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Introduction

Let D (resp. D’) be the ring of germs at the origin of linear partial differential
operators with analytic coefficients on C™ (resp. C™ x CP). We take a sys-

tem of coordinates (z1,...,2z,) on C” and (z1,...,%n,t1,...,tp) on C* x CP
and we denote by i : C* — C™ x CP the inclusion z — (x,0). Let M be a
finitely generated D’-module specializable along Y = {t; = --- = ¢, = 0}. The

D-module theoretic restriction i*M of M along Y is defined as the complex
(D' > ;D) ®% M, realized as a Koszul complex (M ® A'CP);, whose cohomol-
ogy groups are finitely generated over D. T. Oaku and N. Takayama show in
[10] how to realize this complex by a complex composed of finitely generated
D-modules. Let V(D’) denote the V-filtration of Malgrange-Kashiwara along
Y, and let k; be the maximal integral root of the b-function of M along Y.
Then (M ® A'CP); is quasi-isomorphic to the sub-complex (Vj, +;(M) ® A'CP);.
Then a free resolution of i*M can be computed as follows: let

o= Ly =Ly —>M—=0 (1)

be a free resolution of M adapted to the V-filtration. Then (Vj,+;(M)® A*CP);
is isomorphic, in the derived category of D-modules, to the complex

N Vkl (‘Cl) N Vkl (LO)
PotiVin+1(L1) 2o tiVi41(Lo)

denoted by (Vi, (£:)/ (22 t3Ver+1(Liv1)))i-

On the other hand, the most classical filtration in D-module theory is that by
the order, denoted by (F;(D)). One defines the notion of a minimal filtered free
resolution of a F-filtered D-module, thus one has the notion of Betti numbers
of such a module. We remark that the notion of Betti numbers can be defined
as well for complexes of D-modules in the derived category of F-filtered D-
modules DF(D). Furthermore, T. Oaku and N. Takayama[l11l] and M. Granger
and T. Oaku[6] define the notion of a minimal bifiltered free resolution of a
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(F, V)-bifiltered D’-module. With the help of this theory, we establish that the
isomorphism

(Vi 44 (M) © A'CP); ~ (W, (ﬁi)/(zthlirl(ﬁiJrl)))i

can be seen in the category DF (D) (Proposition 3.1).

A further property on complexes of F-filtered D-modules is that of strictness,
a property any filtered free resolution of a F-filtered module satisfies. In the
case where p =1 and t : M — M is injective, we give conditions such that the
complex

(Vi (M) @ A'CP); = (0 = Vi 11 (M) = Vi, (M) = 0)
is strict (Proposition 3.3). In that case the complex

(Vi (£4)/ (Vi 41 (Lig1)))i

becomes a F-filtered free resolution of the module M/tM. This latter fact,
suggested by Toshinori Oaku, was the original motivation of this paper.

In the last section, we apply our results to the algebraic local cohomology
module N = O[1/f]/O, seen as a D-module. Here f is a quasi-homogeneous
polynomial with an isolated singularity at the origin. N is endowed with the
good F-filtration

Fo(N)= Y Faja(D)[1/f7),

1<j<k
which takes into account the order of the pole f, where —Fk is the least integral

root of the Bernstein-Sato polynomial associated with f. By using the restric-
tion, we give a minimal presentation associated with this data (Proposition 4.3).

1 Free resolutions of D-modules

Let D = C{x1,...,2n}[01, ..., Oy] denote the ring of germs at the origin of linear
partial differential operators with analytic coefficients on C™. It is endowed with
a filtration by the order, denoted by (F4(D))qez.

Let M be a finitely generated left module over D. An F-filtration (Fy(M))4ecz
on M is an exhaustive sequence of subspaces satisfying Fy(D)Fy (M) C Fyyq (M)
for any d,d’. Tt is called a good F-filtration if moreover there exist fi,..., fr €
M and a vector shift n = (nq,...,n,) such that for any d,

Fa(M) =" Fan,(D)fi.

For example, we denote by D" [n] the free module D" with basis eq, ..., e, en-
dowed with the filtration

Fy(D"[n]) = Fan,(D)e.



Thus a good F-filtration of M is defined by a surjective map D" [n] — M.
One then defines the notion of a F-filtered free resolution: it is an exact
sequence
oo Ly Ly M =0 (2)

which induces for each d an exact sequence of vector spaces
o= Fy(Lh) = Fy(Lo) — Fg(M) — 0.

Following T. Oaku and N. Takayama[ll] and M. Granger and T. Oaku[6], we
are able to define the notion of a minimal F-filtered free resolution. To that
end we introduce, following F.J. Castro-Jiménez and L. Narviez-Macarro[4],
the homogenization ring RD = @ F,;(D)T?. It is isomorphic to the ring

DM = C{x}[d\,..., 0, h]

satisfying for any i, d;z; — 2;0; = h. The ring D" is graded by the order in
0, h. The homogenization of a F-filtered module M is defined by

RM = P Fa(M)T".
d

In particular we have an isomorphism
R(D"[n]) ~ (D™)"[n]

where at the right hand side the vector shift n refers to the grading of the
module. The F-filtered free resolution (2) induces a graded free resolution

-+ =>RL - RL - RM — 0. (3)

This resolution is called minimal if all the entries of the matrices representing the
maps RL; — RL;_; belong to the maximal two-sided ideal of D") generated
by (2;)i, (0:)i, h. The resolution (2) is called minimal if it induces a minimal
graded free resolution (3). There exists a minimal F-filtered free resolution of
M, unique up to F-filtered isomorphism (see [6]).

