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Absence of solitons with sufficient algebraic localization for the
Novikov-Veselov equation at nonzero energy

A.V. Kazeykina !

Abstract. We show that the Novikov—Veselov equation (an analog of KdV in dimension
2+1) at positive and negative energies does not have solitons with the space localization stronger
than O(|z|~3) as |z| — oo.

1 Introduction

In this paper we are concerned with the Novikov-Veselov equation

O = 4Re(403v + 0. (vw) — Ed,w), (1.1a)
Ozw = —30v, v=0v, FEeR, (1.1b)
v=uo(z,t), w=w(xrt), z=(v1,12) R} tcR, (1.1c)

where the following notations are used

0 1/ 0 .0 1/ 0 .0
815—&, az—§<a—x1—la—$2>, az—§<a—xl+la—$2>- (1.2)

Equation (1.1) is mathematically the most natural (2 + 1)-dimensional analog of the clas-
sic Korteweg-de Vries equation. When v = v(z1,t), w = w(z1,t), equation (1.1) reduces to
KdV. Besides, equation (1.1) is integrable via the scattering transform for the 2—dimensional
Schrédinger equation

Ly =FEy, E= Efimeah

1.3
L=—-A+v(z,t), A=40.0; r € R% (1.3)

Note also that tending E — fo0 in (1.1) yields another renowned (2 + 1)-dimensional analog of
KdV, Kadomtsev-Petviashvili equation (KP-I and KP-II, respectively).

Equation (1.1) is contained implicitly in [M] as an equation possessing the following repre-
sentation

(L —-E)
ot
where L is the operator of the corresponding scattering problem, A, B are some appropriate dif-
ferential operators and [+, -] denotes the commutator. For the particular case of the 2-dimensional
Schrodinger operator as in (1.3) the following explicit form of A and B

=[L-FE,Al+B(L—-E), (1.4)

A= —80% — 2wd, — 892 — 2w0;,

B = 20-w + 20-w where w is defined via (1.1b) , (1.5)

and the corresponding evolution equation (1.1) were given in [NV1], [NV2], where equation (1.1)
was also studied in the periodic setting.

Solitons and the large time asymptotic behavior of sufficiently localized in space solutions
for the Novikov-Veselov equation were studied in the series of works [GN1, G1, Nov2, K1, KN1,
KN2, KN3|. In [KN1, K1] it was shown that in the regular case, i.e. when the scattering data
are nonsingular at fixed nonzero energy (and for the reflectionless case at positive energy), then
these solutions do not contain isolated solitons in the large time asymptotics. In the general
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case it was shown in [Nov2], [KN3] that the Novikov-Veselov equation at nonzero energy does
not admit exponentially localized solitons. A family of algebraically localized solitons for the
Novikov-Veselov equation at positive energy was constructed in [G1] (see also discussion in
[KN2]). These solitons are rational functions decaying as O (|z|~?) when |z| — occ.

Note that KP-I equation possesses soliton solutions and these solutions decay as O (\x]*Q)
when || — co. By contrast, KP-II does not possess localized soliton solutions. For the results
on existence and nonexistence of localized soliton solutions of KP-I, KP-II and their generalized
versions see [BS1]; the symmetry properties and the decay rates of these solutions were derived
in [BS2]. For more results on integrable (2 + 1)-dimensional systems admitting localized soliton
solutions, see [AC], [BLMP2], [FA], [FS] and references therein.

In this paper we are concerned with regular, sufficiently localized solutions of (1.1) satisfying
the following conditions

ev,w € C(R? x R), v(-,t) € C3(R?) V¢t e R; (1.6)
i Q(t) L 2 . . . .
* [Ofv(z,t)] < A+ 2P J=(j,2) € (NUO0)”, j1 +j2 < 3, for some ¢(t) > 0,e > 0;
(1.7)
o |w(z,t)| = 0, when |z| = 00, t€R. (1.8)

We say that a solution of (1.1) is a soliton if v(z,t) = V(2 — ct) for some ¢ = (c1,¢2) € R2. The
main result of this paper consists in the following theorem.

Theorem 1.1. Let (v,w) be a soliton solution of (1.1) with E # 0 satisfying properties (1.6)-
(1.8). Then v =0, w=0.

To prove this result we consider, in particular, special eigenfunctions of the 2-dimensional
Schrodinger operator going back to [F1], [BLMP1] and we base our reasoning on the ideas
proposed in [Nov2].

