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Daniel Barlet*

5/1/12.

Abstract

In this paper we introduce the word ”fresco” to denote a [A\]—primitive monogenic
geometric (a,b)-module. The study of this "basic object” (generalized Brieskorn
module with one generator) which corresponds to the minimal filtered (regular) dif-
ferential equation satisfied by a relative de Rham cohomology class, began in [B.09]
where the first structure theorems are proved. Then in [B.10] we introduced the
notion of theme which corresponds in the [A]—primitive case to frescos having a
unique Jordan-Holder sequence. Themes correspond to asymptotic expansion of a
given vanishing period, so to the image of a fresco in the module of asymptotic
expansions. For a fixed relative de Rham cohomology class (for instance given by a
smooth differential form d—closed and df —closed) each choice of a vanishing cycle in
the spectral eigenspace of the monodromy for the eigenvalue exp(2im.\) produces
a [A|—primitive theme, which is a quotient of the fresco associated to the given
relative de Rham class itself.

The first part of this paper shows that, for any [A]—primitive fresco there exists
an unique Jordan-Hélder sequence (called the principal J-H. sequence) with corre-
sponding quotients giving the opposite of the roots of the Bernstein polynomial in a
non decreasing order. Then we introduce and study the semi-simple part of a given
fresco and we characterize the semi-simplicity of a fresco by the fact for any given
order of the roots of its Bernstein polynomial we may find a J-H. sequence making
them appear with this order. Then, using the parameter associated to a rank 2
[A] —primitive theme, we introduce inductiveley a numerical invariant, that we call
the a—invariant, which depends polynomially on the isomorphism class of a fresco
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(in a sens which has to be defined) and which allows to give an inductive way to
produce a sub-quotient rank 2 theme of a given [A]—primitive fresco assuming non
semi-simplicity.

In the last section we prove a general existence result which naturally associate a
fresco to any relative de Rham cohomology class of a proper holomorphic function
of a complex manifold onto a disc. This is, of course, the motivation for the study
of frescos.

AMS CLASSIFICATION. 32 S 25, 32 S 40, 32 S 50.

KEY WORDS. Fresco, theme, (a,b)-module, asymptotic expansion, vanishing pe-
riod, Gauss-Manin connection, filtered differential equation.
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Introduction

Let f: X — D be an holomorphic function on a connected complex manifold.
Assume that {df =0} C {f =0} := Xy. We consider X as a degenerating family
of complex manifolds parametrized by D* := D\ {0} with a singular member X
at the origin of D. Let w be a smooth (p+ 1)—differential form on X satisfying
dw = 0 = df Aw. Then in many interesting cases (see for instance [B.II] , [B.III] for
the case of a function with 1-dimensional singular set and the section 4 for the gen-
eral proper case) the relative family of de Rham cohomology classes induced on the
fibers (X)seps of f by w / df 1is solution of a minimal filtered differential equation



defined from the Gauss-Manin connection of f. This object, called a fresco is a
monogenic regular (a,b)-module satisfying an extra condition, called ”geometric”,
which encodes simultaneously the regularity at 0 of the Gauss-Manin connection,
the monodromy theorem and B. Malgrange’s positivity theorem.

We study the structure of such an object in order to determine the possible quo-
tient themes of a given fresco. Such a theme corresponds to a possible asymptotic
expansion of vanishing periods constructed from w by choosing a vanishing cycle
v € Hy(X,,,C) and definig

R(s)= [l

where ~, is the (multivalued) horizontal family of cycles defined from ~ in the

fibers of f (see [M.74]).

Let me describe the content of this article.

After some easy preliminaries, we prove in section 1 that a [A]—primitive fresco
E admits an unique Jordan-Holder sequence, called the principal J-H. sequence,
in which the opposite of the roots of the Bernstein polynomial of E appears in
a non decreasing order. This uniqueness result is important because it implies, for
instance, that the isomorphism classes of each quotient of terms of the principal
J-H. sequence only depends on the isomorphism class of FE.

In section 2 we define and study semi-simple regular (a,b)-modules and the cor-
responding semi-simple filtration. In the case of a [A|—primitive fresco we prove
that semi-simplicity is characterized by the fact that we may find a J-H. sequence
in which the opposite of the roots of the Bernstein polynomial appears in strictely
decreasing order (but also in any given order).

In section 3 we answer to the following question : How to recognize from the principal
J-H. sequence of a [A|—primitive fresco if it is semi-simple. Of course the answer is
obvious if some rank 2 sub-quotient theme appears from this sequence. But when
it is not the case, such a rank 2 sub-quotient theme may appear after commuting
some terms in the J-H. sequence. The simplest example is when

E:=A/A(a—A.b)(1+ b’ P2) 7L (@ — Mo.b).(a — Ag.b)

with A1 = A +p;—1 for ¢ =1,2 with p; € N*,i=1,2 and a € C". Using
the identity in A

(@ — Ao-b).(a— Ag.b) = (a— (A3 +1).0).(a — (Ao — 1).D)

it is easy to see that (a — (Mg —1).b).[1] generates a (normal) rank 2 theme in F,
because we assume « # 0.

We solve this question introducing for a [A]—primitive rank k& > 2 fresco E such
F, 1 and E / Fy are semi-simple, where (F});cpi,x is the principal J-H. sequence of
E, the a—invariant «(FE). This complex number only depends on the isomorphism
class of E and is zero if and only F is semi-simple. We also prove that when
a(F) is not zero it gives the parameter of any normal rank 2 sub-theme of FE.
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In section 4 we give, using tools introduced in [B.II], a general existence theorem
for the fresco associated to a relative de Rham cohomology class in the geometric
situation described in the begining of this introduction, assuming the function f
proper.

1 Preliminaries.

1.1 Definitions and characterization as A—modules.

We are interested in "standard ” formal asymptotic expansions of the following type

ZZ C[[s]].s**.(Log 5)’

g=1 j=0
where Aj,..., )\, are positive rational numbers, and in fact in vector valued such
expansions. The two basic operations on such expansions are

e the multiplication by s that we shall denote a,

e and the primitive in s without constant that we shall denote b.

This leads to consider on the set of such expansions a left module structure on the
C —algebra

A= i P,(a).t", where P, € C[z]}

defined by the following conditions

2

e The commutation relation a.b — b.a = b which is the translation of the

Leibnitz rule ;

e The continuity for the b—adic filtration of A of the left and right multipli-
cations by a.

Define now for A in QnNJ0,1] and N € N the left A—module
=20 = @l Cllsl).s* ' (Log ) = @)L, Cllal].s*(Log ) = &L, Cl[b]].5*"(Log s).
Of course we let a and b act on E&N) as explained above.

Define also, when A is a finite subset in QN]0, 1], the .A—module

EM = @ren ZV.

More generally, if V' is a finite dimensional complex vector space we shall put a
structure of left A—module on EE\N) ®c V' with the following rules :

a(p®@v)=(ap)@v and b(p®@v)=(by) @V
)

for any ¢ € _(A and any v € V. It will be convenient to denote =, the

A—module NeN :E\N) )



Definition 1.1.1 A A—module is call a fresco when it zs 1somorphic to a sub-
module A.p C = ”(N ®@V where ¢ 1is any element in :E\ ® V', for some choice
of A, N and V as above.

A fresco is a theme when we may choose V := C in the preceeding choice.

Now the characterization of frescos among all left A—modules is not so obvious.
The following theorem is proved in [B.09].

Theorem 1.1.2 A left A—module E is a fresco if and only if it is a geometric
(a,b)-module which is generated (as a A—module) by one element. Moreover the
annihilator in A of any generator of E s a left ideal of the form A.P  where
P may be written as follows

P=(a—M.b).ST (a—A0).95 " (a— A.b).S, T, k= dime(E/b.E)

where  \; are rational numbers such that \; +j >k for j € [1,k] and where
Si, .. Sk are invertible elements in the sub- algebm C[[b]] of A.

Conversely, for such a P € A the left A—module E := A/.A P is a fresco and
it is a free rank k module on CI[[b]].

Let me recall briefly for the convenience of the reader the definitions of the notions
involved in the previous statement.

e A (a,b)-module FE is a free finite rank C[[b]] module endowed with an
C —linear endomorphism a such that a.S = S.a + 2.5 for S € C[[b];
or, in an equivalent way, a A—module which is free and finite type over the
subalgebra C[[b]] C A.

It has a simple pole when a satisfies a.F C b.E. In this case the Bernstein

polynomial By of E is defined as the minimal polynomial of —b~!.a acting
on K /b.E.

e A (a,b)-module FE is regular when it may be embedded in a simple pole
(a,b)-module. In this case there is a minimal such embedding which is the
inclusion of E in its saturation E* by b~'.a. The Bernstein polynomial
of a regular (a,b)-module is, by definition, the Bernstein polynomial of its
saturation E*

e A regular (a,b)-module F is called geometric when all roots of its Bernstein
polynomial are rational and strictly negative.

Note that the formal completion in b of the Brieskorn module of a function with
an isolated singularity is a geometric (a,b)-module. The last section of this article
shows that this structure appears in a rather systematic way in the study of the
Gauss-Manin connection of a proper holomorphic function on a complex manifold.

Definition 1.1.3 A submodule F in E is normal when FNb.E =0b.F.



For any sub-module F' of a (a,b)-module E there exists a minimal normal sub-
module F of E containing F. We shall call it the normalization of F. It
is easy to see that [ is the pull-back by the quotient map E — E/F of the
b—torsion of E/F

When F' is normal the quotient FE / F is again a (a,b)-module. Note that a sub-
module of a regular (resp. geometric) (a,b)-module is regular (resp. geometric) and
when F is normal E/F is also regular (resp. geometric).

