, or vy tmplies uniform convergence of the other to the same limit.

REMARK 5.5 In the special case of dynamic programming with a finite number of states, existence of the
uniform value was proven inff|] for a finite action space. It was then established for compact action spaces
and continuous payoff and transition functions[d, (23], and finally without any assumptions [19]. It was
also extended to the case of two player games with an informed controller [1§)].

In the framework of dynamic programming with a general state space one can also find an alternative
proof of Comllary in [19], as well as sufficient topological conditions for the existence of the uniform
value. For similar results in a continuous-time framework, see [10]

5.3 A criterion for 2-player games Define a new property of operators:

(D) Derivability J¢:F — F, Vo € F,
®(\z) —R(¥)(x)

lim
A—0+

oo

This property of operators is interesting since it is proved in [21] that :

LEMMA 5.3 Let I' be a stochastic game with a finite state space, compact actions spaces and continuous
payoff and transition functions. Then its Shapley operator ¥ is MHaDL.

In the case of MHaDL operators, Lemma can be reformulated as :
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LEMMA 5.4 Suppose W MHaDL, and let x be such that R (¥)(z) < x and p(z) < 0. Thenlimsupv, < x
and limsup vy < x.

We do not know yet how to use Lemma[5.4] to prove that for stochastic games satisfying the hypotheses

of both v, and vy converge to the same limit.

However, let us introduce a new property slightly stronger than (D):

(Du) Uniform derivability Vm e N, 3 ¢,, : F — F, Vo € F,

. (I’m(/\ax) _R(‘Ijm)(x)
,\Er(rjl-s- A ~ #m(@)

= 0 uniformly in m.
oo

Note that we do not assume that the convergence is uniform in x.

We can now use Lemma [5.4] to prove:

ProPOSITION 5.3 Assume that ¥ is MHaDulL, then vy has at most one accumulation point for the
uniform topology. Moreover, if vy converges uniformly, then so does v, to the same limit.

PROOF. Let ¥ be MHaDuL and v an accumulation point of the family vy, which satisfies R (¥)(v) =
v by Lemma We prove that 0 is an accumulation point of the family ¢,,(v) . By property (Du) there
is a function f from ]0,1] to R*, nondecreasing and converging to 0 as ¢ goes to 0, such that for any m
and p,

< fw) (32)

TR

1
On the other hand, contractiveness implies that for any A,

o0

[@"(A\v) vl < 27N v) —oallo + v — vl

@7 (A, v) = @"(A, ua) [l + lv = vall
(I ="lv=valloe + llv = vall
2[|lv — vl o -

w
w

~ o~ o~
w W
(AN

w
D
= L T

IAIA

Combining inequalities and as well as Corollary one obtains that for any A and m,

lom (@)l < 0=l :KW =1 4 ) (37)

where p=1— (1 —\)™.

Let € > 0, and choose m = [%] in . Since (1 — )\)[i] tends to e™° as A goes to 0, we deduce that
for every € > 0, and every A small enough,

Hﬁp[g](v)H < 4lv —vp| o F2K(e+e° —1)

A 00 1—e—¢

+ f(1—e7%). (38)

Let ¢’ > 0 ; since f(t) tends to 0 as ¢ goes to 0 one can choose € > 0 such that

/

n

fa-e< S (39)
and - . )
e+e - €
2K% < 3 (40)
Such e being fixed, since v is an accumulation point of the family vy one can find A > 0 such that
4lv = vall < 61. (a1)

e

1—e—¢
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Inequalities to thus implies that for any € > 0, one can find an m such that ||, (v)| < €.
Such an m being fixed, denote v' = v +¢’. Since R (¥)(v') = v’ and ¢, (v') = om(v) — &’ < 0, according
to Lemma [5.4] we deduce that
limsupvy, < o
A—0

. !
limsupv,,, < 0.
n—-+o0o

According to Lemmas [£.4] and we thus have

limsupvy, < wv4¢
A—0
limsupv, < wv+¢€.
n—-+4oo
This is true for any € > 0, so
limsupvy, < w
A—0
limsupv, < w
n—-+oo
In the same way one prove that
liminfv, > v
A—0
liminfv, > v
n—-+4oo
and we have proved the strong convergence of vy and v,, to v. |

In the same vein one can prove

PROPOSITION 5.4 Assume that ¥ is MHaDu, and suppose that the sequence v, satisfies

1
Upgl — Up =0 -

Then vy, has at most one accumulation point for the uniform topology. Moreover, if v, converges
uniformly, then so does vy to the same limit.

PROOF. Let v be an accumulation point of v, ; it satisfies R (¥)(v) = v by Lemma By property
(Du) there is a nonincreasing function h from R* to itself such that limy ., k(L) = 0 and that for
every m € IN*

[ (Lv) = (L + 1)v = om(v) |l < R(L). (42)
Let € > 0, and L > 1 such that h(L) < e. By hypothesis, there exists N € IN* such that
n2N = |lonss = vall,, < = (43)

Moreover, since v is an accumulation point of the sequence v,,, there exist n > N such that
€
L+1

Denote m = [%], L' = = and observe that L < L' < LmTH <2L.