Let us denote now Dy = C{zy,...,opn,t1,...,tp}01,...,00,08,..., 0]
the ring of germs of linear partial differential operators with analytic coeffi-
cients on C" x CP. It is endowed with the F-filtration by the order (Fy(Dy¢)).
Another filtration is the so-called V-filtration of B. Malgrange and M. Kashi-
wara, denoted by (Vi (Dy.t))kez, defined as follows: let us define the V-order of

a monomial
ordV (Ax*tH9%9Y) = Z v — Z iy

with A € C\ 0, then V4 (D,,) denote the set of operators whose development
only contains monomials x*#*9°9}" having order at most k.

We have also the notion of a V-filtration of a D, ;-module: that is an ex-
haustive sequence of subspaces (Vi(M))rez such that for any k,k’, we have



Vie(Da,t)Vir (M) C Vi (M). As above let D;, ,[m] denote the free module Dy, ,
with basis e1, ..., e, endowed with the V-filtration

Vi (D;,t[mb = Z Vi—m, (Dz,t)ei-

If M is endowed with a V-filtration defined from a surjective map Dj, ,[m] — M,
then M admits a V-filtered free resolution: that is an exact sequence

o= D mW] - Dm®Y] — M -0
which induces for each k£ an exact sequence of vector spaces
o= V(D Im W) = Vi (DL, [m V]) — Vi (M) — 0.

A V-filtered free resolution is the object needed in the computation of the re-
striction, as we shall see in the next section.

Let us describe now how to define the notion of a minimal V-filtered free
resolution of M. To that end we introduce the bifiltration

Fi15(Dyy) = Fa(Dy i) N Vi(Dyt)

for each d,k € Z. A bifiltration of a D,;-module M is an exhaustive se-
quence of subspaces (Fyi(M)) satisfying Fy (M) C Fap1,6.(M) N Fgpy1(M)
and Fd,k(Dz,t)Fd’,k’(M) C Fd+d’,k+k’(M) for any d, d/,k/’,k/. It is called a
good bifiltration if moreover there exist f1,..., f, € M and two vector shifts
n=(ny,...,n,) and m = (mq,...,m,) such that for any d, k,

Fir(M) = Z Fi—n; k—m; Dut)fi-

For example, we denote by D"[n][m] the free module D} , with basis ey,..., e,
endowed with the good bifiltration

FdJC(D;,t[n] [1’1’1]) = Z Fd—ni,k—mi (Dz,t)ei-

Let us point out that if M is endowed with a good bifiltration (Fy (M)), then
it is endowed with a good F-filtration Fy(M) = UpFy (M) and a V-filtration
Vie(M) = UgFy (M). A bifiltered free resolution of M is an exact sequence

= D)) - Dy @] ] - M - 0
which induces for each d, k an exact sequence of vector spaces

- = Fago(DynM]m) = Fyp (D n@m@)) = Fa (M) — 0.

The ring P = RD, ; is endowed by a V-filtration Vj, (Diht) ) similarly as above,

x,t —

by giving the weight —1 to each t; and the weight 1 to each 0;,. Equivalently,
we have Vj, (Dg(cht)) =@, Vi(D,+)T? In the same way we endow RM with the



V-filtration Vy(RM) = @, Fux(M)T?. For example, we have an isomorphism
of V-filtered graded D( )—modules

R(D{)[n][m]) =~ (D))" [n][m)]

where the vector shift [n] (resp. [m]) refers to the grading (resp. V-filtration).
Let us take a bifiltered free resolution

=Ly > Ly— M —0. (4)
It induces a V-filtered graded free resolution
-—>RL; - RLy—RM — 0,
thus a bigraded free resolution
-— gtV (RLy) — gr¥ (RLy) — gr’ (RM) — 0. (5)

Since it makes sense to talk about a minimal bigraded free resolution as (4),
the authors of [6] adopt the following definition: a bifiltered free resolution (4)
is said to be minimal if so is the bigraded free resolution (5). They prove the
existence and uniqueness (up to bifiltered isomorphism) of such a resolution.

2 Free resolutions of complexes of D-modules

In that section we intend to define the notion of a minimal filtered free resolution
of a complex of D-modules in the corresponding derived category. We will review
some facts, perhaps well-known to specialists, for the clarity of our text.

Let us denote by CF(D) the category of bounded complexes --- — M; —
M;_1 — --- where for each i, M; is a F-filtered D-module and the differentials
are F-adapted.

A map a : M, — N, is said to be a filtered quasi-isomorphism if the induced
map gr(a) : grf’ M, — grf’ N, is a quasi-isomorphism.

If  : My — N, is a morphism in CF(D), we denote by C(a) the map-
ping cone of «, defined by C(«a), = M;—1 & N; with differential (x,y) —
(—o(x),¥(y)+a(z)). Tt is endowed with the filtration Fy(C(«);) = Fa(M;—1)®
F4(N;). In that way we have natural isomorphisms Fy(C(a)) ~ C(F4(e)) and
gt (C(a)) = C(gr* (a)).

