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ERRATUM:
ON THE EIGENVALUES OF OPERATORS WITH GAPS.

APPLICATION TO DIRAC OPERATORS

JEAN DOLBEAULT, MARIA J. ESTEBAN, AND ERIC SÉRÉ

ABSTRACT. In this erratum, we address some closability issues that were ignored in [1].

In [8], L. Schimmer, J.P. Solovej, and S. Tokus construct a distinguished self-adjoint
extension of a general symmetric operator with a gap and give a variational characteri-
zation of its eigenvalues, thus connecting the extension problem considered in [3, 4] to
the min-max principle for eigenvalues of self-adjoint operators studied in [1]. They also
point out and solve several questions of closability and domain invariance that were not
properly addressed in these papers. The min-max result of [8, Theorem 1.1], when ap-
plied to already self-adjoint operators, is analogous to the result of [1, Theorem 1.1], but
with different assumptions. On the one hand, L. Schimmer, J.P. Solovej, and S. Tokus do
not assume that the subspace F , in which the min-max principle is defined, is a core. On
the other hand, they strengthen an assumption denoted (i) in [1, 8] and add a condition
that we call (C ) in this erratum. Moreover they suggest that (C ) is also needed for [1,
Theorem 1.1]. They are completely right: the proof in [1] overlooks several closability
issues, but can be completed under Condition (C ), and this is done in [8]. However, un-
der minor corrections which are exposed below, the result of [1, Theorem 1.1] also holds
without assuming (C ).

1. MIN-MAX CHARACTERIZATION OF THE EIGENVALUES IN A GAP

We first recall (up to a minor change that will be commented below) the assumptions
of [1, Theorem 1.1].

Let H be a Hilbert space with norm ‖ · ‖H and scalar product (·, ·) and let A be a self-
adjoint operator on H with domain D(A). Let H+ and H− be two orthogonal Hilbert
subspaces of H such that H = H+ ⊕H−. Let Λ+ and Λ− be the projectors on H+
and H−. We assume the existence of a core F , i.e., a dense subspace of D(A), such that :

(i) F+ =Λ+F and F− =Λ−F are two subspaces of D(A) ,

(ii) a = sup
x−∈F−\{0}

(x−, Ax−)

‖x−‖2
H

<+∞ ,

(iii) λ1 > a .
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Here λ1 is the first of the min-max levels

λk = inf
V subspace of F+

dimV = k

sup
x∈(V ⊕F−)\{0}

(x, Ax)

‖x‖2
H

, k ≥ 1.

Let b = inf
(
σess(A)∩ (a,+∞)

) ∈ [a,+∞]. For k ≥ 1, µk denotes the kth eigenvalue of A
in the interval (a,b), counted with multiplicity, if this eigenvalue exists. If there is no kth

eigenvalue, we take µk = b .

Theorem 1. With the above notations, and under assumptions (i)-(ii)-(iii), we have

λk = µk , ∀k ≥ 1

and, as a consequence, b = limk→+∞λk = supk≥1λk > a .

Compared to [1, Theorem 1.1], the only change is that in (i) one has to assume that
F+ and F− are subspaces of D(A) and not of the form domain F (A). This is weaker than
Condition (C )

The operatorΛ−A|F− : F− →H− is essentially self-adjoint,

which is called assumption (iii) in [8, Theorem 1.1]. Note that a similar change is also
needed in the assumptions of the continuation principle of [1, Theorem 3.1]: in hypoth-
esis (j), F (A0) has to be replaced by D(A0).

Note that [1, Theorem 1.1] supposedly applies to Dirac-Coulomb operators A =α ·p+
βm − ν

r with F = C∞
c (R3,C4) for any 0 ≤ ν < 1. Such a claim is incorrect, since F is not a

core of A when
p

3/2 < ν< 1. This issue was pointed out to us by several researchers, and
a partial solution, that requires the replacement of C∞

c by H 1/2, was given by S. Morozov
and D. Müller in [5, 6]. However, the issue can also be solved in C∞

c by first applying the
theorem to regularized Dirac-Coulomb operators Aε =α ·p+βm− ν

r+ε , and then passing
to the limit in the norm-resolvent sense as ε → 0, as done in [2]. Of course, another
possibility is to apply directly the result of [8], which does not make use of the assumption
that F is a core.

