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Abstract: In this paper, we extend to the complex-valued case a recent result by Nourdin and
Peccati on the gaussian fluctuations of traces of i.i.d. matrices.
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1 Introduction

Let X be a centered random variable with unit variance, taking its values in C and ad-
mitting moments of all orders. Let {Xi7j}ij>1 be a family of independent and identically
distributed copies of X. We denote by X,, the random matrix defined as

X — {&} ,
Vn 1<i j<n

In this paper, we aim to find the limit (in law) of
trace(X{) — E[trace(X()], (1.1)

where X¢ denotes the d-th power of X,,. To achieve this goal, we will make use of the
following identity:

n
d _d
trace(Xn) =n 2 E Xi1,i2Xi2,i3 e Xidﬂ'l'

i1, ig=1

In the case where X is real-valued, the problem was solved by Nourdin and Peccati
[1]. The present study extends [1| to the more general case of a complex-valued random
variable X.

When d = 1, the expression (1.1) is very simple; we have indeed

trace(X,,) — E[trace(Xn)] = %ZX“
i=1

As a consequence, if X is real-valued then a straightforward application of the standard
cental limit theorem (CLT) yields the convergence in law to N(0,1). The case where X
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is complex-valued is not much more difficult, as one only needs to use the bidimensional
CLT to get the convergence in law to Z = Z; + iZ,, where (Z1,Z5) is a gaussian vector
with the same covariance matrix as that of (Re(X), Im(X)).

When d > 2, we have:

n

> KiviaeXigir = ElXiy iy Xiyir]). (1.2)

i1,eyig=1

NI

trace(XY) — E[trace(X1)] = n~

If X is real-valued, it is shown in [1] that there is convergence in law of (1.2) to the
centered normal law with variance d. The idea behind the proof is to separate the sum
in the right-hand side of (1.2) into two parts: a first part consisting of the sum over the
diagonal terms, i.e. the terms with indices 7y, ..., 74 such that there is at least two distinct
integers p and ¢ satisfying (i, ip+1) = (ig, ig+1); and a second part consisting of the sum
over non-diagonal terms, i.e. the sum over the remaining indices. Using combinatorial
arguments, it is possible to show that the sum over diagonal terms converges to 0 in L2
Thus, the contribution to the limit comes from the non-diagonal terms only. In order to
tackle the corresponding sum, the idea [1] is to focus first on the particular case where the
entries X, ; are gaussian. Indeed, in this context calculations are much simpler because we
then deal with a quantity belonging to the d-th Wiener chaos, so that the Nualart-Peccati
[3] criterion of asymptotic normality may be applied. Then, we conclude in the general
case (that is, when the entries are no longer supposed to be gaussian) by extending the
invariance principle of Nourdin, Peccati and Reinert 2], so to deduce that it was actually
not a loss of generality to have assumed that the entries were gaussian.

In this paper we study the more general case of complex-valued entries. As we will
see, the obtained limit law is now that of a random variable Z = Z; + iZ,, where (Z;, Z)
is a gaussian vector whose covariance matrix is expressed by means of the limits of the
expectations of the square of (1.1), as well as the modulus of the square of (1.1). To show
our result, our strategy consists to adapt, to the complex case, the same method used in
the real case. Specifically, we show the following theorem.

Theorem 1.1 Let {Xij}ij>1 be a family of centered, complex-valued, independent and
tdentically distributed random variables, with unit variance and admitting moments of all
orders. Set

e
vn 1<ij<n

Then, for any integer k > 1,

law

{trace(Xff) - E[trace(Xg)} }1<d<k — {Zi}<acr -

The limit vector {Zd}1<d<k; takes its values in C*, and is characterized as follows: the
random variables Zy, ..., Z; are independent and, for any 1 < d < k, we have Z; =



ZY+iZ% where (Z), Z2%) denotes a gaussian vector with covariance matriz equal to
a c
va(e ),
with a+b=1 and a — b+ i2c = B(X{,)"

The closest result to ours in the existing literature, other than the previously quoted
reference by Nourdin and Peccati [1], is due to Rider and Silverstein [4]. At this stage of
the exposition, we would like to stress that Theorem 1.1 already appears in the paper [4],
but under the following additional assumption on the law of X;;: Re(X; 1) and Im(X; ;)
must have a joint density with respect to Lebesgue measure, this density must be bounded,
and there exists a positive o such that F((X;1)¥) < k¥ for every k > 2. These assump-
tions can sometimes be too restrictive, typically when one wants to deal with discrete laws.
Nevertheless, it is fair to mention that Rider and Silverstein focus more generally on gaus-
sian fluctuations of trace(f(X,)) — Eltrace(f(X,))], when f : C — C is holomorphic and
satisfies some additional technical assumptions (whereas, in our paper, we ‘only’ discuss
the polynomial case f € C[X]).

The rest of the paper is devoted to the proof of Theorem 1.1. To be in position to do
so in Section 4, we need to establish some preliminary combinatorial results in Section 2,
as well as some results related to the gaussian approximation in Section 3.

2 Some preliminary combinatorial results

As we said, before giving the proof of theorem 1.1 we need to present some combinatorial re-
sults. In what follows, we assume that d > 2 is fixed. Note that the pairs (i1, 2),. .., (i4,71)
appearing in formula 1.2 are completely determined by the d-tuple (iy,...,i4). Indeed, it
is straightforward that the set C,, of elements ((iy,i2), .., (ig,i1)) in ([1, n]Q)d is in bijection
with [1,7]? via the application ((i,43), .., (ig,41)) = (i1,...,i4). The cardinality of C,, is
therefore equal to n?. We denote by D, the set of diagonal terms of C,,, i.e. the set of
elements of C,, such that there exist (at least) two distinct integers j and k such that
(j,%j+1) = (ik, ig+1), with the convention that 441 = 4;. We denote by ND,, = C,, \ D,
the set of non-diagonal terms. If iy, ..., i4 are pairwise distinct, then ((iy,42), .., (¢4,71)) be-
longs to ND,,. Thus, the cardinality of N D, is greater or equal to n(n—1)...(n—d+1),
or, equivalently, the cardinality of D,, is less or equal to n® —n(n —1)...(n —d+1). In
particular, the cardinality of D,, is O(n™1).

For any integer p > 1, any integers «, 5 € [1,n]| and any element I, having the following
form

Ip = ((xla yl)a SRR (xp’ yp)) € ([L n]z)p7 (2-3)

we denote by mcy, (o, ) the number of times that the pair (o, 3) appears in (2.3). Fur-
thermore, we denote by mp; () the number of occurrences of a in {x;,y;}1<ij<p. For
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example, if [, = ((173)7 (374)7 (173)7 (57 7)) then mp]4(3) =3, mpI4(1) =2, mC[4(1,3) =2
and mcy, (3,4) = 1. For r elements

Jp = ((Z‘gkmgk)), . (i((zk),igk))) eC, k=1,...,r

we define the concatenation J; Ul ... L J,. as being

. 1 1 2) . (2) (2 A(r) (r (r) (r
((Zg)v ())7 (Zil)7 g)) (Zg)vzé))w"a(zé)?zg ))a"w(zg)77';))a"'7(251)>zg))>'

As such, J; U...U J, is an element of (C,)".