Note that Theorem 1.1 for the case of zero energy was proved in [K2] for the potentials of
conductivity type.

In Section 2 we recall, in particular, some known notions and results from the direct and
inverse scattering theory for the two-dimensional Schrédinger equation at nonzero energy (see
[Novl], [G2] and references therein). In addition, we introduce nonzero energy analogs of some
“scattering data” going back to [BLMP1]. The main result (namely, Theorem 1.1) is proved in
Section 3. Section 4 contains the proofs of some preliminary lemmas.

This work was fulfilled in the framework of research carried out under the supervision of
R.G. Novikov.

2 Scattering data and inverse scattering equations
Consider the Schrodinger equation on the plane

L¢ =Fky, E= Efia:ed € R\O,

) (2.1)
L=-A+v, A=40,0;, v=v(z), z€R
with a potential v satisfying the following conditions
v(z) =v(z), v(z)e L®R?),
(@) =@, o) € L) 0

091 022 v(z)| < (1 + |2|)~*7 for some g > 0, £ > 0, where ji,j2 € NUO, ji + j» < 3.



For equation (2.1) with E > 0 we consider its classical scattering eigenfunctions ™ (x, k),
defined for k € R?, k2 = E and specified by

4 in ilkll| 1
+ _ tkx - i €
Y (x k) =e imV2me % f </<:, |k| m) I +o <\/m> . x| = oo, (2.3)

with some a priori unknown function f. The function f is called the scattering amplitude of the
potential v. If f(k,1) = 0 for k,l € R?, k? = |2 = E, then the corresponding potential is called
transparent (or reflectionless) at fixed energy F > 0. In this paper we will only be concerned
with transparent potentials since it was shown in [Nov2| that the solitons of the Novikov-Veselov
equation at positive energy are transparent potentials (see also Lemma 3.3).

In addition, for equation (2.1) with E € R\0 we consider its Faddeev eigenfunctions ¢ (z, k),
defined for k € ¥, where

Yp={keC* K =E, Imk # 0}, if E >0,
Yp={kecC®: kK =FE} if E<O0,

and specified by A
b, k) = e*(1+o(1)), o] = o0 (2.4)

(see[F1], [Novl], [G2]).
Finally, for equation (2.1) with F € R\0 we will also consider its eigenfunctions ¢(z, k),
defined for k € ¥ and specified by

o(x, k) = e*®(kyzy — koxy +0(1)), |z| — 0. (2.5)

These functions are the analogs of solutions introduced in [BLMP1] for the case of zero energy.
Further it will be convenient to assume without loss of generality that £ = £1 (the general
case is reduced to this one by a scaling transform) and to introduce the following new variables:

ki + iks
VE

z=x1+ix0, A=

Note that ky = YE (A+ L), ky = &E (L)),
In the new variables z € C, )\ € C\O functions 1) and ¢ are solutions of (2.1) with the
following asymptotic behavior

iVE

Yz, \) =e 7 PN N), w(z, ) =14 0(1), as |z| — oo, (2.6)
o(z,A) = e’ QE(A2+Z/>\)1/(Z,)\), v(z,\) = Z\éF ()\Z - %z) +0(1), as |z| — oc. (2.7)

Functions p(z,A) and v(z, \) arising in the above formulas can also be defined as solutions of
the following integral equations

) =1+ / / 9z — € \(O)u(C, A)dReCdImC, (2.8)
C

v(z, ) = “gﬁ (Az - %) + / / g(z = ¢, V(Ov(¢, N)dReCdIm(, where (2.9)

(o) < > // g(szrpZ) TRend ( )
g(z,\) = Repdlmp, 2.10
2m PP+ VEAD +p/))



where z € C, A € C\0 and, if E > 0, then |\| # 1.
In terms of m(z,A) = (1 +|z])~ 2+5/2),u(z A) and n(z,\) = (1+ |2))~@+/2y(2, k) equations
(2.8) and (2.9), respectively, take the forms

m(z,A) = (1+]z))" 2+

+//(1 + o)+ g(z - g +‘U(C_)(HE/Q)m(C,)\)dReCdImg, (2.11)
C

¢h)

n(z,\) = Z\QE ()\z 1 > (1+|2])” (2+e/2)

