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STABILITY OF THE DETERMINATION OF THE SURFACE IMPEDANCE OF
AN OBSTACLE FROM THE SCATTERING AMPLITUDE

tMOURAD BELLASSOUED, {MOURAD CHOULLI, AND §AYMEN JBALIA

ABSTRACT. We prove a stability estimate of logarithmic type for the inverse problem consisting in the
determination of the surface impedance of an obstacle from the scattering amplitude. We present a
simple and direct proof which is essentially based on an elliptic Carleman inequality.
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1. INTRODUCTION

Let D be a bounded subset of R3. For simplicity, even if it is not always necessary, we assume that
D is of class C*. As usual, we denote by u! the incident plan wave : u’(z) = e’***“_ where k > 0 is the
wave number and w € S? is the direction of propagation. A simplest model of a scattering problem for
impedance boundary condition is to find the total field u = u® + u*, u® is the scattered field, such that

(A+KE>)u=0 inR?\ D,

(1.1) dyu + iA(x)u =0 on dD,
lim r(0,u® —iku®) =0, r=|z|
T—00

Here A is the surface impedance of the obstacle D. The last condition in (1.1) is called the Sommerfeld
radiation condition. This condition guarantees that the scattered wave is outgoing.

Theorem 1.1. Assume that A € C(D) and A\ > 0. Then the scattering problem has a unique solution
u € C(R*\ D)NC?*R3\ D)'. Moreover, for any M > 0, there exists a constant C > 0, depending only
on M, such that

(1.2) [ullc@s\p) < C for any A € C(D), 0 <A< M

and for any closed subset K of R3 \E, a € N3, there exists a constant C‘, that can depend only on K,
a and M, such that

(1.3) 10%ullc (k) < C for any A € C(D), 0 < X\ < M.

Let us observe that with this regularity, Theorem 2.2 in [CK] implies that the solution of (1.1) is analytic in R3\ D.
1
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The proof of the existence and the uniqueness part is similar to that of Theorem 3.10 in [CK]
(Neumann boundary condition) with slight modifications. For sake of completeness we give a sketch of
this proof in Appendix A. In this appendix we give also the proof of estimates (1.2) and (1.3).

In order to give a regularity result of the solution of (1.1), we need to recall the definition of a
boundary vector space introduced in [Ch]. Let m be a positive integer, s € R and 1 < r < oo. We
consider the vector space

B, (R™) = {w € §'(R™); (1+[¢]*)"/*w € L"(R™)},
where S'(R™) is the space of temperate distributions on R™ and @ is the Fourier transform of w.
Equipped with the norm
[wll s, . my = (1 +1€1%)* 2D Lrem),
Bs,»(R™) is a Banach space (it is noted that B, 2(R™) is merely the Sobolev space H*(R™)). Using
local charts and partition of unity, we construct Bj ,(9D) from Bs,.(R?) in the same way as H*(9D)
is built from H*(R?).

The space B, 1(0D) is very useful because from Theorem 2.1 in [Ch] we know that the multiplication
by a function from Bs 1(9D) defines a bounded operator from H?(9D) into itself.

We proceed similarly to the proof of Theorem 2.3 in [Ch] to prove the H? regularity of the solutions
of (1.1). We obtain with the help of the usual elliptic H’-regularity (e.g. [LM]) and estimate (1.3) the
following theorem.

Theorem 1.2. Let @ DD D be a bounded C™ open subset of R®, £ > 0 an integer and set w =@\ D.
If X € Byt1/2,1(0D)NC(OD), then u, the solution of the scattering problem (1,1), belongs to H?(w).
In addition for any M > 0, there exists a constant C' > 0, depending only on M and ¢, such that

(1.4) [ull2+e(wy < C for any A € C(D), 0 <A< M and [|A|5,,,,,,60) < M.

Since u® is a radiating solution to the Helmholtz equation, it follows from Theorem 2.5 in [CK] that
it has the asymptotic behavior of an outgoing spherical wave:

) eik|x| . O 1
@)= @ +0 ()] el ooo
uniformly in all directions & = x/|z|. The function us, defined on S? is known as the scattering
amplitude or the far field pattern.

In the present paper, we investigate the question of the stability of the inverse problem consisting
in the determination of the surface impedance coefficient A from the scattering amplitude uo,. Before
stating our main theorem, we need to introduce some geometric assumptions on the domain.

First, we assume that = R3\ D has the following uniform exterior sphere-interior cone property.