Lemma 1.1.4 Let E be a fresco and F be a normal sub-module in E. Then F
is a fresco and also the quotient E/F

PROOF. The only point to prove, as we already know that F and FE / F are geo-
metric (a,b)-modules thanks to [B.09], is the fact that F and E/F are generated
as A—module by one element. This is obvious for E / F, but not for F. We shall
use the theorem 1.1.2 for F / F' to prove that F' is generated by one element. Let
e be a generator of E and let P as in the theorem 1.1.2 which generates the
annihilator ideal of the image of e in F / F. Then P.e isin F. We shall prove
that P.e generates F as a A—module. Let y be an element in F and write
y = u.e where u isin A. As P is, up to an invertible element in C[[5]], a monic
polynomial in a with coefficients in C[[b]], we may write © = Q.P + R where @
and R arein A and R is a polynomial in a with coefficient in C[[b]] of degree
r < deg(P) = rank(E/F). Now, as y isin F, the imagein E/F of w.e is 0,
and this implies that R annihilates the image of e in E/F So R liesin A.P
and so R = 0. Then we have u = Q.P and y = Q.P.e proving our claim. |

In the case of a fresco the Bernstein polynomial is more easy to describe, thanks to
the following proposition proved in [B.09].

Proposition 1.1.5 Soit E = A/AP be a rank k fresco as described in the
previous theorem. The Bernstein polynomial of E s the characteristic polynomial
of —b~l.a acting on Eﬁ/b.Eﬁ. And the Bernstein element Pr of E, which is
the element in A defined by the Bernstein polynomial By of E by the following

formula
Py := (=b)*.Bp(—b"l.a)

is equal to (a — A1.b) ... (a — A\g.b) for any such choice of presentation of E.

As an easy consequence, the k roots of the Bernstein polynomial of E are the
opposite of the numbers A\ +1—k, ..., \x + k — k. So the Bernstein polynomial is
readable on the element P : the initial form of P in (a,b) is the Bernstein element
PE of FE.

REMARK. If we have an exact sequence of (a,b)-modules

0—-F—=F—->G—=0



where E is a fresco, then F' and G are frescos and the Bernstein elements satisfy
the equality Pr = Pp.P; in the algebra A (see [B.09] proposition 3.4.4.). O

EXAMPLE. The A—module Eg\N) is a simple pole (a,b) with rank N + 1. Its
Bernstein polynomial is equal to (x + A\)N*L.

The theme Ao C (") where ¢ = s*1.(Logs)¥ hasrank N+1 and Bernstein
element (a — (A + N).b)(a — (A+ N —1).b)...(a— A.b). Its saturation is Eg\N).

The dual of a regular (a,b)-module is regular, but duality does not preserve the
property of being geometric because duality change the sign of the roots of the
Bernstein polynomial. As duality preserves regularity (see [B.95]), to find again
a geometric (a,b)-module it is sufficient to make the tensor product by a rank 1
(a,b)-module Ejs for § a large enough rational number'. The next lemma states
that this "twist duality” preserves the notion of fresco.

Lemma 1.1.6 Let E be a fresco and let & be a rational number such that E*® Es
is geometric. Then E*® Ejs is a fresco.

The proof is obvious. [

The following definition is useful when we want to consider only the part of asymp-
totic expansions corresponding to prescribe eigenvalues of the monodromy.

Definition 1.1.7 Let A be a subset of QNJ0,1]. We say that a regular (a,b)-
module E is [A]—primitive when all roots of its Bernstein polynomial are in
A+ Z.

The following easy proposition is proved in [B.09]

Proposition 1.1.8 Let E be a regular (a,b)-module and A a subset of QN]0,1].
Then there exists a mazimal submodule Epy in E  which is [A]|—primitive.
Moreover the quotient E/Eyy is a [A°]—primitive (a,b)-module, where we denote

A¢:=Qn]0,1] \ A.

We shall mainly consider the case where A is a single element. Note that the
[A] —primitive part of an (a,b)-module F C EgN) ® V' corresponds to its intersection

with 2N @ V.

1.2 The principal Jordan-Holder sequence.

The classification of rank 1 regular (a,b)-module is very simple : each isomorphy
class is given by a complex number and to A € C corresponds the isomorphy class of

to tensor by FEj is the same that to replace a by a+d.b ; see [B.I] for the general definition
of the tensor product.



By := A/A.(a — \.b). Then Jordan-Hslder sequence for a regular (a,b)-module
E is a sequence
O=FFCFH C---CF.=F

of normal sub-modules such that for each j € [1, k] the quotient F; / F;_; hasrank
1. Then to each J-H. sequence we may associate an ordered sequence of complex
numbers Aq,...,A; such that Fj/Fj,l ~ FEy,.

EXAMPLE. A regular rank 1 (a,b)-module is a fresco if and only if it is isomorphic
to E\ for some X € Q7. All rank 1 frescos are themes. The classification of rank
2 regular (a,b)-modules given in [B.93] gives the list of [A\|—primitive rank 2 frescos
which is the following, where A; > 1 is a rational number :

E=F~A/A(a—.b).(a— (A —1).b) (1)
E~A/A(a—M.b).(1+ab’) ™ (a— (A +p—1).D) (2)

where p € N\ {0} and «a € C.

The themes in this list are these in (1) and these in (2) with « # 0. For a
[A]—primitive fresco in case (2) the number « will be called the parameter of
the rank 2 fresco. By convention we shall define « :=1 in the case (1). O

The following existence result is proved in [B.93]

Proposition 1.2.1 For any reqular (a,b)-module E of rank k there exists a J-H.
sequence. The numbers exp(2im.\;) are independant of the J-H. sequence, up to

permutation. Moreover the number p(E) := Z?Zl A; is also independent of the
choice of the J-H. sequence of E.

EXERCICE. Let E be aregular (a,b)-module and E' C E be a sub-(a,b)-module
with the same rank than F. Show that E’ has finite C —codimension in F given
by

dim¢ E/E" = p(E") — w(E).

hint : make an induction on the rank of FE. O

For a [A]—primitive fresco a more precise result is proved in [B.09]

Proposition 1.2.2 For any J-H. sequence of a rank k [N—primitive fresco E
the numbers X\;+j —k,j € [1,k] are the opposite of the roots (with multiplicities)
of the Bernstein polynomial of E. So, up to a permutation, they are independant
of the choice of the J-H. sequence. Moreover, there always exists a J-H. sequence
such that the associated sequence \; + j 1s non decreasing.

For a [A]—primitive theme the situation is extremely rigid (see [B.09]) :



Proposition 1.2.3 Let E a rank k [N—primitive theme. Then, for each j in
[0, k], there exists an unique normal rank j submodule Fj. The numbers associated
to the unique J-H. sequence satisfy the condition that X\; + j,j € [1,k] is an non
decreasing sequence.

Definition 1.2.4 Let E be a [N—primitive fresco of rank k and let
O:FOCF}CCszE

be a J-H. sequence of E. Then for each j € [1,k] we have Fj/Fj_l ~ F),, where
Ay A are in A+N. We shall say that such a J-H. sequence is principal when
the sequence [1,k] > j— X\j+J is non decreasing.

Proposition 1.2.5 Let E be a [A—primitive fresco. Then its principal J-H.
sequence 1S unique.

We shall prove the uniqueness by induction on the rank k£ of FE.
We begin by the case of rank 2.

Lemma 1.2.6 Let E be a rank 2 [\—primitive fresco and let i, Ay the numbers
corresponding to a principal J-H. sequence of E (so A+ 1< Xy +2). Then the
normal rank 1 submodule of E isomorphic to E), is unique.

PROOF. The case A;+1 = A\y+2 is obvious because then F is a [A]—primitive
theme (see [B.10] corollary 2.1.7). So we may assume that Ay = A\; +p; — 1 with
p1 > 1 and that FE is the quotient FE ~ .[l/fl(a — A1.b).(a — Xa.b)  (see the
classification of rank 2 frescos in 2.2), because the result is clear when FE is a
theme. We shall use the C[[b]]—basis ej,es of E where a is defined by the
relations

((1, — )\2.()).62 = €1 ((1, - )\1.b).61 = 0.

This basis comes from the isomorphism FE =~ .Zl/ A.(a — M\.b).(a — N\y.b) deduced
from the classification of rank 2 frescos with ey, = [1] and e; = (a — A2.b).e3.
Let look for z := U.es + V.e; such that (a — A;.b).x = 0. Then we obtain

b2.UI.€2 -+ U(CL — )\2.()).62 —+ ()\2 — )\1).b.U.€2 —+ b2.v/.€1 =0
which is equivalent to the two equations :
VU 4+ (pr—1).b.U=0 and U+b.V' =0.

The first equation gives U =0 for p; > 2 and U € C for p; = 1. As the second

equation implies U(0) =0, in all cases U =0 and V € C. So the solutions are in
C .e1. [ |

Remark that in the previous lemma, if we assume p; > 1 and F is not a theme,
it may exist infinitely many different normal (rank 1) submodules isomorphic to

E),+1. But then, Ay +2 > A\ + 1. This happens in the following example.
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EXAMPLE. Let E:=A/AP with
P:=(a—A.b).(a — Xa.b)(1 4+ a.tP?) ' (a — A3.b)

where A; > 2 isrational, p; and ps arein N*, o =X A1 +p1— 1, 3=+ pr—1
and « isin C*.
Then using the identity (see the commuting lemma in [B.09])

(a—A1.b).(a—Xob) =U H(a— (N +1).0).U%(a — (\ —1).0).U!

with U =1+ p.b"', p € C*, it is easy to see that the rank 3 fresco E admits the
rank 2 theme T with fundamental invariants (A; — 1, A3) and parameter p.a.
Remark that if we use the previous identity with p =0 (so U = 1), then using
the identity

(a— (A —1).0).(14+ b)) (a— A3.b) =
Vi(a— (A3 +1).0).V2(1+ b)) (a— (M —2)b).V !

where V =14 .02 and [ := (1+ ps/p1).a we see that E contains a normal
rank 2 sub-theme which has fundamental invariants equal to (A + 1, 3+ 1) and
parameter [. O

PROOF OF PROPOSITION 1.2.5. As the result is obvious for k£ = 1, we may assume
k > 2 and the result proved in rank <k —1. Let Fj,j € [1,k] and G;,j € [1,k]
two J-H. principal sequences for E. As the sequences A; +j and p; +j coincide
up to the order and are both non decreasing, they coincide. Now let j, be the first
integer in [1, k] such that Fj;, # Gj,. If jo > 2 applying the induction hypothesis
to E/Fj,_1 gives Fj /Fj_1=Gj,/Fj,-1 andso Fj, =Gy,

So we may assume that jo = 1. Let H be the normalization of F} + G;. As I}
and (G are normal rank 1 and distinct, then H is a rank 2 normal submodule.
It is a [A]—primitive fresco of rank 2 with two normal rank 1 sub-modules which
are isomorphic as A; = py. Moreover the principal J-H. sequence of H begins by
a normal submodule isomorphic to FE),. So the previous lemma implies F; = Gj.
So for any j € [1,k] we have F; =Gj. |

Definition 1.2.7 Let E be a [M—primitive fresco and consider its principal J-H.
sequence Fj,j € [Lk]. Put F;/F;_1 ~ E\, for j € [1,k] (with Fy={0}). We
shall call fundamental invariants of FE the ordered k-tuple (A, ..., \x).