Lemma 2.1. Let o : My — N, as above. If for any d, Fyq(a) is a quasi-
isomorphism, then grf’(a) is a quasi-isomorphism.

Proof. Fy(a) is a quasi-isomorphism is equivalent to saymg that C(Fy(a )) is
exact. Thus Fy(C(a)) is exact and it easily implies that grf' (C(a)) ~ C(gr (a))
is exact. That gives the result.

We have a converse statement:



Proposition 2.1. Let « : My — No be a morphism in CF (D), such that for
each i, M; and N; are endowed with good filtrations. If grf'(a) is a quasi-
isomorphism, then a is a quasi-isomorphism and induces for each d a quasi-
isomorphism Fy(a).

Proof. We have that grf (C(a)) ~ C(grf'(a)) is exact. Since each C(a); is
endowed with a good filtration, then by a statement analogous to [6], Proposition
2.5, it follows that C(«) is exact, moreover for each d, F3(C(«)) is exact, which
establishes the statement. O

Corollary 2.1. Let o : My — N, be a morphism in CF (D), such that for
each i, M; and N; are endowed with good filtrations. Then « is a filtered quasi-
isomorphism if and only if for each d, Fy(a) is a quasi-isomorphism. Moreover,
if a is a filtered quasi-isomorphism, then it is a quasi-isomorphism.

A complex
...%MigMi_lﬁ...
in CF(D) is said to be strict if for each i and d we have Im¢; N Fy(M;—1) =
¢i(Fa(M;)).
Lemma 2.2. Let

M, $2 M, 1 M,

N, P2 Ny Y1 No

be a commutative diagram of filtered D-modules, such that the rows are com-
plezes and oy induces isomorphisms Hy(M,)) ~ H1(Ns)) and Hy(Fq(M,))) ~
Hi(F4(N,))). Then a1 induces an isomorphism

Fa(¢2(Ma))  Fa(¥2(N2))
¢2(Fa(Mz)) — a(Fa(N2))

Proof. We have a commutative diagram with exact rows

Fy(Ker ¢1) Ker ¢1 Ker ¢1 0
¢2(Fq(M2)) Im ¢o Fq(Ker ¢1)+Im ¢2

liso liso l
Fy(Kery) Ker 91 Ker 91 0
P2 (Fq(N2)) Im 1o Fq(Ker 1 )+Im g ’

then by the five lemma, o induces an isomorphism

Ker ¢ N Ker 1,
Fy(Ker¢1) + Imes — Fy(Kertq) + Imapy




Similarly, from the diagram with exact rows

0 Fy(Ker ¢1) Ker ¢1 Ker ¢1 0
Fq(Im ¢2) Im ¢2 Fy(Ker ¢1)+1Im ¢2
l l/iSO \Liso
0 Fy(Ker 1) Ker ¢ Ker ¢, 0
Fa(Imz) Im 2 Fy(Ker 1) +Im 1) )

we deduce that a; induces an isomorphism

Fy(Ker ¢1) N Fi(Ker )
Fa(Imgo) — Fa(Tmepp) -

Similarly, from the diagram with exact rows

0 Fa(¢2(M2)) Faq(Ker ¢1) Fq(Ker ¢1) 0
B2 (Fa(M2)) $2(Fa(M2)) Fa(¢2(Mz))
l liso \Liso
0 Fy(y2(N2)) Fq(Ker) Fq(Ker) 0
2 (Fa(N2)) a2 (Fa(N2)) Fa(2(N2)) ’
the result follows. O

Corollary 2.2. Let a : My — Ny be a morphism in CF(D) which is a quasi-
isomorphism and which induces quasi-isomorphisms Fq(Ms) — Fi(No). Then
C, is strict if and only if D is strict.

Let K F(D) denote the category whose objects are the objects of CF(D) and
the maps are taken modulo (F-adapted) homotopies. Then DF (D) denotes the
localisation of K F(D) with respect to filtered quasi-isomorphisms, as done in
[12], 2.1.8 (see also [8]). In other terms, DF(D) is the localization of KF(D)
with respect to the null system composed of the complexes M, such that gr(M,)
is acyclic (see in [7] an introduction to localization of categories). D(D) will
denote the derived category of D-modules.

Because of Corollary 2.2, the strictness of a complex M,, where each M; is
endowed with a good filtration, makes sense in DF (D).

As pointed out in [13], for a strict complex M,, for any i,d, H;(Fq4(M,)) is a
subspace of H;(M,), more precisely we can define a good filtration on H;(M,)
by Fa(Hi(M)) = H;(Fa(Ma,)).

Let m denotes the maximal graded ideal of grf’' (D) generated by

xla"'aznaéla"'aén
and m(" the maximal graded two-sided ideal of D) generated by
xl,...,xn,ﬁl,...,ﬁn,h.

We have grf(D)/m ~ C and D™ /m(") ~ C.



Definition 2.1. Let L, = (- — £L; Loy = -) a complex of CF(D) with
for each i, £; = D" [n?]. The complex L, is said to be minimal if for any i,
the matrix representing R 1; as its entries in m() (equivalently, for any i, the
matrix representing gr; as its entries in m).