From now on, we denote by #A the cardinality of a finite set A. The following technical
lemma will allow us to estimate the moments of (1.2). More precisely, (i), (i), (#i7), (iv)
will imply that the variance of the sum of the diagonal terms converges in L? to 0, (v) and
(vi) will allow us to show that the variance of the sum of the non-diagonal terms converges
to d, and (vii) and (viii) will be used in the computation of the fourth moment of that sum.

Lemma 2.1 Let the notations previously introduced prevail, and consider the following
sets:

A, = {bg=hUke€ (Dn)? : mey,, (o, B) # 1 for every a,3 € [1, n]}
B, = {la€A,: mpp,(a)€{0,4} for every a € [1,n]}
= {la€ Ay mep,, (o, B) € {0,2} for every o, € [1,n]}
E, = {l;€ D,: mep,(a,B) #1for every o, 3 € [1,n]}
F, = {lj€ E,: mp;,(a) € {0,4} for every a € [1,n]}
= {ls€ E,: mey,(a,B) € {0,2} for every o, € [1,n]}
G, = {ba=5hUJhE€ € (ND,)* : mey,,(a, B) € {0,2} for every a,3 € [1,n]}
H, = {lLa€G,: mpp,(a)c{0,4} for every o € [1,n]}
= {Igd € G, : mep,,(a, ) € {0,2} for every a, 8 € [1,n]}
K, = {lu=JLUlUJsulse (ND,)* : mep,(a, 3) € {0,2,4} for every o, 3 € [1,n]}
L, = {lLwa€H,: mpy,(a) € {0,4} for every o € [1,n]}
{I.g € H, : mey,(a, ) € {0,2} for every a, 3 € [1,n]}.
As n — oo, we have:
(i) # (An \ Ba) = O(n?1).
(i1) If d is even, #B, =n...(n —d+1); if d is odd, #B,, = 0.
(iti) #(En\ Fo) = O(n'7").
(iv) If d is even, #F, =n...(n— %+ 1); if d is odd, #F, = 0.
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(v) #G, \ H, = O(n®1).

(vi) #H, =dxn...(n—d+1).
(vii) #(K,, \ L,) = O(n*1).
(viii) #L, =3d*> xn...(n—2d+1).

Proof.

(i)

Let Ing = ((i1,42),- .-, (i, 1), ({as1,9a+2), - - -, (i2a,%a+1)) € Ap \ Bn. By definition
of A,, we have mpyp,,(i;) > 4 for any j = 1,...,2d. Furthermore, the fact that
I,q ¢ B, ensures the existence of at least one integer jo between 1 and 2d such that
mpr,,(i;,) > 4. Let o : [1,2d] — [1,2d] be defined by j — o(j) = min{k : i, = i;}.
It is readily checked that

4d = Z mpr,, (ia)-

a€lm(o)

We conclude that #Im(c) < d. Therefore, # (A, \ B,) = O(n®™1).

Assume that B, is non-empty. Let

Lg = ((i1,42), ..., (g, 1), (igs1, ias2)s - - -, (i2d, ia41)) € Bh.

For every integer j € [1,2d], we have mpy,,(i;) = 4. Defining o and proceeding as in
point (i) above, we obtain that #Im(c) = d. We set m = min{l € Im(o) |l + 1 ¢
Im(o)}. Since #Im(o) = d, it follows that m < d. In fact m < d — 1, otherwise
the elements of the d-tuple (i1, ...,is) would be all distinct, and ((i1,%2), ..., (i4, 1))
could not be in D,,, which would yield a contradiction. In the case d = 2, I,y =
((i1,42), (i2,11), (i3,14), (ia,43)) € By if and only if i1 = iy, i3 = 44 and iy # 5. Thus,
the cardinality of B, is equal to n(n — 1).

In what follows we suppose that d > 3.

Let us show that d is even (which will prove that B,, is empty if d is odd) and that
I>,; can be written as

2

((l17l2>7 sy (lg_pli)v (lga ll)a (lla 12)7 sy (l%_la l%)a (l%7l1)7
(,jl?jZ) cevy (j%_pjg)a (jg;jl); (jlva) ceey (jg_pjg)? (jg7j1>>7

where [4, ..., l%,jl, e ,jg are pairwise distinct integers in [1, n], which will prove that
the formula for #B,, given in (i7) holds true. The proof is divided in several parts.



(a) Using a proof by contradiction, let us assume that there exists an integer ¢ in
[m + 1,d] such that i, does not belong to {i1,...,4,}. We denote by ~ the smallest
element verifying this. Note that v > m + 2 necessarily, and that there exists an
integer p < m such that i,_; = i,. Therefore, i,_; appears in the four pairs

(ipflvip)a (ipaipﬂ)a (ivf%ivfl)a (i“y*l’iv)'

Note that for the four pairs above, it is possible that the two pairs in the middle
are the same. By definition of B,,, we have mpy,,(i,—1) = 4 so these pairs are the
only pairs of Iy, containing the integer i,_;. Moreover, by definition of A,, we
have mecy,,(i4-1,4,) = 2. Thus, we necessarily have either (i,_1,7,) = (ip, ipt1); or
(iy—15iy) = (iy—2,iy-1); OF (iy-1,%y) = (ip-1,ip). If we had (iy_1,iy) = (iy—2,iy-1),
then we would have i,_» = ¢,_; = i, and i, would appear at least six times in the
writing of 54, which is not possible . Similarly, (i,-1,%,) = (i,-1,%,) is impossible.
Thus, it must hold that (iy_1,%,) = (i, ip+1). We can therefore state that i, = i,41.

Since we also have that p+1 < m+1 and 4,41 € {i1,...,im}, we can conclude that
in € {i1,...,%m}, which yields the desired contradiction. Hence,
{imats--sia} C i1,y im} (2.4)

(b) Let us show that if [,k < d — 1 are two distinct integers satisfying i, = 7;, then
(i, k1) = (ig,941). Let I,k < d — 1 be two integers such that [ # k et i, = 4.
The integer 4, appears in the four pairs {(i;—1,%), (i1, %41), (tk—1, k), (i, ik1)} (Or
only in three pairs, if both pairs in the middle are the same, which happens whether
l =k—1). As mpyp,(ix) = 4, these pairs are the only pairs of I5; containing the
integer 7. By definition of A,,, all pairs of I5; must have at least two occurrences in
Iyq. If we have (ig,ir+1) = (ig_1,1) then we have iy = ix, 1 = ix_1 and iy appears
at least six times in Ig, which cannot be true. Similarly, (ix,ixr1) = (411,14 is
impossible. Therefore, it must hold that (ix, ix1) = (i1, %41).

(¢) It follows from the definition of m that there exists an integer r € [1,m] satisfying
tm+1 = . Let us show that

(i1, via) = (i1y e ims s ey rtdemet)- (2.5)

Ifm=d—1, then (i,...,iq) = (i1,...,%m, 1) and (2.5) is verified. If m < d—2 then,
being given that ¢,,.; = i, and that we already showed in (b) that if [,k < d — 1 are
two distinct integers satisfying ¢, = ¢; then i1 = 7,11, we can state that 2,9 = 7, 11.
Thus, if m = d — 2 then (i1,...,9q) = (i1,...,%m,r, ir41), and (2.5) is once again
verified. Finally, if m < d — 3, we iterate this process as many times as necessary
until we get (2.5).