(GA1) There exist p > 0 and 6 €]0, 7/2[ with the property that for all & € 9, we find 2" € R? \ Q
such that B(z',p) N D =0, B(z/,p) N D = {z} and

z—a

C(z) = {zG]Rg; (x—%)- &> |zfi|cost9} C Q, where £ =

| — ']
We set B(Z,r) = B(z/, p+ r) and we make the following second geometric assumption on €.
(GA2) there exist C >0, 0 < x <1 and 0 < rg such that for all £ € 9Q and 0 < r < g,
B(z,r) C B(z,Cr").
By a straightforward computations, one can prove that if D is the unit ball then the geometric
assumptions (GA1) and (GA2) are simultaneously satisfied for arbitrary p > 0 and 0 €]0, 7/2][, with

ro = p, C = +/3p and kK = 1/2, not only for dimension three par for any dimension greater or equal to
two.

Theorem 1.3. Let M > 0 and 0 < a < 1, there exist C > 0, ¢ > 0, and 0 > 0 such that for all X,
A € By)51(0D) N C*(dD) satisfying®

1Al By, 5.2 (00)nC (0D) + [\ By 21 (0D)C= (0D) < M,

Here || - IBs)s 1 (0D)nC(8D) = I - By 5 1 (9D) + I - lo= (D)
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and
IA = Alcop) <€
we have
~ In|IndJ? -
A—A <Clh|———
1A= ooy < €| (S5

Here § = [|too(N) — too (M| £2(s2)-

Our result can be seen as an extension of an earlier result by C. Labreuche [La] corresponding to
the case where the impedance A is analytic. Another result of the same kind as ours was proved by E.
Sincich [Si] by a different method. In comparison with what have been done previously, we develop in
the present work a simple method which is, in some sense, a direct method. Similarly to [La], our proof
is based on a lower bound for the L2-norm of the solution of the scattering problem in any ball around
a boundary point. The crucial step in the proof consists in establishing the dependence of the lower
bound on the radius of each ball. Instead of a lower bound of the solution of the scattering problem,
the approach used in [Si] uses the boundary version of the so-called A, weights.

We make some geometric assumptions that seem somehow restrictive. We choose to make these
assumptions for a better presentation and because the proofs are more simple. We believe that some
of these geometric assumptions can be relaxed.

The main ingredient in our method is a Carleman inequality with constants depending on an explicit
way on data. This is done in section 2. An intermediate result consisting in a quantitative estimate of
continuation from Cauchy data is proved section 3. This result is then used in section 4 to derive an
appropriate lower bound for the L?-norm of the solution of the scattering problem in any ball around a
boundary point. The results in sections 2 to 4 are given in an arbitrary dimension greater or equal to
two. The last section is devoted to the proof of the stability estimate of our inverse scattering problem.

One can see that these results can be adapted to other problems such as the problem of recovering
the corrosion coefficient appearing in some usual corrosion detection problems.

2. AN ELLIPTIC CARLEMAN INEQUALITY

Let Q be a Lipschitz bounded domain of R™ (n > 2), with boundary T', and 0 < ¢ € C?(Q) be such
that

m = min (1,rr;2in|V1/J|) > 0.
We fix M > max (||7/’H02(5)a 1), where
1Yl 2@y = Z 10%Y]lo(@)-
lor| <2
For A > 0, we set ¢ = e .
Proposition 2.1. Let v € H*(Q). Then

/ e2re (m4)\473g03v2 + m2/\27g0|Vv|2) dx
Q

< 8/ 2T (Av) dx + 48/ e’ (MPN* 12 p%0® + MATp|Vo]?) do,
’ ' A>6M3/m*, T > 88M°/m?,
Proof. Set ® = e~"%. Then straightforward computations give
Vo = - AtpdVy
AD = N 720?D| V|2 — N27pd|Vih|2 — AT Adb.
Let w € H?(2). Then from formulae above, we deduce

Lw = [® ' AdJw = Lyw + Lyw + cw.
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Here
Lyw = aw + Aw,
Low =B -Vw + bw,
where we set
a=a(z,\ 1) = N2 |V 2,
B = B(x,\,7) = =2A1pV),
b=0b(x,\,7) = —2\21|Vop|?,
c=c(x,\,7) = =A\TpAp + Nrp|Vy|?.

