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Abstract— This paper presents a critical review of different
acoustic resonator models exposed in the past, in the light of
recent experimental results. Among the few models attempting
to explain the 1/f behavior of the quartz crystal resonator, the 1/f
quantum noise theory of P. Handel and the thermal boson
theory of M. Planat, are recalled. The latest published
experimental results are analyzed taking into account these
models. In the case of Handel’s model, the noise depends on the
resonator volume under the electrodes and the unloaded quality
factor of the resonator. Handel’s model is supposed to give an
order of magnitude of the lowest possible noise level, but now
some experimental results are under its prediction. An approach
using the vibrating volume of the resonator is proposed to renew
the lowest noise level estimation and found to be compatible with
the latest experimental results.

1. INTRODUCTION

High-precision quartz oscillators are mainly used in
telecommunications, metrology and space applications such as
local oscillators in satellites. The short-term stability of such
oscillators is essential.

In 1994, J. Norton [1] has measured the best result of
short-term stability of a quartz crystal resonator. It was a
5 MHz SC cut mounted in a BVA structure. The result in term
of Allan standard deviation was 3.74-10™ for 1 equals to 10 s.
In 1999, at 10 MHz, R.J. Besson [2] measured two BVA
quartz crystal oscillators with 5-10"* Allan standard deviation.
Then, for ten years, there had been no significant
improvement of quartz oscillators in the short term stability
domain and no real solution had been found to improve the
phase noise of BAW resonators. J. Norton’s result represented
the best acoustic resonator noise performance that could be
found in the literature, pretty close to the lowest theoretical
estimates. However, recently, better experimental results [3-4]
have shown that quartz crystal oscillators may still have not
said their last word in the short-term stability domain.
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The oscillator limitation is theoretically imposed by the
resonator. However, few models attempt to explain the I/f
behavior of the quartz crystal resonator. In this paper, we will
briefly recall the //f quantum noise theory of P. Handel and
the thermal boson theory of M. Planat in order to compare the
latest published experimental results to the lower limitations
computed with these two models. In the case of Handel’s
model, the noise depends on the resonator volume under the
electrodes and the unloaded quality factor (Q) of the resonator.
It gives an order of magnitude of the noise, but now some
experimental results are below its prediction. In this paper, we
will show that a lower theoretical estimate can nonetheless be
extracted from Handel's model provided one uses the vibrating
volume of the resonator instead of the volume under the
electrodes.

II. MODELS

The following part presents a summary of the two models
trying to elucidate the physical origin of the 1/f flicker noise
of a quartz crystal resonator with a focus on the origin of the
1/f formula. We note, that both models can be seen as the two
opposite sides of the fluctuation-dissipation theorem [5],
since Planat studies the energy fluctuations around statistical
equilibrium of a population of massless degenerate thermal
bosons, whereas Handel proposes an origin for the dissipation
occurring when the oscillator comes back to its mode after a
small perturbation.

A. Planat’s Model

In 2003, M. Planat proposed a statistical thermodynamics
based model to explain the I/f noise in quartz crystal
resonators [6]. In this paper, Planat considered the case of a
population of massless bosons with a degenerate quantum
harmonic oscillator energy spectrum which predict a
hyperbolic fluctuation spectrum at low frequencies. According
to the equipartition law of statistical mechanics, the partition
function is introduced using a degeneracy parameter of the



energy level nhf with n the number of bosons, & the Planck
constant and f the frequency. The free energy F may be
approximated in the low frequency part of the spectrum by:

2
F o= 1 (x|, * (1)
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with x = hf/ kT

Subsequently, the exposed model keeps only the first term
of (1).

According to the FEinstein’s conventional approach, the

energy fluctuations of a system in equilibrium within a larger
system of temperature T are:
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One can reformulate this relation for the fluctuations of the

energy dE = u(f,T)df in the bandwidth df:
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with u the energy spectral density and S,(f) the power
spectral density of the fluctuations of u.

Thus, energy fluctuations in the bandwidth df are given by:
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velocities of the longitudinal mode A and the shear modes B
and C, respectively.

Considering [7-8], the fractional frequency fluctuations in
a quartz crystal resonator are:
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(5) has been used to give an order of magnitude of the
power spectral density of the fractional frequency fluctuations
of a 5MHz 5" overtone (OT 5), AT-cut quartz crystal
resonator.