(d) Let us now prove that the elements of (i,,...,%44_m_1) are all distinct. Once
again, we use a proof by contradiction. Thus, let us assume that there exists an



(i)

(iv)

integer p in [1,n| which appears at least twice in the uplet (i,...,%+q-m—1). We
then have {ir, ... 0 14-m-1} = {ims1,---»ta} C {i1,...,im}, see (2.4) and (2.5).
Thus, p appears at least three times overall in the uplet (iy,...,44). This latter fact
implies mpy,,(p) = 6, which contradicts the assumption mpy,,(p) = 4.

(e) Finally, let us establish that 2m = d and r = 1. The elements of (i,, ..., 01 q—m-1)
being all distinct, the couple (i, 14—m_1,71) = (ig,41) cannot belong to the set of pairs

{(iT7 ?:T‘+1)7 ceey (ir+dfmf27 7;7'+d7m71)} = {(im+17 im+2)7 seey (id717 Zd)}

(because, by (d), no pair of this set can have 4,4 ,,_1 as a first coordinate.) More-
over, since 71 does not belong to {is, ..., i, } then the pair (i, +4_m_1,71) cannot belong
to the set of pairs {(i1,%2),..., (im-1,%m)} (because no pair of this set can have i,
as a second coordinate). Also, the integer iy appearing at least twice in the uplet
(1,...,14), it cannot belong to the uplet (igi1,...,%24) (otherwise, iq would appear
at least six times in the pairs of Iy;). Thus, the only way for the occurrence of the
pair (ig,41) in I to be greater or equal than 2 is that (4,1 g—m—1,%1) = (Gm,imi1)-
Therefore, i1 = 4,41 = 9. AS 11,...,%, are all distinct and r < m, it must hold
that » = 1. Hence, r+d—m —1=d —m and i4_,, = i,,. Since iq,...,%4_, are
all distinct, see indeed (d), it must be true that m > d — m. Since iq_,, = iy, we
conclude that d—m = m, that is, d = 2m. As such, we establish that (4.1, ...,42) =
(tgs1y - - - ,i%d,idﬂ, . ,i%d). Let us finally note that iy, ... ,z'%,idﬂ, . ,i% are neces-
sarily distinct because mpy,,(i;) = 4. This completes the proof of part (i7).

Consider I = ((i1,i2), ..., (ig,i1)) € E, \ F,. Let & : [1,d] — [1,d] be defined by

Jj— &(j) = min{k| ix = i;}. From the equation 2d = ) mp(is), and using the
aelm(s)

fact that all mpy(i,) are greater or equal than 4, as well as there exists an a in Im(§)

satisfying mpy(ia) > 4, we conclude that #Im(¢) < . Therefore, the cardinality of

E, \ F, is equal to O(n“z").

Let us assume that F, is not empty. Consider I; = ((z’l,ig),...,(id,il)) c F,.
Proceeding as in point (i7) above, we conclude that F,, is empty in the case where d
is odd, and that the elements of F;, have the following form when d is even:

((zl, L), (Lo L)y 1), (l,do), o (L 1) (U, zl>>.

Here, [,... ,lg are pairwise distinct integers in [1,n]. The formula of #F), given in
(iv) follows directly from that.

Consider I = ((il, ig), ey (id, il), (id+1, id+2), ey (igd, id+1)) € Gn \ Hn Let C .

[1,2d] — [1,2d] be defined by j — ((j) = min{k| i, = 4;}. From the identity

4d = > mp(ia), and using the fact that mp;(i,) are greater or equal than 4, as
aelm(q)

well as that there exists an « in Im(¢) satistying mp;(io) > 4, we conclude as in (i)
that #Im(¢) < d. Therefore, the cardinality of G, \ H, is O(n¢1).
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(vi) Consider I = ((i1,42),-- ., (ia, 1), (iat1, ia+2), - - -, (i2a, ia+1)) € Hy.
(a) By definition of N D,,, there is no redundancy neither among the pairs (iy, i), .. ., (i4, i1)
nor among the pairs (igi1,%442),- - -, (i24,%q11). Therefore, to satisfy the constraint
defining H,, it is necessary and sufficient that each couple of (i1,42),..., (ig, 1)
matches one and only one couple among (ig+1,%q12), (2a+2, tdt3), - - - (124, Ta+1)-
(b) Using a proof by contradiction, let us show that the elements of {i,...,i4} are
pairwise distinct. If p and g were two distinct integers in [1, d] such that i, = i, then,
according to (a), there would exist k € [d + 1,2d] satisfying (ip,ip+1) = (ik, ik+1),
which would yield i, = i, = i} and, consequently, mp;(i,) > 6. This would contra-
dict the fact that mp;(i,) = 4.
(c) Let us establish that, for every p € [1,d] and ¢ € [d + 1,2d] such that i, = i,, we
have 7,41 = i441. Using a proof by contradiction, let us assume that there exists an
integer ¢’ € [d+ 1, 2d] different from ¢ such that (i,,ip1) = (ig,ip+1). Then it must
hold that i, = i, = iy and mp;(i,) > 6, which contradicts the fact that mp;(i,) = 4.

The results (a), (b) et (c¢) allow us to conclude that there exists an integer k € [1,d]
satisfying (i1,...,%4) = (daksdskrts---s02d, tae1s - - -, lark—1)- Thus, the elements
of G, are completely characterized by a given integer & € [1,d| and a given set
{i1,...,iq} where i; are pairwise distinct integers in [1,n]. We can therefore conclude
that #H, =dxn...(n—d+1).

(Vll) Consider I = ((i17 iQ), Ceey (id, il), ceey (i3d+1, i3d+2), ceey (i4d, 7:3d+1>) e K, \ L,. Let
n : [1,4d] — [1,4d] be the application defined by n(j) = min{k|ix = i;}. From

the identity 8d = Y mps(ia), and using the fact that mp;(i,) are all greater or
aclm(n)

equal than 4, as well as for at least one o € Im(n) it must hold that mp;(i,) > 4, we
conclude that #Im(n) < 2d. Therefore, the cardinality of K, \ L, is O(n?¢1).

(Vlll) Consider I = ((il, ig), Ceey (id, il), Ceey (igd+1, i3d+2), RN (i4d, i3d+1)) € L,. For every
J < 4d, we have mp;(i;) = 4. Then 2d = #Im(n), with n as in point (viz).
(a) Using a proof by contradiction, let us show that, for every k € [0, 3], the integers
Ukd+1s - - -5 S(k+1)a are all distinct. Assume that there exist two distinct integers | and
h in [1,d], as well as an integer k € [0, 3], satisfying igqy; = ixqrn- By definition of
the set L,, we have ((ide, ikdt2)s - - > (it 1)ds ikd+1)) € ND,,. Then, the pairs

{(ikat1s irkas2), - - - (i(pr1)as Thas1) }

are all distinct, and we have mcy(ikgen, ikarns1) = 2, which implies that there exists
k' €0, 3], different from k, and b’ € [1,d] satistying ixg+n = tgarn- It follows that
ikarn appears at least six times in I, which contradicts the fact that mp;(igarn) = 4.
(b) For any p = 0,...,3, let us introduce M, = {ipgs1,---,ip+1)a}. For any integers
p,q in [0, 3], we have either M, (M, = & or M, = M,. Otherwise there would exist
an integer j such that i,qy; € M, and ig4+j41 ¢ M, and, since mey(igas;, lgarjt1) =
2, there would exist ¢’ € [0,3], different from p and ¢, and j' € [1,d] such that
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(tgdtj» lgatrjt1) = (igassss iqarj+1); therefore iyqy; would appear at least six times in
I, which would yield a contradiction.