We have
1 ) 1 [ o1 i
(2.1) awB -Vwdr = = [ aB-Vw*dz =—= | div(aB)wdx + = [ aB-vwdo
Q 2 Ja 2 Ja 2 Jr
and
(2.2) AwB - Vwdr = — | Vw-V(B-Vw)dz + / B -VwVw - vdo
Q Q r

= f/ B'Vw - Vwdx —/ V2wB - Vwdzx + / B -VwVw - vdo.
Q Q r

Here B’ = (9;B;) is the jacobian matrix of B and V*w = (9;;w) is the hessian matrix of w.
But

/Q Blafjwajwdx = — 0 @wBﬂ%wdac — o GiBi(ajw)Q + /F Bi(ajw)Quida.
Therefore,

1 1
(2.3) / ViwB - Vwdr = ——/ div(B)|Vw|*dx + —/ |Vw|?B - vdo.
0 2 Ja 2 Jr
It follows from (2.2) and (2.3),
1 1
(2.4) / AwB - Vwdz = / {—B’ + §div(B)I] Vw - Vwdz +/ B-VwVw - vdo — 5 / |Vw|?B - vdo.
Q Q r r
As before, an integration by parts gives

/ Awbwdz = —/ b|Vw|*dx — / wVb - Vwdz + / bwVw - vdo.
Q Q Q r

Then, using the following inequality

—/wa~dezZ —/()\290)_1|Vb|2w2d:c—/ M| Vw|?dz,
Q Q Q

we obtain
(2.5) /Awbwdm > —/(b+)\2<p)|Vw|2dx—/(A2@)_1|Vb|2w2dac+/waw-udo.
Q Q Q r
Now a combination of (2.1), (2.4) and (2.5) leads
(2.6) / LywLywdx — / Awidr > fw2dz+/ FVYw - dex+/g(w)do,
Q Q Q Q r
where

1
f= —idiv(aB) +ab— (N2p) "1 Vb2 - &,

1
F=—B'+ (5div(B) —b— N1,
1

1
g(w) = §anB v — §|Vw|2B v+ B-VwVw v+ bwVuw - v.
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From the following elementary inequality (s —t)? > s2/2 — t2, s, ¢t > 0, we obtain
1
Ll 2 (Lvw + Lowlz — owl)* = 512w+ Lawl ~ lewld = [ Liwksuds - [ Putde
Q Q
This and (2.6) imply

(2.7) | Lw||3 2/fw2d$+/ FVw-de:C—i—/g(w)da.
Q Q r

By a straightforward computation, we obtain

—%div(aB) = A373div(? VY|P Vp) = X373 (3A3 V|t + 2 div(| V|2 V).

Therefore )
—§div(aB) +ab = N3 (\? | Vy|* + QP div(|VY|* V).
Hence
1
(2.8) —§div(aB) +ab > N33 (Am* — 3M3).

From now we assume that A > 1 and 7 > 1. Using —c? > —4\*72p?M*, we deduce from (2.8)
1
(2.9) —idiv(aB) +ab — 2 > N33 (Am* — 3M3) — 1204722 M2,
Next, we estimate |Vb|2. We have

Vb = =2\ 1V (¢ V) = =2X* (A VY * VY + oV [VY[?).

Consequently,
—|Vb]? > —10\°72¢* MO,
This and (2.9) imply

1
—5div(aB) + ab - & — (V) THVbE > N33 (m* — 3M3) — 2204 2P MO,

That is
> X303 (m* — 3M3) — 220723 MO,
Then
1 1
f> 5)\47'3(,037714 — 22023 MO = A28 (57m4 — 22M6) . A>6M3/m?.
Hence
1
(2.10) f> Z)\473<p3m4, A>6M3/m*, 1> 88MS/m?.
We have
(2.11) —B'¢- € =20 (\p|VY - €2 + oVE - €) > 20T M €%, € € R™.

On the other hand,
%div(B) —b— N2 = —N21p| VY2 — ApAy + 22X\ 70| VY| — N2

= A21p| V|2 — ApTAth — N2
> Nrom? — ApTM — N2, X\ > 4M/m?.

A combination of this estimate and (2.11) implies

(2.12) FE.€> i)\27‘(pm2, A>6M/m? T>4/m? E€R™ ¢ =1.

For g(w), we first note that
bwVw - v| = /AIVEI[bllw]y/ AV )72 bl[Vaw - v] < XV9l[blw? + (A[Ve]) 7l Vel
From this inequality, we easily deduce
(2.13) lg(w)| < 2(M3N37303w? + M ATo|Vw|?).
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Finally, (2.7), (2.10), (2.12) and (2.13) yield
(2.14) / (m4)\473<p3w2 + m*N1o|Vw|?) do
Q

< 4/ (Lw)* + 8/ (MEXN*T30Pw? + MATo|Vw|?) do,
Q r
> 6M4/m4, T> 88M6/m4.

Let us now apply this inequality to w = ®~1v, v € H?(2). We have

1
|Vw|? = [@7 Vo — @20V e|* > 5<1>*2|W|2 — 073V |%?

Y

1
5@72|VU|2 — O 2N 2P M2,

1
> 5@72|V’U|2 — AN M2,
Hence,
2/ (m* N3 %w? + m* N 1o Vw|?) do
Q
> / &2 ([2m*'N'7? — 22272 M) ©30* + m* N2 1| Vo|?) da.
Q
But,
2mANITS — 20272 M2 = mANTE AN — 20272 M2 = mANTE - NEP2 (NP — M.