>

(24 v(¢)
+ //(1 2@ gz — ¢, \) ERECEE n(¢, \)dReCdIm¢. (2.12)
C

The integral operator A(\) of the integral equations (2.11), (2.12) is a Hilbert-Schmidt operator:
more precisely, A(-,-,\) € L*(C x C), where A(z,(,)) is the Schwartz kernel of the integral
operator A(\), and |[TrA4%(\)| < co. Thus, the modified Fredholm determinant A(A) for (2.11)
and (2.12) can be defined by means of the formula:

InA(\) = Tr(In(Z — A(N)) + A(N)). (2.13)

For the precise sense of this definition see [GK]. Considerations of A go back to [F2].
We will also define
E={AeX: A(N\) =0},

where
Y=C\(0uT) f E>0 and X =C\0 fE<0, T={XeC:|\=1}

In this notation £ represents the set of A for which either the existence or the uniqueness of
the solution of (2.1) with asymptotics (2.6) (or, similarly, of the solution of (2.1) with asymptotics

(2.7)) fails.
For A € C\(£ UO0) we define the following “scattering data” for the potential v:

/ [ (Ot Nanegatng, (2.14)

// exp < <1 + (sgnk) )\)\) ((sgnE)¢X + AC)) v(¢)(¢, A)dRe(dImc, (2.15)

(¢, \)dRe(dImc, (2.16)
//

// exp ( <1 + (sgnF) )\)\) ((sgnE)¢ + AC)) v(Q)v (¢, \)dReCdIm¢.  (2.17)

Functions a, b are the Faddeev generalized scattering data for the 2-dimensional Schrédinger
equation. They also arise in a more precise version of expansion (2.4). The “scattering data”
«, B for the case of the Schrodinger equation at zero energy were introduced in [BLMP1].

Now we formulate some properties of the introduced functions that will play a substantial
role in the proof of the main result.



Statement 2.1 (see [HN, Novl, KN3|). Let v satisfy conditions (2.2). Then function A(X)
satisfies the following properties:

1. A S C(D+), A c C(D_), where D+ = D+ U3D+7 D+ = {)\ € C: ‘)\‘ < 1}7 D_ =
D_uUoD_, D_={XeC: |\ >1};

2. A(A) = 1 as |\ — o0, [A| = 0;
3. A is real-valued;

4. A(N) satisfies the following 0-equation

o (o (~emng) —00)) &, (215)

where 9(0) = [[v(¢)dRe¢dIm¢, A € C\(TUEUO0), T={X e C: |\ =1};
C

5 A\ = A <—(sgnE)%>, A€ C\o.

Note that A ¢ C(C) for E > 0, in general. In this case A on Dy is considered as an extension
from D.

If v satisfies assumptions (2.2), then functions a(\), b(A\), a(X), S(A) are continuous on
C\(£U0). Note also (see [HN]) that

a(A) = v(0) as A — 0, A — oo. (2.19)

If v satisfies assumptions (2.2) and, in the case of positive energy, v is transparent, i.e. f =0
at fixed energy, then the function u(z, ), defined by (2.8), satisfies the following properties (see
[GN2], [Nov2], [G2] and references therein):

w(z,A) is a continuous function of A on C\(0U &); (2.20)

3’“‘%’ N G (2.21a)

r(z,\) = r(\)exp (_Z\éf <1 + (sgnE))\—lX> ((sgnE)Az + AZ)) , (2.21b)
_sgn(AA—1)

r(A) = Tb()\) (2.21¢)

for A€ C\(OUEUT), where T'={\ € C: |\ =1};

uw—1, a8 A\ — 0o, A — 0. (2.22)

Inverse scattering equations (2.21) together with conditions (2.20) and (2.22) determine
uniquely function p from nonsingular scattering data b, i.e. when & = @. Potential v (transpar-
ent for the case of positive energy) can then be found from the following formula

o(z) = 2V EAH1E). (2.23)
0z
where p—1(2) is defined via the following expansion
_ 1
M(z,)\):1+u+('zj)+0<m>, as A — oo. (2.24)



3 Proof of Theorem 1.1

We will start this section by formulating some preliminary lemmas. The proofs of these lemmas
are given in Section 4.
Let us denote by

S(A) ={a(X),b(A), (), B(N)}, A e C\(EUD), (3.1)
the scattering data for a potential v, defined by (2.14)-(2.17) in the framework of equation (2.1).