2. CHANGES IN THE PROOF OF THEOREM 1.1 OF [1]

As pointed out in [8], several closability issues were overlooked in the proof of [1, The-
orem 1.1]. Let us list the changes that have to be done in the proof to make it correct. The
numbering of the formulae refers to [1].

In [1] we introduced the norm

N (y−) =
√

(a +1)‖y−‖2
H
− (y−, Ay−)

on F− and claimed without proof that the completion of F− for this norm can be identi-
fied with a subspace of H−. In other words, we claimed that the quadratic form q−(y−) =
−(y−, Ay−) is closable in H−. Unfortunately we cannot prove this closability under the
assumption F− ⊂ F (A), but this becomes a standard fact if one assumes that F− ⊂ D(A)
as in [8]. Indeed, the operator −Λ−A|F− is then a symmetric and bounded from below
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operator defined on H− with domain F−. One can use the Friedrichs extension theo-

rem [7, Theorem X.23] to establish that the form q− is closable in H−. Denoting by F
N
−

the form-domain of its closure q−, there is a unique self-adjoint operator B with do-

main D(B) ⊂ F
N
− such that for any y− ∈ D(B), q−(y−) = (y−,B y−). The operator B is the

Friedrichs extension of −Λ−A|F− .

The operator LE : F+ →H− is defined by

LE x+ = (B +E)−1Λ−Ax+ .

In order to define LE without the assumption F− ⊂ F (A), a delicate construction was
needed in [1], while the definition of LE is now straightforward.

Then we considered the completion X of F+ for the norm nE (x+) = ‖x++LE x+‖H
. We

claimed without proof that X can be identified with a subspace of H+. In other words,
we claimed that the operator LE is closable in H+. As pointed out in [8], this is far from
obvious, and probably wrong without an additional assumption. In [8], the authors prove
that LE is closable assuming that Condition (C ) holds. The main goal of the present erra-
tum is to explain that this additional assumption is not needed in the proof of Theorem 1.

Without condition (C ), we cannot claim that LE is closable, but instead of X , we can
consider the closure ΓE of its graph represented by ΓE = {

x+ + LE x+ : x+ ∈ F+
}

in the
Hilbert space H identified with H+×H−. The closed subspace ΓE does not necessarily
represent a graph over H+, but this does not affect too much the remainder of the proof.
We just need to modify the definitions of some mathematical objects. Several expressions
that were defined as functions of x+ ∈ F+ are now considered as functions of x++LE x+ ∈
ΓE and their extensions by density become functions of x ∈ ΓE . In particular, nE (resp.
nE ) becomes the restriction of ‖ · ‖H to ΓE (resp. ΓE ); in formula (7) and everywhere else
in the sequel, QE becomes a map from ΓE to R while QE (x+) has to be replaced by

QE
(
x++LE x+

)= (
(A−E)x+, x+)+ (LE x+, (B +E)LE x+

)
;

in formula (8), QE (Λ+x) becomes QE (Λ+x +LEΛ+x) . Formulae (10) and (11) have to be
rewritten as

‖x+‖H ≤ ‖x++LE ′x+‖H ≤ ‖x++LE x+‖H ≤ E ′−a

E −a
‖x++LE ′x+‖H (10’)

and

(E ′−E)‖x++LE ′x+‖2
H ≤QE

(
x++LE x+

)−QE ′
(
x++LE ′x+

)≤ (E ′−E)‖x++LE x+‖2
H . (11’)

Up to these changes, [1, Lemma 2.1] remains as stated previously. Note that formula (10’)
implies that the map x+ + LE x+ 7→ x+ + LE ′x+ is an isomorphism between ΓE and ΓE ′

which extends to an isomorphism between ΓE and ΓE ′ . The replacement of x+ ∈ F+ by
x++LE x+ ∈ ΓE has also to be done in the definition of the norm NE , which becomes

NE (x++LE x+) =
√

QE (x++LE x+)+ (KE +1)‖x++LE x+‖2
H

.