Definition 2.2. Let M, be a complex of DF (D). A minimal resolution of M,
is a minimal complex Lo isomorphic to M, in DF(D).

The numbers 79 and the shifts n(Y arising in a minimal resolution of M,
make sense. In fact, denoting

Bi; = dimCTorfrF(D)(ng(M),C)j

= dimcTor®" (Rp(M),C);,
we have §; ; = card{k,ng) = j}. In particular r; = >, 8; ;.

Let us see finally the link between resolutions of modules and resolutions of
complexes. The notion of a strict filtered free resolution of a complex generalizes
the notion of a filtered free resolution of a module: regarding a filtered module M
as a complex in DF (D) concentrated in degree 0, a strict filtered free resolution
<= L1 = Lo — 0of M (thus Hyo(Le) = M) provides a filtered free resolution
cv = L1 — Lo — Ho(Ls) — 0 in the sense of [11].

3 Filtered restriction

Let M be a D, ;-module endowed with a good bibiltration (Fy (M )) such that
M =D, Vo(M). We assume that there exists a non-zero polynomial b(s) € C[s]
such that b(t10y, + - -+ 1,0, )gry (M) = 0, which is the case if M is holonomic.
An algorithm to compute such a polynomial can be found in [10]. Let k1 be an
integer such that b(k) # 0 if k > ky.

Let ¢ : (C™,0) — (C™ x CP,0) denote the embedding z — (x,0) = (z,1).

The restriction i*M of M along Y = {t; = --- = t, = 0} is by definition the
complex (Dg¢/ >, TiDyt) ®%,_ . M in D(D)-modules. Let A* = A'CP. Then
1*M is represented by the Koszul complex over the sequence ¢q,--- ,,:

0 MOAP S . S MoA' S MoA® = 0.

This complex is made of non finitely generated D-modules. By [9], Proposition
5.2 and [10], section 5, the truncation

0 = Viyp (M) @ AP %5 -+ = Viyy 1 (M) @ AL 25 Vi, (M) @ A® — 0,

denoted by Vi, +e ® A®, is quasi-isomorphic to the above Koszul complex, thus
still represents ¢*M. The bifiltration allows us to endow Vi, +e ® A® with a
filtration Fg(Vi,+e @ A®):

0= FypapM)@AP > o o Fyp 1 (M) @ AP S Fypo (M) @ A° = 0.



Let us remark that since the bifiltration of M is good, then there exists f1,..., fr
such that Fy (M) = >, Fa—n, k—m, (D) fi. If k1 is chosen so that for any i,
k1 > m;, then each f; belongs to Vi, (M) and for each i =0, ...,p, Fyr,+i(M)
is a good filtration of Vi, +;(M).

Let

be any bifiltered free resolution of M, with £; = Dgf? m®][m®]. In particular
it is a V-filtered free resolution. By [10], Theorem 5.3, the complex
VL) V(L)
2itiVint1(L1) 22 tiVi1(Lo)

denoted by Vi, (Le)/ >, tiVi,+1(Le) is a free complex isomorphic to i*M in
D(D). We endow it with a F-filtration by setting

— 0,

Fd< Vi, (L3) > _ Far, (L;)
th1+1(£i) Fqr, (ﬁz) N th1+1(£i)
Fyr, (L)
tEg e 1(Li)

Note that the filtered D-module Vi, (£;)/ >, tiVk, +1(£;) is naturally isomorphic
to some D" [n].

Proposition 3.1. The complexes Vi, o (M) @ A® and Vi, (Le)/ Y tiVi,+1(Le)
are isomorphic in DF (D). Thus Vi, (Le)/ Y ; tiVi,+1(Le) is a filtered free res-
olution of i*M.

Proof. Since t1,...,t, is a regular sequence in O, ;, we have that the Koszul
complex
Rrpv(Ds..t)
0— Rpy(D, AP = - = Rpy(D, P G L S LN
F7V( ,t) ® F,V( 775) ® Zi tiRF,V(Dm,t)

is exact. We may replace D, ; by the bifiltered free module £;, then the complex

5 0 Rpyv(£Li)
0—R LA — .- =R L)®A = =0
= Rpv(Li) @A = - 5 Rpv (L) @ A — S Ry (L)
is exact. Moreover it is bigraded, thus the complex
5 Far, (L:)
0— F, L)RAP 2o — Fyp, (L) @ A° 2 0
7 EakaplL) @ A7 5 Faga (L) @ A7 S tFamn(L)



is exact. We have a commutative diagram:

0 0

> Fyp 1t (M) @ A —— Fy 3, (M) @ A" ————>

F, L
e Fas (L) 9 A —— Fa (£0) @ A —= sl

Fay (£
o Fy e 11(L£1) @ A —— Fy, (£1) @ A° 5 tiil;k(ﬁll)(ﬁl) 0

We deduce that the complexes (Fy g, +i(M)®A); and (Vi, (£:)/ Y; ti Vi +1(L:))i
are both isomorphic to the complex associated with the double complex

(Fapy+i(Li) @ AT), 5.
(]
Corollary 3.1. The complex Vi, (Le)/ >, tiViy,+1(La) is strict if so is the com-
plex Vi, 1o (M) @ A°.