Of course, if we have any J-H. sequence for a [A]—primitive fresco E with rank
1 quotients associated to the rational numbers pq, ..., ug, it is easy to recover the
fundamental invariants of E because the numbers p; + j,7 € [1,k] are the same
than the numbers \; +j up to a permutation. But as the sequence A; + 7 is non
decreasing with 7, it is enough to put the p; 4+ j in the non decreasing order with
J to conclude.
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Let Aq,...,Ax be the fundamental invariants of a [A]—primitive fresco FEj, and
not F(Aq,...,Ag) the set of isomorphism classes of frescos with these fundamental
invariants. The uniqueness of the principal J-H. sequence of a [A]—primitive fresco
allows to define for each (i,7) 1 <i < j <k amap

Gij: Fs s M) = F(Air 0 )

defined by ¢;;([E]) = [Fj/F;-1] where (Fj)nepx is the principal J-H. sequence
of E. This makes sens because any isomorphism ¢ : E! — E? between two
[A] —primitive frescos induces isomorphisms between each term of the corresponding
principal J-H. sequences.

For instance classification of rank 2 [A]—primitive frescos gives (see example before
proposition 1.2.1) for any rational number A; > 1 and p; € N:

for p1=0 F(A, A\ —1)={pt}
for pp >1 oz:.7-"()\1,)\1+p1—1)i>((:

and {pt} is given by the isomorphism class of .Zl/fl(a —A1.b).(a— (A1 —1).b) and
the isomorphism class associated to a~!(z) for z € C in the case p; > 1 is given

by A/A.(a—Ai.b).(1+z.bP) " (a— (A +pi — 1).b).

2 Semi-simplicity.

2.1 Semi-simple regular (a,b)-modules.

Definition 2.1.1 Let E be a regular (a,b)-module. We say that E is semi-
simple if it is a sub-module of a finite direct sum of rank 1 reqular (a,b)-modules.

Note that if F is a sub-module of a regular (a,b)-module it is necessary regular. As
a direct sum of regular (a,b)-modules if regular, our assumption that E is regular
is superfluous.

It is clear from this definition that a sub-module of a semi-simple (a,b)-module is
semi-simple and that a (finite) direct sum of semi-simple (a,b)-modules is again
semi-simple.

REMARK. A rather easy consequence of the classification of rank 2 (a,b)-modules
given in [B.93] is that the rank 2 simple pole (a,b)-modules defined in the C[[b]]—basis
x,y by the relations :

(a—AN+p)b)ox=0""y and (a—N).y=0

for any A € C and any p € N are not semi-simple. We leave the verification of
this point to the reader.

Let us begin by a characterization of the semi-simple (a,b)-modules which have a
simple pole. First we shall prove that a quotient of a semi-simple (a,b)-module is
semi-simple. This will be deduced from the following lemma.
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Lemma 2.1.2 Let E be a (a,b)-module which is direct sum of reqular rank 1
(a,b)-modules, and let F C E be a rank 1 normal sub-module. Then F is a
direct factor of E.

Corollary 2.1.3 If E s a semi-simple reqular (a,b)-module and F a normal
sub-module of E, the quotient E/F is a (reqular) semi-simple (a,b)-module.

PROOF OF THE LEMMA. Let E = @?Zl E), and assume that F ~ E,. Let ¢;
be a standard generator of E), and e a standard generator of FE,. Write

€ = Z Sj(b).@j

Jj=1

and compute (a — p.b).e =0 using the fact that e;,j € [1,k] is a C[[b]]—basis of
E and the relations (a — A;.b).e; = 0 for each j. We obtain for each j € [1,k]
the relation

bS], — (/J — )\J)S] =0.
So,if p—A; isnotin N, we have S; =0. When p = \; +p; with p; e N we
obtain S;(b) = p;.bP7 for some p; € C. As we assume that e is not in b.E, there
exists at least one jy € [1,k] such that p;; =0 and pj, # 0. Then it is clear that
we have

E=F& (&, Ex)

concluding the proof. ]

PROOF OF THE COROLLARY. We argue by induction on the rank of F. In the
rank 1 case, we have ' C E C &£ := @;?:1 E,,;. Let F' the normalization of F
in @%_, Ej,. Then the lemma shows that there exists a jo € [1,k] such that

£=F®®jzE),.

Then, as FNE = F, the quotient map & — E/F ~ @z, F),; induces an injection
of E/F in a direct sum of regular rank 1 (a,b)-modules. So E/F is semi-simple.
Assume now that the result is proved for F with rank < d — 1 and assume that
F has rank d. Then using a rank 1 normal sub-module G in F, we obtain that
F / G is a normal rank d — 1 sub-module of F / G. Using the rank 1 case we
know that F / G is semi-simple, and the induction hypothesis gives that

E/F = (E/G)/(F/G)

is semi-simple. |

Proposition 2.1.4 Let E be a simple pole semi-simple (a,b)-module. Then E is
a direct sum of reqular rank 1 (a,b)-modules.

12



PROOF. We shall prove the proposition by induction on the rank k£ of E. As the
rank 1 case is obvious, assume the proposition proved for k£ — 1 and that FE is
a simple pole rank %k > 2 semi-simple (a,b)-module. From the existence of J-H.
sequence, we may find an exact sequence

0—F—>F—FE —0

where F' has rank k — 1. By definition F' is semi-simple, but it also has a simple
pole because a.F C a.E C b.F implies that a.FF C FNbE = b.F as F is
normal in E. So by the induction hypothesis F' is a direct sum of regular rank 1
(a,b)-modules.

Let e € E such that its image in FE) is e, a standard generator of FE) satisfying
a,ey = A.b.ey. Then we have (a— A.b).e € F. We shall first look at the case k = 2.
So F' isarank 1 and we have F' ~ F, for some p € C. Let e, be a standard
generator in F' and put

(a—Ab).e =5(b).e,.

Our simple pole assumption on E implies S(0) =0 and we may write

S(b) = b.5(b). We look for T € C[[b]] such that e:=e+T(b).c, satisfies
(a — A.b).e = 0.

If such a T exists, then we would have E = E,, ® E, where E) is the submodule
generated by ¢, because it is clear that we have E = F@®CJ[b]].e as a C[[b]]—module.
To find T we have to solve in C[[b]] the differential equation

b.5(b) + (1 — \).b.T(b) + 2.1 (b) = 0.

If A — p is not a non negative integer, such a T' exists and is unique. But when
A=p+p with p € N, the solution exists if and only if the coefficient of b in S
is zero. If it is not the case, define T as the solution of the differential equation

S(b) — a.t? +b.T'(b) — p.T(b) = 0

where « is the coefficient of 7 in S and where we choose T by asking that it
has no b term. Then e; :=e+T(b).ey_, satisfies

(a— (A —p).b)e = abes,.

Then, after changing A—p in A and ey_, in a.ey_,, we recognize one of the rank
2 modules which appears in the previous remark and which is not semi-simple. So
we have a contradiction. This concludes the rank 2 case.

Now consider the case k£ > 3 and using the induction hypothesis write

F~a' | E,

j=1

13



and denote e; a standard generator for £, . Write

N

(@ — A.b).e = 7 S;(b).e;.

1

<.
Il

The simple pole assumption again gives S;(0) = 0 for each j; now we look for
Ti,...,Tp—y in C[[b]] such that, defining ¢ :=e + Zf;ll T;(b).ej, we have

(a — A.b).e = 0.

For each j this leads to the differential equation

b.5;(b) + (1; — \)-b.T;(b) + 2. T2(b) = 0

where we put  S;(b) = b.9;(b). We are back, for each given j € [1,k — 1], to the
previous problem in the rank 2 case. So if for each j € [1,k—1] we have a solution
T; € C[[b]] it is easy to conclude that

EcC FoC[e~FaE,.

If for some j, there is no solution, the coefficient of »° in gjo does not vanish and
then the image of E in F / ©jzjo By, is arank 2 not semi-simple (a,b)-module.
This contradicts the corollary 2.1.3 and concludes the proof. |

REMARK. Let E be asemi-simple rank & (a,b)-module and let E* its saturation
by b l.a, then E* is semi-simple because there exists N € N with an inclusion
Et c bN.E. Also E’ its maximal simple pole sub-module is semi-simple. Then
we have

E’ ~@l_| Ey4q, CECE' '~ %, E),

where di,...,d; are non negative integers.

Corollary 2.1.5 Let E be a semi-simple (a,b)-module. Then its dual E* is
semi-simple.

PROOF. For a regular (a,b)-module E we have (E")* = (E*)*. But the dual
of E) is E_, and the duality commutes with direct sums. So we conclude that

E* C (E)* and so E* is a semi-simple. [

REMARK. The tensor product of two semi-simple (a,b)-modules is semi-simple as
a consequence of the fact that E)\ ® E, = F\,,.

14



2.2 The semi-simple filtration.

Definition 2.2.1 Let E be a regular (a,b)-module and x an element in E. We
shall say that x is semi-simple if A.x is a semi-simple (a,b)-module.

It is clear that any element in a semi-simple (a,b)-module is semi-simple. The next
lemma shows that the converse is true.

Lemma 2.2.2 Let E be a regular (a,b)-module such that any x € E is semi-
simple. Then FE is semi-simple.

PROOF. Let ey,...,e; bea C[[b]]—basis of E. Then each A.e; is semi-simple,
and the map GB?:IA.ej — F is surjective. So FE is semi-simple thanks to the
corollary 2.1.3 and the comment following the definition 2.1.1. ]

Lemma 2.2.3 Let E be a reqular (a,b)-module. The subset Si(F) of semi-simple
elements in E s a normal submodule in E.