Therefore,

omAN TS — NZP2 M2 > AN, N > 6M3/m4, T> 88M6/m4.

With these inequalities in view, we easily deduce from (2.14),
/ &2 (m* AP0 + MmN 1| Vo|?) da
Q

< 8/ O 2(Av)? + 48/ o2 (MPN°73p%0% + MAT|Vo|?) do,
Q r
> 6M3/m4, T> 88M6/m4,
which is the desired inequality. O
Let P be a partial differential operator of the form
P=Aw+A-V+a,

where A € L®(2)", a € L>®(Q).
Fix A > 0 satisfying

A = 4max (Al s ol ey ) -
Then a straightforward computation shows
(Aw)? < (Pw)? + A (w? + |[Vw|?) inQ, for any w € H*(Q).

Using this inequality, we obtain as an immediate consequence of the previous proposition the following
corollary.

Corollary 2.1. For any v € H*(Q), we have
/ e2me (m4)\473<p3v2 + m2)\27<p|Vv|2) dx
Q
< 32/ e?™¢(Pv)*dx + 96/ e (MENT30%0% + MATo|Vo|?) do,
Q r

for any
A >6M3/m*, T > max(88M° 16A)/m?
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or
A > max(6M3,16A)/m*, 7> 88M°/m*.

We shall need also the following consequence of Proposition 2.1.
Corollary 2.2. Let A be given. Then for any v € H?(Q) satisfying
(Av)? < A (v +|Vol?) inQ,
we have

/ e (m* N3 pP0? + mP N2 rp|Vo|?) do < 96/ e (MPN* 13 p%0® + MATo|Vo]?) do,
Q r
for any
A > 6M3/m*, T > max(88M°, 16A)/m*
or

A > max(6M3,16A)/m*, 7> 88M°C/m*.

3. A QUANTITATIVE ESTIMATE OF CONTINUATION FROM CAUCHY DATA

Let Q be as in the previous section. That is a bounded Lipschitz domain of R™ with boundary T'.
Let I'g be a closed subset of I' having nonempty interior. We assume that () has the uniform exterior
sphere property at any point of I'y:

(GADO) there exists p > 0 with the property that for all # € Ty, we find o € R™ \ Q such that
B(z0,p) NQ =0 and B(zo, p) N Q = {7}.

We shall use the following notations
B(@Tl)zB(ﬂﬁO,P‘i‘rl) B(jarlaTQ):B(‘%aTQ)\B(‘%arl)a B:B(jad)a

where d = diam(T'g).
Henceforth, P is an operator with bounded coefficients of the form

P=A+A-V+a.

We set
A = 4max (| A] ) lall Lo (o)) -

Lemma 3.1. There exist two constants C > 0 and 0 < v < 1 with the property that, for any 0 <r < d
and any u € H?(Q) satisfying Pu = 0 in Q, we have the following estimate

Cr?lull 2sz. 50 < Il (lul 2@ mnr) + 111Vl 2s@.Han)
Proof. Pick € T'y. Let 2o be as in (GAO) and
U(@) = va(z) = ((p+ d)* /o — zof?).
Then 5 5
Vi(a) = ——— > —=—
Vi) = 2> 2

Set m = min(1,m’) and choose M independent on Z such that

=m/, z € B.

M > max | 1, > 0%l o
lor]<2
Let x € C°(B(&,7)), x = 1 on B(Z, 3F) and [0“x| < Kr~lel Ja| < 2, where K is a constant independent
on .
Let u € H?(Q) satisfying Pu = 0 in Q. We apply Corollary 2.1 to v = xu. For A = max(6M?3,16A)/m*
and 7 > 19 = 88M%/m?, we obtain

1
31 C / e*TPuldy < / T (Qu)dr + — / e*7? (u? + |Vul*)do.
B(z,5)NQ B(&,r)NQ " JB(z,r)nr
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Here and in the sequel C' is a generic constant independent on r and
Qu=2Vx -Vu+ Axu+ A - Vyu.