Let us consider from now on a special case: p = 1. The complex Vi, 1o(M)®

A® is Vi, 41 (M) 4 Vie, (M). Let us assume furthermore that ¢ : M — M is
injective. The restriction ¢* M is concentrated in degree 0 with Hoi* M ~ M /tM.
Thus the complex

Vi, (£ Vie, (£ M

kl( 1) s kl( 0) | (6)

tVin41(L1)  tVi41(Lo)  tM
is a free resolution of the module M/tM = (Vj,, (M) 4+ tM)/tM. That module
is naturally endowed with the filtration

 Fap (M)
Fy(M/tM) 1= b

and from Proposition 3.1 and Corollary 3.1 we obtain:

Proposition 3.2. Assume that t : M — M is injective and that for any d,
Fip, (M) NtVig11(M) = tFg,+1(M). Then the complex (6) is an F-filtered
free resolution of M/tM, i.e. for any d the complex

Fa, (L1) Fir (Lo) (M)
I, = = Fy(—]—0 7
tFapmsr(L1)  tFamsr(Lo) | \tM (7)

10



is exact. The homogenization, with respect to F, of the resolution (6) is as
follows:

Vi, (RL1) Vie, (RLp) < M)
— —-R(|(—]—0 8
th1+1(R£1) th1+1(R£0) tM ( )
Let us remark that the minimality of the bifiltered free resolution --- —

Lo = M — 0 does not imply the minimality of the F-filtered free resolution
(6), as we shall see in Section 4.
Let us give suficient conditions for the assumnptions in 3.2.

Proposition 3.3. The assumptions in Proposition 3.2 hold if the map t :
grf' (M) — gr¥ (M) is injective and for any d, k, Fy (M) = F4(M) N Vi (M).

That follows from the two following lemmas.
Lemma 3.1. Let us assume

1. The map t : M — M s injective,

2. For any d, Fg(M)NtM = tFq(M),

3. For any d,k, Fgr(M) = Fg(M)N Vi, (M).
Then for any d, tM N Fy (M) = tFy g, +1(M),

Proof. By the injectivity of equation (5.2) in [9], we have tM N Vi, (M) =
tVi,+1(M). Then

tMﬁFdﬁkl(M) th1+1(M)mFd( )
tVi,+1(M) NtFy(M) by assumption 2
t(Vi,+1(M) N Fy(M)) by assumption 1

th7k1+1(M) by assumption 3.

N N NN

O

Lemma 3.2. The conditions 1. and 2. of the preceding Lemma are satisfied if
and only if the map t : gr¥ (M) — grf' (M) is injective.

Let us give more information on the assumptions of Proposition 3.3.

Lemma 3.3 ([1], Lemma 1.1). Vd, k, Fy (M) = F4(M) N Vi(M) holds if and
only if the map induced by h on gr¥ (RM) is injective.

Remark 3.1. The conditions in Proposition 3.3 depend on the good bifil-
tration. The first condition is that ¢ : grf’ (M) — grf (M) is injective. Let
M =1D3,/(Dy.(t,1)). If we define

Fy(M) = F4_1(D41).(1,0) + Fy(Da ) .(0,1),

then t is not injective on grf’ (M) ~ grf'(D,;)?/(t,0). On the other hand,
defining

Fa(M) = Fg(Dy4)-(1,0) + Fa—1(Dy.0).(0, 1),

11



then ¢ is injective on grf’ (M) ~ grf' (D, ;)?/(0,1).

The second condition is that for any d, k, Fq (M) = Fg(M) NV, (M), which
is equivalent to the injectivity of the map induced by h on gr¥ (R(M)). Let us
take M = D, endowed with the usual bifiltration, then the above condition
is satisfied. Let M’ = D3 ,/(1,1). We have an isomorphism M ~ M’ given by

1~ (1,0). Let us endow M’ with the good bifiltration defined by
Far(M') = Fi—11(Dyt). (1 0) + Fak—1(Dyy). (0 1).

Then R(M) =~ (D))2[0,1]/(1,h) and gr¥ (R(M)) =~ (gr¥(D{)))2/(0, 1)), on
which the map induced by A is not injective.

To end this section, let us recall the notion of involutive bases, which we will
use in Section 4.

Definition 3.1. Let M be a filtered D-module. If 0 £ m € M, we define the
F-order of m by ord (m) = min{d,m € Fy(M)} and the F-symbol o (m) by
the class of m in gr rd” (m )(M ). If it is clear in the context we will simply note
o(m).

Let I be an ideal of D, endowed with the induced filtration. We say that
(Py,...,P.)is an F-involutive base of I if for any P € I, there exist Q1,...,Q.

such that P = 3. Q;P; and for any 4, ord” (Q; P;) < ord” (P).
We have the following useful characterization of involutive bases.

Proposition 3.4. Let I be generated by Pi,...,P. and let n; = ord” (P,).
Assume that we have homogeneous elements

Si=)_Sije; € g’ (D)[n]
J
which generate the relations between o(Py),...,0(P.), such that for any i, there
exists a relation
R, = Z Riyjej € D[Il]
J

between Py, ..., Py, such that o(R;) = S;. Then (Pi,...,P;) is an F-involutive
base of I.