PROOF. As adirect sum and quotient of semi-simple (a,b)-modules are semi-simple,
it is clear that for x and y semi-simple the sum A.x + A.y is semi-simple. So
x +y is semi-simple. This implies that S1(£) is a submodule of E. If bz is in

S1(E), then A.b.z is semi-simple. Then A.x ~ Abx® E_; is also semi-simple,
and so S1(E) is normal in FE. [

Definition 2.2.4 Let E be a regular (a,b)-module. Then the submodule S,(FE)
of semi-simple elements in E will be called the semi-simple part of FE.

Defining S;(E) as the pull-back on E  of the semi-simple part of E/S;_1(E)
for j > 1 with the initial condition Syo(E) = {0}, we define a sequence of normal
submodules in E such that S;(E)/S;_1(E) = Si(E/S;_1(E). We shall call it the
semi-simple filtration of E. The smallest integer d such we have Sy(E)=FE
will be called the semi-simple depth of E and we shall denote it d(F).

REMARKS.

i) As Si(F) is the maximal semi-simple sub-module of E it contains any rank
1 sub-module of E. So Si(E) ={0} happens if and only if E = {0}.

ii) Then the ss-filtration of E is strictly increasing for 0 < j < d(E).

iii) It is easy to see that for any submodule F' in E we have S;(F) = S;(E)NF.
So S;(E) is the subset of x € E such that d(z) :=d(Az) <j and d(E)
is the supremum of d(z) for = € E. O
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Lemma 2.2.5 Let 0 - F — E — G — 0 be an exact sequence of reqular (a,b)-
modules such that F and G are semi-simple and such that for any roots A, of
the Bernstein polynomial of F and G respectively we have N\ — u & Z. Then E
1s semi-simple.

PROOF. By an easy induction we may assume that F' isrank 1 and also that G
is rank 1. Then the conclusion follows from the classification of the rank 2 regular

(a,b)-module. [

APPLICATION. A regular (a,b)-module E is semi-simple if and only if for each
A € C its primitive part FE[A] is semi-simple.

The following easy facts are left as exercices for the reader.

1. Let 0 = F — F — G — 0 be ashort exact sequence of regular (a,b)-modules.
Then we have the inequalities

sup{d(F), d(G)} < d(E) < d(F) + d(G).

2. Let E C E&N) ®V be a sub-module where V is a finite dimensional complex
space. Then for each j € [1, N + 1] we have

S/(E)=En (E(j_l) ® V) .

3. In the same situation as above, the minimal N for such an embedding of a
geometric [A]—primitive E is equal to d(F) — 1.

4. In the same situation as above, the equality Si(E) = E N Eg\o) ® V' implies
rank(S1(E)) < dimc V. It is easy to see that any [A\]—primitive semi-simple
geometric (a,b)-module F may be embedded in EE\O) ® V for some V of
dimension rank(F'). But it is also easy to prove that when F = S;(E) with
E as above, such an embedding may be extended to an embedding of E into
WD gV, O

2.3 Semi-simple frescos.

We begin by a simple remark : A [A\]—primitive theme is semi-simple if and only if
it has rank < 1. This is an easy consequence of the fact that the saturation of a
rank 2 [A\|—primitive theme is one of the rank 2 (a,b)-modules considered in the
remark following the definition 2.1.1 which are not semi-simple

Lemma 2.3.1 A geometric (a,b)-module E is semi-simple if and only if any

quotient of E which is a [N—primitive theme for some [)\] € Q/Z 1s of rank
<1.
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PROOF. The condition is clearly necessary as a quotient of a semi-simple (a,b)-
module is semi-simple (see corollary 2.1.3), thanks to the remark above. Using the
application of the lemma 2.2.5, it is enough to consider the case of a [A\]—primitive
fresco to prove that the condition is sufficient. Let ¢ : E — EE\N) ® V  be an
embedding of E which exists thanks to the embedding theorem 4.2.1. of [B.09],
we obtain that each component of this map in a basis vy,...v, of V has rank
at most 1 as its image is a [A]—primitive theme. Then each of these images is
isomorphic to some FEy;, for some integer ¢. So we have in fact an embedding of
E in a direct sum of FE)y,, and E is semi-simple. [

REMARK. The preceeding proof shows that a fresco is a non zero [A]—primitive

theme for some [\ € Q/Z if and only if S;(E) has rank 1. O
Lemma 2.3.2 Let E be a semi-simple fresco with rank k and let Ai,..., A\
be the numbers associated to a J-H. sequence of E. Let pq,...,ur be a twisted
permutation® of Ai,...,\y. Then there exists a J-H. sequence for E with quotients
corresponding to fiy, ..., fj-

PRrROOF. As the symetric group &), is generated by the transpositions t; ;4 for
J € [1, k—1], it is enough to show that, if F has a J-H. sequence with quotients given
by the numbers Aq,..., A\g, then there exists a J-H. sequence for E with quotients
)\1, ceey )\j—la )‘j-l-l + ]_, )‘j — 1, )‘j+27 Ceey )\k for j S [1, k — 1] But G := j+1/F’j—1
is a rank 2 sub-quotient of F with an exact sequence

0—E\, >G— Ey\,, —0.

As G is a rank 2 semi-simple fresco, it admits also an exact sequence
0—+G —G—G/G—0

with G ~ Ex\ i1 and G/G1 ~ Fy, 1. Let q: Fjy — G be the quotient map.
Now the J-H. sequence for FE given by

Flu"wF’jth_l(Gl)uFj+17"'7Fk =F
satisfies our requirement. |

Proposition 2.3.3 Let E be a [N—primitive fresco. A necessary and sufficient
condition in order that FE is semi-simple 1s that it admits a J-H. sequence with
quotient corresponding to pi1, ..., such that the sequence p; + j is strictly
decreasing.

2This means that the sequence pu; + j,7 € [1,k] is a permutation (in the usual sens) of
Aj+J.7 €Lk
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REMARKS.

1. As a fresco is semi-simple if and only if for each [A] its [A]—primitive part is
semi-simple, this proposition gives also a criterium to semi-simplicity for any
fresco.

2. This criterium is a very efficient tool to produce easily examples of semi-simple
frescos.

PrROOF. Remark first that if we have, for a [A]—primitive fresco FE, a J-H. se-
quence Fj,j € [1,k] such that \; +j = Aj;1+j+1 for some j € [1,k— 1],
then Fj/Fj_; is a sub-quotient of E which is a [A]—primitive theme of rank
2. So E is not semi-simple. As a consequence, when a [A]—primitive fresco E is
semi-simple the principal J-H. sequence corresponds to a strictly increasing sequence
Aj 4+ j. Now, thanks to the previous lemma we may find a J-H. sequence for £
corresponding to the strictly decreasing order for the sequence A; + j.

No let us prove the converse. We shall use the following lemma.

Lemma 2.3.4 Let F be a rank k semi-simple [N—primitive fresco and let
Aj+ 7 the strictly increasing sequence corresponding to its principal J-H. sequence.
Let € [A] such that 0 < p+k < A\ +1. Then any fresco E in an exact sequence

0O—-F—-FE—E,—0

is semi-simple (and [\|—primitive).

PRrROOF. The case k =1 is obvious, so assume that £ > 2 and that we have a
rank 2 quotient ¢ : E — T where T is a [A|—primitive theme. Then Ker¢ NF
is a normal submodule of F of rank k—2 or k—3 (for k> 3). If Kerp NF
is of rank £ — 3, the rank of F/(Kerap NF) is 2 and it injects in T via . So
F / (KerpNF) isarank 2 [A—primitive theme. As it is semi-simple, because F
is semi-simple, we get a contradiction.

So the rank of F/(Ker¢ NF) is 1 and we have an exact sequence

0— F/(Kero NF)—T— E/F —0.

Put F/(Kerp NF)~ F(T) ~ E,. Because T isa [A]—primitive theme, we have
the inequality v 4+ 1 < u + 2. Looking at a J-H. sequence of E ending by

o CKerpnNF Cop ' (B(T)CE

we see that v+k—1 isintheset {\;+7j,j € [1,k]} andas A\;+1 is the infimum
of this set we obtain A; +1 <+ k contradicting our assumption. |
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END OF PROOF OF THE PROPOSITION 2.3.3. Now we shall prove by induction on
the rank of a [\|—primitive fresco E that if it admits a J-H. sequence corresponding
to a strictly decreasing sequence p; + j, it is semi-simple. As the result is obvious
in rank 1, we may assume k > 1 and the result proved for k. Solet E be a fresco
of rank k+1 andlet Fj,j € [l,k+1] a J-H. sequence for E corresponding to
the strictly decreasing sequence p; + j,j € [1,k+1]. Put Fj/Fj_y ~ E,, for all
j € [1,k+ 1], define F := F, and pu:= pgyq; then the induction hypothesis gives
that [F' is semi-simple and we apply the previous lemma to conclude. |

The following interesting corollary is an obvious consequence of the previous propo-
sition.

Corollary 2.3.5 Let E be a fresco and let A\i,..., A\, be the numbers associated
to any J-H. sequence of E. Let uq,...,uq be the numbers associated to any J-H.
sequence of S1(E). Then, for j € [1,k], there exists a rank 1 normal submodule of
E isomorphic to Ejx,yj—1 if and only if there exists i € [1,d] such that we have

Of course, this gives the list of all isomorphy classes of rank 1 normal submodules
contained in FE. So, using shifted duality, we get also the list of all isomorphy
classes of rank 1 quotients of FE. It is interesting to note that this is also the list
of the possible initial exponents for maximal logarithmic terms which appear in the
asymtotic expansion of a given relative de Rham cohomology class after integration
on any vanishing cycle in the spectral subspace of the monodromy associated to the
eigenvalue exp(2im.\).