(¢) If M, = M,, then proceeding as in point (vi), we show that there exists j € [1,d]
such that

(Zderla . 72(p+1)d) = (qu+j, <o UgH1)ds Lgd 1y - - ,quﬂ—l)-

The results (a), (b) et (¢) allow us to conclude that a generic element of L, is char-
acterized by:

- the choice of one case among the following three cases: either M, = M; and
My = Mjs; or My = My and My = Mj3; or My = M3 and M; = M,. In what follows,
we consider the case My = M; and My = Mj; (we can proceed similarly in the other

two cases);
- the choice of 2d integers i1, ..., %4, i24+1, - - - , i34 that are pairwise distinct in [1, n];
- the choice of an integer k € [1,d] such that (igi1,...,%2q) = (iky -0y 01,5« 0k—1);

- the choice of an integer k&’ € [1,d] such that

(3d41s - - -+ 84d) = (C2dqhts - - - 935 92d415 - - - 5 12d4k/—1)-

It is now easy to deduce that #L, = 3d°n...(n —2d + 1).

3 Gaussian approximations

Let X = {X1}1>1 be a family of centered independent random variables taking values in R"
and having pairwise uncorrelated components with unit variance. Let G' = {Gz}m1 be a
family of independent standard gaussian random variables taking values in R" and havmg
independent components. Suppose also that X and G are independent, and set

X = (X!, XL X2 X2 ) = (X X X X, ).
i.e., Xj+(i—1)r = )(Z

J

Consider integers m > 1, d,, > ... =2 dy = 2, Nq,..., N, as well as real symmetric
functions fi, ..., f,, such that each function f; is defined on [1,7N;]% and vanishes at the
points (i1, ...,%4,) such that 35 # k for which [i;/r] = [iy/r] (we remind that [z] means

the unique integer k such that k < x < k+ 1). Let us define

Q'(X) = Qu,(fi, X Z filin, - ia) Xy o X,

Sig=1
In the case of complex-valued matrices, the real and imaginary parts of the entries X; ;
are not necessarily independent. Therefore, we will need to modify the results used by
Nourdin and Peccati in the paper [3]. The following lemma is a variant, weaker in terms
of assumptions, of the hypercontractivity property.



Lemma 3.1 Let the notations previously introduced prevail. Assume that o = supE(|X;]") <
i

0o and set K = 36 x 25" X (1 + 2a1)2. Then

E(Qa(X)*) < K'E(Qa(X)?)*. (3.6)
Proof. Set
U: Z f(ih"'aid)Xil---Xid
Yk i@ {(N—1)r-+1,...,Nr} -
‘/j: Z f(ila-'-a?:d)Xil~--X(N_1)r+j...X,L'd

Whtip=(N—1)r+j

The notation X@H means that this term is removed from the product. Observe that
X(N—1)yr4j = XJN according to the notation that we adopted previously, and that the

quantity Qq(X) is given by:

QuX)=U+) X'V,

Jj=1

(as f vanishes at the previously specified points). Note that, for every p < N and every
i,j € [1,7], X7 is independent from U and V;. Thus, by choosing p = N, we have

E(QaX)H = ) #E(U%H(%Xg]‘v)s")

So: .. Sy
so+...+sr=4 0 r ]71

_ E(U4) Z - UQHVSJ H X;-V)Sj)

S14...+sr=2

D D UHVSJ HX}V)%)

s14..+5p=3 si!

Y <Hv;f>E<H<X5V>Sf>.

S1+.. +57‘—4

In the equation above, we used that Y == (U3H (V;X;V)*) = 0 since X" are
S1+...+sr=1 7j=1
centered. By using the generalized Holder inequality, we obtain:

BEU=T[v;") < E@UY* [[EVHT.
j=1 Jj=1

Since the terms E(Vf)fj are upper bounded by <Z§:1 E(V}‘l)%) ?, we obtain:

4—sp

> E(Usoﬁvjsj) <5E(UY) T (Z E(vf)%)

S1+...+8r,=4—5¢

10



Using the generalized Holder inequality again, we have E(]] (XN)SJ) [1FE ((XN)4) B
J=1 Jj=1
> s
a1 . Therefore:

BQuX)) < B(UY) +12x 5 BUY S BV

Jj=1

424 x 5ot B(UY) (Z E(Vj‘*)%)
j=1
r 2
+24 x50 (Z E(v;l)é)
j=1

Note that a does not appear in the second term of the right-hand side of the inequality
above because X N are random variable with unit variance and zero covariance. Using the

N

(3.7)

wlw

inequality x4y2 x2y + 32, obtained by separating the cases z < y? and z > y?, we get:

B (imﬁ%)g < B B+ (ZE A%y %) .

Then

l\:)\»—‘

E(Qu(X)") < E(U" 412 x 5 (1 + 2a1)E(UY)? ZE (3.8)

2
124 x 5" (a1 + a) (ZE Vih %> .

To prove the hypercontractivity property (3.6), we will use an induction on N. When
N =1, because f vanishes at the previously specified points, then the only case where
the value taken by Qu(X) is not zero is when d = 1, that is, when Q4(X) has the form
>i_1a;X;. In this case, U = 0 and V; = a;. Thus, by (3.7), we have E(Q4(X)") <

7=1
2
24 x 5"« (er, a2> . Tt follows that E(Qq(X)*) < KE(Q4(X)?)?. Let us now assume

j=1"7
that the result holds for N — 1. Then, because U and V; are functions of X', ... XN=1,
we can apply the recursive hypothesis to E(U*) and E(V}!), and obtain that:

11



12 x 57(1 + 203

!By + 2220 220 gy S B(V?)

S ()

< K4 | E(U?)? +2E(U?) ZE V) + (ZT:E(V]?))

Jj=1

E(Qq(X)*) <

ﬁ-\w

+Kd?él X 5

=K' |E(U?) + Z E\V?)

L Jj=1

2

Furthermore, since the X JN are centered, unit-variance and independent of U and of V,
we have

E(Qa(X)*) =E(U+Y XV;))
j=1
=BE(U*) +2) BEUV)HEXY)+ ) EVV)EX}X])
Jj=1 i,j=1,...,r
=E(U%) +) E(V)),
j=1

which completes the proof. [
The following two lemmas will be used to prove the convergence in law of the sum of the

non-diagonal terms in (1.2), and to show that the limit does not depend on the common
law of Xi,j-

Lemma 3.2 Let {X'},5,, {G'};5, and Q'(X) be as in the beginning of section 3. Let us
assume that = supE(|Xi|3) < oo, E(QY(X)?) = 1, and that V is the symmetric matriz

defined as V (i, 7) . E(Q(X)Q(X)). Consider Zy = (Z, ..., Z) ~ Ny (0,V) (i.e. Zy

is a gaussian vector with a covariance matrixz equal to V).