Proof. Let P = )" Q;P; and assume that ord(P) < ord(}_ Qje;) = d with d
minimal. Then o(}" Q;P;) = 0, which leads to a relation o(}_ @ e;) between
the (0(P;)). Thus for any ¢ there exists a; = o(b;) such that o(}_ Qje;) =
ZaiSi = O'(Z bsz) Then

=) _Qje; = > biR).(Pi,.... P)
with ord(}° Qje; — > b;R;) < d, a contradiction. O

We will say that the relation S; is lifted by the relation R; such that o(R;) =
S;. In fact it is easy to see that the converse of the lemma holds: if P;,..., P,
is an F-involutive base, then every homogeneous relation between (o(F;)) can
be lifted by a relation between the (P;).

12



4 Application to algebraic local cohomology

Our aim is to give presentations of some algebraic local cohomology module,
viewed as a D-module. Let O = C{x} and let f € O. We focus on the
module N = O[1/f]/O which is quasi-isomorphic to the complex of algebraic
local cohomology R'+1F[ #=01(O). Although this module is not finitely generated
over O, it turns to be a finitely generated D-module. We will assume that f is
quasi-homogeneous and has an isolated singularity at the origin. We will give
two minimal presentations of N, one of which being classical, the other coming
from our general result in Section 3.

Let f # 0 be any function in O. The vector space O[1/f, s|f*, where f* is
understood as a symbol, has a natural structure of a D[s]-module. Let us recall
that there exists a polynomial bs(s) € Cl[s] called Bernstein-Sato polynomial
such that there exists P(s) € D[s] such that

b(s)f* = P(s)f*+. (9)

Let —k’ be the least integral root of b(s). It is known that &’ > 1. Using the
functional equation (9), one has O[1/f] = D(1/f*). Let us assume from now
on that f has an isolated singularity at the origin. Let

Sij = fi0; — f;0:

for any 0 < i < j < n. Then the symbols (¢£'(S; ;)) generate the kernel of the
map of O-algebras

o5 : O[E] = P ()T

defined by & — f/T, and the operators (5; ;) generate Annp f*, see [3]. Let
us identify grf(D) with C{z1,...,2,}[¢1,...,&]. Tt is also known that the
relations between the symbols (0(S; ;)) are generated by

fio(Sjx) = fi0(Sik) + fro(Si;) =0 (10)

and
&io(Sjk) —&0(Sik) +E&ko(Si;) =0 (11)

for each triple ¢ < j < k (see [1], paragraph 3.1.1). These relations are lifted by
the following relations in D:

fiSjk = fiSin+ f1.8i; =0

and
&-SM — 8]-51-,;@ + 8;@5‘1-,]- =0.

We also assume that f is quasi-homogeneous, i.e. there exist positive weights
wy, ..., w, such that, denoting 6 = > w;x;0;, we have 6(f) = f.

13



4.1 Classical presentation of O[1/f]/O
First let us consider the module O[1/f] endowed with the following good F-

filtration: ) )
i (o[7]) = oz

Proposition 4.1. The module O[1/ f] admits the minimal filtered presentation
£1 3 Dj0] B O[1/f] — 0 where

o ¢o(1) =1/f%,

o L1 =De® (P, Dei;) with ord(e) =1 and ord(e; ;) = 1,

* ¢1(e) =0+K,

e ¢1(eij) = Siyj-

Proof. Since Annp f* is generated by (S; j), we have that Annpjy f* is generated

by (S;;) and s — #. Using [5], Remark 14, we deduce that Annp(1/f*) is
generated by (S5;;) and 6 + k. Let us show that this system of generators is
F-involutive.

We claim that o(6) is a non-zero divisor on O[¢]/(0(S;,;)). Indeed, assume
that Po(f) € (S;;). Then 0 = ¢5(Po(0)) = ¢;(P)f thus ¢;(P) = 0 and
P € (0(S;;)) as claimed. Next, the relation

a(0)o(Si;) — a(Si;)a(0) =0 (12)
can be lifted since [0 + &/, S; ;] = (1 — w; — w;)S; ; which reads
(9 + k/ — 1 + w; + ’LUj)Siﬁj — Sm-(Q + k/) = 0

The involutivity follows then from Proposition 3.4, and the minimality of the
presentation is clear. O

Now we turn to the module N, which we endow similarly with the following
good F-filtration:

Fy(N) = Fy(D) LH .

Proposition 4.2. The module N = O[1/f]/O admits the minimal filtered pre-
sentation L1 21 D[o] %N — 0 where

o go(1) = [1/1*],

e L1 =Deo®De1 & (P, Des,j) with ord(eg) = 0, ord(e1) = 1, ord(e; ;) =
1

b ¢1(€0) = fkl,
[ ] ¢1(€1) == 9+k/,

14



(] (bl(em) = Si,j-

Proof. First, let us show that Ker¢yg = Im¢,. For P € D, ¢o(P) = 0 if and only
if P.(1/f*) =g e O. That reads (P — gf¥).(1/f*) = 0 and the result follows
from Proposition 4.1.

