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Sobolev Extension Property for Tree-shaped Domains with
Self-contacting Fractal Boundary

Thibaut Deheuvels*

Abstract

In this paper, we investigate the existence of extension operators from W1 (Q2) to W17 (R?)
(1 < p < ) for a class of tree-shaped domains 2 with a self-similar fractal boundary pre-
viously studied by Mandelbrot and Frame. Such a geometry can be seen as a bidimensional
modelization of the bronchial tree. When the fractal boundary has no self-contact, Jones
proved that there exist such extension operators for all p € [1, 00]. In the case when the frac-
tal boundary self-intersects, this result does not hold. Here, we prove however that extension
operators exist for p < p* where p* depends only on the dimension of the self-intersection of
the boundary. The construction of these operators mainly relies on the self-similar properties
of the domains.

1 Introduction

Extension results for Sobolev function spaces are of significant importance in analysis. In par-
ticular, it is useful to know if an open domain in R” has the W1P-extension property for some
p € [1,00], that is, there exists a bounded linear operator

A WP(Q) — WHP(RD),

such that Aujg = u for all u € WLP(Q). Such domains are called W!P-extension domains. A
domain that has the W'P-extension property for all p € [1,00] is sometimes referred to as a
Sobolev extension domain.

Calderén proved that every Lipschitz domain in R", that is every domain whose boundary is
locally the graph of a Lipschitz function, has the W 'P-extension property for all p € (1,00).
Stein extended his result to the cases p =1 and p = oo.

In [14], Jones improved this result by introducing a class of domains in R™ called (e, §)-domains,
every member of which is a Sobolev extension domain. Jones’ proof uses as a main ingredient
Whitney’s extension theory. Such domains were also defined by Martio and Sarvas who referred
to them as locally uniform domains (see [22]). This result is almost optimal in the plane, in the
sense that every plane finitely connected Sobolev extension domain is an (g, §)-domain.

In [20], Koskela proved that in the general case, if an open domain 2 C R™ has the W
extension property, then it has the W1P-extension property for all p > n. He also showed that
if the embedding WP(Q) < C%'="/P(Q) holds for some p > n, then Q has the W %-extension
property for all ¢ > p. The case p < n is not as well understood.

In the present work, we consider a class of domains  C R? with a self-similar fractal boundary
that do not have the W!lP-extension property for any p > 2, and we will study the case when
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p <2

We focus on a class of tree-shaped domains € in R? with a self-similar fractal boundary '™
which self-intersects, see for example figure 1. The set I'*° is defined as the unique compact set
such that

[ = fi(l'*) U fo(I'™),

where f; and fy are two contracting similitudes with opposite rotation angles +6 (0 < 6 < %)
and contraction ratio a € [0,1). This type of fractal sets were first studied by Mandelbrot and
Frame in [21].

We will see in paragraph 2.1.1 that there exists a critical ratio aj dependent on the rotation angle
of the similitude such that for every a < aj, the set I'™ is totally disconnected, and for a = ay,
it is connected. In the first case, the domain € is an (e, §)-domain and €2 is a Sobolev extension
domain. In this paper, emphasis will be put on the latter case, in which we will see that € is
not an (g,0)-domain and € is not a Sobolev extension domain. In this case, the assumptions
required in [14] for the construction of Whitney extension operators are not satisfied.

Particular care will be given to the notion of trace on the set '™ for functions in W?(Q). We
will use two different definitions of trace on I'*°.

e The first one, referred to as the classical or strictly defined trace below, relies on the notion
of the strict definition of a locally integrable function, see for instance [17] page 206. For a
function u in WP(Q) or WHP(R?), this trace, noted ure below, is defined as its strictly
defined counterpart on the subset of I'*° where u is striclty defined.

e The second one was first introduced in [6]. Its construction is recalled in §3. This trace
operator, noted £°° below, is obtained by exploiting the self-similarity as the limit of a
sequence of operators £" which map W!P(Q) to piecewise constant functions on a partition
of I'™® into 2" sets whose measure is 27".

A consequence of the main result of this paper is that these two definitions of trace on I'* in
fact coincide (almost everywhere) on the set I'*°; this is proved in [5].

Jonsson and Wallin have proved extension and trace results for Besov and Sobolev spaces
on d-sets (see [17]). See §2.2.3 for a definition of the Sobolev spaces on such sets in the special
case of I'*° which is a d-set where d is its Hausdorff dimension. In particular, see [17] page 183,

2—d
WP(R?)poe = W5 P(I) for p € (1,00), where the trace is meant in the classical sense.
The extension part of the theorem mainly relies on Whitney’s extension theorem.

It has been proved in [1] that there exists a real number p* > 1 such that p* only depends on
the Hausdorff dimension of the self-intersection of I'*° and

: * 1 1-2-d D
e if p < p*, then (*(WHP(Q)) =W " » H(I'*™),
e if p > p*, then the previous result does not hold.

The main extension result of this paper (Theorem 7) states that when p < p*, the domains 2 in
fact have the WP-extension property. To prove this result, we prove in Theorem 6 that there
exists a continuous lifting operator £ in the sense of £°° from the trace space on I'*° of functions
in WHP(Q) to WIP(R?): for all v € £2°(WP(Q2)), £2°((€v)n) = v. This last property, which will
be crucial in the proof of Theorem 7, would not be guaranteed a prior: by the lifting operator
of Jonsson and Wallin in the classical sense.



An immediate consequence of this extension theorem is that, for p € (1,p*), the Sobolev embed-
dings hold in Q. Theorem 7 is sharp in the sense that whenever p > p*, € is not a W P-extension
domain, in Remark 5 below. The case p = p* is partially discussed in Remark 5.

Note that the question of extensions or traces naturally arises in boundary value or trans-
mission problems in domains with fractal boundaries. Boundary value problems posed in the
domains 2 displayed in Figure 1 were studied in [2], [3], [4] and [6], and numerical methods
were proposed to compute the solutions in subdomains of €2. Such a geometry can be seen as a
bidimensional idealization of the bronchial tree, for example. The problems studied in the latter
papers aim at simulating the diffusion of medical sprays in human lungs.

The paper is organized as follows: the geometry of the studied domains is presented in Section
2. In Section 3, we briefly treat the less interesting sub-critical case when a < aj and recall the
construction of the trace operator introduced in [6]. The theory proposed in [16] is reviewed in
Section 4, where we also recall the characterization of the trace space proved in [7] and the trace
theorems proved in [1]. The main results of the paper are Theorems 6 and 7 which are stated
in section 5 and proved in sections 6 and 7.

For the ease of the reader, the geometrical lemmas, which are crucial but technical, are proved
in the Appendix at the end of the paper.

2 The Geometry

In this section, we define the geometry of fractal self-similar sets I'>°, and ramified domains 2
whose boundary contains I'*°, see for example Figure 1.

2.1 The similitudes f; and f, and the self-similar set ['*°

2.1.1 Definitions and notations

Consider four real numbers a,a, 3,6 such that 0 < a < 1/v/2, a >0, 3> 0and 0 < § < 7/2.
Let f;, i = 1,2 be the two similitudes in R? given by

T — x1cosf — x9sinf
f1 = +a
T9 I} x18in0 + x9cos60 )’

f T _ « ta x1c08 0 + x9sinf
2\ 2 N 8 —x18inf 4+ xzocosh )
The two similitudes have the same dilation ratio a and opposite angles +6. One can obtain f,
by composing f; with the symmetry with respect to the axis {x; = 0}.

We denote by I'*° the self-similar set associated to the similitudes fi and fs, i.e. the unique
compact subset of R? such that

[ = fi(T®) U fo(I').

Notations We denote by

e A, the set containing all the 2" mappings from {1,...,n} to {1,2} also called strings of
length n for n > 1,

e A; the set containing only one element called the empty string, that we agree to note e,



o A the set defined by A = U,,>0.A,, containing the empty string and all the finite strings,

o As = {1,210} the set of the sequences o = (0(i) )i=1.... 0o With values o(i) € {1,2}, i.e.
the set of all infinite strings.

We will use the following notations:
e if n,m are nonnegative integers and o € A, ¢’ € A,,, define:
oo’ = (o(1),...,0(n),d'(1),...,0'(m)) € Apim, (2)
if m = oo, we define similarly oo’ € A,

e forn >0,0 € A,, and k > 0, we define

k
o' =g0...0 € Apg, 0 =00...0... € A, (3)

k

e for 0,7 € A, define:
olr={o,7} C A, (4)

e foro € Aand X C AU A, define the set:
oX ={o1, T € X}, (5)
similarly, if X C A, define the set Xo = {70, T € X'},

e for X C A and k € N, introduce the sets:

X ={o1...on 01,...,00 €X}, X° ={0102... € Ax, Vi, o€ X}, X* =] aF.
keN

Example 1 The set (12]21)% is the set of infinite strings o € As such that o(2k) # o(2k — 1)
for all positive integers k.
Forn > 0, the set (12|21)"(1|2|€) is the set of strings o € Az, UAap41 such that o(2k) # o(2k—1)
for all integers k € [1,n].
The set (12]21)*(1|2]€) is the set of strings o € A such that o € (12|21)"(1|2|¢) for some n > 0.

We say that 0 € A is a prefix of 7 € AU Ay if 7 = 00’ for some 0/ € AU Ay. For o € A,
(n € N) and k < n, we denote by oy the only prefix of o in Ay:

o = (0(1),...,0(k) € A (6)

Similarly, we say that o’ € AU A is a suffix of 7 € AU A if 7 = 00’ for some o € A.