B. Handel’s Model

P. H. Handel proposes in [9] a summary of his //f quantum
noise theory. According to him, the general origin of the
intrinsic 1/f noise is due to a quantum self-interference process
caused by very small spontaneous bremsstrahlung energy
losses. The rate I of phonon interactions which remove
phonons from the main quartz resonator mode is modulated by
the quantum //f effect. The time-derivative of the polarization
vector P of the quartz crystal is affected. According to
bremsstrahlung, when the phonon is removed, a constant
energy is radiated away per unit frequency interval at any
frequency, its expression is:
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With AP , the variation of current density of the quartz
crystal.

Then the number of photon emitted as bremsstrahlung of
frequency f, per Hertz is given by dividing (6) by the energy of

photon Af:
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With a=(]/47r$0)(27r62/hc)=1/]37,the

Sommerfeld’s fine structure constant.
Thus the one side spectrum is inversely proportional to f:
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If the main resonant mode is described as a forced
harmonic oscillator with losses then the quantum I1/f

fluctuations are present in the loss coefficient I' of the
following equation:

S(sr/r(f)= (8)
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The quality factor of the resonator is defined as:
O=w./2I" (10)

The resonant frequency is given by:

o =af 2% (11)

Thus

1
Sy(f)=E55r/r(f) (12)

Where y = Aff; is the relative frequency fluctuation.

The vibrational energy of the crystal can be written as:

R DR

dt Ne

With m the reduced mass of the elementary oscillating
dipoles, e their charge, N their number in the crystal, y a
polarization constant, <®> the average circular frequency of a
thermal phonon interacting with phonons in the main
resonator mode and n the average number of phonons in that
typical thermal phonon mode.

Thus with:
P Nh(co) ¢’
(ap¥ = S (14)

We can write:
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dipoles per volume unit and V in cm”.

With: g =ny =1/cm’ | ny the number of

III. ACOUSTIC VOLUME ESTIMATION

The acoustic volume estimation is carried out using
Tiersten’s definitions as e. g. in [10].
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Geomeric definition of a plano-convex resonator

Figure 1.

Due to the plano-convex shape, the thickness of the
resonator 2k is given by the following expression (Fig. 1):
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The amplitude of the mechanical displacement in the
resonator is:

Upmp = A sin ”;;2 Hm( anx])Hp(\/Exj,)

: 5 (18)
- 2) - /2) j
e an(xy/ )e Bn(x3 )eja)nmpt
with:
2 _2a 2 2a
ol =2 and fl=TC (19)
S8RhyM ,, 8Rhy P,

Where n =1, 3, 5, ... the overtone number, m, p =0, 2, 4,
..., label the different mode shapes in the plane of the
resonator, H, and H, are Hermit polynomials, R is the
curvature radius, 2h, is the thickness of the resonator center,
M, and P, are the dispersion constants and ¢ is the effective
elastic constant associated to the propagation of the (C) mode.

For the 3™ overtone (OT 3), we have:
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In the case of SC-cut quartz resonator [11], the cut is
defined by a doubly rotation (¢ = 22°45’, 6 = 34°) and in
N/m?:

6=346-10°M; =57-10°,P; =67 - 10°

The energy of the acoustic wave is given by:

2
g
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To define the acoustic volume, we can consider the
vibration amplitude which remains constant over the surface
Seq, then we compute a cylindrical volume that has the same
energy than the acoustic wave.
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Thus:
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Consequently, the acoustic volume is defined by:

Vae = SquhO (25)

IV. APPLICATION OF THE MODELS TO EXPERIMENTAL
MEASUREMENTS

As seen in [4], the best measured resonators are the 5 MHz
BVA SC-cut, OT 3, resonator from Oscilloquartz (Neuchatel,
Switzerland). In [12], a succinct description of the resonator is
given which allows us to compute an order of magnitude of
our approach. The diameter of the resonant part of the
resonator is around 20 mm, the electrodes diameter D is about
11 mm. The thickness of the resonator is chosen to vibrate on
the OT 3 at 5 MHz. The acoustic velocity for the thickness
shear C-mode of a SC-cut in quartz crystal is about 3610 m/s.
Thus, the thickness at the center of the resonator 24, is given
by 3A/2 formula and is approximately equal to 1.15 mm.

The energy trapping is quasi-independent of the electrodes
dimension, in contoured resonators. It influences the motional
resistance and the static capacitor. The displacement can be
computed from the center of the resonator to the external edge
of the resonator. The radius of curvature is one of the most
important parameter. Usually, sufficient energy trapping is
obtained when the lateral boundary has no effect on the
vibration. Thus, we will consider an attenuation of the
mechanical displacement of about 107 between the center and
the boundary of the resonator. This trapping corresponds to a
curvature radius R of about 290 mm (fig. 2).