Let us show that (f¥',6 + k', (S;;)) form an F-involutive basis. We claim

that the relations between the symbols o(f¥') = f¥, o(0+ k') = o(8), (0(Si;))
are generated by the relations (10), (11), (12) and the following:

—& N+ M e(0) = > wiie(S;4) =0 (13)

i
for any j =1,...,n. Let P € gr’ (D) homogeneous such that

Pf* € ((0(0)), (0(Si)))-

The element P must have degree at least 1, i.e. P € (&;) and conversely each
P € (&) is allowed, using (13). The relations between the elements (+k, (S; ;))
are generated by (10), (11),(12), which proves our claim. We then conclude
to prove that (f*,0 + k,(S;;)) form an F-involutive basis by saying that the
relations given above can be lifted: we already mentioned it for (10), (11), (12);
and (13) is lifted as follows:

—ijk/ + fk/_lf]/-(e + k/) - Z fk/_lwiaciSj’i =0.

K2

Finally, these computations prove that the presentation is minimal. O

4.2 Another presentation of O[1/f]/O

We still assume that f is quasi-homogeneous with an isolated singularity at the
origin, and we will derive from Proposition 3.2 and our results in [1] another
minimal presentation of the module N = O[1/f]/O. Let O, = C{x,t}. We
will apply Proposition 3.2 to the D, ;-module

Oz,t[ﬁ]

M =
Oz,t

which is quasi-isomorphic to the algebraic local cohomology R'+1F[ F—t=0](Ox,t)-
There is a D, -module structure on O[1/f, s]f® such that s acts as —dt and
D, +f° ~ M by the mapping f* — [1/(f —t)]. We endow M with the good
bifiltration

Fap(M) = Far(Ds)[1/(f — 1))

Lemma 4.1. M satisfies the assumptions in Proposition 3.3:
1. t:grf (M) — grf (M) is injective,
2. For any d,k, Fyr(M) = Fq(M)NVi(M).
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Proof. By e.g. [1], Lemma 2.1., we have

ng(Dz,t)
(t—f, &+ fim)i)

then 1. comes from the fact that (t,t — f, (& + f/7);)) form a regular sequence.
Finally, [1], Proposition 3.2, Proposition 2.6 and Lemma 1.1 give 2. O

gr’ (M) ~

Lemma 4.2. There is an isomorphism M/tM ~ N defined as follows: if
g(x,t) € Oy, then [g(z,t)/(f —t)"] is mapped to [g(x,0)/f"].

The proof is straightforward. Let us note, for example, that the image of
OL[L/(f = )] is (IH[1/ 7).

The b-function of M as defined by Oaku-Takayama, denoted by bys(X), and
the Bernstein-Sato polynomial bs(s) of f are very close. By definition, by (s)
satisfies

bs(s)Dls)f* € Dslf+.

On the other hand, we have Vo(M) = D[s]f* and V_1(M) = D[s]f*+!, thus
bar(X) is defined by
bar (t0:)D]s|f* C DIs|f5H.

Identifying s and —0dyt, we get bas(—(s + 1)) = bs(s), and finally &' = ki + 1.
From now on we endow the module N with the following good F-filtration,
which takes into account the order of the pole f:

1
5 il
1<5<K f]

ie. ord®(1/f7) = j—1 for any 1 < j < k’. In particular, the identity 1/f7 =
f1/fiF for 1 < j <k’ — 1 is not adapted to that filtration.

Proposition 4.3. The module N = O[1/f]/O admits the minimal filtered pre-
sentation L4 Lt Lo 28 N — 0 where

Lo = @)L, DOF with ord” (9f) = k
o (0F) = (KD[L/f5H1],
Ly = (@B, DokFX) ® (B, ®FL Doke;) © DX,y
with ord” (9 X1) = k41, ord" (0Fe;) = k + 1, ord" (X2) = 0,
01(0FX,) = (k+ 1+ 6)0F,
01(0Fe;) = —(flof ™ + 0:0F),

p1(X2) = f.

16



Proof. Let S; = CX; & CX; and AV = AIC™ with basis e;, A -+ Ae;, with

1 <4 < -+ <i; < n. In the sequel, the tensor products are understood
over C. Let 01 (resp. d2) denote the Koszul map associated with the sequence
flsooos fn (resp. —0O1,...,—0y). Fori=1,2,6; isamap DRA®* — D@A*~! and

can be extended to a map Dyt @ A®* = D1 ® A*~! or to a map ’D(h)af QA —
DMk @ A*~1 as well.

Our starting point is the beginning of the bifiltered free resolution of M,
lifted from the bigraded resolution computed in [1], proof of Theorem 3.2:

L5 £y BD,,[0][0] 2 M — 0
where
Yo(1) = [1/(f = t)];
L1 =Dyt ®51) P (Day @A) & (Dyp @ A?)

with ord™Y (X,) = (1,0); ord®™" (X3) = (0,0); ord™" (e;) = (1, 1);
ord™V (e; N ej) = (1,0);

1 (X1) = Ot + 0; V1(X2) = f—t; i(es) = —f{Or — Oi; Yi(es Nej) = =S j;
Lo=Dy1.1® Dyt @A) ® (Dpy @ A2 ® 51) ® (Dpy ® A? ® S1)

with ord™" (1) = (1,1); ord™" (e;) = (1,0); ord™" (e; A ¢; ®X1) = (1,1);
ord™V (e; Nej @ Xy) = (2,1); ord™Y (e;Aej Aer @ X)) = (1,0); ord™Y (e; A
ejNeg® Xs2) = (2,0);

wg(l) =X1+0: Xo+ ijxjej; l/Jg(ei) = fZIXl —0; Xo +te; +Zj wjixje; Nej;
wg(ei/\ej ®X1) = 51(ei/\ej)+€i/\€j§ wg(ei/\ej ®X2) = 62(61-/\ej)—8tei/\ej;
for I = (4,7,k), Ya2(er ® X;) = di(er).