For a positive integer n and o € A,,, we define the similitude f, by

fo=foy o 0 fom)- (7)
We also agree that f. = Id. Similarly, if 0 € A, define

fo = 1m foyo... 0 forn)- (8)

For o € As, the point f,(z) where 2 € R? does not depend on x, and will be referred to as the
limit point of the string o. It should be noted that the set of all limit points of strings in A is



exactly I'* (see for example [19]).
For o € A, let the subset I'>>? of I'*° be defined by

[%07 = fo(I%). (9)
The definition of I'*® implies that for all n >0, I'*® = [J, 4 T°?. We also define the set

2 = f1(T'®) N fo(T). (10)

The critical contraction ratio a; The following theorem was stated by Mandelbrot et al.
in [21] (a complete proof is given in [10]):

Theorem 1 For any 0, 0 < 6 < /2, there exists a unique positive number aj; < 1/v/2, (which
does not depend on (a, 3) see [7]) such that

0<a<a;, = E

= = I'™ s totally disconnected,
a=a; = E 75

0
0 = T is connected, (from Th. 1.6.2 in [19]). (11)

The critical parameter ay is the unique positive root of the polynomial equation:

mg—l

; 1
Z X2 cos i) = 3 (12)
=0
where
my is the smallest integer such that mgf > /2. (13)

Remark 1 From (12), it can be seen that 6 — ajj is a continuous and increasing function from
(0,7/2) onto (1/2,1//2) and that limg_gajy = 1/2.

Example 2 We examine the cases = w/4 and 6 = w/5 (see figure 1):

e m;,y =2 and the critical parameter a;/4 is the unique positive solution of X® + v2X? —
V2/2=0, ie. a} ), = 0.593465,

e m; 5 =3, and a, s ~ (.56658.

Hereafter, for a given 0, 0 < § < 7/2, we will write for brevity m instead of my and a* instead
of aj, and we will only consider a such that 0 < a < a*.

2.1.2 Characterization of =

We aim at characterizing =*° defined in (10). We already know that Z°° # () if and only if
a = a*. Let us denote by A the vertical axis: A = {z : z; = 0} and by O the origin (0,0). Since
fiT>®) =T N{z; <0} and fo(I'*°) =T*°N{x; > 0}, we immediately see that = = T'*° N A.
It can be observed (see [10] for the proof) that the sequences o € A such that the limit point
fo(O) of o lies on A and that o(1) = 1 are characterized by the following property: for all n < 1,
the truncated sequence oy, achieves the maximum of the abscissa of f,(O) over all n € A, such
that n(1) = 1.

Let us make out two cases, according to the value of m defined in (13):



The case when mf > 7/2

Proposition 1 If mf > 7/2 and a = a*, then Z*° contains the single point f,(O), where
o=12""1(12)* or o =21"T1(21)>, (14)

see paragraph 2.1.1 and Example 1 for the notations.

Proof. For brevity, we skip the proof, which is available in [21, 10]. =

The case when mf = /2
Proposition 2 If mf = 7/2 and a = a*, then
= = {f,(0), o € 12™(12]21)>°} = {f,(0), o € 21™"1(12|21)*} (15)

Proof. For brevity, we skip the proof, which is available in [10]. =

2.2 Ramified domains

2.2.1 The construction

Call P, = (—1,0) and P, = (1,0) and 'Y the
line segment 'Y = [P P]. We impose that
fa2(P1), and fo(P2) have positive coordinates,
i.e. that

acosf < a and asinf < f. (16)

We also impose that the open domain Y inside
the closed polygonal line joining the points P,
Py, fo(P), fo(Pr), fi(P2), fi(P1), P in this Yo
order must be convex and hexagonal except if P
6 = 0. With (16), this is true if and only if

ro P

The first cell Y
(v —1)sinf + Beosf > 0. (17)

Under assumptions (16) and (17), the domain Y is contained in the half-plane x5 > 0 and
symmetric w.r.t. the vertical axis z; = 0.

We introduce K° = YO0, It is possible to glue together K9, f;(K°) and fo(K°) and obtain a new
polygonal domain, also symmetric with respect to the axis {x1 = 0}. The assumptions (16) and
(17) imply that YO f1(Y?) = 0 and Y° N fo(Y?) = . We define the ramified open domain {2
(see figure 1):

) = Interior <U fU(K0)> . (18)
oA

Note that €2 is symmetric with respect to the axis z; = 0.

For a given 6, with a* defined as above, we shall make the following assumption on («, (3):

Assumption 1 For 0 < 0 < 7/2, the parameters a and 3 satisfy (17) and (16) for a = a*,

and are such that

i) for all a, 0 < a < a*, the sets Y?, f,(Y?), o € A,,, n > 0, are disjoint
ii) for all @, 0 < a < a*, f1(2) N fo2(Q) =0
iii) for a = a*, f1(Q) N f2(Q) # 0.



Remark 2 Assumption 1 implies that if a = a*, then f1(Q2) N f2(Q2) = 0.

The following theorem proved in [7] asserts that V0, 0 < § < 7/2, there exists («, ) satisfying
Assumption 1.

Theorem 2 If 0 E_(O,?T/2), then for all a > a* cos 0, there exists f > 0 such that § > a*sinf
and (o — 1)sinf + BcosO > 0 and for all > 3, (o, B) satisfies Assumption 1.

On figure 1, we have shown two examples where Assumption 1 is satisfied. In the left part, we
made the choice § = %, and in the right part, we chose § = 7 (see also example 2). Note the
difference between the two cases: in the former case mpf = 7/2 and the set E*° defined in (10)

4
is not countable whereas in the latter case, mypf > 7/2 and the set £ is a singleton.

Figure 1: The ramified domain Q for § = 7/5 and § = 7/4 when a = a*, « = 0.7, § = 1L.5.

2.2.2 The Moran condition

The Moran condition (or open set condition), see [23, 19], is that there should exist a nonempty
bounded open subset w of R? such that fi(w) N fo(w) = 0 and fi(w) U fo(w) C w. For a given
0 € (0,7/2), let («, ) satisfy Assumption 1; for 0 < a < a*, the Moran condition is satisfied
with w = Q because

o f1(Q) N f2(Q) = 0, which stems from point ii) in Assumption 1 if a < a*, and from
Remark 2 if a = a*;

e by construction of Q, we also have f1(Q2) U f2(Q2) C €.

The Moran condition implies that the Hausdorff dimension of I'*° is
dimy (') = d = —log 2/ log a,

see [23, 19]. Note that if @ > 1/2, then d > 1. For instance, if § = 7/4 and a = a4, then

dimy (I'*°) ~ 1.3284371. It can be shown that if 0 < § < 7/2, we have 0 < a < a* < 1/\/5 and
thus d < 2.

It can also be seen that if mf = 7/2 and a = a*, then the Hausdorff dimension of =2 is d/2.



2.2.3 The self-similar measure ;. and the spaces W*P(I'™)

To define traces on I'™°, we recall the classical result on self-similar measures, see [11, 13] and
[19] page 26:

Theorem 3 There exists a unique Borel reqular probability measure p on I'° such that for any

Borel set A C I'*°, . .
p(A) = 2 (T (A) + 2 (757 (4)) (19)

The measure p is called the self-similar measure defined in the self-similar triplet (I°°, f1, fo2).
We define LP(I'*°), p € [1,+00) as the space of the measurable functions v on I'*® such that

Jroo [0Pdp < o0, endowed with the norm ||v][rpre) = (fro ]v]pdu)l/q. We also introduce
L*°(T"°), the space of essentially bounded functions with respect to the measure u. A Hilbertian
basis of L?(I'*®) can be constructed with e.g. Haar wavelets.

We also define the space W*P(I'®) for s € (0,1) and p € [1,00) as the space of functions
v € LP(I'*) such that [v]y.p ey < 00, where

1

y)|P P
[Vl wenree) = (/m/w ‘x_y‘dﬂw dp(z)dp(y) |

endowed with the norm [|v|yy e preey = [0l o (poey + [V]yam(roc)-

2.2.4 Additional notations

We define the sets 'V = f,(I'°) and I'V = U,¢ AxT?. The one-dimensional Lebesgue measure of
I'? for 0 € Ay and of TV are

9| = a™ |1 and [TV = (2a)™ 19|

We also introduce the sets Q7 = f,(2) for all o € A.

We will sometimes use the notation < or 2> to indicate that there may arise constants in the
estimates, which are independent of the index n in I'", or of the index ¢ in I'” or I'>>?. We may
also write A~ B if A < B and B < A.

3 The space W!r(Q)

Hereafter, we take 6 in [0,7/2) and suppose that the parameters (o, 3) satisfy Assumption 1.

Basic facts For a real number p > 1, let WP(Q) be the space of functions in LP(Q) with first
order partial derivatives in LP($2). The space W!P(Q) is a Banach space with the norm
1

(Hqu + Haxl I1”, ot ”8932 HL,,(Q >E, see for example [8], p 60. Elementary calculus shows

1
that ||lully1p) = (HUHZ,(Q + HV’U,”LP(Q >p is an equivalent norm, with HVUHZ,(Q) = [, |VulP

and |Vu| = ,/!axl\z + ‘am‘z

The spaces WP() as well as elliptic boundary value problems in €2 have been studied in [6],
with, in particular Poincaré inequalities and a Rellich compactness theorem. The same results
in a similar but different geometry were proved by Berger [9] with other methods.