As a consequence, formula (13) takes a slighly different form, since NE and NE ′ are now
defined on different spaces. It becomes

c(E ,E ′)NE (x++LE x+) ≤NE ′(x++LE ′x+) ≤C (E ,E ′)NE (x++LE x+) , ∀x+ ∈ F+ . (13’)
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Let ΠE : H → ΓE be the orthogonal projector on ΓE . Note that for any x ∈ ΓE we have
QE (x) = (x,SE x) where

SE x =ΠE
(
Λ+(A−E)Λ+x + (B +E)Λ−x

)
.

It is clear that SE is a symmetric operator bounded from below on the Hilbert space ΓE ,
with domain ΓE . So QE is closable in ΓE . We denote its closure QE . Its domain is denoted
by GE and the corresponding extended norm is denoted by N E . Note that GE is a sub-
space of ΓE , so it depends on E , while in [1] its analogue G was considered as a subspace
of H+, independent of E and, as a consequence, the norms N E were all equivalent.
Now (13’) implies that any two normed spaces (GE ,N E ) and (GE ′ ,N E ′) are isomorphic.

We denote by TE the Friedrichs extension of SE . It is a self-adjoint operator in ΓE with
domain D(TE ) and we have ΓE ⊂ D(TE ) ⊂ GE ⊂ ΓE ⊂ H . In [1], D(TE ) was a subspace
of H+, but this is no longer true with our new definition. We do not know whether D(TE )
is a graph over H+, but the important point is that the graph ΓE is a form-core of TE

and GE is its form-domain. In formula (14) for the min-max levels, G should be replaced
by GE and the notation x+ should be replaced by x, since this variable no longer belongs
to H+. Moreover, for any x ∈ ΓE , the extended norm nE (x) considered in [1] is replaced
by ‖x‖H . Formula (14) thus becomes

`k (TE ) = inf
V subspace of GE

dimV = k

sup
x∈V \{0}

QE (x)

‖x‖2
H

. (14’)

In formula (15) of [1, Lemma 2.2], x+ should be replaced by x++Lλx+. The lemma re-
mains otherwise unchanged. In part (a) of its proof, the notation Qλ(x+) is used repeat-
edly. It should be replaced everywhere by Qλ(x++Lλx+), but no other change has to be
done.

Similarly, in the sequel of the proof of [1, Theorem 1.1], Tλk x+ should be replaced by
Tλk (x++Lλk x+) and G ′ by G ′

λk
; A is now the polar form of the quadratic form Γλk 3 ỹ 7→

Qλk (ỹ)+λk ‖ỹ‖2
H

; one should replace Qλk (Λ+y) by Qλk (ỹ) in formula (20) and its proof.

Moreover we recall that ΓE is a form-core of TE and GE is its form-domain, so that (14’)
is equivalent to

`k (TE ) = inf
V+ subspace of F+

dimV+ = k

sup
x+∈V+\{0}

QE (x++LE x+)

‖x++LE x+‖2
H

.

3. AN EXAMPLE

The additional assumption F± ⊂D(A) seems harmless: in all examples of the literature
we are aware of, it is satisfied. Condition (C ) is satisfied in many situations of interest in
physics, as explained in [8]. But in this short section we give an example where (C ) is not
satisfied. Let V be an electric potential in R3 of the form

V (x) =−ν1

|x| +
ν2

|x −x0|
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with 0 < ν1 <
p

3/2, 3/4 < ν2 <
p

3/2 and x0 ∈R3\{0}. On the Hilbert space H = L2(R3,C4),
consider the associated Dirac-Coulomb operator

A =α ·p+βm +V

with domain H1(R3,C4). Since 0 ≤ ν1 , ν2 < p
3/2, A is self-adjoint and admits the sub-

space F =C∞
c (R3,C4) as a core. Let Λ± = 1R±(α ·p+βm). As was proved by C. Tix in [10],

the Brown-Ravenhall operatorsΛ+A|Λ+F and −Λ−A|Λ−F are both positive, so that one can
apply Theorem 1 with a = 0, but as shown in [9, Corollary 3], Λ−A|Λ−F is not essentially
self-adjoint, since ν2 > 3/4.

Acknowledgment: We thank the authors of [8] for letting us know about the closability
issue in [1].
© 2022 by the authors. This paper may be reproduced, in its entirety, for non-commercial purposes.
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