1. If ¢ : R™ — R is a function of class C* such that ||gpm||C>o < 00 then

[E(p(Q'(X),...,Q"(X))) = B(¢(Q'(G),....Q™(G)))]

dpp!?
3 (dm—1),.3
(“\[ ) K i, iy S, B, e

12




inffr = Z fe(Goin, i)

2. If o : R™ — R is a function of class C* such that ||<,0m||OO < o0 then

(ZA”JrQ > A”>

1<i<js<m

a 4 3 d —1
0" ||, m*du! \/§ iy, 32 (64)"
1) ((f” )K“ W) )V

where inf; fr as above and A;; given by

dZS o (TTE) (VI ) Va2 s Bl 1

d.
+1d¢<dj\/dj! < dz ) Hf] *dj*di f_] 2

fj*rfj(ila-- Z2d 27" - Z f] kl;--' raZ17"'72.dj—r)fj(k17"'7kraidj—r+17"-72.2dj—2r)-

[B(Q(X),..,Q (X)) = Blo(2v)| < ||

with

Proof. Set Q(X) = (Q'(X),...,Q™(X)) and, for any 1 < p < N + 1, consider
( (Gla s 7G(p—1)7”7 X(p—l)?“—i—h s 7X7’N)

Ve i @ {(p D+, pr) o
(4) : :\ 7(p) () ()
‘/p7j = Z fz(/l/l,...72d)Zlf) "‘Z(]I:—l)'/‘—‘,-j"'Z’L‘f

ANkip=(p—1)r+j
—_—

The notation Z((p)_1 }
p—1)r+j
U, =@, ..., 05y and V,; = (V1 ,V;D(T)) Note that Q(Z®)) can be written as

p?] ’

means that this term is removed from the product. Let us set

QZV) =U, + > X'V,

j=1
Similarly, we have: Q(Z#+Y) = U, + ZGI;V;,J For a vector Y = (Y1,...,Y,,) in R™ and
J=

. s,
a vector s = (81,...,8,) in N™ we set YS =TI, Y™

13



1. Let ¢ be a function of class C3. The Taylor formula gives:

E(9(Q(Z7) ~ E | 30U (prv> <|

ls|<2

"

¥

o X (X))

|s|=3

Note that, for every p, Xf is independent from U, and from V), ;. Thus, we have:

" Ny . (k ( (
B (Ss (T X)) = E(Z ZXJ"IVIJJIZX?%JZZX;’S%)‘

k,l,g=171=1 Jo=1 Js=1

DD I IPIAC R AR (HANAR I

k,l,g=1 j1=1 jo=1 j3=1

The Holder inequality ensures that:
B (xp x5x7)| < B (|X7] ) E(jx)f) B () <o

Using the Holder inequality, as well as the lemma 3.1 and the relation E ((V},(,]Z)V) =

A\ 1 4\ 1 i
IR )
2\ 2
cweon () o

] 2
< K ildm—1) (d 12 max max anpr—i—Jfk) ’

1<<r 1<kim

di)*in fyr4nfr, We obtain

0 (9)
‘/;?73'2 Vp J3

Al

p,J1

’E< VAGAVE0 V(q))

p,j1r " P,j2 " PJ3

v |*

P2

v ®)

PpsJ1

E(eQz™) ~ F [ Y Lo%(w;) (Z X%)

lsl<2” j=1

"

3
< )gp ﬁK%(d"‘_l)(rm) (d I max max mfprﬂfk) :

1<<r 1<kim

By writing the same formula for Q(Z®*1) we obtain this time

E (p(Q(2%))) Z s (Z G5V )

|s|<2 !

3
/ 8 3 2
s (dm—1) 3 |
4 o] \/;K4 (T m> (dm 1I£l]aé§r 1I<I}€8%Xm anpr+] fk) ’

14




In the last inequality, the term

3 |00

comes from the fact that G? are standard gaussian

which implies that F <‘G§‘3> = \/E. Since the vectors X? and GP are centered, have the

same covariance matrix and are independent from U, and from VJP , then by putting the
two inequalities together, we obtain:

B (e (Q271))) = E (p ((27))]

3
2

8 3
— Z(dm_l) 3 '2 ) 1
m<ﬁ *\QK O T et

"

<[

r maxV;
K2

. . B((Q%(X))?
Since Zl infifi = W then
]:
maxN; m?XNi ,

m
Z max max infpr+jfk < Z Z Z‘nfpr-f—jfk

p—1 1< <r 1<kim

By summing over p in (3.9), we finally obtain that:

[E (¢ (Q(X))) = E(» (Q(G)))]

8 3 d,,"
Z jldm—1)3, 4 ~"m° in f.
[e'e) (ﬂ + \/;> K4 rm d1'<d1 — 1)' \/12[}6&5;:71 1%12)]%@ an]fk'

2. Let ¢ be a function of class C3. We have

|E(p(Q(X))) = E(p(2v)))| < [E(p(Q(X))) = E(p(QIG)))IHIE (p(Q(G))) = E (p(Zv)))] -

For the first term we use the point 1 of lemma 3.2 to find an upper bound. For the second
term we observe that the vector G have independent components, which allows us to use
Theorem 7.2 in [2] to get the following inequality :

"

< ||¢

<|

[B@(Q(X), ....Q"(X) - Ble(2v)| < ||| _ (ZAMH > Am’)

i=1 1<i<j<m

43

2 |~ 64 4

32 [2(6_)31%! \/ max max inf;fi.
L

o ¥V 1<k<m 1< <Ny

"
¥

+c\

15



max Ny
k

The constant C is such that Z max inf;f; < C and since

\J\
mkaxNk m m]?XNk m E((QJ<X))2)
) m
Z e infif; < Z; Z; infifs S 2 L — D1 S dld — 1)
i=1 J=1 1= J=

then we can choose the constant C' equal to ﬁ. Thus, we obtain

(ZA” +2 ) A”>

1<i<j<m

[B(p(@'(X),...Q (X)) — Blp(2v)] < ||¢’

32 (64\™ ", (dn!)?
N ?(?) s Ty R, 2, il

Lemma 3.3 Let the notations used in lemma 3.2 prevail. Consider the class H of indicator
functions on measurable convex sets in R™. Let us define

(ZA” +2 Y A”)

1<i<j<m

mtd,,? \/§ 5 32 (64!
— m - $(dm—1),.3 | ==
o dﬂ(dl_l)!((“ W)f“ PV (5) ) e e

1. Let us assume that the covariance matrix V is the m-dimensional identity matriz.

Then
1 m 8 4 1 3
sup |E [h(Q'(X), ... Q"(X)] = EI(Z)]| < (5 + =3 ) (5By + 5By)m?.
heH(R™) 37 7
2. Let us assume that the covariance matriz V is invertible and let A = diag(\y, ..., \x)

be the diagonal matriz of the eigenvalues of V. Let B be an orthogonal matriz (i.e.
BTB = I,, and BBT = 1,,) such that V = BABT, and let b = max; ;(A"2BT).
Then

sup  |E [R(QY(X),...,Q™(X))] — E[h(Zv)]| < (ﬁ

4 1
S -+ T) (5[)231—'—519332)77%%
heH(R™) 7

T

Proof. 1. Let us assume that the covariance matrix V' is the m-dimensional iden-
tity matrix. Denote by ® the standard normal distribution in R™, and by ¢ the cor-
responding density function. Consider h € H(R™) and define the following function:

= [om Mty + V1 —t2)®(dy), 0 <t < 1. The key result is Lemma 2.11 in [5]

16



which states that, for every probability measure () on R™, every random variables W ~ @)
and Z ~ ® and any 0 < t < 1, we have

s BB - EZ)) < L;}tﬁm B [h(W)] = B [h(Z0)]| + 21/
(3.10)

m

Let us define u(x,t,2) = (2nt)"2exp <—Z@) Using the change of variable
z =ty + /1 —tx in hy(z) leads to

=1

hi(z) = /m h(z)u(x,t, z)dz.