Extension result in the case a < a* We first briefly discuss the less interesting case when
a < a* and the ramified domain (2 is totally disconnected, see [12], Lemma 4.1 page 54. In this
case, as seen in paragraph 2.2.1, Q is an (g, 0)-domain, and Theorem 1 in [14] yields a continuous
extension operator from W1P(Q) to WHP(R?) for every p € (1, 00).

The case a = a* We will focus on that case in the rest of the present paper. As was seen in
paragraph 2.2.1, the domain €2 is not an (e, §)-domain in this case, and the previous argument
does not hold. However, it will be proved in Theorem 7 that the same result is true when
1 < p < 2 for angles 6 € [0, §) such that mf > 7, and when 1 <p <2 — %l for angles such that
mf = Z. It will also be seen (see Remark 5) that if p > 2 in the first case, and if p > 2 — %l in
the second case, the extension result cannot hold.

We construct a sequence (£™),, of approximations of the trace operator: consider the sequence
of linear operators ¢ : W1P(Q) — LP(T'>),

" 1
g ('l)) = Z (W FJde) 1f0(1"oo)7 (20)

oEA,

where |I'?| is the one-dimensional Lebesgue measure of I'?. The following result was proved in

[6].

Proposition 3 The sequence (£), converges in L(WLP(Q), LP(I'>°)) to an operator that we
call £°°.

In the following, we will sometimes note £*°(u) instead of £*°(u)q) for functions u € W'P(R?).

4 The spaces JLip(t,p,q;0;T>) for 0 <t < 1

In [16], A. Jonsson has introduced Haar wavelets of arbitrary order on self-similar fractal sets
and has used these wavelets for constructing a family of Lipschitz spaces. These function spaces
are named JLip(t,p,q;m;S), where S is the fractal set, t is a nonnegative real number, p, g are
two real numbers not smaller than 1 and m is an integer (m is the order of the Haar wavelets used
for constructing the space). Here J stands for jumps, since the considered functions may jump
at some points of S. If the fractal set S is totally disconnected, then these spaces coincide with
the Lipschitz spaces Lip(t,p,q;m;S) also introduced in [16]. The latter are a generalization of
the more classical spaces Lip(t, p, ¢; S) introduced in [17] since Lip(t, p, ¢; [t]; S) = Lip(t, p, q; S).
Note that Lip(t,p,q;[t];S) = BY'Y(S), see[18]. We will focus on the case when § = T'®°, m = 0
and p = g, since this is sufficient for what follows.

4.1 Definition of the spaces JLip(t,p, p;0; ')

The definition of JLip(t,p,p;0;T°°) for p € [1,00) presented below is adapted to the class of
fractal sets I'*° considered in the present paper. It was proved in [7] that this definition coincides
with the original and more general one that was proposed in [16].

Consider a real number ¢, 0 < t < 1. Following [16], it is possible to characterize J Lip(t, p, p; 0; T°°)
by using expansions in the standard Haar wavelet basis on I'*°. Consider the Haar mother
wavelet gg on I'*°,

9o = 1g reoy — Lpy ooy, (21)



and for n € N, n >0, 0 € A,, let g, be given by
Golrees =2"2gg 0 £, and go|peo\pec.s = 0. (22)

It is proved in [15] §5 that a function f € LP(I'*°) can be expanded on the Haar basis as follows:

f:P0f+Z Z Bo Yo (23)

n>00€A,
where Pyf = [ fdp. For any function f € LP(I'°), we define |f1y Lip(tpops0:7o) PY:
1
P
Pt (P
’f’JLip(t,p,p;O;F‘”) = Z2n 2"z Z |Bo[” ) (24)
n>0 gEA,

where the numbers 3,, o € A are the coefficients of f in the Haar wavelet basis expansion given
in (23).

Definition 1 A function f € LI, belongs to JLip(t,p,p;0;T>°) if and only if the norm
HfHJLip(t,p,p;O;F‘X’) = |P0f| + |f|JLip(t,p,p;0;1"°°) (25)
is finite.

Remark 3 An equivalent definition of JLip(t,p,p;0;1°°) can be given using projection of f on
constants on I'°>7 see [16, 7].

4.2 Characterization of the traces on I' of functions in W'?(Q)
The following theorem was proved in [7].

Theorem 4 For a given 6, 0 < 0 < w/2, if (a, B) satisfies Assumption 1 and Q) is constructed
as in § 2.2.1 with 1/2 < a < a*, then for all p, 1 < p < oo,

0 (WH(Q)) = JLip(1— 24, p,p;0;1>). (26)
4.3 JLip versus Besov spaces on ['™
Define pj by:

{ 2 if 0¢{F, k>0}, o)

2-d/2 if0=2Z, k>0

Note that pj depends only on the dimension of the self-intersection of the fractal set I'>°. The
following theorem has been proved in [1].

Theorem 5 o Ifa=a" and 1 < p < pj, then
2—d
JLip(1 = Z4,p,p;0; %) = W=7 7(1), (28)
e if a =a* and p > pj, then

JLip(1 — 52 p p;0;7%) ¢ W7 7). (29)
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5 Extension results

In this section, we state and prove the two main extension results of this paper. The first
one (Theorem 6) states that when p € (1,p}), there exist liftings in W1?(R?) for functions in
JLip(1— 2%d,p,p; 0;T°°), that is the trace space of WP(Q) on '™ (see (26)). The proof of this
result relies on the construction of liftings for the Haar wavelets on I'>°, and on Theorem 4.

Remark 4 Using Theorem 5 above and the trace theorem proved by Jonsson and Wallin in [17]
2—d
stating that W'~ 5 P(I>®) = WHEP(R?)peo for p € (1,00), it can be proved that

JLip(1 = E4,p,p;0;T) = WHP(R?)|pe, (30)

where we recall that the trace ujre of a function u is meant in the classical sense (see [17]). It
should be noted that Theorem 6 below differs from the previous result in that the trace is meant
in the sense of £°°, which will be of particular importance, especially in the proof of Theorem 7
below.

The method proposed in the proof of Theorem 7 uses the lifting of Theorem 6 and the self-similar
properties of the trace operator. Another choice could have been to work with the Whitney
extension operator of (30), but we then could not have exploited the self-similar properties of the
geometry as is done to prove Theorem 7.

In [5], Theorems 6 and 7 below are key ingredients in the proof that U = 0°(u) p-almost
everywhere for all p > 1 and u € WHP(Q).

The second result (Theorem 7) states that there exists a continuous extension operator from
WP(Q) to WHP(R?) when 1 < p < pj. The proof consists in the construction of the extension
operator, with the help of the lifting introduced in Theorem 6.

Theorem 6 1. If0 ¢ o5 and p € (1,2), then there exists a continuous linear lifting operator
E from JLip(1 — 2;fd,p,p;O;Foo) to WHP(R?) in the sense of £°°, i.e.

Vo € JLip(1 — 54, p,p;0;T),  £2((Ev)q) = v. (31)

2. If0 € g5 andp € (1,2 — %l), then the conclusion remains true.

We immediately deduce the following result for functions in W1P(Q) with 1 < p < pj}.

Corollary 1 Ifp € (1,p}) and u € WIP(Q), then the function w = E£°°(u) € WLP(R?) satisfies
02°(a) = £°°(u).

We will deduce the main extension result of this paper:

Theorem 7 1. If 0 & 5 and p € (1,2), then there exists a continuous linear operator F
from WP(Q) to WYP(R?) such that, for all u € WIP(Q), Fuyq = u.

2. If 0 € 55 and p € (1,2 — %l), then the extension result remains true.

In other words, if p € (1,p}), then Q has the WLP_extension property.

Remark 5 The extension result of Theorem 7 is sharp in the following sense. As was seen
in Remark 4, it is proved a posteriori in [5] that the trace operator (> coincides with the
trace operator introduced by Jonsson and Wallin in [17] p-almost everywhere. Therefore, if
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Q is a WP-extension domain for some p > Py, then, by the trace theorem in [17] (p.182),
(2(WHP(Q)) = Wl_%’p(Foo), which contradicts (29).
In the case when 0 ¢ o, we have py = 2, and we can conclude that Q does not have the Whps -

extension property: if it did, then Koskela’s theorem in [20] (Theorem B) would imply that €
has the WP-extension property for all p > py. The case § € 55 is open.

6 Proof of Theorem 6

6.1 Proof of point 1 in Theorem 6

Recall that in this case, 0 € {5, k> 0}, and mf > 7, where m was introduced in (13).

We start by lifting the Haar wavelets on I'™ into functions in WP(R?), 1 < p < co. This will
yield a natural lifting for functions in JLip(1 — 2%[, p,p; 0;1'°°), defined as the lifting of their
expansion in the Haar wavelets basis.

6.1.1 Lifting of the Haar wavelets

In this section, we define liftings g, of the Haar wavelets g,, o € A, such that g, € W1P(R?)
for all p € (1,00), and the pairwise intersections of the sets supp Vg, (0 € A) are contained
in some cones centered at the points f,(A) (n € A), where A is the single point contained in

fl(P‘X’) N fg(FOO).
More precisely, define C' to be the vertical cone centered at A with angle ¢y < min(mé —

w/2,m/2 — (m —1)f) small enough so that C' does not intersect f1(2) or fo(€2). We impose that
the liftings g,, o € A should satisfy the following condition: if o # 7, then

supp Vg, Nsupp Vg, C U n(C). (32)
neA

Proposition 5 below will imply in particular that this condition is verified.

We proceed in three steps: we successively lift the constants, the mother Haar wavelet, and the
other Haar wavelets.