3 A criterion for semi-simplicity.

3.1 Polynomial dependance.
All C —algebras have a unit.
When we consider a sequence of algebraically independent variables p := (p;)ien We

shall denote by C[p] the C —algebra generated by these variables. Then C|p][[?]]
will be the commutative C —algebra of formal power series

> Pp)b”

v=0

where P,(p) is an element in C[p] so a polynomial in py,..., pnw) where N(v)
is an integer depending on v. So each coefficient in the formal power serie in b
depends only on a finite number of the variables p;.
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Definition 3.1.1 Let E be a (a,b)-module and let e(p) be a family of elements
in E depending on a family of variables (p;)ien. We say that e(p) depends
polynomially on p if there exists a fized C[[b]]—basis eq,...,ex of E such
that

() =Y Silp)e;

where S; is for each j € [1,k] an element in the algebra C[p][[b]].

REMARKS.

1. Tt is important to remark that when e(p) depends polynomially of p, then
a.e(p) also. Then for any u € A, again u.e(p) depends polynomially on p.

2. It is easy to see that we obtain an equivalent condition on the family e(p) by
asking that the coefficient of e(p) are in C[p][[b]] in a C[[b]]—basis of FE
whose elements depend polynomially of p.

3. The invertible elements in the algebra C[p][[b]] are exactly those elements
with a constant term in b invertible in the algebra Clp|. As we assume that
the variables (p);en are algebraically independent, the invertible elements are
those with a constant term in b in C*. UJ

Proposition 3.1.2 Let E be a rank k [A—primitive fresco and let A\q,..., \g
its fundamental invariants. Let e(p) be a family of generators of E depending

polynomially on a family of algebraically independant variables (p;)ien. Then there
exists Si,..., 5 in Clp|[[b]] such that S;(p)[0] =1 for each j € [1,k] and such
that the annihilator of e(p) in E is generated by the element of A

P(p) :=(a—M.b).S1(p) ... Se_1(p) " (@ — Ae.b).Sk(p)

PrRoOOF. The key result to prove this proposition is the rank 1 case. In this case
we may consider a standard generator e; of E which is a C[[b]]—basis of E and
satisfies

(@ — A.b).ey = 0.

Then, by definition, we may write

e(p) = Si(p)-ex

where S; isin C[p][[b] is invertible in this algebra, so has a constant term in C*.
Up to normalizing e;, we may assume that Si(p)[0] =1 and then define

P(p) := (a — \.b).S1(p) "
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It clearly generates the annihilator of e(p) for each p.

Assume now that the result is already proved for the rank & — 1 > 1. Then con-
sider the family [e(p)] in the quotient FE/Fj,_; where F,_; is the rank k —1
sub-module of E in its principal J-H. sequence. Remark first that [e(p)] is a
family of generators of E / F. 1 which depends polynomially on p. This is a trivial
consequence of the fact that we may choose a C[[b]]—basis ej,...,e; in E such
that eq,...,ex_1 isa C[[b]] basis of Fy_; and e; maps to a standard generator
of E/F,_1 ~ E,,. Then the rank 1 case gives Sj, € Clp][[b]] with Si(p)[0] =1
and such that (a — \g.b).S(p) t.e(p) isin Fj_; for each p. But then it is a
family of generators of Fj_; which depends polynomially on p and the inductive
assumption allows to conclude. |

Fix now the fundamental invariants i, ..., Ay for a [A\]—primitive fresco.

Definition 3.1.3 Consider now a complex valued function f defined on a subset
Fo of the isomorphism classes F(Ai,...,\) of [N—primitive frescos with fun-
damental invariants Aq, ..., A\p. We shall say that f depends polynomially on
the isomorphism class [E] € Fy of the fresco E if the following condition is
satisfied :

Let s be the collection of algebraically independant variables corresponding to
the non constant coefficients of k élements Si,..., Sy in CI[b]] satisfying
Sj(0) =1 Vje€[l,k] and consider for each value of s the rank k [N—primitive
fresco E(s) := A/AP(S) where

P(s):= (a — A.b)S1(s) ™" ... (@ — M\p.b).Sk(s)™?

where S1(s),...,Sk(s) correspond to the given values for s.
Then there exists a polynomial F € C[s| such that for each value of s such that
[E(s)] isin Fy, the value of F(s) is equal to f([E(s)]).

EXAMPLE. Let (s;)ien+ a family of algebraically independant variables and let
S(s) = 1+32, s:.b" € C[s][[b]]. Define E(s) := A/ A.(a—A1.b).S(s)[b] *.(a—A2.b)
where A; > 1 isrational and Ay := Ay +p; —1 with p; € N*. Define a(s) :=s,,.
Then the number «a(s) depends only of the isomorphism class of the fresco E(s)
and defines a function on F (A1, A2) which depends polynomially on [E] € F(A1, A\2).
U

3.2 The a—invariant.

The first proposition will be the induction step in the construction of the a—invariant.

Proposition 3.2.1 Fixz k > 2. Denote Fo(A1,..., ) the subset of F(A1,..., )
of isomorphism class of rank k [N|—primitive fresco E with invariants Ay, ..., \g
such that Fj_1 and E/F1 are semi-simple where (F})jenx s the principal J-H.
sequence of F.

We assume that, for k>3 we have :
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o for rank < k — 1 frescos the « invariant is defined on the corresponding
subset Fo;

e for [E] € Fy the number «o(F) is zero if and only if E is semi-simple
e and that [E]— a(E) depends polynomially of [E] € Fo.

Fix E with [E] in Fo(Ai,..., ). Let e be a generator of E such that
(a—A—1.b).(a— Ng.b).e liesin Fy_o. Then the sub-module Gy_1 of E generated
by (a — (MAg—1 — 1).b).e is a normal rank k — 1 sub-module of E which is
in Fo(Ay ..oy Ao, \e + 1) and a(Gi_1) is independant of the choice of such a
generator e. Moreover, it defines a polynomial function on Fo(A1, ..., \g).

Proor. We shall prove first that if e is a generator of e such that
(a—Ag—1.b).(a— Ag.b).e liesin Fj_o then Gy := ./I.(a— (Mg—1—1).b.e is a normal
rank k—1 sub-module of E such that [Gy_1] belongs to Fo(A1,. .., Ag_2, \g+1).
Using the identity in A :

(@ — Ae—1.0).(a — A\p.b) = (@ — (Mg + 1).0).(a — (M1 — 1).0)
we see that (Gj_; contains Fj_o, that Gk_l/Fk_Q ~ F),+1 and Gj_; admits
L cCc---CF,9CGL

as principal J-H. sequence. Then the fundamental invariants for Gj_; are equal to
A, ...y Ag—2, A\p + 1, and the corank 1 term Fj_o is semi-simple. As Gk,l/Fl is
a sub-module of E / F} it is semi-simple and we have proved that

[Gk_1] S fo()\l, ey Ap—2, A 1).

CramM. If ¢ is another generator of E such that (a — A\,_1.0).(a — A\g.b).c isin
F._> we have
e =pe+ ot (a— N\.b).e modulo Fj_o

where (p,0) isin C* xC.
Write € = U.ep + Viep—1 modulo Fy_5 where ¢ :=¢ and e;_1 := (a — A\.b).e
and where U,V arein C][b]]. Now

(@ —Mp.b).e =020 ep + Uy + (Moot — M).b.Vier_1 + 02V .ex_1 modulo Fy_,

and, as (a — A\y_1.0).0*>.U’e}, € Fy,_1 implies U’ =0, we have U = p € C*, and we
obtain

(a—Mpb)e=[p+ 0>V — (pp—1 — 1).b.V] .ex-1  modulo Fj_o.
If T:=p+0?V' —(pe1—1).bV we have

(@ — Ag_1.b).(a — \p.b).e = b*.T".e,_; modulo Fj_,
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and so T is a constant and equal to p. Then V = g.bP*-1~1 for some complex
number ¢ and our claim is proved.

For 7 € C define
e(T) i=ep + TP ey

and let
;;71 = A(CL — ()\k,1 — 1)b)<€k -+ T.bpk*lil.ekfl) = A(CL - <)\k71 — 1)b)8<7’)

Remark also that for any choice of e such that (a—Ag_1.b).(a — Ap.b).c isin Fj_o
the sub-module genrated by ¢ is equal to GJ_; for some 7€ C.

The generator (a—(Ap+1).b).(a—(Ag—1—1).b).c(7) of Fy_o depends polynomially
on 7. Then the proposition 3.1.2 gives Q(7) depending polynomially on 7 which
annihilates for each 7 this generator. Then Q(7).(a — (Ax + 1).b) annihilates the
generator (a — (Ag—1 — 1).b).e(7) of G}_;. Remark now that for any 7 € C the
fresco G}_; has its principal J-H. sequence given by Fy C --- C Fy_o C GJ_;. So
Gl / F; and Fj_5 are semi-simple, and by our induction hypothesis, the number
a(Gj_,) is well defined and 7 — a(G},_,) is a polynomial in 7.

The key point will be now to show that either «(GJ_;) is identically zero or it
never vanishes. This will prove that this number is independant of 7 concluding
the proof.

But if for some 7 € C we have «(G7) = 0, then G7 is semi-simple. Now the
sub-module Fj_y + G}_; has rank k and is semi-simple. So its normalization
is also semi-simple. But this normalization is FE. So any sub-module of F is
semi-simple and we have «(G}_,) =0 for any 7.

This also shows that when «(Gj_;) # 0 for some 7 then it is not zero for any
choice of 7. Now a polynomial never vanishing is a constant, and this implies that
we may define «a(F) := a(Gf_,;) for any value of 7.

To conclude the proof we have to show that, with this definition, the number «(F)
depends polynomially on FE. For that purpose it is enough, thanks to the previous
computation, to produce a polynomial function F € Cl[s| such that for each s
with E(s) € Fo(A1,..., ) we have F(s) = a([E(s)].

The first remark is that we may assume that Sp = 1. Then, thanks to the previous
computation and the induction on the rank, it is enough to show that we may also
reduce to the case where S,_; =1 because in this case we have

a(Els]) = a([Gr-1(s)])
where
Gro1(s) = A/ A(a = Ai.b).Si(s) 7" ... Spoa(s)(a — (Mg + 1).0).