By (42),

[[on — vl < (44)

lom@) e < R(L)+ [@n(L'0) = (L + D)o
1

< B(L)+ — [ (mL'v) — m(L' + 1o,

1 /
< et || @ L) - ¥ EE©)| 4 (4 1) onem — vl

(o)

1 /
< et —|mpv— e FO| (@ 4 Dljon = vllg + L+ Dllonsm = vnll
< e+ L+ Dllon = vlle + (L' + Dlfvnsm = vallc:
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Using and (44)), this implies

oL/ +1 (L' +1)m
<

lon@l. < e+ 22ty EF

AL+1 (I +1)

<

< e+ L1 €+ I €

< Te.

We conclude as in the proof of Proposition [5.3} O

REMARK 5.6 While it is true that vp41 — v, = O( ) for any operator MHa (see Lemma , it is
unclear whether the stronger hypothesis of Proposition 18 always satisfied.

Appendix A. Appendix. This section is devoted to the proof of Proposition [f.4 The first lemma
relates the operators ¥ and ®™:

LEMMA A.1 If W is MHaL for a constant K, then for any t > 0, A\ €]0,1[, m € IN* and = € F the
following inequality holds:

m

<K),

i=1

A

1= t(1 = N)i

o (5) - w55l

PROOF. Proceed by induction on m. For m = 1, ¥ satisfies (L) so

x A 1—A A
U(i—)—-—¥ | — <Kl|t———
Ht (t) 1— X ( ) x)L ’t 1—X
so dividing by t,
x D(\, 2) A
U= - K|1l—-———. 45
J*(5) N, = R )
Assume the result holds for m — 1, that is
x ™ 1()\ x) "~
20 (e - .
H (t) (1 —XNm Zl )
which implies, ¥ being nonexpansive, that
T om-1L /\ x e A
o= ) - 1—-—
o () -2 (F=) | = X -

On the other hand, ¥ satisfies (L), thus one can apply equation with 2/ = ®™ (), z) and t/ =
t(1 — X\)™~1, which gives

H‘I' (q»m 1()\,:5)1) - t<I>()\,‘I>m‘1()\7m)) Hw <K’1_ ) ‘

tL =A™ (I=A)m"11 =)
Triangular inequality implies that

o () - s

A consequence of this lemma is the following comparison between the operators ®,, and ®™:

COROLLARY A.1 IfW is MHaL for a constant K, then for any A €]0,1[, m € N* and x € F the following
inequality holds:

1@ (11,2) — @7 (A @)l < K(mA — )
where p=1— (1 —A\)™
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PROOF. Applying Proposition with ¢t = ﬁ gives

H\I,m <1umz> ~m(l— )@ (N ) 29 L mA—p)
[t p(1 =)™ o — p(1 = A)
Multiplying by £,
(1-p)@" (A 2) ’ | p AL p)
®,,(p,x) — — 2= 2 < gy |2 :
R SR
and thus, since 1 — p = (1 — \)™,
@0 (1, 2) — ®™(\, )| <KZ’——/\ “‘.

Next, use the fact that for any i between 1 and m, (1 — A\)™~! < (1 — \)*~! < 1, which implies
3 ’% a(1— A)H‘ < max (| — mA|, | — mA(1— A)™1]).
i1

It remains to establish that 0 < g — mA(1 — A\)™~! < mA — pu. The first inequality is equivalent to
(I+m-1DN)1-N""1t<1
which can be shown by taking the logarithmic derivative of the left-hand side and noticing that it is
negative on [0,1].
The second inequality can be written as
mA+ (24 (m—2)N) (1 - )" >2
Both sides are equal for A = 0, so it is enough to show that the derivative of the left-hand side
m[1— (14 (m—2)A)(1—X\)""7]

is nonnegative. This can be shown by taking the logarithmic derivative of (1+ (m — 2)A\)(1 —A\)™~2 and
noticing that it is negative on [0,1].
(]
We can finally prove Proposition [4.4}

PROOF OF PROPOSITION [£.4] Fix m € IN* and \ €]0, 1], denote o = 1 — (1 — A\)™ and notice that,
since @, (u,-) is 1 — p contracting,

lox — Uu,m”oo — | @, vx) — (I)m(ﬂvvu,m)||oo
@ (12, 02) = Vx| oo
||@m(,ufvv)\) - ém(Aa UA)HOO

ilox =vpmlly <
<

Corollary thus implies that

A
[y = Vymll, < K (m . 1) .
n

For a fixed m, notice that jx ~ mA as A goes to 0, which implies that |[vx — vy, converges to 0 as A
goes to 0, so a fortiori limsup vy ,, = limsupvy. O
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