Lifting of the constants We will introduce a lifting x of the constant function 1 on I'*° that
will allow to define liftings for the Haar wavelets by self-similarity.

The proof of Lemma 3 in [1] (see especially Figure 3 in [1]) can be easily modified to obtain the
existence of a constant ¢ > 0 such that for all o € A,, (n > 0) with o & B,

d(f,(22),C) > ca™, (33)

where
B = {0 € A, ois a prefix of 12™1(12)> or 21™(21)>}, (34)

see paragraph 2.1.1 for the notations. Recall that the elements of B are those strings o € A
such that d(f,(£2),A) = 0 where A is the axis given by {x; = 0} (cf. Proposition 1).

Define H to be the horizontal line tangent to the upper part of I'*°. Write § = d(C' N'H, §2), note
that ¢ > 0.

We consider a smooth compactly supported function y on R? such that y = 1 on a neighborhood

12



of the closure of the ramified domain €2, and such that y is symmetric with respect to the axis
A. Write d; = d(€Q,supp Vx) and dy = sup{d(z,Q), x € supp x}. We impose that

dy < 0 (35)
dy < ¢ (36)
d1 > adg, (37)

see Figure 2.

suppVx

Figure 2: The function x

The condition (37) will play an important role in the proof that (32) is fulfilled. Conditions (36)
and (35) will help dealing with the pairwise intersections of the sets supp Vg, within the cones.

Lifting of the Haar mother wavelet We introduce the polar coordinates (r, ¢) centered at
the point A such that the vertical half-line starting from A and pointing up is given by {¢ = 0}.
Define the function ¢ as follows: if (r,¢) € R} x (—m, 7],

(1+%) if o] < o,
(1+7:0_0“0> if ™ — || < o,
if —m+ @y <@ < —pg.

<
—~
=3
S
SN—
|
O NI ==

Note that the cone C is the support of V.
Define the lifting gy of the Haar mother wavelet by:

Jo=v-(xofi )= —v)-(xofsh). (39)

Note that go € W1P(R?) if and only if p < 2.
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Lifting of the Haar wavelets We use the function gy and the self-similarity to define the
liftings of the other Haar wavelets. We first define the natural lifting g, of g, for o € A,, by

go = 2%§00fcr_1-
Note that the functions g,, o € A do not satisfy condition (32) (take for example 0 = 1 and

7 = 2). Hence, we will define cut-off functions whose gradients are supported in the cones f-(C).
Take o € A\{e}, we define for any prefix 7 € Ay, of o such that 7 # o,

Y = Logernym1® © fr A+ Logernyma(l — ) o fr 7L (40)

Note that the function 72 is 1 on one connected component of R?\f,(C), and 0 on the other.
This definition is based on the observation that for all prefix 7 € A of o such that 7 # o,
N C fr{z1<0})ifo(k+1)=1,and Q7 C fr({z1 >0}) ifo(k+1) =2.
For o € A, we introduce the set M (o) of all those prefixes 7 € A of ¢ such that fr(A) € I'*°.
It is easily checked that

M(o)={re€ A, o=10, o/ € B}, (41)

where B is defined in (34). If 7 € M(o)\{o}, then the function g, needs to be multiplied by
the cut-off function 7.

Remark 6 1. If o € B, then e € M(0).

2. For alln >0 and o € A, one has 0,01,—1 € M(0), since the empty string and the string
(o(n)) belong to B.

We can now define the cut off lifting g, of the Haar wavelet g, 0 € Ay:

w= T ) (42)

TEM(0), T#0O

Example We present an example where § = % (hence m = 2), and 0 = 12312. Therefore,
M(o) = {e,123,1231,12312}.

The gray area in Figure 3 shows the support of Vg,. We have only represented the domain 27,
which corresponds to the small area in dark gray in Figure 2.

In what follows, we will need a uniform bound on the cardinal of M(0), o € A :

Lemma 1 For all o € A,
#M(o) < 4. (43)

Proof. Take n > 0 and o € A,,. If n < 2, then the result is clear. Suppose n > 2, we first note
that op,—1,0 € M(0) by point 2 in Remark 6. Let us look for elements of M(o) distinct from
Oin—1 and o.

First assume that o(n) = o(n — 1), suppose for example o(n) = 2. Then, any suffix ¢’ of o such
that o/ € B is of the form 12%¥ with k& < m + 1. If there were two of them, then one of them
would be a suffix of the other, which is impossible. Therefore, in this case, #M (o) < 3.

If o(n) # o(n — 1), then (6(n —1),0(n)) € B, which implies that o,_2 € M(c). Let us look
for a string o’ € M(0o) such that o’ € Ay with k > 2. Suppose for example o(n) = 2. Then o’
must be of the form 12™+1(12)" or 21™1(21)'2, for some [ > 0. As for the previous case, were
there two such strings, one of them would be a suffix of the other, which is impossible. Hence,
in this case, #M(c) < 4. =m

14



C

Figure 3: The support of Vg, (represented by the gray area) for = § and o = 12m+112 = 12312.
In this case, M(o) = {e,123,1231,12312}.

Proposition 4 Foro € A, and p < 2,
_ py2-p
||Vgg||]2p(R2) ~ on(5+32) (44)

Proof. First, we note that ||22 V(g o fg_l)Hip(Rz) = Z%a"(Q—P)|||Vg0||’£p(R2) ~ on(5+73"),
The other terms to consider are of the form [|22gg o f; - V(¢ o f;1)||2p(Rz), where 7 € M(o)\{c}.
One has
n_ L 1y P np _
122 g0 o f, t V(o f; I)HLP(RZ) < 22|V(Yo f; l)Hip(fa(supp o))

n 45
= 27" 0P| vy )

P
Lr(f,/(supp go))’

where ¢ = 70/, 7 € A and ¢’ € B (see (41)). Denote R = Diam supp gp, note that
Diam f,/(supp go) = a" *R. Since ¢/ € B, one has A € f,/(supp go). Switching to polar
coordinates centered at the point A, we get

a" kR an—kR
IVelT S Loardp ~ dr @)k
LP(f,/(supp go)) ~~ s Jo rp 0 rp—1 )

where ® = (— g, o) U (T — o, ™+ ). Together with (45), this achieves the proof since a? = 2.
u
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From Proposition 4, we deduce that g, € W'P(R?) for p < 2.

6.1.2 Geometrical results

The following geometrical results will be crucial in the proof of Theorem 6. The proofs of these
results rely on simple but technical geometrical arguments and have been postponed to the
Appendix for the ease of the reader.

We introduce the truncated cones S = C' Nsupp go and S™ = f.(S) for 7 € A. Define .¥¥ =
U,;caS™ to be the union of these truncated cones. We also define F' = supp Vgo\S, and
FT™ = f.(F) for T € A.

Remark 7 Condition (35) implies by a simple geometric argument that S lies in the convex
hull of the ramified domain €.

Note that, for o € A,

supp Vg, C F° U U ST, (46)
TeEM(0)

Proposition 5 below states a stronger version of condition (32).
Proposition 5 If 0,7 € A and o # T, then
(supp Vo \-7) N (supp Vg-\.) = 0. (47)
Proposition 6 below somehow justifies the definition of the cut-off functions 2.
Proposition 6 If o € A and 7 € M(o)\{c}, then
Jo = 2%goo fo 197 on S (48)

Propositions 7 and 8 below describe the case when, for a given 7 € A, V(gg o fg_l) or Vg, are
not identically zero on S7.

Proposition 7 There exists a constant C > 0 such that for all T € A and x € S7,
#{oc € A, 7€ M(o), V(goo f;')(x) #0} <C.
Proposition 8 Ifo,7 € A and 7 ¢ M(0), then Vg, =0 on S7.

In particular, if Vg, £ 0 on S7, then 7 is a prefix of o.

6.1.3 Proof of point 1 in Theorem 6
We start by stating a lemma that will prove useful in the proof of Theorem 6.

Lemma 2 (discrete Hardy inequality, [17], page 121, Lemma 3) Ifp > 1, for any v >
0 and a € (0,1), there exists a constant C' such that, for any sequence of positive real numbers

(Ck)kEN;
p

Z al Z Ck < C Z a’epP. (49)

neN k<n neN
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Proof of point 1. We first suppose (v)pe = fFoo v dpu = 0. The function v € JLip(1l —
2%d,p,p, 0;I'°°) then reads v = ) ZUGA” 8,9, where the (8, are the coefficients of v in the
Haar wavelet basis of I'™°. We introduce the lifting Ev of v defined on R? by:
Ev=> > B0 (50)
neNoeA,
Recall that . is the union of all the truncated cones S, 7 € A. By Proposition 5,

p
IVED g, ) = / YN BoVGe(a)| dz = Y > Iﬁolp/ Vo ()P dx
RIS | N e, neNoeA, supp go \S
< o8 3 g,p
neN ocA,
- HHJMp 2od p p ;7o)

dx.