Lemma 3.1. Let v(z) be a potential satisfying (2.2) with the scattering data S(\), A € C\(£U0).
Then the scattering data Sy(X\) for the potential vy(z) = v(z — 1) are defined for A € C\(€ U0)
and are related to S(\) by the following formulas

ay() = a()), (3:2)
bn(\) = exp {z 2E (1 + (sgnE))\—l)\> ((sgnE)An + )\77)} b(\), (3.3)
o) = a() + VE (- 5n) atv (3.4
B(N) = exp {”f (1+ GmuE) ) (Genmpin+ An)} (ﬁ(A) 4 WE (- 50) b(A)) -
(3.5)

Lemma 3.2. Let (v,w) satisfy equation (1.1) and conditions (1.6)-(1.8). Let S(A,t) be the
scattering data for v defined by (3.1) for a certain X € C\(£ UO0) and all t € R. Then the
evolution of these scattering data is described as follows:

a(\t) = a(A,0), (3.6)
b(\,t) = exp {z'(\/E)?’ <A3 + % + (sgnFE) (X?’ + %)) t} b(),0), (3.7)
a(\t) = a(),0) + 3i(VE)? <A3 - %) a(\, 0)t, (3.8)

23

B(At) = exp {i(@)?’ ()\3 + % + (sgnE) ()\3 + i)) t} (B()\,O) +3i(VE)? ()\3 - %) b, 0)t> .

Lemma 3.3 (see [Nov2|). Let (v,w) satisfy equation (1.1) for some E > 0 and conditions (1.6)-
(1.8). In addition, let v be a soliton, i.e. v(z,t) = V(x — ct) for some ¢ = (c1,c2) € R%. Then
f(k,1) =0, k,1 € R?, k2 =1?> = E > 0, where f is the scattering amplitude for the potential v
in the framework of the Schridinger equation (1.3).

The concluding part of the proof of Theorem 1.1 consists in the following. First of all, if
(v, w) is a soliton solution of equation (1.1) for some E > 0, then v is transparent due to Lemma
3.3.

Further, since (v, w) is a soliton, from Lemma 3.1 it follows that the set £ of values of A € C
for which the scattering data a(\), b(A), a(XA), B(\) are not well-defined does not depend on t.

Since (v, w) is a soliton, the time dynamics of its scattering data b is described by the formula

b\ ) = exp {@ ((A 4 (sgnE)%) ot + <(sgnE))\ 4 %) ct> } b(\,0),



where notation ¢ = ¢; +icy is used (see formula (3.3) of Lemma 3.1). Combining this with (3.7)

from Lemma 3.2 gives
5)) o

A3
_ exp{ E <<)\ (sgnE) A) ot + <(sgnE))\ + %) ct> } b(A,0).

exp {i(\/E)3 (A?’ + % + (sgnF) <

Since functions A, A, A3, A3, }\, %, % j\i 1 are linearly independent in any open nonempty
neighborhood of any point in C and b()\ 0) is continuous on C\(£U0), we obtain that b(\,0) =0
on C\(E£UO0).
Similarly, from (3.4), (3.8) we get that
iV E 1 1
a(),0) + “é— ()\c— Xc> ta(X,0) = a(\,0) + 3i(VE)?3 ()\3 - ﬁ> ta(X,0).

The linear independence of A\, A3, %, %, in any open nonempty neighborhood of any point in
C then implies that a = 0 for A € C\(£ U0). From formula (2.19) and item 2 of Statement 2.1
it follows that ©(0) = 0. Then equation (2.18) implies that A is holomorphic on C\(€ U T U 0),
where T = {\ € C: |\| = 1}. From properties 1, 2 of Statement 2.1 it follows that A is
holomorphic on C\(E UT).

Suppose now that £ # &. Since £ is a closed set, then there exists A\, € & such that
|Ae| = I){lelél |A|. Note that property 2 of Statement 2.1 implies that |\.| > 0.

If [As] > 1, then A(X) is holomorphic on D, = {A € C: |A\] < 1} and properties 2, 3
of Statement 2.1 imply that A = 1 on Dy. If |\ < 1, then A()\) is holomorphic on the
set D' = {\ € C:|\| < A} and properties 2, 3 imply that A = 1 on D?. On the other
hand, A(\.) = 0, which contradicts property 1 from Statement 2.1. Thus we have proved that
A(X) =1on D;. Property 5 of Statement 2.1 implies that A(A) =1on D_ = {A € C: |A| > 1}.
Finally, from 1 of Statement 2.1 it follows that A =1 on C.