By the dominated convergence theorem, we may differentiate under the integral sign and
obtain

0%hy 1—t 1—t )
W(m) == /. h(z)u(z,t, z)dz + /m h(z)(zi — V1 —tx;) u(x, t, z)dz.

Since || k||, < 1 then we have

0*hy

1—¢t 1-1
922 )

t+t2

~

/ (2 — V1 —tw;)?u(x, t, 2)dz.
If (Y1, ..., Y,) is a gaussian vector with covariance matrix t1,, then [, (z;—v/1 — tz;)u(z,t, z)dz =
E(Y?) = t. Therefore, we have

0*hy

2
Ox;

(x)' < 2?.

Furthermore, for ¢ # j we have

hy . 1—t

Ox;0x; )= / M)z — V1= twi)(z — V1 = trj)u(a, b, 2)dz,

h/l

so that aijg;j (x)‘ < SE(V)E(Y:]) = 2(;?). We conclude that |

Similarly, for i, 7, k in [1,m] it holds that:

hy .
0z;0x 0z,

<4 ;3”2 max 3E(|Yi|)t + E(|Y;]"); E(|Y;))t + E(|Y;|)E(|Y;]); E(Y) E([Y;)) E(|Yx)).

2 5
L<EI<h

17



Therefore HhmHOO < 3. Combining the latter inequality with the result (3.10) and point 2
of Lemma 3.2, we obtain

sup |E[M(Q(X))] — E[h(Zv)]]
heH(R™)

<3| sw |E[@<@<X>>]—E[ht<zv>]|+2mﬁ]

heH(R™)

8 4
< g\/ﬁ\/ﬂ §(5B1 + 5Byt

2
The function in the right-hand side of the inequality reaches its minimum at ¢ = (15(B1—\/7%BQ)> 7,
hence

swp [ERQUX))] - Eh(Z)]| < (f n %) (5B, + 5B2)m?,

heH(Em) :
2. Set Q(X) = (Q'(X),...,Q™(X)). For any h € H(R™), we have
E(h(Q(X))) — E(h(Z,)) = E(h(BA*A"2 B"Q(X))) — E(h(BA*A"2B" Z,)).
Define g(z) = h(BA2z), z € R™. Since g € H(R™) then, using inequality (3.10), we get
sup | E [h(Q(X))] — E[h(Zv))]

heH(R™)
< swp |B|g(AEBTQ(X))| — B |g(A 1B Zy) |
gEH(R™)
<§ [ sup |E[gi(A3BTQ(X))| - B [gtm-%BTzv)HHm\/%] |
gEH(R™)

We can find an upper bound for the second and third derivatives of f,(x) = g,(A~2BTz).
Indeed, ||f, . <5b*7% and ||ft/” _ < 5b%7°. By using the same reasoning as in point 1
and replacing B; by b?B; and B, by bB, in (3.10), we obtain the result. n

4 Proof of Theorem 1.1

We use hereafter the notation adopted in the beginning of Section 2. If we separate the
diagonal terms from the non-diagonal terms in (1.2), we obtain

1
trace(Xff) — E(trace(Xff)) = —a Z (X’il,’iz .. 'Xid,il — E(Xil,lé . Xl'd,’il))
ne ((ilviZ) 7777 (idzil))eDn
1
+ —a Z Xi1,i2 . Xid,il'
n2 ((21,2),--,(%d,1))EN Dy,



The expectation in the second sum is equal to zero because the X;; are independent
and centered. The variance of the term containing the diagonal terms is upper bounded by

@) <\/Lﬁ> and, therefore, goes to 0 as n goes to infinity. Indeed, if we set M = supE(|Xi,j|2d),

Z7J
then
1
Var —a Z Xil,iz . X’id{il
"2 ((i1,i2),ven(i,i1)) €D
2
1
= E E Z Xi1,z’2 s Xid,zi - | E Z Xil,ig c. Xidﬂl
((i17i2)7"'7(id7i1))eDn (i1,i2),...,(id,i1)€Dn

Keeping the notation introduced in lemma 2.1, we have:

2
i) ( Z Xil,i2 c. Xid,i1>

((i17i2)7--.7(id,i1))€Dn

X

i2d,id+1) :

- D E(Xivs - Xipin Xi

((31582)50-,(3d581)5(Gd - 158d42) e (F2ds0d 1)) EAn

d+1,4d+2 *

Since E (Xi,, - - - Xiyis Xigirsiars - - - Xisasiar,) 18 €qual to 1 over the subset B, of A4, and is

upper bounded by M over the subset A, \ B,, then we can state that:

2

E > Xivip - Xigir — #B,| < M#(A,\ B,). (4.11)

((41,22)5-+5(%d,%1))EDn

Furthermore, since the X, ; are centered and independent, then E(X,, 4, ... X;,:,) = 0 if
((ilaiQ)a SR (ida Zl)) € Dn \ En ThllS,

E Z Xh,ig e Xid7i1 = Z E(Xil,i2 “ e Xid,il)'

((il,ig),.“,(id,il))GDn ((il,’ig),...,(id,il))GEn

On the other hand, E(X;, 4, ... Xi, ) is equal to 1 over the subset F}, of E,, and bounded
by vV M over E, \ F,. Then,

E > Xirig - Xiyir | = #F.| < VM#(E, \ F),). (4.12)

((i17i2),...,(id,i1))€Dn
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Finally, by combining the estimations (4.11) and (4.12), and using points (i) to (iv) of
Lemma 2.1 and the fact that #D,, = O(n?"1), we get the following result, with Z,, defined
by Zn - Z Xil,ig o Xid,h:

((31,82),.--,(4d,81))EDn
Var (Z,) = E(Z?) - E(Z,)*
= #Bn + (E(Zy) = #B,) — (#F0)" + (#F)* — E(Z,)*
= #Bn — (#F.)" + (BE(Z) = #Bn) + (#F0 — E(Z0)) (#Fn + E(Z)).