> BeVo(x)

neNo€eA,

On the other hand,
> ﬁovéo(x)

IVENr) = [ 3P -2 /

Take k € N and 7 € Ai. By Proposition 8, if 0 € A4, (n € N) is such that Vg, Z 0 in S7, then
T € M(o). Therefore, by Proposmon 6, 7% = 1in S7 for any 7' € M(o)\{c}, which implies
that g, coincides with 22 gy o f ~vZ in S7. Therefore,

LY avae

neNoeA,
where

p

- / S Y B8,V (o f;)A2) (@) do

neENoecA,, Te M(0o)
< T+ 15,

p

r- [ Y 2Vees )| d

neNoecA,, TeM(o)

» (51)
I - / S 288,500 £ @)VAZ ()| da
" IneNoeA,, reM(o)
Let us first consider I7. By Proposition 7, one has:
F <oty ¥ 2l [ Ve e
neN o€An T
TEM(0o) (52)
< CP~ 1Z2np (2-p)n Z |85 ‘p/ IVgo(z)[P da,
neN €A,
where C' is the constant in Proposition 7. Therefore,
SIS Yo aen y@,ypz/ Va0 ()P da
TEA neN c€EA, TEA
< LY 5 [ o) da (5)
neN oc€An
5 H HJLZp(l 2—d d p’o;l—\oo)‘
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We are left with dealing with I7. Denote ® = (—q, ¢o) U (T — @0, T+ ¢p). We resort to a polar
change of variables centered at the point f;(A) such that the vertical half-line starting from the
point f;(A) and pointing up is given by {¢ = 0}:
P
/ / Yoo > 228m0 f (rd¥)| PP dpdr, (54)
neNoeA,, Te M(o)

since for r > 0 and ¢ € @, [V42(re?)| < L.
Define R = Diam supp go. If 7 € M(0), then f-(A) € Q7 C supp go o f; !, by the definition
of M(c) in (41). Therefore, if supp go o f, 1 N C(f-(A),r) # O where C(f-(A),r) is the circle

centered at f.(A) with radius r, then r < a"R, i.e. n < N, where N, = 101%);{1 " Hence
kR [NT p
/ / 2% B, o f5  (re)| 7P dy dr
n= koE.An, TEM(0o)
P
akR N’,«
< [T ) ra

0 n=k ocEAn

TEM(o)

Recall that if 7 € M(0), then o is of the form 70’ with ¢’ € B. Consequently,

ak

k p
R [Nr} etk
I; S / Z Z 27|ﬁ7’0”| rl—p dT,
0

n=0o¢’eB

where N¥ = N, — k = log(r/(a*R)) Therefore, the change of variable p = N¥ yields:

loga
- o] . b
< / a2 [ S5 9" 5 1) dp
0 n=00'cB
0 +k
< S amen(35 505 )
m=0 n=00¢'€B
since p — alPth)(Z-p) <Z[np]:0 > 23\570/0 is increasing. Then, by the Hardy inequality of
o’'eB
Lemma 2,
> )y >
m D _ mp
AR Zam““ EDITTEN Bl = Y a2 TGP (55)
o'eB m=k UEEAJ/I“EYL)

Therefore, we obtain:

OVD DD D SELELEE I DAL

TEA keNTeA, m=k ocEAmM
TEM(0o)

_ Zam@—p)g% Z Z Z |8,|P (56)

meN c€A, k=0 TeAL
TEM(o)

S a0t 3 s,

N
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since #M (o) < 4 by Lemma 1, which shows that > I] < ”U”Zup(l—ﬂ P pOT)’
P Rl ) )

TEA
Finally, if (v)pe # 0, then we get the desired result by taking Ev = (V)peeX +E(V — (V)pec). ®

6.2 Proof of point 2 in Theorem 6

We will proceed in the same manner as we did in the proof of point 1 in Theorem 6. The
extensions of the Haar wavelets will differ since the set Z°° = f1(I'*°) N fo(I"*°) is now infinite.

6.2.1 Lifting of the Haar wavelets

Define k1 = d(conv(Q'1), H), where we recall that H is the line tangent to the upper part of
' (see Figure 2). It has been proved in [1] that k1 > 0. It has also been seen in [1] that there
exists a constant s such that for all o ¢ B such that 12™1 21™F! are not prefix of o,

d(conv(Q7), A) > Ka. (57)

Let A be the limit point of the string 12™1(12)* and B the limit point of 12™1(21)*, see
figure 4. The points A and B are respectively the upper and lower ends of the set =*°. Take
o > 0 such that:

1. g <0,

2. g is small enough so that the vertical open half-cones C,, centered at A and Cj centered
at B with common angle ¢y, as in figure 4, do not intersect f1(2) or fo(2),

3. po < min(k1/2R, k2 /2R), where R = Diam ).

Condition 3 will be useful in the proof of the geometrical results below.

We introduce the points M; = fiom+119021)(0) and Mz = fiomt19112)(0). Call D the
diamond-shaped intersection of the vertical open half-cones with respective vertices M7 and
M> and with common angle g, as in figure 4. Call M3 and M, the other two vertices of D, see
figure 4.

Call D° = f (D) and D" = f,(D°) for € A. Note that D = D'>""". Similarly, we define
M = fo(fimir (M;)) for i = 1,2 and n € B*; note that M and My are vertices of the diamond
D". Write BT = 12™1(12/21)", we also introduce the sets D = {J, g+ D" and

C = C,UCUD. (58)

The set C' corresponds to the gray area in the right part of Figure 4, and will play the part of
the set C defined in paragraph 6.1.1 for the proof of point 1.

In view of Proposition 2, introduce the set B C A such that ¢ € B if and only if one of the two
following conditions is satisfied:
(1) o is a prefix of 12™ or 21™,

(ii) o € (12™F121™F1)(12]21)*(1]2]e), (59)

where the notations have been defined in paragraph 2.1.1, see also Example 1. The following
result is analogous to (33) in the proof of point 1. The proof is postponed to the Appendix for
the ease of the reader.

Lemma 3 There exists a constant ¢ > 0 such that for any o € A, (n € N) such that o & B,

d(Q2?,C) > ca", (60)
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As in paragraph 6.1.1, we introduce a smooth compactly supported function y on R? such that
x = 1 on a neighborhood of the closure of the ramified domain 2, x is symmetric with respect
to the axis A, and x satisfies the following condition that replaces condition (35):

dy < d(CnDYQ), (61)

where do = sup{d(z,), = € supp x}, along with conditions (36) and (37) with the same
notations.

We consider a function ¥ on R? valued in [0, 1] such that ¢ = 1 on {z1 < 0}\C, ¥ = 0 on
{z1 > 0}\(C, U (}), v is continuous on C\{A, B}, and v is constant on the lines through the
point A in C, and on the lines through the point B in Cj.

Take p € (1,2 — 4). Consider a function ¢ € W1?(D) valued in [0,1] such that Clivnag) =
Clivgay = 1, and Cliapary) = Cliagan) = 0 (such a function can be found since p < 2). See
figure 4 where we have only represented the part of the ramified domain around =°°.

A
A C
A
A
12512 21521
r r pr2mtlio
My
M |p)Ma =1 D U =0
Mo
D12m+121
riz°21 r21°12
+«B
(@)

Figure 4: The functions ¢ and V¥ in the case § = § (m = 4). Left: construction of the function
¢, in the gray area lies the support of (. Right: the gray area corresponds to the support of V.

For n € B, define ¢;, = o figm+1 0 f,]_1 € WHP(D"). We introduce the function

Gy(z) if z€ D, ne BT,
(U

(x) if z e C,UCY,

U:x=(21,29) €ER? = (62)

1 if xy <0O0and x & C,
0 if x4y >0and x & C,
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see Figure 4. This definition is unambiguous since the sets D" are pairwise disjoint. Function
U will play the part of function 1/ in paragraph 6.1.1. Note that ¥ is continuous on R?\Z>°,
We start by defining the lifting of the Haar mother wavelet:

go=(xo fi)¥—(xofyH(1-1V). (63)

One has:

12

S [ower = XS et [ v

neB+ neNneA,NB+

S Z 22¢"*7P) HVCHPZ,P(]RZy
neN

n 2(p—2)
since #A, NBT < 22. Since 2"a?"2-P) = 2n(1+ d ) and p < 2— g, the latter sum converges,

and ¥ € I/Vlif Since the function ¥ is continuous on RZ\E*, so is gy, which implies that
go € WLP(R?).
Take n > 0 and o € A,,. For any prefix 7 € A;, (0 < k < n) of o, we define the cut-off function

Y = (Lo(ks1)=1 ¥ + Logryny=2(1 — ¥)) o f71 (64)
as we did in paragraph 6.1.1. For every o € A, we introduce the set
M(o)={r € A, o =10, o € B}, (65)

as in paragraph 6.1.1, where B was defined in (59). Note that Lemma 1 is still true in that case.
We can now define liftings g, for the Haar wavelets: if n > 0 and o € A,,, introduce

o= [ 2% f " (66)
TEM(0), TH#O

As in (44), there is a constant C such that for all o € A,
/ V! < ¢ 2+ / Vaol”. (67)
R2 R2

As in paragraph 6.1.1, we introduce the sets S = C Nsupp go, C7 = f-(C) and S™ = f,(S) for
TE€A S = ;e 5. We also write S, = C, Nsupp go, S; = C; Nsupp go and S7, = f-(Su),
ST = f+(8;) for 7 € A. Finally, we define F' = supp Vgo\S, and '™ = f.(F) for 7 € A.

Remark 8 Condition (61) implies by a simple geometric argument that S N D° = (.

6.2.2 Geometrical results

We state some geometrical results that will be useful for the proof of point 2. As in paragraph
6.1.2, we postpone the proof of these results to the Appendix.

Propositions 5, 6 and 7 remain true in this case. Proposition 8 still holds in the following sense:
Proposition 9 Ifo,7 € A and 7 ¢ M(0), then Vg, =0 on S; U ST .