The function p is holomorphic on C as follows from (2.21), (2.22) and the established facts
that &€ = &, b = 0. The function p is also bounded due to the property (2.22). From Liouville’s
theorem it follows that p = 1. Then, finally, from (2.23), (2.24) we obtain that v = 0.

4 Proofs of Lemmas 3.1, 3.2

Proof of Lemma 3.1. Formulas (3.2), (3.3) were derived in [KN2] for the case of negative energy.
Here we present their full derivation for both cases of positive and negative energies.
We note that 1(z — n, \) satisfies (2.1) with v,(2) and has the asymptotics

Uz =0, 3) = eSS OEDHED (14 o(1)),

as |z| = oo. Thus for Faddeev eigenfunction 1, (2, A) corresponding to potential v, (z) we obtain

the following representation: v, (z,\) = ei\éﬁo"ﬂ'”/ MNip(z — n, A). Consequently, for function
pin(2, A) corresponding to function 1, (2, A) and defined via (2.6) we have ju,(z,\) = pu(z —n, A).

For the scattering data we have

— [[ oa(©unte. Nmecatiag = [ [ v(& = nulc ~ . NdReCating = a()
C C



and
= // exp {%E (1 + (sgnE))\—l)\> ((sgnE)S\C + )\E) } Uy (Q) i (¢, A)dReCdIm( =
C

= // exp {@ <1 + (sgnE))\—&) ((sgnE)A¢ + AC_)} v(¢ —n)p(¢ —n, \)dReldIm( =
C

= exp {Z\éf (1 + (sgnE))\—1)\> ((sgnE)An + )\n)} b(A). (4.1)

Similarly, to derive formulas (3.4), (3.5), we note that ¢(z —n, ) satisfies (2.1) with v,(2)
and has the asymptotics

oz — ) = ei\éﬁ( (Z=m)+(z—n)/N) (1\/_ ( (z—17) — %(2_77)> —|—0(1)> ,

as |z| — oo. Thus for eigenfunction ¢,(z,A) of equation (2.1) with potential v,(2) satisfy-

ing asymptotics (2 7) we obtain the following representation: ¢,(z,A) = e {(A”Jr"/)‘)(gp(z -

7,A)+ “QF ()\77 )\ ) Y(z—mn,\)). Consequently, for function (2, A) corresponding to function
©n(2z,A) and defined via (2.7) we have v,(2,\) = v(z —n,\) + “éE (A7 — +n) p(z — 0, A).

For the scattering data we have

= // vy (v (¢, A)dRe¢dIm( =
C

= [[utc = mtc = nonarecame + “E (3 1) [[ ¢~ npuic — nNReCatme =
C

©

=00+ 2 (3~ 1) oty

and
/ / exp { (1 + (sgnk) )\5\> ((sgnE)A¢ + XQ) } Uy (v (¢, N)dRe¢dIm¢ =

// exp { <1 + (sgnk) )\)\) ((sgnE)A¢ + XQ) } v(¢ —n)v(¢ —n, \)dRe¢dIm{+

) o

= exp {@ (1 + (sgnE)ﬁ> ((sgnE)An + )\n)} <ﬂ()\) + Z\QE ()\n - %77) b(A)) . (4.2)

O

= (14 smB)5y ) (GmBIAC+ 0 } o(C—n)p(C -, \)dReCdImC =

In order to prove Lemma 3.2 we introduce the following operator

T = 0y — 892 — 2wd, — 892 — 2w0s, (4.3)



where w is defined via (1.1b), (1.8) for some potential v. Note that T' = 9, + A, where A is the
operator of (1.5).

We will need the following auxiliary lemma describing how 7' acts on the spectral solutions
of the two-dimensional Schrédinger equation.

Lemma 4.1. Let (v,w) satisfy conditions (1.6)-(1.8) and

q(t)

< 4\
lat’l)(l'at)‘ B (1_|_ |x|)3+57

for some §(t) > 0.