From points (ii) and (iv) of Lemma 2.1, it follows that #B, — (#F,)? = O(n®!). Using
point (i) and the relation (4.11), we obtain the estimation F(Z2) — #B, = O(n%™1).
Finally, using points (iii) — (iv) and the relation (4.12), we get the following estimations:
E(Z,)—#F, = O(n%) and E(Z,)+#F, = O(n?). From these estimations, we conclude
that:

1 1
Var - Z XZZ dez :O(— .
1,2 sl \/ﬁ

T2 (i1 i2), o (isi1)) EDn

Consider now a bijection ¢ : [1,n?] — [1,n] x [1,n]. Let us define X; = X,(; and
R = E(Re(X;)?). When R = 1, the X; are real-valued, which corresponds exactly to the
result of Nourdin et Peccati [1] (there is then nothing more to prove). By contrast, when
R =0, the X; are purely imaginary-valued; factoring out by i¢ in the trace formula shows
that the result in this case can be derived from the case R = 1. In what follows, we can

then freely assume that R € (0,1). Set p = %\/)éﬁ(&)), and define:

Xio = Re(Xi) — P/ %;; Im(Xi)

X! = Im(X;)

X2, = Re(Xi;) — py/ T2 Im(Xi ;)
)

)

faliv, ... ia) = gl{(o(il) ..... (i) EN Dy}

and

Qd(fn, X)Z Z fn(zhazd)Xz de

i1,00ig=1
We have:
d [ R
X X, =] (X;l +p ﬁ%X}k + X}k> =11 (Xg + <p T z) X;k>
k=1 k=1
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R >k
X Xiy= Y (i—i—p m) XX

J1semes jde{ovl}d

which yields

d k
Qu(fn, X) :Z<i—|—p %) > ST falin, . ig) XX
(J1

15-5Jd) €{0,1}4(i1,...,iq) €[1,n2]4
J1+-+ig=k

J k
=S (HP %) 3 S = Lxn o xi
530SO (G172) i) €N D
We define for any two elements (iy,...,4q), (ji,...,jq) of [1,n]¢, and (p1,...,pq) € {0,1}2
the quantity ¢~ [((i1,71),p1),- - ((ia, Ja), pa)] as follows: ¢* [((i1,51),p1),-- - ((ia, Ja),pa)] =
nL% if ((i1,1)s---, (id,Ja)) € ND, and lZdez =k, and gy [((i1, 1), 1), - - - ((4a, Ja), Pa)] = O
otherwise. Set Ro = /VAr(XY), Ry — y/Var(XT), and ¥ = (Ve iy of
ke{0,1

k
random variables defined by Y’g = % Then

Qd(gii»Y) - Z 9’; [((ﬂfl,y1),p1),---,((l"d,yd) )] Y;Cpllzn "'}/prddvyd

(@1, sq)€[1,n]d
(¥1,--»yq)E€[1,n]%
(P1,---pg)€{0,1}¢

1 1
= D \d—k/D \k _XJI ) X]d
(Ro)dik(Rl)k Z Z ne 11,12 Bg,01 "

(J1,--,Ja)€{0,1}4 ((i1,i2) ’’’’’ (id,h)) eEND,,

We can then conclude that

d k
Qalfn, X Z (Z +te\ T ?R> (Ro)*™" (R1)*Qalgy. Y)-

=0

If g* stands for the symmetrization of ¢* then Qq(g%,Y) = Qu(gk,Y), where gk = S gk
oESy

and 9270 [((‘rh y1)7p1)7 T ((‘rﬂb yd)vpd)] = gfz [((wU(l)a ycf(l))vpcf(l))7 T ((xa(d)v yU(d)>7po(d))} :
To establish that Q4(f,, X) converge in law to the variable Z} +iZ% where Z, = (Z}, Z3)
is a gaussian vector, it is sufficient to show that the Qq(¢*,Y), k = 0,...,d, converge in
law to a gaussian vector having independent components. Using part 2 of Lemma 3.3 (in
the particular case r = 2), we show that Q4(g%,Y) converges in law to a gaussian vector
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whose covariance matrix V' is given by V(k, k') = imE(Qq(g*, Y)Qa(g*,Y)). To do so, it

is sufficient to check the assumptions of Lemma 3.3, that is, (z) max infap,p 9;’% — 0,

i=1,...,2

(17) for every 1 < s < d—1, ngfv *g gZ“VH2 — 0, (i) E(Qa(gF,Y)Qa(g¥,Y) — 6;; (with &;
the Kronecker symbol), and (iv) E(Qq4(g¥,Y)?) — 0. We can rewrite Qq(g*,Y) as

J1 ]d
2. D Vil Vil

(G15-,Ja) €{0,1}7 (41,.-,ia) EN Dy,
g1+ +ig=k

Qd(gﬁa Y) =

S
vl =

The second-order moment of Qq(g*,Y) is equal to

1 .
. J1 Jd Jd+1 J2d
nd Z Z E(Y;l i " Y;d 11Y;d+1 ddt2 T Y;zd,id+1>'
i1,eing)€{0, 137 . .
e Dy O (ia)ain) eNDn

(4.13)
For the expectation corresponding to the indices i1, ..., 424, j1,- .., j2q in (4.13) to be
different from zero, it must hold that (i, ...,i24) belongs to G,,, where G,, has been de-

fined in Lemma 2.1. Furthermore, since the subset G, \ H, is of cardinality O(n¢1),
its contribution to the moment of order 2 of Q4(¢gk,Y) is O(2). It remains then to see
what happens when (iy,...,is) belongs to H,. In this case, let us recall from the proof
of point (vi) of Lemma 2.1 that the elements of the set H,, are completely characterized
by d given pairwise distinct integers iy,...,i5 € [1,n] and a given integer k € [1,d] such
that (igs1,...,924) = (ks .-+, %d,01,-.-,0k—1). Moreover, if the expectation corresponding
to the indices i1, ..., %24, J1,- - ., J2a in (4.13) is different from zero, then it must hold that
(Jax1, -+ J2a) = (Jks- -5 7> J1s - - -5 Je—1) and this expectation is equal to 1. Thus,

E (Qa(gt,Y)?) :% Z dxn...x(n—d+1)+0<%)

(J15+-Ja) €10, 1}

JitFig=k
dck —d+1 1
_dCixn xd(n + )+O(—),
n n

which yields E (Qq(gk,Y)?) — dC¥. Moreover, E(Qa(g%, Y)Qa(gh, Y)) is equal to

1 ,
. J1 Ja Ja+1 J2d
nd Z Z E(Y;l ig " Y;d 11}/;d+1ﬂd+2 T Yizd,id“)‘
(J15e-5J2a) €{0,1}™ ( - . )
J1tetig=k.dge1+-t+isd=i (i1,82),-+,(1a,01) JEN Dy

Similarly to the computation of the second-order moment of Q4(g*,Y), the set of ele-
ments for which the expectation in (4.14) is different from zero is the set G, of Lemma
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2.1. The subset G, \ H, is of cardinality O(n?"!), which implies that its contribution to
E(Qa(gk, Y)Qalgy, Y)) is O(+). Furthermore, the elements of the set H, are character-

ized by d given pairwise distinct integers 41, ..., 44 € [1,n] and a given integer k € [1, d] such
that (ige1,---,%24) = (ik,- -+, %d, 01, .-, i5_1). Moreover, for E(Yzjlll2 . Yzfid“YZ]d‘ilMH o i‘;?ilfi(i-s-l
to be different from zero, it must hold that (jat1, ..., J2d) = (Jk»- - -+ Jds J1s - - - Jr—1), Which

is impossible in the case j # k. We conclude that E(Q4(g%, Y)Qa(gy, Y)) — 0 for every
J# k.