Proposition 10 Take T € A and n € B*. If o € A is not a prefiz of Tn12(21)>° or ™21(12)°°,
then Vg, =0 on f(D").
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6.2.3 Proof of point 2 in Theorem 6

P P
The proof that HV(SU)HLP(W\y S ”U”JLip(l—Q%i,p,p;O;Foo)

We are left with dealing with ||V (Ev) Write

is the same as in the proof of point 1.

12y

IVEN Gy S D +13, (68)
TEA

where IT and I3 are as in (51). Since Proposition 7 still holds, we can deal with ) __ , IT as in
the proof of point 1.

Since S™ = S7 US] U f-(D), the integration on S7 in I3 can be decomposed into integrals on S7,
ST and f;(D). The first two integrals can be be dealt with exactly as in the proof of point 1,
since Proposition 9 holds. We refer to the last one as JJ. For n € BT, call B, ={oc € A, oisa
prefix of 712(21)° or n12(21)>°}. By Proposition 10, Vg, = 0 on f(D") if o ¢ 7B,,. Therefore,

p

Z /T(DI 2%@7@0 o fo—l(x)ny;’(x) dx. (69)

neB+ neN UEAnﬂTBn

We split the integral over f;(D") into two integrals over portions of cones with respective vertices
f-(M7) and fr(MJ). As in (54), we express them in polar coordinates centered respectively at
f-(M]) and f,(MJ). Call ¢ the length of the sides of the diamond D°. The length of the sides
of f-(D")is a"*t'¢ < a**' R, and we may take r < a**'R in the integrals.

As in the proof of point 1, we note that if 7 € M(o) and supp go o f, 1 N C(f-(M]),r) # 0,
i =1,2, then n < N, where N, = log(r/R) Therefore,

“loga
p kiR [ [Nr] p
S Y dnmes v S AR O S SREEEY) P
neNoeA,NTBy Lo(f (D)) 0 n=k o€ A,NTB,
p
ak R Ny]
-, Z S 2 B | P ar
0 n=0 o'€A.NB,
o m p
< S amtre-n [ §° 2" 18,0
m=0 n=0o0'€A,NBy
o
e e ST
m=k c€ANTBy

where we have proceeded exactly as in the proof of point 1, using the Hardy inequality of Lemma
2. Hence,

i Z al(2—p)iQM(2—p)2% Z |18,|P

J3 S
=0 neA;NB+ = oc€ANTBY
> l
1(2-p)os 2—p)o Tk
< a2 2§jam< REEDINEY e
=0 ocEAR
TEM(0o)
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since #4; N BT < 2% and #A, N 7B, = 2. Therefore, since a2=P)23 = g!2=5-P) and p<2— %l,

o0
J3 S Y amErE N g, (70)
m=k cEAR
TEM(o)

We show that > J] < HUHJLZ-p(l_u ppi0;Toey €xactly as in the proof of point 1 (see (56)). =
TGA p Rl ) b )

7 Proof of Theorem 7

Take 6 € (0,%), and p € (1,p;). We will construct a sequence of continuous linear operators
Fn : WEP(Q) — WP(R?) such that for all u € WP(Q),

fnU|Zn = U'Zn, (71)

where Z" = | J{Y 7, 0 € A, k <n}. This implies that ¢"(F,u) = £"(u).
It will be proved in Proposition 12 that the sequence (%), converges in L(W1P(Q), W1P(R?)) to

a continuous linear operator F, which will yield Theorem 7 since Fujq = u for all u € Whr(Q).
An immediate consequence is that ¢>°(Fu) = £°°(u).

First, we introduce an extension operator from W?(Q) to W1P(), where () is a larger domain
defined below and presented in Figure 5.

The domain Q Take ¢ < 2 and write P] = (—1 —¢,0), and P} = (1 +¢,0). Define Y° to
be the open domain inside the closed polygonal line joining the points Pj, Pj, fo(Py), f2(P]),
fi(Py), fi(P]), P| in this order. Let K° be the closure of Y?. We define the wider ramified

domain €2 to be:
Q = Interior <I?O U < U fU(I?O))> , (72)

oc€eA
see figure 5. We can suppose € > 0 is small enough so that fo(P]) and fo(P5) have positive
coordinates, the domain Y is convex, and Assumption 1 is satisfied.

We introduce the open domains EA/AU = fo(?o) for o € A, along with their closure K°. We also
write Q7 = f5(Q2) for o0 € A, and Q" = [J,c 4, Q7.

We introduce the open domain Y7 inside the polygonal line joining the points P{, Py, fi(P1),
f1(P]), Py, its symmetric Y20 with respect to the vertical axis A, and the open domain Y30 inside
the polygonal line joining the points f1(P2), fo(P1), f2(P]), f1(Py), fi(P). For o € A and
i=1,2,3, write Y7 = f,(Y?).

Proposition 11 There ezists a continuous extension operator G from WHP(Q) to Wl’p(ﬁ).

Proof. We start by defining a mapping &; in polar coordinates (r, ¢) centered at the intersection
M; of the axes (P P) and (f1(P1)f1(P2)) (see figure 6) and such that the half line [M;Py) is
given by ¢ = 0. Write (x1,0) the euclidean coordinates of M;. For every ¢ € [0,6], define 7, to
be the unique r > 0 such that the point (x1 + 7 cos ¢, r sin ) belongs to the segment [P f1(Py)].

Now define &; : Y? — Y0 by:
1 + 7' cos
a) = ("L (73)

r’sin
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fi(Pr)
fi(P)

Figure 5: Left: First cells Y0 and Y0 of the ramified domains. Right: The ramified domains 2
and 2.

where x = (z1 + rcos g, rsing) with ¢ € [0,6], and r’ = 2r, —r. We define & : Y3 — Y0 as
the symmetric of & with respect to the axis A.

Similarly, we define the mapping &3 in polar coordinates (r, ) centered at the intersection Ms;
of the axes f1(P1)fi1(P2) and fo(P1)f2(Ps) (see figure 6) and such that the half line [M30) is
given by ¢ = 0. Write (0,y3) the euclidean coordinates of M3. For every ¢ € [0 — 5,5 — 0],
define r, to be the unique > 0 such that the point (r cos ¢, y3 +rsin ) belongs to the segment
[f1(P}) f2(P])]. Now define &3 : Y7 — YO by:

a0 = (L ), (74)

y3 + 7’ sin @

where z = (r cos p,yp + rsing), and r’ = 2r, —r.

M;
N
N

APy L f(P))
0
fi(Py) / S (P

/3(«’5) Y0

Figure 6: Left: Construction of the mapping &; : Y — Y. Right: Construction of the mapping
&3 Y30 — Y0

M,y

We now define the mappings £7 : Y,” — Y7 foroc € Aandi=1,2,3 by § = fyo0& 0 fo b

Remark 9 It is important to note that the functions £, o € A, © = 1,2 respect the self-
similarity of the domain, in the sense that for each i € {1,2} and o € A,, (n >0), £7 = 5;““1
on fs([P;P!]), where j is the unique integer in {1,2,3} such that fo([P;P]]) C Y7 N ng““l.

We define the operator G : W1P(Q) — Wl’p(ﬁ) by putting Gu = w on 2, and Gu = uo &y on
Y7 foro € Aand i =1,2,3.



Note that for all o € A and i € {1,2,3},
/ VGulP < C / VP, (75)
Yia YO'

where the constant C' is 1ndependent of i and 0. We deduce from Remark 9 that Gu € I/Vl (Q)
which implies that Gu € W?(Q), and we deduce from (75) that G is continuous. m

The extension operators F, Let us now construct the sequence (F,),. Introduce a con-
tinuous function y € WH(YY) valued in [0, 1] such that y = 1 on Y, the trace of x on the
segments [Py fi(P[)], [Py f2(P3)] and [f1(P3) f2(P])] is 0, and

xo fi~'=x on fi([P{P3)),

76
xoforl=yon fo([P[PS)). (76)

Condition (76) implies that a certain self-similar property is satisfied by x. Such a function x
can be constructed in a similar manner as in the proof of Proposition 11.

Introduce a function 1 € C°(Ky) with values in [0,1] such that n =1 on I'* = [P{P}], and n =0
on f1(T) U fo(T°).
For every n > 0, we define a function p,, on R? by:

n
pn=3 Y xofe g+ D xnofo g, (77)
k=0oc€Ay 0€An11

Note that p,, is continuous on R2.
Introduce the linear operators F;,, on WP(€2) defined by:

Fpu = puGu+ (1 — p,)EL7(u), Yu € WHP(Q). (78)

Condition (76) implies that for all u € WhP(Q), Fu € Wllof(Rz), and therefore F,u € W1P(R?).
Moreover, note that since G, £ and £°° are continuous, so are the operators F,,.

Proposition 12 The sequence (Fn)neny converges pointwise to a continuous operator F €
LWLP(Q), WHP(R?)) such that (Fu)jo = u for all u € Whr(Q).

The proof of Proposition 12 will use the following Poincaré-Wirtinger inequality.

Lemma 4 If u € WYP(Q), there exists a constant C > 0 such that:

/A Gu(z) — (Wl dv < C /A VGu(z)P dz. (79)
YO Yo

We will also use the following result that is very similar to Theorem 11 in [7].