Using the properties of x, we easily prove

/ e2T?(Qu)?dr < ¢ / e*™? (u? + |Vu|?)dz.
B(&,r)N B(z

4 .
r ,%,T)ﬁfz

Therefore, (3.1) implies

Cr4/ 2™ Puldy < / 2T (u? + |Vu|?*)dx +/ 2T (u? + |Vul|*)do.
B(z,5)NQ B(&,%F,r)NS B(&,r)NT

' 4

We have
o= ((p+d)?/|z—=0l?) _ (p+d)*
|x — zg|2*"
Consequently,
(3.2) Cr4e2w°/ ude < 71 / (v + |Vu|?)dx
B(z,5)NQ B(z,3r ,r)nQ
—|—62wz/ (u? + |Vu|*)do,
B(z,r)nr

where

oo LD et d (et d)*

(0 + 22N (p+ 35y p2h

By the mean value theorem, for some 6 €]0, 1],

ﬁ)) —2X\(p+d)**
47000+ 5) + (1= 0)(p+ )P

0o — 1 = ((p+g)—(p+

A (ptd)*
T2 (p+ )Rt
N (ptd?
SRR
with

Alp +d)**
2(p+ )P

Similarly, we prove

P2 —p1 < P,
with
_ AMp+ad)*>
ﬂ - p2>‘+1

We obtain from (3.2),

CT4/ u?dr < e_a”/ (u? + |Vul?)dz + SBTT/ (u® + |Vu|?)do.
B(z,5)N B(z,3,r)nQ B(&,r)nT

In particular,

(3.3) CT4/ uidr < e T / (u? + |Vu|?)dx + eﬁ”/ (u? + |Vu|*)do.
B(#,5)NQ Q B(#,r)NT
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Let us introduce the following temporary notations

A= / (u® + |Vu|?)dz,
Q

I= / (u® + |Vu|?)do,
B(z,r)nI’

Then (3.3) becomes

(3.4) J<e AP
Let
_ In(A/1)
ar+Br’

If 74 > 79, then 7 = 7y in (3.4) yields

(3.5) J < A=YE [wisr = A=A [a1p.

If 71 < 79, then A < eTo(atB)r[ < erolat+h)d]  Qince

J=Cr? / uldr < Cd*A,
B(z,5)NQ

we have
(3.6) J < COI = CI=% [575 < C A=Y [575.
Hence, in any case, one of estimates (3.5) and (3.6) holds. That is in terms of our original notations

Cr?||ull L2z, 5)n0) < lellmia, (lullz2Emnr + 11Vl L2 mon)

B

R The proof is then complete. ]

where we set v =

Corollary 3.1. There exist two constants C > 0 and 0 < v < 1 with the property that, for any
0<r<d and any u € H*(Q) satisfying Pu = 0, we have the following estimates

1—~/2 /2
(3.7) Cr||Vul| 2s(z,2)n0) < ||U||szg/z) (lull 28,y + 1 Vulll L28@,mnr))”
and

1—v/2 /2
(3.8) Cr?|[ull i sz, zyney < lullady (lull 2@@nnry + 11Vl 2@e.nan)”

Proof. Fix y € C°(B(&, 5)) satisfying x = 1 in B(%, %) and [0%x| < Kr~lol, |a <2, where K is a
constant indepedent on r. Let u € H?(f) satisfying Pu = 0. From the usual interpolation inequalities,

there exists a constant ¢ = ¢(2) > 0 such that

1/2 1/2
IV el < ellxull g Ixul e q)-
Hence
_ 1/2 1/2
(3.9) IVl 2 s, 5yne) < e Ml s 2 yno el e

On the other hand, it follows from Lemma 3.1
(3.10) Crllull 25 5)n0) < lullaley (lullz2@s@nar + Vel s@nnr) -

Therefore, (3.7) is a consequence of (3.9) and (3.10).
Next, as the trace mapping
w € H? = (w, Vw) € L*(T)"+!
is bounded and
lull 2B(z,mnr) + VUl L2BE,nry < lullzey + 11Velll 2y,
we have
lull2(8(z,rynr) + 11 Vulll L28z,mar) < K'llull g2 0)-
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Here K’ is a constant independent on 7.
This estimate in (3.10) yields
1—v/2 /2
(3.11) Cr?|lull 28z, 5)n0) < HUHH2Zg/1) (lull L2s@,mnr) + IVl 2@, mnr)

We complete the proof by noting that (3.8) follows from a combination of (3.7) and (3.11). O

4. LOWER BOUND FOR SOLUTIONS OF ELLIPTIC EQUATIONS

As in the previous section, 2 is a bounded Lipschitz domain of R™, with boundary I', and P an
elliptic operator of the form

P=A+A-V+a,
with A € L>®(Q)" and a € L (). We set

A = 4max (HAH%M(Q)n + ||a||2Loo(Q))-

We start with a three sphere inequality. We set B(i) = B(0,4), i = 1,2,3 and ro = sdiam(Q). Let
y € Q and u € H'(B(y,3r)), where 0 < r < idist(y,I)(< o). If
v(z) =u(rz +y), z € B(3),

a simple change of variables leads to the following inequalities

(4.1) e T2l g Biyary < 0llEr s < TPl a B
Here
¢ =min(1,79), ¢ =max(1,ro).
In addition, if u satisfies Pu = 0 in B(y, 3r), then a straightforward computation yields
(Av)? < A(W? + |Vul?) in B(3),

where A = Ar2 max(1,72).