From the definition of g~7’§, it is clear that ‘

Q~k

<l < . Then,

mf(a,b),pgzcv = Z g?; (((aab>’p)7((x17y1>7p1>7'"7((xd—17yd—1>’pd—1))2

(xl,qudfl)é[lﬂﬂdfl
(Y15-yg_1)€[1,n)d=1
(P15---pg—1)€{0,1}d-1

. . . . 2
< Z g?"i (((Za(l)a Zcr(1)+1)7pa(1))a SR ((Zd(d)a Za(d)+1)>pa(d)))
(i1¢.wid)6[1,nid
(p1,---pq)€{0,1}4
[ASCP]
Xl{a:iau)} X 1{b=ia(1)+1} X 1{p=pa(1)}
21-1(g)!

2
d—1 d—2
<297 (d)In N < —

gfi‘

Therefore maXNinf(a,b)ﬁp g?ﬁv < % 0.

i=1,..,

Now, let 1 < s <d—1and 01,09 € &4. Then

g?ﬁ’gl Xs 95702 [((1’1, yl)apl)a CICCI) ((xd*m ydfs)apdfs)a ((x/la yi)apll)v cery ((xfi—y yél—s)7p,d—s)}

- ¥

(Td—s+1,-Ta)€[L,n]*
(Yd—s+1>-+-¥q) €[1,n]®
(Pg—s41:-Pq)€{0,1}5

gfL,Ul [((xla yl)vpl)a sy (("L‘d—sa yd—s)vpd—s)y (('Td—s-i-la yd—5+1)7pd—s+1)7 ey ((xd7 yd)apd)]
ngL’Uz [((xlb y/1)7p/1)7 SRR ((xiifsv yélfs)7p2lfs)v ((Id—s-i-l? yd—s+1)7pd—s+1)7 SRR ((xtb yd),pd)}
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so that
. -2
) gk x5 gk
2
1

S DD S )3 )3 )3

‘7170'270'3#746611(%‘1, »Td— S)E[l n]d S(x17 7xd 5)6[1 n]d S(xd s+1s-- 7xd)€[1 n} ({Ed s+10" 7xd)€[1 TL}

(Y1 5e-ms YE[L,n]d=s (. nld—s Wd—st1:-¥d)E[LM]S (o R Ye[1,n]
(511 ~~~~~ j:-.:)€{0»1}d_s ((5’11 ,,,,, 557:)>ee{[?),11d_3 (Pg—s415----Pq)€{0,1}5 (pyd 3:11 ----- 123:{0’711}5
Xg]nC 7t [((33'1, y1)7 1)7 ) ((l’d,S, Ya— 8) ) (('xd*SJrla yd*SJrl)apdferl)a ; (('xda yd) )]
Xgitfz [ xhyl)a ,1 7---a( :L‘/d—svyfi s 7((J:d—s+1ayd—s+1 7pd—8+1)a 7( xd7yd) }
) 5 (

(
k,o3 [(

( ) ( ) Pa—s) ) ( a)

Xgn ($1,y1 » P 1)7 ‘7((xd—57yd S) DPa— S) ((xélferl?y:iferl)?pélferl)a ’ (xcbyd) )}

ng 7 [((xlayl) /) B ((‘T:i—s?yél—s)7pd—s)7 ((371/1—54-17 y(/i—s—i-l)?p/d—s—i-l)? ((*Td?yd) )} :

For the sake of notational simplicity and because this case is representative of the dif-

ficulty, in the rest of the proof we assume that oy = 09 = 03 = 04 = [;, where

I, stands for the identity permutation over [1,d]. Since g¢* is equal to zero at point
[((@1,91),p1), - ((Ta, Ya), pa)] if Yi # @it1 o1 yg # 1, then

2 2. 2 2.

(xlv Td— 5)6[1 n]d 5($17 7wd S)E[l n]d S(J;d s+1,- :Cd)e[l 7’1] (xd s+10 7xd)e[1 n]

(1 $)EIL, ]d Syl d—s (yq Lrenes yq)€[1,n]® (/_ YYYY Ye[1,n]

(le ,,,, ;:: S):{O Tll}d s ((yll """ :;l s))Ge{[:) T]}d s (Pq— .::l vvvvv pq)€{0,1}% (y; ::11 AAAA 55)66{;’1}3

ngl-i e [((351,91), 1)7---7<(md sy Yd— s)apd—s)v((xd—s—l—layd—s+1)7pd—s+1)a~"a((mdayd)apd)]
ng a [((xh yl)v /1)7 c ((xd 59 yd 3),pd,s>, ((xd*SJrlv yd*SJrl)?pd*SJrl)? SRR ((l‘d, Mi),pd)}
ng a [((xl yl)a 1)> R ((xd 55 Yd— S)apd78)7 ((37&—34-17 yél—s—i—l)?pt/i—s—l—l)? R ((331/17 y:j)vp;)]
Xgﬁld [((mbyl)? )7' ,((LE 57yd s)’pd—s)7((‘,Eil—s—i-l’y&—s—l—l)?p:i—s—i-l)""7((x:i’y(/i)’pii):|

(@1,00d—sy1)€[L,n]3=5F (o], 0, s+l)€[]‘ n)d=st1(iq,...is—1)€[1,n]5~ i(zl, i _)E[Ln]s—1
(P1-pg_g)€{0,1}d—s A _efoyd—s  Pa—sprpd) €O p)ef0,1)8

Xl{alza’l} X 1{ad 1=l _ 1}

gy [((01,02),p

(L, 1), ((Qdes, @a—sy1), Pa—s), ((Qa—st1,71), Pa—st1), - - - ((Es—1, 1), Pa)]
g [((af,ab), 1)7"‘7((a£l—s7a2l—s+1)7p s (@ g1y 01), Pa—sr1)s -5 (151, 21), pa)
xgn [((ar,02),p1), - (s, tdmsi1)s Pa—s)s (Qamsi1, 81)s Dig_gin)s - -5 (Tay, w1), 1))
xgn [((a, @), 1) s (@ Qi) P s)s (@it 0 Plagin)s -+ ((B51, 21), 9]

2d,_2d—2 || k|4 2d, —2
< 2 L < 2

We conclude that ’

- ~ 112
gk *s gk , 0

Then, all the assumptions of Lemma 3.3 are fulfilled by Q4(g%, Y). Therefore,

J k
aw . R —
Qu(fn, Y) ™ <Z TR R> R RI7F\ [ dCEGY,
k=1
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where the G’s are independent standard gaussian random variables. We can rewrite this
result as:

Qa(fn, Y) la, Zy+iZ],

2
. . . . .. g 012 .
where Z; = (Z},732) is a gaussian vector; its covariance matrix is < ! 5 |, with
0172 0'2

d= 0%+ 03 and dE(X})? = 0} — 02 + 120y 5.
This completes the proof of Theorem 1.1. [ ]
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