Denote si ,,i € N* the variables associated to the non constant coefficients of
Sk_1. Looking to a generator of the form

€ =e,+ X.ep_1
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with X € Clsg_1][[b]] such that (a — Ap_1.b).(a — A\p.b).€ isin Fj_o this leads to
the equation

b2.XI — (pk,1 — 1)bX =1- Skfl(S)

which has an unique solution X € Cls,_i][[b]] without term in P11 as we
assume FE(s)/Fi(s) semi-simple, hypothesis which implies that Sj_; hasno bP+-1
term. With this generator é we have (a—A,_1.0).(a —Agz.b).€ which is a generator
of F}_5 which depends polynomially on si ;. Now we may consider Fj o as a
fix fresco (so we fix the coefficients in Sy, ..., Sy_o and apply the proposition 3.1.2
to obtain a Q(s) := (a — A\1.0).51(s)™ ... (a — A\p_2.b).Sk_2(s)™' which annihilates
(a—Ag—1.b).(a—A.b).€¢ in E(s) and depends polynomially on s. We may conclude
by the induction assumption because we know that we have

a([E(s)]) = a([Gr-a(s)])

where Gj_1(s) = A.(a — Ap_1 — 1).b).é(s) and because we know that the generator
(s

(a — Ag—1 —1).b).€(s) is annihilated by Q(s).(a — (At + 1).b) which depends poly-
nomially on s. u
Theorem 3.2.2 Let A\q,..., Ny be the fundamental invariants of a rank k [\]—primitive

fresco such that p; > 1 for each j € [1,k—1], and let Fo(A,...,\p) the subset
of F(A,...,\x) of isomorphism classes of E satisfying the condition that Fy_,
and E/F1 are semi-simple, where (F})jcnx s the principal J-H. sequence of E.
Then there exists a unique polynomial function

Oéifo()\l,...,)\k) — C
with the following properties :
i) o[E]) =0 if and only if E is semi-simple.

i) When E has a generator e such that (a — Ag_1.b).(a — A\p.b).e isin Fy o,
we have o(F) = a(Gg-1) where Gi_1:= A.(a — N\p—1 — 1).b).c.

iii) When E ~ A/A.(a—Ai.b).(1+z.bP) " (a — Ao.b) then of[E]) = x.

PROOF. We define « for the rank 2 case as the coefficient of b in S; in
any standard presentation F ~ A/A(a —A1.b).S7 . (a— Ay.b). This is given by the
easy computation which gives the rank 2 classification for [A|—primitive frescos,
and fulfills condition iii). Then thanks to the previous proposition we may define
a(E) for any rank k >3 [A]—primitive fresco E such that Fy_; and E / F, are
semi-simple via condition ii). The condition i) and the fact that « is a polynomial
function are proved in the induction step given by the proposition. ]
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Let me give in rank 3 a polynomial F' € C[s| such that we have F(s) = a([E(s)])
for those s for which E(s) isin Fo(A1, Ao, A3).

Assume p; > 1 and p, > 1. Then the necessary and sufficient condition to be in
.Fo()\l, )\2, )\3) is 811)1 = 85)2 =0.

Lemma 3.2.3 Let E = A/A(a— Ai.b).S7 .(a — X\a2.b).S3".(a — A3.b)  such that
511,1 = 512,2 = 0; the complex number «(FE) is the coefficient of WPz in p,. V.S,

for j=1,2 where V € C|[[b]] is a solution of the differential equation
b.V/ == pQ(V — SQ)
The proof is left to the reader as an exercice.

This gives the following formula for F' :

p1tp2 2
F(s) = ol %
= P2- p1+p2—j'p2_j'
J#p2,j=0

Remark that for Sy =1 we find that F(s) reduces to s, ., . Using the commu-
tation relation (a — A2.b).(a — A3.b) = (@ — (A3 + 1).b).(a — (A\y — 1).b) we find in
this case that F(s) has a normal rank 2 sub-module with fundamental invariants
A1, A3+ 1 and parameter s, . which is precisely a(E(s)).

CONSEQUENCE. If we have rank 4 [A|—primitive fresco E with its principal J-H.
sequence such that Fjii/F;_; is semi-simple for j € [1, 3], we may look inductively
to «(F3). If it is zero then we may look at «(E/F}), and if it is zero we may look
at «(F). If this is zero then FE is semi-simple, and so, the inductive vanishing
of all a—invariants of sub-quotients of the principal J-H. sequence give a necessary
and sufficient condition for semi-simplicity of FE.

This easily extends to any rank &k [A]—primitive fresco. O

Now we shall show that in the previous situation when the a—invariant of E' is not
zero it is the parameter of any normal rank 2 sub-theme of E. Although such a rank
2 normal sub-theme is not unique (in general), its isomorphism class is uniquely
determined from the fundamental invariants of E and from the a—invariant of FE.

Proposition 3.2.4 Let E be a rank k > 2 [N—primitive fresco such that Fj_4
and E/F1 are semi-simple and with «(E) # 0. Note \i,...,\p the fundamental
invariants of E and p(E) := Zf: pj. Then there exists at least one rank 2
normal sub-theme in E and each rank 2 mnormal sub-theme of E is isomorphic
to

AJA(a = M.b).(1+ a(E).bPP) T (a— (A + k — 2).b). (@)

25



PROOF. The case k = 2 is clear, so we may assume that £ > 3 and we shall
prove the proposition by induction on k. So assume that the proposition is knwon
for the rank £ —1>2 andlet F be arank k [A—primitive fresco satisfying our
assumptions. The fact that there exists a rank 2 normal sub-theme is consequence
of the induction hypothesis as G7 for any 7 € C is normal rank £—1 in F and
satisfies again our assumptions.

Recall that the fundamental invariants of G7 are pu,...,ug—1 with p; = A; for
j€l,k—2] and pg_1 = A\ + 1. We have also a(G") = a(E) for each 7, thanks
to the proof of the theorem 3.2.2. As we have p(G7) = p(E) for each 7, and
pr—1 = p1 + p(E) — 1 the inductive hypothesis implies that any rank 2 normal
sub-theme of any G7 is isomorphic to (@). Then, to complete the proof, it is
enough to show that any rank 2 normal sub-theme of E is contained in some G7.

Let T be a rank 2 mnormal sub-theme of FE. We shall first prove that its
fundamental invariants are equal to A, A\ + k —2. As F / F}  is semi-simple, the
image of T by the quotient map E — F / [y has rank 1 and this implies that
FyNT is arank 1 normal sub-module. Then this implies that Fj is the unique
normal rank 1 submodule of T, proving that A;(7) = A;. We shall prove now
that )\2<T) = )\k +k—2.

First remark that the uniqueness of the principal J-H. sequence of FE implies the
uniqueness of the quotient map F — F / Fy_1 ~ I, because any surjective map
q: F — E,, will produce principal a J-H. sequence for E by adjoining a principal
J-H. sequence for Kerq. So a quotient E/H admits a surjective map on F), if
(and only if) H C Fy_;. So H has to be semi-simple. Then the quotient E/T
has no surjective map on FE), .

The exact sequence of frescos

0—-T/FL—E/F - E/T—0

gives the equality in A :
PT/FI.PE/T = PE/F1 = (a— A2.b)...(a — Ag.D).

But as F / T is semi-simple and does not has a quotient isomorphic to E), this
implies T/F1 ~ FE), +k—2, Proving our claim.

So T is isomorphic to fl/fl(a —A1.b).(1+B.PEN (g — (A, + k —2).b) for some
BeC*. Let x €T be a generator of T which is annihilated by

(@ — A.b).(1+ BPENTL (0 — (A + &k — 2).b).

It satisfies
(a—<)\k—|—]€—2)b>l’€F1 CFk,Q. (*)
We shall determine all x € E' which satisfies the condition (%) modulo Fj_o. Fix

a generator e := ¢, of E such that ey ; := (a — A\p.b).ex isin Fj_; and satisfies
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(@ — Ag_1.b).ex_1 € Fx_o. Then we look for U,V € C[[b]] such that
x:=Ue,+ Viep_y satisfies (a— (A +k—2).0).x € Fy_o.
This leads to the equations

bU — (k—2).0.U =0
U _'_ b2.V/ — (pk,I + l{} — 3)V = 0
and so we get
U=pb" 2 and V= Py + g.ppe-1th=3
Pr—1

Note that for p = 0 we would have x € Fj_; and this is not possible for the
generator of a rank 2 theme as Fj_; is semi-simple. Then assuming p # 0 we
may write

p'bka

Prk—1

Pr—1-0

T = |\ pe_1.b.ep +ep_1+ BPEY e modulo Fj_,.

Now recall that the generator of G, is given by
(@ — (A1 — 1).b).e(7)
where (1) = e, + 7.0P171.¢;,_;. A simple computation gives
(@ — (Ag—1 — 1).0).e(1) = pr_1.b.ex + ex_1 + pr_1.7.0P*1.exp_1 modulo F_s.

As we know that each G, contains F)_s, we conclude that any such z isin G,
for 7= a/p, concluding the proof. [
Using duality we may deduce from this result the following corollary.

Corollary 3.2.5 In the situation of the previous proposition E as a rank 2 quo-
tient theme and any such rank 2 quotient theme is isomorphic to

AJA(a— (N — K +2).b).(1+ BE).PFN " (a— M\.b)

where

gk Pr(pitpe) (it pra)
)= Pr1-(Pr—2 +pr-1) .- (p2+ .. .pk,l)a E

The proof is left as an exercice for the reader who may use the following remark.

REMARK. Let E bearank 2 [\ —primitive theme with fundamental invariants
A1, A2 and parameter «(FE). For 6 e N, > 1 E*® Es isa 2 [l — A]—primitive
theme with fundamental invariants (6 — Ay, 0 — Ay and parameter —«(F).

Then in the situation of the proposition 3.2.4 E* ® Es,0 > 1 satisfies again our
assumptions and we have o(E* ® Ej) = 5(F).
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4 The existence theorem for frescos.

The aim of this section is to prove the the following existence theorem for the fresco
associated to a relative de Rham cohomology class :

Theorem 4.0.6 Let X be a connected complexr manifold of dimension n+1 where
n is a natural integer, and let f : X — D be an non constant proper holomorphic
function on an open disc D in C with center 0. Let us assume that df s
nowhere vanishing outside of Xg := f~1(0).