By homogenizing with respect to F, this gives the beginning of a minimal
V-adapted free resolution

Ro Rwl

RL, % RL, ] %o

D [0)0] " RM — 0

with the maps Rq; for ¢ = 1,2 having the same expressions as the maps ;.
Then we apply Proposition 3.2, we obtain the following exact sequence:

Vi (RL) W Vi (RL) wgr V(DY)

Vi1 (RLo) Ve i(RL1) gy (DY)

We have
Vkl D(h) k1

fo = @D(h

thlJrl(
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with deg(0F) = k;

Vi (R,C ) k1 ki—1 k1
Fio= o~ (BDMof e Sie (@D DWof o A e (D DM of @ A?
V. (RLD) kEPO : (% : (% r ©A%)

with deg(0F ® X1) = k + 1; deg(9f ® Xo2) = k + 1; deg(df @ ¢;) = k + 1;
deg(OF @ e; Nej) =k + 1;

7 Vi, (RLo)
th1+1(R£2)
klfl kl klfl
~ (P pMof)e (P D™of @A) o (D DMof @ A* @ Sh)
k=0 k=0 k=0

ks
& (Pp"ofer’es)
k=0

with deg(9F.1) = k + 1; deg(0f @ e;) = k+ 1; deg(df ® e; Aej @ X1) = k + 1;
deg(0F @ e; Ne; @ Xo) = k +2; for I = (i,7,k),deg(0f @ e; @ X1) = k+ 1;

deg(OF @ e; @ Xo) =k + 2.
Let us compute the maps Ri);. We have Ripo(9F) = (kD)[1/f*1T*. In

D"} the following identity holds:
oFt = toF + khor .
Then

R1(0f @ X1) = [0F(0: +0)]
[tOF 1t + ((k + 1)h + 0)0F]
((k 4+ 1)h +0)0F.

In the same way the computation gives:
Ry (0F ® Xy) = fOF — khof~?
R (0f @ e;) = —(f{OF T + 0:0F)
RyY1(0F @ e; Nej) = =S, jOF
Ripp(0F 1) = OF @ X1+ 0f ™ @ Xo + (3 wjz,;0F @ ;)
Ripo(0F @ ;) = f10f @ X1 — 0,0F @ X+ khOf ™' @ e+, wym;0f @ e; A ey
R—wg(af Qe Ne; ® X)) = 51(0F @ e; A ej)+ oFe; N €j
R—wg(af Qe Ne; ® Xg) = 52(0F @ e; A ej) — 8f+1ei Ne;

Ripo(0F @ er @ X)) = 6,(9F @ eg).
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Since some of the entries of the matrix which represents Rai)s are units, we
have to minimalize. Our method is the same as the minimalization process
described in [6], paragraph 4.4. Let

ki1—1 ki1—1
G = @ D(’”af@@ @ D(h)atk®€i/\€j®X2@@D(h) ®e; Ne; @ X1,
k=0 i<j k=0 i<j

a free submodule of F5. We have the following commutative diagram:

where ¢; is the map induced by Ra); for i = 1,2. The columns are exact and the
first two rows are exact. Then we deduce that the third row is also exact. This
row will provide our minimal presentation. The module F} := F5/G is free with
basis (6f & ei)m, (65 ®Ke;Ne; ® Xl)kZLi,j and (65 Ker® Xj)I:(il,iz,ig),k,j:LQ'
It is easy to show that

A
' Ria(9)
is free with basis (OF ® X1)k, (OF ® €;);r and X». Note that in F}, we have
eiNe; = —di(e; Nej),
M@eine; = 62(0F T @einej) fork>1,
loX, = —(OF'eXx+ ijxjejatk*l) for k > 1.

Using these identities, we compute the matrix representing ¢- in the basis de-
cribed above:
For k > 1,

$2(0) ®e;) = f{85®X1+8i8t’“’1®X1+(k:+wi)haf*1®ei+ijxjajaf*1®ei;

J

¢2(€i) = fz/Xl — 0; X — Zj wjacjél(ei AN ej);
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For k> 1, ¢o(0F @ e; Nej @ X1) = 0,(0F @ e; Aej) + 02(0F L @ e; Aey).
Let I = (i1, 4a, 43).

For k> 1, 2(0F @ e; @ X1) = 02(6,(0F ' @ er));

p2(er ® X1) = —d1(d1(er)) = 0;

For k> 1, ¢2(0F ® e; ® X3) = 0;

p2(er ® Xz) = —61(d2(ex)).

Thus the matrix representing ¢, does not contain any unity. By dehomogenizing
we obtain the annunciated minimal presentation of V. O
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