Proposition 13 For all real number k satisfying (2(12)‘7)_1 < k < 1, there ewists a constant
C > 0 such that for all u € WHP(Q),

[167°(u) — (u >F0”Lp o) < Cz Z HVUHLP(YT (80)

€N TEA;
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Proof. See [7]. =

Proof of Proposition 12. Take u € WP(Q). Let us prove that (F,u)nen is a Cauchy
sequence in W1P(R2). Take n,m € N with n < m. We denote & = Gu and @ = £/ (u). First,

we note that

m—+1

Fu — Fpull = / Fw — Frulf

m+1

= > [l
k=n-+1 Yk

< / i—alf — o,
ﬁn n—oo

since @ — g € Lf”(ﬁ). On the other hand,
m+1
VFmu — VFull = mtt — VFulP.
/Rzy y > Z/{/J]V}"u V Fpul

k=n+10c€A;

Take k € N such that n < k <m and o € Aj. One has:

[ IV Fts — VFulf = / V(o — po)(a — )P
Yo o

gC(/? |v<a—a)|p+a—kq/? |a—a|p>,

(82)

where C' is a constant independent of o, since ppm — pn = x © fo L if k > n, and py — pn =

xo fo ' —xmo f, ! if k = n. Therefore,

/ IV Fpuw — VFulP
R2

m—+1 m—+1
D SID S LRI DD DXy MRS
k=n+1oc€A; ye k=n+1oc€A; Ye

To deal with the first term of the right hand side in (83), we note that:

S % [ VG- ar = V- ol g, =0

k=noc€Ay
Therefore, we are left with considering the second term. For o € Ay, one has:

m—+1

3 Za_pk/A i—aP < Si+ Ss,

k=n+1o0€A;

m+1 m+41

where S1 = Z Z a_pk/A |t — (u)po [P and Sy = Z Z a_pk/A |t — (u)po P
Yo Yo

k=n+1o€cA; k=n+1o0€A;
By Lemma 4, one has:

m+1
S <C Y N a(z_p)k/A VaP < /A VaP — 0.

k=n+1o0€A; Y Qn

26

(85)



We are left with considering S5. Since for all 7 € A,, with n > k, g}lf,a =0,

/\U |Z_L - <u>F‘7 |;D = /?U |P0€oo + Z Z BrGr — I‘f’|

Y i<k T€A; (86)
<o <a2'f|Po£°°<u 0 ) — ()l + / Iﬁa§o|p> ,
YO'

where c is a positive constant independent of k£ and o, since Pol™(u) + > ;1> ¢ A, BrGr =
Pyl>(uo f,) on Y. This last result can be easily seen by writing the expansions of £>°(u o f,)
and (*°(u) in the Haar wavelets basis of I'*°, and observing that {>*°(u o f,) = ¢*°(u) o f,. This
yields that on I'°>7,

Pol>(u) +> > Brgr = Pol™(uo f,). (87)

i<k T€A;

If i < k and 7 € A;, then g, is constant on f-(f;(12)), 7 = 1,2, therefore g, is constant on Y
and g-(Y7) = g,(I'*>?), hence the equality.
Therefore, one has:

L=l < ([ 100 fo) = two ool dut 2215P) . (65)

p—1

where ¢ is a positive constant independent of k and 0. By Proposition 13, for all x €](2a2)"" ", 1],
/ [ (wo fo) = (wo fo)polP dp < C Y K Z/ Viuwe fo)lf
* i>0  TeA
— YRS [ v )
>0  TEA;
= C P~k Zm’ k Z / |VulP.
i>k TEA;, Tip=0
Therefore,
m+1 m+1
Iy MO NI O D Ll vy WL
k=n+1o0€cA; k=n+1locAy i>k TEA;, TIk=

min(z,m-+1)

YD Ri—k/YT‘vu’p

i>n+l7eA;  k=n+1l

ZZ/ VuPP = /m|vu|p.

i>n TEA;

A

Then, (88) yields:

S / VP + 30 Y aC PR o, (90)
k>nocAy;
Indeed, since ¢*°(u) € JLip(1 — Q%fl,p,p,O;Foo), zk2k7p ZoeAk a®~P)k|3, P < co. This proves
that the sequence (F,u), has a limit in WHP(R?). We define Fu to be the latter limit; F
obviously defines a linear operator from WP(2) to W1P(R?).

Therefore, Banach Steinhaus Theorem insures that F is continuous. The fact that (Fu)q = u
is a direct consequence of (71). m
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A Proof of the geometrical results

In this section, we prove the geometrical results stated in paragraphs 6.1.2 and 6.2.2.

A.1 Proof of the geometrical results from paragraph 6.1.2

We start by stating and proving several geometrical lemmas.

Lemma 5 One has:

d(Q\Y°, F)

> CLdl,
sup{d(z, Q\Y"), z € supp go} < ads,

where dy and ds were defined in paragraph 6.1.1.

Proof.

e Since the function y is symmetric with respect to the axis A, so is F'. Therefore, since
Q) = QYN {z; < 0}, we have d(Q\Y", F) = d(f1(Q),F N {z; < 0}). Note
that FF N {x; < 0} C fi(supp Vx). This implies that d(fi(2),F N {z; < 0}) >
d(f1(22), f1(supp Vx) = ady, hence the result.

e Take z = (w1,72) € supp o If z1 < 0, then by symmetry d(z,Q\Y?) = d(z, f1(Q))
sup{d(z, f1(Q)), = € fi(supp x)} = ady since supp go N {(21,22) € R? @1 < 0} C
fi(supp x). Similarly, if 21 > 0, then d(z, Q\Y") < ady. The result follows. =

IN

Lemma 6 Ifo & B, then
supp go o f, ' N C =0, (91)

where B was defined in (34).

Proof. If z € C, then d(z,Q°\Y?) > d(C,Q%) > ca™ since ¢ € B, by (33). Lemma 5 and an
argument of self-similarity imply that sup{d(z, 2°\Y?), = € supp goo f, !} < a""ldy < ca™, by
condition (36). Therefore x ¢ supp goo f; . m

Lemma 7 Ifo € A\{e} and o(1) =1 (resp. o(1) =2), then
supp Go \S C {(z1,22) € R?, x1 < 0} (92)
(resp. supp go\S C {(x1,22) € R?, x; > 0}).

Proof. Suppose for example o(1) = 1. If o € B, then by Lemma 6, supp g, NC = ). Therefore,
supp g, lies in the left-hand connected component of R?\C, and supp g, C {(z1,22) € R?, 21 <
0}, hence the result.

If 0 € B, then, by the definition of g,, ¥ is a factor of g,, which implies that supp g,\C' C
{(z1,22) € R%, 21 > 0}. Since supp g, C supp Jo, one has supp g, \S = supp g, \C, hence the
result. m

Lemma 8 If 0,7 € A and o is a prefiz of T, then

F? Nsupp g, = 0. (93)
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Proof. Suppose o € A, and 7 € Aj. Note that d(Q"\Y7, F°) > d(Q°\Y?,F?) > a""1d; and
sup{d(y,Q"\Y7), y € supp g-} < a**1dy by lemma 5. Since n < k, (37) yields:

d(QT\YT, F?) > sup{d(y, Q"\Y"), y € supp gr}.
Therefore, if x € supp g, then d(z, Q"\Y") < d(Q"\Y",F?) and x ¢ F7. m
Lemma 9 Ifn >0 and o € A, then, for every k < n,
SUpp Jo C fo,, (SUPP Jo' ), (94)
where o = o0’

Proof. Take 7' € A;, i > 0 such that 7/ € M(0’) and 7" # o’. Therefore, o7’ is a prefix of o.
We observe that:

Vo for = (Lorn=19 + Lo=a(l —9)) o £,
(Lo(k+i+1)=1% + Lo(ei+1)=2(1 —¥)) o f;iT/
= /yg[kﬂ'/'

Note that for any such 7/, o7 € M(o) and o7’ # 0. Therefore, since (g o f,,*) o f(;i =
- -1
90 o fO’ 9

_ -1 n-k _ -1
’gol o fU[k = 2 2 ’go o fa’ ’ H ng'-[kT/
T'eM(o’), T'#o’

n-k, _ - o
> 27z ’900f01’ H Vr
TeM(o), T#0

—k
= 27 ’ga‘y
since for any prefix 7 € A of 0, vZ < 1, which implies the result. m

Lemma 10 Ifo,7 € A and 0 # 7, then S° N ST = ).

Proof. Let us first examine the case when 7 = e. Suppose for example o(1) = 1. The set Q7
lies in the convex set D defined by {z1 < 0}\C. Therefore, its convex hull conv(£27) also lies in
D. Since, by Remark 7, S7 C conv(€2?), S? lies in D, and S7 N C = (), hence the result.

Let us consider the general case. First suppose that 7 is a prefix of o: write ¢ = 70/, where
o’ € A. Then, SN S™ = f,(57 NS) =0 by the previous point.

If none of the strings o, 7 is a prefix of the other, there is a string n € A such that o = no’ and
7 = n7’ with /(1) # 7/(1). Since, by Lemma 7, S and S lie in opposite sides of the axis A
(given by {z; = 0}), S NS™ = 0. Therefore, S*NS™ = f,(S" NS™)=0. =

Remark 10 In particular, if 0 € A and o(1) = 1 (resp. o(1) = 2), then S7 C {(z1,22) €
R2, 21 < 0} (resp. S° C {(x1,72) € R?, 21 > 0}).

Proof of Proposition 5. If one of the strings o, 7 is a prefix of the other, then F7 N F7 = ()
by Lemma 8. Since supp Vg,\¥ C F? and supp Vg.\- C F7 by (46), (supp Vg,\-) N
(supp Vg, \*) = 0.