Suppose that for a certain A € C, |A| # 1, and t belonging to a certain interval t € (t1,t2)
the solution (z,\,t) of (1.3) with asymptotics (2.6) exists and is unique. Similarly, suppose
that the solution o(z, \,t) of (1.8) with asymptotics (2.7) exists and is unique. Then

T = i(VE)3e 5 052/ <<>\3 ;) +o(1 )> , as |z| = oo, (4.4)
Ty = i(VE e 05/ (f< t35) (b= 32) +2 (¥ - ) +o<1>>, s 2] = oc.
(4.5)

Proof. First of all, due to assumptions (1.8) we have that w — 0 as |z| — co. So in order to
demonstrate (4.4), (4.5) it is sufficient to show that

O —0, dpu—0, du—0, j=1,23 as|z| = oo, (4.6)
v E v E
v —0, O,v— —%, o — Z\g_)\, afu — 0, 3§V —0, k=23, as |z| = oo,
(4.7)

where p(z, A\, t) = 67@()‘%%/)‘)1/)(2, A, v(z, A\ t) = 67@()‘%%/)‘)@(2, A, t). We will only prove
properties (4.6). Properties (4.7) are proved similarly.

Function p is defined as the solution of the integral equation (2.8), where the notation (2.10)
is used. Differentiating (2.8) with respect to t yields the following integral equation for O, u:

Az, A1) / / —¢, )0 (¢, (¢, A, t)dReCdImé + / / Yo(C, )0 (¢, A, £)dReCdImC.

(48)
Differentiating (2.8) j times with respect to z yields the following integral equation for &% yu:

Dz 0 1) / [ 9290z — NGO A DReG G, G = 1,23

We integrate this equation by parts, taking into account property (1.7) of function v and the
fact that d2g(z — ¢, A) = (=1)'d%g(z — (,A). Thus we obtain

(2, A\ t) // (v(¢, t)u(C, A t))dReldIm¢, j=1,2,3. (4.9)

Similarly, B%Iu satisfies the following integral equation

& pu(z, A1) // (v(¢, ) (¢, A\ t))dReCdIm¢, 7 =1,2,3. (4.10)



Equation (4.9) is an equation on the unknown function & 1, where it is assumed that func-
tions ¥y, k < j, are already defined. Similarly equation (4.10) is an equation on the unknown
function @y, where it is assumed that functions 0%, k < j, are already defined. The assump-
tions of lemma imply that for each of the equations (4.8), (4.9), (4.10) its solution exists, is unique
and can be represented as (1 + |z|)2+¢/?u(z, A, t) with some corresponding u(-, \,t) € L*(C).

It was shown in [Nov1] that the function g defined by (2.10) possesses the following property:
lg(2,\)] < €2 for VA € C, |\| # 1 and sufficiently large 2, and |g(z, \)| < const In |2| for VA € C

|z
and sufficiently small z. This property implies that

é/ 9(z = ¢, MU (¢)dReCdImC| — 0 as [z = o0 (4.11)

for any U € L'(C) n L*(C).

Let us denote by &(z, A, t) the solution of any of the equations (2.8), (4.8)-(4.10). As noted
before, £(z,\,t) can be represented in the form &(z,\,t) = (1 + |2])27/2u(z, A, t) for some
u(-, A\, t) € L*(C). Then from assumptions on v it follows that (%v( e, A\ t) € LYC)NL3(C),
Hv(-, )E(, N\ t) € LY(C)N L%(C) for j = 0,...,3 and dv(-,t)é(-, A\, t) € LY (C) N L?(C). Thus,
from (4.11) with U(-) = O (-, t)u(-, A\ t) and U(+) = v(-, £)Oppu(-, A, 1) 1t follows that the right part
of (4.8) tends to zero as |z| — oco. Similarly, considering equations (4.9), (4.10) consecutively we
obtain that the right part of each of these equations tends to zero as |z| — oco. Consequently,
O — 0, Hp—0,Hu—0,5=1,2,3, as |z| = occ.

U

Proof of Lemma 3.2. Formulas (3.6), (3.7) have already been known in literature (see for exam-
ple [G2]). Since their derivation is similar to the derivation of formulas (3.8), (3.9), we confine
ourselves to the derivation of the latter. The derivation of analogs of formulas (3.6)-(3.9) for the
case of zero energy can be found in [BLMP1].

Equation (1.1) represents a condition under which the following is true

[T, Lln = ETn, Yn: Ly = En, (4.12)

where L is defined in (2.1) and T is defined in (4.3) (see [M], [BLMP1]).
Let us take n = ¢, where ¢ is the solution of Ly = F¢ with the asymptotics (2.7). Then
(4.12) implies
LTy = FEe.