We apply Corollary 2.2 to w = xv, where x € C>(U), x =1 in K, with

U={zeR" 1/2<|z| <3}, K={zreR" 1<r<5/2}.

Similarly to the previous section, we prove the following interpolation inequality in which the constant
C >0and 0 < a <1 depend only on A and ryp.
(4.2) vl (B2)) < CH’UH%P(B(l))Hv”]lq_l?B@))'

The following lemma is a consequence of (4.1) and (4.2).

Lemma 4.1. There exist C' and 0 < o < 1, depending only on A > 0 and ro > 0 with the property
that, for all u € H?(Q) satisfying Pu=0in Q, y € Q and 0 < r < %dist(y, I,

1—
rllull e (s,2r) < Cllullfn el mise,m)-
Next, let Qo = R™\ K, where K is a compact subset of R™ with nonempty interior. For simplicity
we may assume that 0 € K. We make the assumption that €y has the uniform exterior sphere-interior
cone property (GA1). We recall that this geometric assumption is the following one.

(GA1) There exist p > 0 and 6 €]0, 7/2[ with the property that for all € 9, we find 2’ € R™\ Qg
such that B(z',p) N Qo = 0, B(z',p) N Qo = {7} and

z—a

C@)={zeR™ (x—2)-&> |z —Z|cosb} C Qp, where & =

| — 2’|

Fix R > 4sup |z| and set Q = Qo N B(0, R).
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Theorem 4.1. Let M >0, 7 >0 and Ag > 0 be given. There exist C >0, n > 0 and r* > 0 such that
for all w € H?(Q) satisfying

Pu=0 in €,

[Opu| < Aglu| on T,

lu] > 7in QNn{x e R"; |z| > R/12},
1wl a2y < M,

Z2e€To=09 and 0 < r < diam(Ty), we have
_c
e” ™ < |lull L2(B(z,r)ro)-

Proof. Let # € Iy and 2’ € R™ \ Q such that B(z/,p) N Q = 0, B(z',p) N Q = {Z}. We set, for
0 < r < diam(Ty),

=~ 1
yo o~ T+x
=241, xz= 7

Clearly, B(zo,7/2) C B(Z,7) NQ and, for dy = |xo — Z|, po = (do sinb)/3, B(xo, 3po) C C(Z).
By induction in k, we construct a sequence of balls (B(zk,3px)), contained in C(Z), as follows

Tht1 = T + o0&,

Pk4+1 = KPk,
A1 = pdy,
where
dp = |zx — Z|, pr = cdi, o = (1 — p)dy,
with

sin 0 3+ 2sinb
3 1T 3 sing
Note that our construction of these balls guaranties that

(4.3) B(p41, pre+1) C Blag, 2p1).

CcC =

Let us denote by N the smallest integer such that dy > R/8. Since dy = uNg,
In & In &
(4.4) —r < N< 4
In p Inp

or equivalently,
R
N — In rs
Inp |-

|zk| + 3pr < |Z| 4+ dy +sinfdy < R/4+ uR/4 < 3R/4.

If 0 <k <N, we have

Here, we used 1 < p < 2 and dy = up™ ~1dy < u%.
Also, for z € B(zn, pN),

sin @ 2 R
|$|Z|$N|_pNZdN_ dNZ—dNZ—
3 12
In other words,
(4.5) B(zg,3pr) CQ, 0 <k < Nand B(zy,pn) CQ2N{x eR™; |z| > R/12}.

We obtain by applying Lemma 4.1,
pollull 1 (B(xo.200)) < CMPQHUH?JI(B(%,,)O))-
But from (4.3), B(x1,p1) C B(xo,2pp). Therefore
(4.6) pollull g (B(a1.o1)) < CM ™l F1 (B (2o,p0))-
Set

I = |lull gy (Br.pn))-
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Then (4.6) can be rewritten as

I < ng—aIg.
Po
Using an induction in k, we prove

Cl+a+...+ak71

Ik S — ngM(l—a)(1+a+...+ak71)_
Pk—1P%_o - - PG
From the inequality
P 1—ak 1—ak k-2 .
Pk—1Ph—2---Po =H"py * Zpy *, withm= ) (k—1-j)a’,
j=0
it follows
1—ak

C\ T-a e
(4.7) I < (—) Mt et

Po

We have

c  6C

po  (sin@)r’
Hence, we find 7* > 0 such that

6C . %
— 2> 1, if0<r <"
(sin@)r
From now we assume that 0 < r < r*. We derive from (4.7)
B
~ (C
(4.8) In<M (7) 5",
where )
8= , M =max(1,M).