Let w be a € — (p+ 1)—differential form on X such that dw =0 = df A\ w.
Denote by E the geometric A—module HPY(X,(K*,d*)) and [w] the image of
w in E/B(E). Then A [w] C E/B(E) s a fresco.

Note that this result is an obvious consequence of the finiteness theorem 4.3.4 that
we shall prove below. It gives the fact that F is naturally an A—module which
is of finite type over the subalgebra C[[b]] of A, and so its b—torsion B(E) is a
finite dimensional C —vector space. Moreover, the finiteness theorem asserts that
E/B(E) is a geometric (a,b)-module.

4.1 Preliminaries.

Here we shall complete and precise the results of the section 2 of [B.II]. The situation
we shall consider is the following : let X be a connected complex manifold of
dimension n+1 and f : X — C a non constant holomorphic function such
that {z € X/ df =0} C f~1(0). We introduce the following complexes of sheaves
supported by X, := f~1(0)

1. The formal completion ”in f” (Q‘, d®) of the usual holomorphic de Rham
complex of X.

2. The sub-complexes (K*,d*) and (I*,d*) of (0 d*) where the subsheaves
K? and IP™! are defined for each p € N respectively as the kernel and the
image of the map

Adf - QP — QP
given par exterior multiplication by df. We have the exact sequence
0— (K°,d*) — (Q°,d*) — (I*,d*)[+1] — 0. (1)
Note that K° and I° are zero by definition.

3. The natural inclusions I? C K? for all p > 0 are compatible with the
différential d. This leads to an exact sequence of complexes

0— (I*,d*) — (K*,d*) — ([K/I]*,d") — 0. (2)
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4. We have a natural inclusion f*(Q}C)AC K'N Kerd, and this gives a sub-
complex (with zero differential) of (K*,d®). As in [B.07], we shall consider
also the complex (K*®, d*) quotient. So we have the exact sequence

0— f*(QL) = (K*,d*) — (K*,d*) — 0. (3)

We do not make the assumption here that f = 0 is a reduced equation of Xj,
and we do not assume that n > 2, so the cohomology sheaf in degree 1 of the
complex (K *,d*®), which is equal to K'NKerd does not coincide, in general
with  f*(QL). So the complex (K*®,d*) may have a non zero cohomology
sheaf in degree 1.

Recall now that we have on the cohomology sheaves of the following complexes
(K*,d*), (I°,d%),([K/1]*,d®) and f*(Qf),(K*®,d®*) natural operations a and b
with the relation a.b — b.a = b*. They are defined in a naive way by

a:=xf and b:=Adfod .

The definition of a makes sens obviously. Let me precise the definition of b first
in the case of HP(K* d*) with p>2:if z € K?NKerd write x = d¢ with
¢ e QP! and let blz] := [df A€]. The reader will check easily that this makes sens.
For p =1 we shall choose & € ()° with the extra condition that ¢ =0 on the
smooth part of X (set theoretically). This is possible because the condition

df Ndé = 0 allows such a choice : near a smooth point of X, we can choose co-
ordinnates such f = z& and the condition on ¢ means independance of xy,--- , x,.
Then ¢ has to be (set theoretically) locally constant on X, which is locally con-
nected. So we may kill the value of such a ¢ along X,.

The case of the complex (f *.d*) will be reduced to the previous one using the next
lemma.

Lemma 4.1.1 For each p >0 there is a natural injective map

A~

b:HP(K®,d*) — HP(I*,d*)
which satisfies the relation a.b = B(b +a). For p#1 this map is bijective.

PROOF. Let z € K?N Kerd and write = = d¢ where z € Q! (with £ =0
on Xy if p=1), and set b([z]) := [df A €] € HP(I*,d*). This is independant on
the choice of ¢ because, for p > 2, adding dn to £ does not modify the result
as [df Adn]=0. For p=1 remark that our choice of £ is unique.

This is also independant of the the choice of z in [x] € HP (.ff *,d*) because adding
0 e KP~' to & does not change [df A £].

Assume b([z]) = 0 in HP(I*,d*); this means that we may find o« € Q9?2 such
df A€ =df Ado. But then, € —da liesin KP~' and z = d(¢ — da) shows that
[z] = 0. So b is injective.

Assume now p > 2. If df An isin I N Kerd, then df Ndn =0 and y:=dn lies
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in KN Kerd and defines a class [y] € HP(K*,d*) whose image by b is [df An].
This shows the surjectivity of b for p > 2.

For p=1 the map b is not surjective (see the remark below).

To finish the proof let us to compute b(a[z] + b[z]). Writing again z = d¢, we get

alz] + blz] = [f.d§ + df N ¢] = [d(f.€)]

and so . .
b(a[z] + blz]) = [df A f.€] = a.b([z])
which concludes the proof. ]

Denote by i : (I*,d*) — (I:(’,d') the natural inclusion and define the action of
b on HP(I*,d*) by b:=0boHP(i). As i is a—linear, we deduce the relation
a.b—b.a="0% on HP(I* d*) from the relation of the previous lemma.

The action of a on the complex ([K/I]*,d®) is obvious and the action of b is zero.

The action of @ and b on f*(QL) ~ E; ® Cx, are the obvious one, where FE is
the rank 1 (a,b)-module with generator e; satisfying a.e; = b.e; (or, equivalentely,
Ey:=Cl[z]] with a:=xz, b:= [ and e :=1).

Remark that the natural inclusion f*(QL) < (K* d*) is compatible with the
actions of a and b. The actions of a and b on H'(K*®,d*) are simply induced
by the corresponding actions on ’Hl(f( *.d%).

REMARK. The exact sequence of complexes (1) induces for any p > 2 a bijection
o : Hp(f', d*) — Hp(f(’, d®)
and a short exact sequence
0= Cy, — HI(I*, d*) 5 HYK®,d*) =0 (@)

because of the de Rham lemma. Let us check that for p > 2 we have 0° = (Z;)*l
and that for p = 1 we have 9'ob = Id. If 2z = df ¢ K? N Kerd then
b([x]) = [df A€&] and OP[df A&] = [de]. So P ob=1Id ¥p>0. For p>2 and
df Na € IPNKerd we have OP[df Aa] = [da] and blda] = [df Aa], so bodP = Id.
For p=1 we have blda] = [df A (o — ap)] where ag € C is such that a)x, = Q.

This shows that in degree 1 b gives a canonical splitting of the exact sequence (@).

4.2 .[l—structures.

Let us consider now the C—algebra

A:={)_ Pla)}

v>0
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where P, € C[z], and the commutation relation a.b — b.a = b, assuming that left
and right multiplications by a are continuous for the b—adic topology of A.
Define the following complexes of sheaves of left A—modules on X :

(Y°[[b]], D*) and (Q"*[[b]], D*) where (4)
Q"[[p]) = f(ﬂ.wj with wy € K?

Q"] == fbj.wj with  wy € I?

D(Z V.w;) = Z V. (dw; — df Awji)

+oo +oo
a. ij.wj = ij.(f.wj +(j —1).wj_q) with the convention w_; =0
=0 =0

+oo +oo
b. Z b7.wj = Z b7.wj,1
j=0 J=1

It is easy to check that D is_ A—linear and that D? = 0. We have a natural
inclusion of complexes of left A—modules

05 (Q7[B]], D*) — (Q°[1B]], D*).
Remark that we have natural morphisms of complexes
w: (I%,d%) = (Q"[[p]], D)
v (K®d%) = (Q°[[p]], D)

and that these morphisms are compatible with i. More precisely, this means that
we have the commutative diagram of complexes

(I*, d*) —= (Q"*[[b], D*)
(K, d*) —= (Q*[[t], D*)
The following theorem is a variant of theorem 2.2.1. of [B.II].

Theorem 4.2.1 Let X be a connected complex manifold of dimension n+1 and
f: X — C a non constant holomorphic function such that

{reX/df =0} C f710).

Then the morphisms of complexes v and v introduced above are quasi-isomorphisms.
Moreover, the isomorphims that they induce on the cohomology sheaves of these com-
plexes are compatible with the actions of a and b.
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This theorem builds a natural structure of left A—modules on each of the complex
(K*,d*), (I°,d*), ([K/I]*,d*) and f*(QL),(K* d*) in the derived category of
bounded complexes of sheaves of C—vector spaces on X.

Moreover the short exact sequences

0— (I*,d*) — (K*,d*) — ([K/I]*,d*) = 0
0— f5(QL) = (K*,d*%), (I*,d*) — (K*,d*) = 0

are equivalent to short exact sequences of complexes of left A—modules in the
derived category.

PROOF. We have to prove that for any p > 0 the maps HP(u) and HP(v)
are bijective and compatible with the actions of a and b. The case of HP(v) is
handled (at least for n > 2 and f reduced) in prop. 2.3.1. of [B.II]. To seek for
completeness and for the convenience of the reader we shall treat here the case of
HP(u).

First we shall prove the injectivity of HP(u). Let a =df A € I" N Kerd and
assume that we can find U = Z;:S Yoy € QP '[b] with o = DU. Then we
have the following relations

u =df N¢, a=dug—df ANu; and du; =df Nujq Vi > 1.

For j >1 we have [duj] = blduj,] in HP(K*,d*); using corollary 2.2. of [B.II]
which gives the b—separation of Hp(f(‘,d‘), this implies [du;] = 0,V > 1 in
7—[”([3', d®). For instance we can find f; € KP~! such that du; = dB;. Now, by de
Rham, we can write u; = 5 +d&; for p > 2, where & € (P=2. Then we conclude
that a = —df Ad(& +¢) and [a] =0 in HP(I*,d*).

For p=1 wehave u; =0 and [a] = [-df Ad&] =0 in H(I*,d*).

We shall show now that the image of HF(u) is dense in HP(Q"*[[b]], D*) for its
b—adic topology. Let Q := Z;;OS V.w; € Q"P[[b]] such that DQ = 0. The following

relations holds dw; =df Awj4; Vj >0 and wy € I*. The corollary 2.2. of [B.II]

again allows to find ; € KP~! for any j > 0 such that dw; = dg;. Fix N € N*.
We have

N
D) ¥ .wj) =bV.dwy = D" By)
=0

and Qy := ijzobj.wj — bV By is D—closed and in Q"[[b]]. And we have
Q — Qn € BNHP(Q"*[[b]], D*), so the sequence (Qy)n>1 converges to € in
HP(Q"*[[b]], D*) for its b—adic topology. Let us show that each €y is in the
image of HP(u).