From Lemma 4.1 we have that

T = i(VE)e" s 054/ (“F ( + As) <Az- %) (x% _ %) +0(1)> . el = oo

The uniqueness of the solution of (2.1) with the asymptotics (2.6) at the considered value of A
implies that

Te =i(VE)? <A3 + %) ¢+ 3i(VE)? (A?’ - %) .

In other words,

1
dyp = 8030 + 2wd, 0 + 892 + 2wdzp + i(VE)? ()\3 + —) ©+3i(VE)? ()\3 - ﬁ> Y. (4.13)

10



Now we write (A, t) in the form

0= [f

and compute its derivative with respect to time:

(A t) = // e
: (4.14)

Substituting (1.1) and (4.13) into (4.14), integrating the resulting expression by parts and taking
into account that —49:0;¢ + v = Ep, we obtain

(C,t)ap((, A, t)dRe¢dIm¢

S OGN 9,0(¢, p(C, A t)dReCdImC + / / e~ OS¢, 4)0p(C, A, t)dReCdTmC.

da(\t) = 3i(VE)? <A3 )\13>a()\,t) (4.15)

(see Appendix for the detailed derivation of this formula). Formulas (3.6), (4.15) yield (3.8).
Similarly, we write 5(\, ) in the form

B(A1) = / ¢ TEOHN (¢ 1)p(C, N, H)dReCdTme

and compute its derivative with respect to time:

9800 1) / / E AN gy0(C, 1), A, 1) dReCdlmC+ / / AN (¢, 1)0yp(C, A, 1) dReCdTme.

(4.16)
Substituting (1.1) and (4.13) into (4.16), integrating the resulting expression by parts and taking
into account that —49:9;¢ + vy = Ep, we obtain

9B E) = i(VE)? <A3 ;3 + (sgnF) <A3+%>>B(A,t)+3i(\/_ ) ()\3 ;)b(A B (4.17)

(see Appendix for the detailed derivation of this formula). Using formula (3.7), we obtain
(3.9). O
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A Appendix
Here we present the detailed derivation of formulas (4.15), (4.17) proceeding from representations
(4.14), (4.16), respectively.
Derivation of (4.15). Substituting (1.1) and (4.13) into (4.14) yields
da(\ t) = 8// e~ B OCHS) ag’vgodReC dIm(¢ + 8// e
C C
+2 // e*@()‘@r%) Ocvw ¢ dReC dIm( + 2 // e*@()‘@r%) v 0w ¢ dReC dIm{+
~BE(CHS)
+2 Ozvw p dRe¢ dlm( + 2
—2p / / —2p / /e

+8// e_T()‘C+X)v3§<deeCdImC+8// e—TWﬁ)vagadeengngr

BEOCHS) ag’v @ dRe( dIm(+

Z\ﬁ()‘C‘F ) Ozw p dReC dIm(—

—5EOHS) Ozw ¢ dReC dIm(+

SEOCHS) vw O dReC dIm( + 2 // eiiéﬁ()‘@r%) VW 6530 dRe( dlm{+

+i(VE)? <A3+ %) // e~ OS5 4 o dReC dTm( +
C

14

(VB <A3 i i) // e O ppdReCdim¢ = 3T (A1)

3
A o i=1
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Integrating Ig by parts yields

i = 6F i =
e O 5) 4 o dRe¢ dim¢ + =t // e~ 5O 9ev  dReC dIm(+

121\/_// PO 920 o dReC dim¢ — 8//

In this way it can be obtained that

Fv ¢ dReC dIm(.

I+ 1y + Ig+ Ig + 13 =

_ i_f;// e~ 50 9.v  dReC dTm( + 121;@ //eiﬁ““ﬁ’a?wdReCdImG

+ 6EN? / / ~HEOGHS) o v ¢ dReC dIm( + 12iV EX / / HEOCH >62wdRegd1mg (A.2)

Integrating I;; by parts and taking into account that —4848@0 + vy = Fy we obtain

111:—2//6_
C

i = VE L C
EOTHS) dcvw ¢ dRe¢ dlm¢ + Z\i_ // e Oy  dRe( dImC —

)

—HE O+ Ocvw ¢ dReC dlm( —|— // —HEOG+D ) w p dRe( dIm( +

vOcw ¢ dReC dIm( =

-

4 i = i =
+ “A/_ //6_@0‘“%)w@caggodReCdImC—2// e ?<A<+%>Ua<w¢dRengm< _
C

C
3 ) _
= -2 //e \/E) // 67@()‘C+§)wgdeeC dlm¢—
C C

Y
o

—EO+S) dcvw ¢ dRe¢ dIm¢ + i

EOHS) 1 dReC dTm¢ — E; / / e’i\éﬁ()‘aé)acmdeeCdImC—i—

121\/_ // HEOCHD) 92 0 ¢ dReC dImC —

-2 // BEOGH )y Ocw ¢ dRe dIm(.