-«
Now as |u| > 7 in B(zy, pn), we have

Iy = 7 [s7H Y2 /2 = 7 |57 M2 (N o)
and since p > 1, we deduce
(4.9) In > Cr/2,
A combination of (4.8) and (4.9) leads
Cr7 < Ig‘N, with v =n/2 + .

That is
(4.10) (Cry/e™ < I
By (4.4), we have
LN — eN|lno¢| < €|lna\(lnR+4\lnT|+1)_
@
Therefore, reducing r* if necessary,
1 eNlmel o Slnaliinr] L with s = 6| In ¢
alVv rs’ ’

Reducing once again r* if needed, we may assume that Cr < 1 in (4.10) (for any 0 < r < r*). Then
(Cry/oN > (O = e NG > e,
This and (4.10) imply, where n = s+ 1,
_c
e < ull g1 (B(ao.pe)) < Nullar(Bmn0)-
Combined with (3.8), this estimate implies

_C
(4.11) e < lullL2B@,rynre) + IVl L2(8(5,m)nr0) -
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According to our assumption
[Vul?> = (Oyu)® + |V-ul> < max (1,A) (u? + |V-ul?) .
Hence (4.11) yields

_C
(4.12) e < lull g1 (s@.mnre) -

We now estimate the H' norm in the right hand of the previous inequality by an L? norm with the
help of an interpolation inequality. To this end, let x € C°(B(Z,2r)) satisfying x = 1 in B(Z,r) and
|0%x| < Cr=lel] ol < 2.

It follows from classical interpolation inequalities

1/2 1/2
ez s@mare < Il o) < Cliullae, Ixull s,

< Ol Il (s e 2ryre):
On the other hand, by classical trace theorems, we have
Il sy < ull ooy < M.
The last two estimates together with (4.12) lead to the desired inequality. O
It the sequel we assume that Qg possesses (GA1) and
(GA2) there exist C' >0, 0 < k < 1 and 0 < rg such that, for all € Ty and 0 < r < g,

B(z,r) C B(z,Cr").

Under this new geometric assumption, we deduce from Theorem 3.1 the following corollary.
Corollary 4.1. Let M > 0, 7 > 0 and Ay > 0 be given. There exist C > 0, n > 0 and r* > 0 such
that, for all # € Tg = 0Qo, 0 < 7 < 1o and v € H>'?(Q) satisfying

Pu=0 in €,
[Opu| < Aglu| on To,
lu| > 7 in QN {z e R™; |z| > R/12},
[l gs/20) < M,
we have
_c
e” 7 < lull2(B(@,r)nro)-

Next, we derive a result on which is based our stability estimate for the inverse problem consisting
in the determination of the surface impedance of an obstacle in terms of boundary Cauchy data. Recall
that f € C%(Ty) if there exists L > 0 such that
(4.13) [f(x) = f@")| < Llz = y|*, @, 2" € Ty.

We denote by [f]q the infimum of L’s for which (4.13) is satisfied.

Proposition 4.1. Let M >0, 7> 0,0 < a <1 and Ay > 0 be given. There exist C > 0, ¢ > 0 and
o > 0 such that, for all u € H®/?(Q) satisfying

Pu=0 inQ,
|Oyu| < Aglu| on To,
lu| > 7 in QN{x e R™; || > R/12},
lull gore ey < M
and, for all f € C*(Lo) satisfying [flo < M, || fllLemy) <€
< C
) = G-
| || full o (o) |

The following lemma will be used in the proof of Proposition 4.1. Hereafter, r* is the same as in
Corollary 4.1.

(4.14)

LIl oo
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Lemma 4.2. There exist 6* with the property that, for all u as in Corollary 4.1 satisfying u € C(T'y),
Z€Tlyand 0 < <o,
{z € B(z,r*)NTo; |u(x)| >} # 0.

Proof. Otherwise we find a sequence (Jx), 0 < &, < 1,

4.1 with u, € C(T) for each k, and (Zx) in T'g such that
{z € B(Zk,r*) NTo; |ug(z)| > o} = 0.