The Q factor of this kind of resonator can be found from
the dissipative matrix 7; of the quartz crystal [13]. These
constants must be expressed in the SC-cut orientation. Then,
the values are considered as the imaginary part of the
effective elastic coefficients. Resolution of the Christoffel
equations [11] gives the complex eigenvalue ¢ +i7 . Then,
an order of magnitude of the Q factor can be obtained using
the following equation:
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In our case, 77 = 3.95-10*Ns/m®. A SC-cut quartz

crystal resonator, at 5 MHz, OT 3, gives a maximum of
quality factor of about 2.8-10°. This value corresponds with
the one given in [3].
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Figure 2. Energy trapping of a plano-convex resonator, SC-cut 5 MHz,
OT3, R =290 mm. (red curve: along Xj axis, green curve: along X, axis).

Consequently, we can compute the motional resistor R
from the motional capacitance C, using:

1 L, .2
R = ML BY)
Qcmot Zﬂrf Q
In the case of OT 3, C,, is given by [10]:
D D ?
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With D the electrode diameter, é,5 = —0.0576 C/ m? the
effective piezoelectric constant.

The computing value of C,,, is around 280 fF. We obtain
R,.o: equals to 42 Q, L, is about 3.6 H. These results are
closed to the measured value in [3].

The static capacitor C, can be also computed with the
following formula [9]:

A2
aD? (D/2)? 22t 2
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With &, = 39.78-10"*F/m the permittivity constant in SC-
cut.

We have C, around 3.4 pF.

Short-term stability is usually given in the time domain
with an Allan variance. The Allan variance is computed from
the Fourier frequency and from the power spectral density of
the frequency fluctuations [14]:

2sin* ft

(afe)

In the case of the flicker frequency noise (which is the
resonator noise), relation between the Allan standard
deviation and the power spectral density (PSD) of relative
frequency fluctuations S(f), is given by [15]:

j S, 30y

Oy _ floor = Zln(Z)Sy(]HZ) (31)

Table 1 presents the comparison between measurements
and the results proposed by both models. For Planat’s model,
only the velocity of the C-mode of the acoustic wave is used
to the computation. The result is really higher than the
experiment. Using the acoustic volume in this model is not
relevant because of the invert proportionality.

TABLE L. COMPARISON OF THE SHORT-TERM STABILITY IN TERM OF
ALLAN STANDARD DEVIATION Gy_ 00r OF A SC-CUT, 5 MHzZ, OT 3

RESONATOR
Frequency (MHz) 5
Quality factor Q (10°) 2.8
Rinot (Q) 42
Cot (fF) 280
Lmot (H) 36
Cy (pF) 34
Volume under electrodes V.. (cm®) | 1.093-10"!
Acoustic volume V,, (cm®) 1.076-102
Volume ratio 10
o-y_floor_planat 52102
(vol. under electrodes) ’
cy_floor_Handel 5 4‘10-14
(vol. under electrodes) '
o-y_floor_Handel 1.67-1 0714
(Acoustic vol.) '
cy_ﬂnor_exp [1] 375‘10714
(oscillator measurement)
cy_fluor_exp [4] 2.5‘10-14
(oscillator measurement)

The flicker noise seems to be the limit of the short-term
stability of a quartz crystal resonator. An order of magnitude
of this limit is given by the prev1ous calculus around 1.6 107"
with the Handel’s model using the definition of the acoustic
volume.



If it was possible to eliminate this noise, the noise limit
should be given by the thermal noise of the resonator. In term
of Allan standard deviation, its expression is usually [16]:

fo (T)—LW’—kT
y _ therm QL 2Pr

With a loaded Q-factor Qy around 1.6-10° for the previous
resonator and a excitation power of 60 uW, we get around
T =80°C:

(32)

Oy therm(T) 241077 27172 (33

At 1s, without //f noise, the short-term stability limit
should be 4-10°".

V. CONCLUSION

Regarding the experimental results, the //f story of the
quartz crystal is not over. The considered models should be
the fundamental limit of the flicker noise of a resonator.
Values of Handel’s model are under the experimental
measurements if the volume is considered as the acoustic
volume. The experimental results seem to be now very close
to the fundamental limit. The model validity could be proved
by varying the acoustic volume while keeping the Q factor of
the resonator constant.
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