Write Qpy = Z;V:Obj.wj. The condition Dy = 0 implies dwy = 0 and
dwy_1 = df Nwy = 0. If we write wy = dvy we obtain d(wy_1 +df Avy) =0
and Qy — D(bN.vy) is of degree N —1 in b. For N =1 we are left with
wo + bwy — (—df AN vy + b.dvy) = wo + df A vy which is in IP N Kerd because
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d’wo = df VAN dUl.
To conclude it is enough to know the following two facts

i) The fact that HP(I*,d*) is complete for its b—adic topology.
ii) The fact that Im(HP(u)) NN HP(Q"*[[b]], D*) C Im(HP(u) o bY) VN > 1.

Let us first conclude the proof of the surjectivity of HP(u) assuming i) and ii).
For any [Q] € HP(Q"*[[b]], D*) we know that there exists a sequence (an)n>1
in HP(I*,d*) with Q — HP(u)(ay) € N HP(Q"*[[b]], D*). Now the property ii)
implies that we may choose the sequence (an)y>1 such that [anii] — [an] lies
in BN HP(I*,d*). So the property i) implies that the Cauchy sequence ([an])n>1
converges to [a] € HP(I*,d*). Then the continuity of HP(u) for the b—adic
topologies coming from its b—linearity, implies HP(u)([a]) = [©].

The compatibility with a and b of the maps HP(u) and HP(v) is an easy
exercice.

Let us now prove properties i) and ii).

The property i) is a direct consequence of the completion of H? (K * d*) for its
b—adic topology given by the corollary 2.2. of [B.II] and the b—linear isomorphism
b between HP(K*®,d*) and HP(I*,d*) constructed in the lemma 2.1.1. above.
To prove ii) let « € PN Kerd and N >1 such that

a=0W.Q+ DU

where Q € Q"[[b]] satisfies DQ = 0 and where U € Q"?7'[[b]]. With obvious
notations we have

a = duy — df N\ uy
OZde—df/\Uj+1 \V/je[l,N—]_]

OZWO+dUN—df/\UN+1

which implies D(ug + by + -+ bV uy) = a+ bV.duy and the fact that duy
lies in I[” N Kerd. So we conclude that [a] + b".[duy] is in the kernel of #”(u)
which is 0. Then [a] € BN HP(I°,d®). |

REMARK. The map
B (Y[R, D*) — (Q[[o]]°, D*)

defined by B3(Q2) = 0. commutes to the differentials and with the action of b. It
induces the isomorphism b of the lemma 4.1.1 on the cohomology sheaves. So it is
a quasi-isomorphism of complexes of C[[b]]—modules.
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To prove this fact, it is enough to verify that the diagram

(Koa d.) — (Q/[[bﬂ.v D.)

F

(1%, d*) —= (Q"[[b]}*, D*)

induces commutative diagams on the cohomology sheaves.
But this is clear because if o = d¢ liesin KPNKerd we have D(b.§) = b.d{—df N

so H7(B) 0 HP(v)([a]) = Hr(w) o HP(B)([a]) in HP([B])*, D*). .
4.3 The finiteness theorem.

Let us recall some basic definitions on the left modules over the algebra A.
Now let E be any left .A—module, and define B(E) as the b—torsion of E. that
is to say

B(E):={r € E /3N b .x=0}
Define A(FE) as the a—torsion of E and
A(E) :={z e E ] C[[b).z Cc A(E)}.

Remark that B(E) and A(E) are sub-A—modules of E but that A(E) is not
stable by b.

Definition 4.3.1 A left A—module E s called small when the following condi-
tions hold

1. E is a finite type C[[b]]—module ;
2. B(E)C A(E) ;
9. AN / aV.A(E)=0 ;

Recall that for E small we have always the equality B(E) = A(E) (see [B.I]
lemme 2.1.2) and that this complex vector space is finite dimensional. The quotient
E/B(FE) is an (a,b)-module called the associate (a,b)-module to FE.
Conversely, any left A—module E such that B(E) is a finite dimensional
C—vector space and such that E/B(F) is an (a,b)-module is small.

The following easy criterium to be small will be used later :

Lemma 4.3.2 A left A—module E is small if and only if the following conditions
hold :

1. 3N /] aV.A(E) =0 ;
2. B(E)C A(E) ;
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3. ﬂmzobm.E C A(E) 5y
4. Kerb and Cokerb are finite dimensional complex vector spaces.

As the condition 3 in the previous lemma has been omitted in [B.II] (but this does
not affect this article because this lemma was used only in a case were this condition
3 was satisfied, thanks to proposition 2.2.1. of loc. cit.), we shall give the (easy)
proof.

Proor. First the conditions 1 to 4 are obviously necessary. Conversely, assume
that FE satisfies these four conditions. Then condition 2 implies that the action
of b on A(F)/B(E) is injective. But the condition 1 implies that b = 0
on A(E) (see [B.I] ). So we conclude that A(E) = B(E) € Kerb* which is
a finite dimensional complex vector space using condition 4 and an easy induction.
Now FE/B(FE) is a C][b]]—module which is separated for its b—adic topology.
The finitness of Cokerb now shows that it is a free finite type C][[b]]—module
concluding the proof. [ |

Definition 4.3.3 We shall say that a left A—module E is geometric when E
is small and when it associated (a,b)-module E/B(E) is geometric.

The main result of this section is the following theorem, which shows that the Gauss-
Manin connection of a proper holomorphic function produces geometric A—modules
associated to vanishing cycles and nearby cycles.

Theorem 4.3.4 Let X be a connected complexr manifold of dimension n+1 where
n is a natural integer, and let f : X — D be an non constant proper holomorphic
function on an open disc D in C with center 0. Let us assume that df s
nowhere vanishing outside of Xg := f~1(0).

Then the A—modules

HY (X, (K*®,d*) and H/(X,(I*d*)
are geometric for any 7 > 0.

In the proof we shall use the %> version of the complex (K* d*). We define
KP?  as the kernel of Adf : P — €>°PT! where %7 denote the sheaf of
%>*— forms on X of degree p, let K”. be the f—completion and (K2, d*) the
corresponding de Rham complex.

The next lemma is proved in [B.II] (lemma 6.1.1.)

Lemma 4.3.5 The natural inclusion
(K*,d*) = (K2,,d*)

induce a quasi-isomorphism.
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REMARK. As the sheaves K >, are fine, we have a natural isomorphism
HP(X, (K*,d*)) ~ H?(T(X, K2,),d*).

Let us denote by X; the generic fiber of f. Then X; is asmooth compact complex
manifold of dimension n and the restriction of f to f~1(D*) is a locally trivial
%> bundle with typical fiber X; on D* = D\ {0}, if the disc D is small enough
around 0. Fix now v € H,(X;,C) and let (vs)sep+ the corresponding multivalued
horizontal family of p—cycles ~, € Hp(X,,C). Then, for w € I'(X, K% N Kerd),
define the multivalued holomorphic function

Let now

o (Logs)
T
This is an A—modules with a acting as multiplication by s and b as the

primitive in s without constant. Now if E, is the asymptotic expansion at 0 of
F,, it is an element in =, and we obtain in this way an A—linear map

2 := @aecqr-10,jefon Cl[[s]]-s

Int - HP(X, (K* d*)) — H(X;,C) ®c E.

To simplify notations, let £ := HP(X, (R’ * d*)). Now using Grothendieck theorem
[G.65], there exists N € N such that Int(w) = 0, implies a”.w] =0 in E.
As the converse is clear we conclude that A(F) = Ker(Int). It is also clear that
B(FE) C Ker(Int) because = has no b—torsion. So we conclude that E satisfies
properties 1 and 2 of the lemma 4.3.2. The property 3 is also true because of the
regularity of the Gauss-Manin connection of f.

END OF THE PROOF OF THEOREM 4.3.4. To show that F := HP(X, (K*,d°%)) is
small, it is enough to prove that FE satisfies the condition 4 of the lemma 4.3.2.
Consider now the long exact sequence of hypercohomology of the exact sequence of
complexes

0— (I*,d*) — (K*,d*) — ([K/I]*,d*) — 0.
It contains the exact sequence

Pz)

BPL (X (K /1), d%)) — BP(X, (10, d%) "5 BP(X, (K", d%) — BP(X, (K /1)°, d°))
and we know that b is induced on the complex of A—modules quasi-isomorphic to
(K *,d*) by the composition i o b where b is a quasi-isomorphism of complexes
of C[[b]]—modules. This implies that the kernel and the cokernel of HP(i) are
isomorphic (as C—vector spaces) to Kerb and Cokerb respectively. Now to
prove that FE satisfies condition 4 of the lemma 4.3.2 it is enough to prove finite
dimensionality for the vector spaces H/ (X, ([K / I]°,d*)) for all j > 0.
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But the sheaves [K / IV ~ [Kerdf /Imdf)’ are coherent on X and supported in
Xo. The spectral sequence

EYY = HY(H"(X,[K/1)*),d")

which converges to HY (X, ([ / I]*,d*)), is a bounded complex of finite dimensional
vector spaces by Cartan-Serre. This gives the desired finite dimensionality.

To conclude the proof, we want to show that E/B(FE) is geometric. But this is an
easy consequence of the regularity of the Gauss-Manin connexion of f and of the
Monodromy theorem, which are already incoded in the definition of = : the injec-
tivity on E/B(E) of the A—linear map Int implies that E/B(E) is geometric.
Remark now that the piece of exact sequence above gives also the fact that HP(X, (I°,d*))
is geometric, because it is an exact sequence of A—modules. [ |

REMARK. It is easy to see that the properness assumption on f is only used for
two purposes :

~To have a (global) %> Milnor fibration on a small punctured disc around 0, with
a finite dimensional cohomology for the Milnor fiber.

— To have compactness of the singular set {df = 0}, which contains the supports
of the coherent sheaves (Ker df /Imdf)".

This allows to give with the same proof an analoguous finiteness result in many
other situations.
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