Now suppose none of the sequences o, 7 is a prefix of the other, i.e. there exists an integer k
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such that oy, = 71 and o(k + 1) # 7(k + 1). Then we can write 0 = oo’ and 7 = 77’
for some o',7" € A. By Lemma 7, (supp g,-\S) N (supp g~\S) = 0, hence the result since
supp go C fo,,(Supp gov) and supp gr C fo,, (supp gr) by Lemma 9. m

Proof of Proposition 6. By the definition of g, (see (42)), it is enough to show that if
7 € M(o)\{o,7}, then 4% =1 on S™ Nsupp Jo-.

Take 7/ € M(0)\{o,7}. Let us first prove that (S™Nsupp §,)NC™ = 0. Note that S™Nsupp g, C
fo(supp go) C fr(supp go), since 7’ is a prefix of o. Therefore, (S™ N supp Gy) N c™
fr(supp Go) N C™ = S™'. The results follows since S™ N S™ = () by Lemma 10. Since VA% =0
outside the cone C™, 77, is constant (and takes the value 0 or 1) on S™ Nsupp gs-

Suppose 7" € Ar (k > 0), and o(k + 1) = 1. This implies that Q7 C f.({z1 > 0}).
Since 7 € M(o), one has f(A) € Q° by the definition of M(c) (see (41)). Consequently,
fr(A) € fr({z1 < 0}\C), since f/(A) # fr(A). Therefore, the connected set S™ Nsupp g, lies
in the connected component f.({z; < 0}\C) of R2\C7 by the above result, and S™ Nsupp g, C
fr({z1 < O})\CO7'. Since by definition 7% =1 on f({z1 < 0})\C™, we get the desired result.
The case o(k + 1) = 2 is similar. m

Proof of Proposition 7. Write M = {0 € A, 7 € M(c), V(goo f;1)(x) # 0}. We first note
that if o € M and o # 7, then supp V(go o f, 1) N ST = F° N S™ since S° N S™ = () by Lemma
10 (see (46)).

If 0,0’ € M, write 0 = 75 and ¢’ = 7/ where 1,1’ € B. Suppose that 7,7’ are prefixes of
12™+1(12)* and distinct from e. Therefore, one of the two strings 1,7’ is a prefix of the other.
Assume for example that n’ is a prefix of 1. Consequently, ¢’ is a prefix of o, and Lemma 8
implies that o = ¢/, since z € F” NF? C F° Nsupp (go o f5°1). Therefore, there is at most one
string o € M\{7} such that o is a prefix of 12™+1(12)*°. Similarly, there is at most one string
o € M\{7} such that o is a prefix of 21™"1(21)*°. Since 7 € M, there are at most three strings
inM. m

Proof of Proposition 8. For n,k € N, take 0 € A4,, and 7 € A;.

1. First, we prove that if n < k, then Vg, =0 on S7.

If n € M(o) and n € A, then m < n < k, and n # 7, which implies by Lemma 10 that
ST NS = (). Therefore, by (46), supp Vg, NS™ C F?. If ¢ is a prefix of 7, then Lemma
8 implies that supp Vg, N S™ = ) since S™ C supp g,.

If o is not a prefix of 7, then there exists m < n such that o = o,0’, 7 = o}, 7’ with
o', 7" € A\{0} and o'(1) # 7/(1). Remark 10 and Lemma 7 imply that supp g,-\S and
S™ lie in opposite sides of the axis A. Since SN S™ = @ by Lemma 8, supp g,» N S™ = 0.
Therefore, supp Vg, N S™ = (), since supp go C fo,, (SUPP gor) by Lemma 9.

2. Second, we prove that if n > k and 7 ¢ M(0), then g, = 0 on S™. This will achieve the
proof of Proposition 8.
Suppose 7 &€ M(o). If T is not a prefix of o, then the same argument as above applies. If
7 is a prefix of o, write o = 70’. Since 7 € M(c), o' & B and supp g,» NS = 0 by Lemma
6. Lemma 9 yields the result as above. m

A.2 Proof of the geometrical results from paragraph 6.2

We start by giving a proof of Lemma 3. We introduce the following notations: call D° =
f1_2r1n+1(p)a CS = f1_211n+1(0u)v Clo = f1_211n+1(0l)a and CY = f1_2}“+1(0) =DU 03 U Clo'
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Proof of Lemma 3. First, we prove that d(Q'!,C%) > 0. Note that sup{d(z,H), = € D’} =
¢sin ¢y where £ is the length of the sides of the diamond D°. Since d(Q'!,H) > k1, condition
3 in §6.2.1 implies that d(QMY,H) > Ryy > fsingg. Therefore, d(Q', DY) > d(QM H) —
sup{d(z,H), x € D} > {sinpy. Since d(Q'!,CIUCY) > 0, we deduce the result.

Take o € A,,\B, suppose for example that o(1) = 1. Suppose 12™*! is a prefix of 0. Therefore,
o can be written oo’ with o, € 12™71(12]21)" and ¢’(1) = ¢/(2). Suppose for example that
o'(1) = 1. Hence, Q7 C Qo1 and d(Q7, f,£(C%) > d(Q!, f, £ (C?)) = a*d(QM,CP).
Since C C fo,, (C9), the result is proved in this case.

Suppose 12™+! is not a prefix of 0. We know that in this case, d(27,A) > ko > 2Ripg by (57)
and condition 3 in §6.2.1. Since sup{d(z,A), x € D} = a™2{sinpy < Ryp, we deduce as above
that d(27,D) > Ky — Rpg > 0. It is easily seen that for every 7 & B, d(2",C, U C}) > 0. Since
Q° Cc Ui lekl, there exists a constant ¢y independent of o such that d(Q7,C, U Cy,) > co,
which concludes the proof. m

It is straightforward to check that, with the notations introduced in paragraph 6.2.1 and (60),
Lemmas 5, 6, 7, 8 and 9 still hold in this case. We start by stating a preliminary lemma.

Lemma 11 Ifn & B and n(1) = 1 (resp. n(1) = 2), then D" C {x1 < 0} (resp. D" C {x1 >
0}).

Proof. Take n € A,\B and suppose n(1) = 1. Let us first show that d(conv(Q7),A) > a™Ryy.
First suppose that 12™+! is not a prefix of 7, then (57) and condition 3 in §6.2.1 imply that
d(conv(Q7),A) > k3 > Reo.

If 12™1 is a prefix of n, then n = nyn’ with ny € 12™71(12)21)* and #/(1) = #/(2). For
example, suppose 7/ (1) = 1. Since conv(Q") C f,, (conv(Q'!)), we deduce that d(conv(Q7), A) >
d(f,, (conv(2M), A) = aFd(conv(Q'), H) > a*Ryo by condition 3 in §6.2.1.

Observe that d(D", A) > d(conv(Q2"), A)—sup{d(z, conv(Q")), z € D"} > a" Rpg—a"singy > 0
by the last point, hence the result. m

We now give the proof that Lemma 10 also remains true:

Proof. We first suppose that 7 = €. The proof that S7 N S% = §7 N SO = () is the same as in
Lemma 10.

We are left with checking that S N'D = (). Take n € B™. If n is not a prefix of o, then we
can write n = nyn’ and o = o’ with & > 0 and o’(1) # n'(1). Suppose for example that
o(1) = 1. Then S? C conv(Q%) C {x1 > 0}. On the other hand, by Lemma 11, since 7/(1) = 2,
D" C {z; >0}, and S N D" = 0.

If n = o, then S N D" = () by Remark 8 and by self-similarity.

If 0 = no’ with ¢’ € A\{e}, then S7 C conv(Q7) C conv(Q”U/( )). Since conv(fi(Q)) N D° =
conv(f2(€2))ND° = 0, we deduce by self-similarity that conv(Q"' ()N D" = @, and S°ND" = 0.

In the case when 7 # ¢, we conclude in the same way as in Lemma 10. =
Therefore, it is easily checked that Propositions 5, 6 and 7 hold.

Proof of Proposition 10. Take o € A such that o is not a prefix of 7712(21)* or 7121(12)
In the first place, suppose 7 = €. We first note that if o € B, then Lemma 6 yields the result.
In the following, we assume that o € B.

We first examine the case when 7 is not a prefix of . By symmetry, we can assume that
o(1) = n(1) = 1. There exists an integer k > 0 such that n = nyn’, 0 = o’ and 7'(1) # o’(1).
Suppose for example ¢/(1) = 1. Since o € B, ¢’ ¢ B, and Lemma 6 implies that supp Vg, C
{x1 < 0}. Since 17/ ¢ B and 7/(1) = 2, the set D" lies in {z; > 0} by Lemma 11, which implies
that supp Vg, N D7 = (. We conclude with Lemma 9.
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In the case when 7 is a prefix of o, the hypothesis we made on ¢ and n imply that ¢ has a prefix
of the form 712(21)"'1 or 21(12)'2 with I > 0. Suppose for example that the former is true, and
write o = n12(21)la’ . Therefore, since ¢/ ¢ B, Lemma 6 implies that supp Vg, lies above the
horizontal axis fn12(21)l (A) (recall that A is the axis given by {z1 = 0}). On the other hand, the

limit point of n12(21)> lies below this axis. Since this point is the highest vertex of the set D",
the result follows.

Let us now examine the case when 7 # €. If 0 = 70’ with 0/ € A, then o’ is not a prefix of
n12(12)> or n21(21)*°, and supp Vg,» N D" = () by what precedes, we conclude with Lemma 9. If
o =10’ and 7 = 77 with £ > 0 and ¢/(1) # 7/(1) (for example o’(1) = 1), then supp Vg,» C
{1 <0} US°. On the other hand, f(D") C ST, which implies that f. (D7) N supp Vg, = 0.
We can conclude with Lemma 9. m
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