Thus it can be obtained that

13+I4+I5+I6+I7+18+I11+I12 =
. 12
/ / () 9w o dReC dImC — “/_ / / HEOCHD) 920 o dReC dimC—

— 6EN? / / ~HEOGHS) o v ¢ dReC dIm¢ — 12iV EX / / >a§v @ dRe¢ dIm¢.  (A.3)
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Finally,

Iy =3i(VE)? ()\3 - i) a(\,t) (A.4)

and thus from (A.1)-(A.4) we obtain formula (4.15).

Derivation of (4.17). Similarly, the formula (4.17) can be derived. Substituting (1.1) and (4.13)
into (4.16) yields

B 1) —8// Foerg 8<vg0dReCdImC+8// SOy >a§wdRengmg+
+2/

C

2 /

C

—zE//e“7<A<+§>a<w¢dRengmg—QE//e“?E(AC*@acwadeengngr

e\/?()‘“i) Ocvw ¢ dReC dIm¢ + 2//62 (Ac+5) v Ocw ¢ dReC dIm{+

TS 90 dReC dlm + 2 / e "7 O3 4 90 ¢ dReC dim¢ —

—|—8//e 7 (65 )vagadeeCdImC—i—S//e 7 (A5 >va3<dee<dImg+

+2//

) pw O¢p dRe dIm( + 2/ %) v W Ogp dRe( dlm(+

B () Jf

+3i(\/E)3<)\3—%>//6\/5_E %) veb dReC dIm( = ZJ (A.5)
C

v dRe( dIm{+

Integrating Jg by parts yields

Jo = -N(V_E / VRO >v<dee<dImc+6A2E//e 27 0¢+$) 9,0 o dReC dlmC —

— 122/ — // \/_()‘G' vgodReC dlm¢ — 8// S+ )831) wdRe( dIm(.

In this way it can be obtained that

)\3
4 GEN? // e@““%)acwdf{egdlmg—12\/—EA/ ¢ ) 920 o dRe( dim(+

C
+ (;_f//e“;_E<A<+§>a<v¢dRengm<— 12”{E //egﬂﬁﬁ')agwmeg dim¢. (A.6)
C

1 - 1
JL+ Jo+ Jy + Jyo + Ji3 = i(VE)? ()\3 + = + (sgnFE) <A3 + ﬁ>> B )+
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Integrating Ji1 by parts and taking into account that —49:0zp + v = Ep we obtain

Jip=-2 //e\/?o‘ﬁ'%) Ocvw ¢ dRe( dlm( — \/—ES\/ e@(j‘c"'%) vw @ dReC dlm(—

—2/ e\/;_E(S‘CJr%)vangodReCdImC:

- —2/ Y320+ 90w p dReC dIm¢ + (V—F 3)\//6 7 (+S) 1y o dRe¢ dIm( —
o EEOHS)

— 4V —-EX\ wagacgo dRe( dIm( — 2 v Ocw ¢ dReC dIm( =

_ _2/ 320D 90w p dReC dIm¢ + (V—F 3)\// YFEAHS) 1 dRe¢ dm( —

— (V=E)*x // 505 4y o dRe¢ dIme — 6EX2 //eT()‘HX)GCv(deeCdImC—i—

+2E//e 76+ )8<wg0dReCdImC—|—12\/—E)\// RO )6 v dReC dIm(—

F
—2/ e 2 /\HX)?}@Cw(deeCdImC.

Thus it can be obtained

Js+ g+ Js+Jg+Jr+Jds+ Ji1 + Jig =
= —6EN? // EOerg (9<vg0dReC dlm¢ + 12v — )\/ FEOGH X) 92 cv o dReC dlm{—

——2/ e€<i<+:>agwdRe<dIm<+ 12&_ //e\/z_E(’\CJr;)@?vgdeeCdImC. (A7)

Finally,

Jis = 3i(VE)? <A3 - %) b(\, 1) (A.8)

and thus from (A.5)-(A.8) we obtain formula (4.17).
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