(ug) satisfying the assumptions of Corollary

In particular,
1
|ug] < z in B(Z,r")NTo.
Therefore, we have by applying Corollary 4.1
__c 1 1
¢TI < Z|B(@x ) NTo| < 7o, for all k > 1,
which is impossible. This leads to the desired contradiction and proves the lemma. O
Proof of Proposition 4.1. Let 6* be as in the previous lemma, 0 < § < 6*, u € H%/?(Q) satisfying
(3.14) and f € C%(T).
Let & € Tg. If |u(Z)| > & then
- 1o, .
(4.15) [f(@)] = 51f(@)u(@)]-
Let & € Ty such that |u(Z)] < § and set
r=sup{0 < p; |u| <don B(Z,p)NTo}.
From Lemma 4.2 , we know that
{z € B(z.r) NTy; Ju(x)| > 6} £ 0.
Hence » < r* and
OB(Z,r)N{x € B(Z,r")NTo; |u(x)] >0} #0.
Let & € OB(Z,r) be such that |u(z)| > 6. We have

F@I < [f(@) = F@)]+f(@)] < [flalz - 2| + %If(fﬁ)U(ﬁ?)l

and then .
IF@] < [f(@) = F@)]+[F@)] < Mr® + <[ f(@)u(z)]-
This and (4.15) show

o 1
(4.16) £ llzoerg) < M7 + S|l full oo (ro)-
Since |u| < ¢ in B(Z,r) NIy, Corollary 4.1 implies
™7 < 8|B(,1) NTy| < §|T]
or equivalently
C
< ———, witho =1/n.
T_|1n5|U’W1 oc=1/n
Hence, (4.16) implies
(1.17) 7l < s + 1l 0 < 5.5
: oo ——— + = || full .
=) = Ty T 5 Lo°(To)> <
Set 0 = e~°. Then (4.17) takes the form
C s * *
(418) HfHL“(Fo) S S_U +e Hf’LLHLoc(FO), S Z S = |ln(5 |
We use the temporary notation N = || ful| .« (ry). The function s — < + Ne® attains its minimum at
§ satisfying

oC
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Using the elementary inequality s* < e**, s > 1, A > 0, we obtain
c ; ;
¥ = §7H1es < el if 5 > 1,
That is
1 C
(4.19) o+21DNS§if§21
But
C C
n—>mn—F———.
N M| fll Lo (ro)

Therefore there exists ¢ > 0 (independent on u and f) such that § > max(1,s*) provided that
lfllzry) < e When this last condition is satisfied, we can take s = 5 in (4.19). Taking into ac-
count (4.18), e® = #,Cﬂ and the fact that # < ng we easily obtain

c

[l full ][
which is the expected inequality. U

oo <
Il < T

5. PROOF OF THE STABILITY THEOREM

In this section we prove Theorem 1.3. The solution of (1.1) corresponding to A is denoted by u(A).
Set u®(A) = u(N) — u'.

We start with the following Lemma.

Lemma 5.1. Let M > 0 be given, A € C(0D), 0 < X\ < M. Then there exists R > 0, depending only
on M and D, such that D CC B(R) and

(5.1) lu(N)| > 1/2, [z| > R.
Proof. Since '
[u(N)(@)] = [u'(z) + u*(N)(@)] = 1 — [u*(A)(z)],
(5.1) will follow from
(5.2) w*(N)(@)] <1/2, |2| = R.

From Green’s formula of Theorem 2.4 in [CK], we have

W@ = [ [0 @ )6) - 0 W@ B(e )] dst). « BT,

where .
eZk‘m_y‘

O(x,y) = ,x,y€R3,z7éy.

dmle —y|
Then, (1.2) and the fact that
Du*(N) = —idu*(N) — (O,u’ +iu') on OD
imply
[u?(N)(z)] < Cl;nea[))( [10,(,)@(z,9)| + |®(z,y)|] , x € R*\ D, |z| > R.
A straightforward computation shows that the right hand of the last inequality tends to zero when R
goes to infinity. Then (5.2) follows. O
Proof of Theorem 1.3. Fix R as in Lemma 5.1 and set w = B(3R + 1),
v=u(\) —u(\) = u*(\) —u*(A).
Recall that by estimate (1.4), we have
(5.3) [Vl 2wy < C-

Here and henceforth C' denote a generic constant that can depend only on M and R.
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Let wo be an open subset contained in w \ B(3R). Since H3(w) C C*'/?(w), we can apply both
Propositions 1 and 2 in [BD]®. A usual argument consisting in minimizing the right hand side of
estimates in Propositions 1 and 2 in [BD], with respect to the small parameter ¢, leads to the following
inequality

(5.4) lvllcropy < if [|v] 71 (wo) < 5

K
[ [flo 22 )] |
where the constants C, x and 7 can depend only on M and R. Using the interpolation inequality

1/2 1/2 .
vl (o) < CHU||L/2(UJ0)||,UHI‘I/2(M())’ (5.3) and (5.4), we obtain

C

(5.5) [ ——
OB = T o]l 22 o) ]|

if ||UHL2(UJ0) < m,

We obtain by applying Lemma 6.1.2 in [Is]%, where § = ||to0()\) — Uoo (5\)||L2(Sz),

c .
”vHCl(BD) < W if § < 4,

for some constant dg > 0. Here
0(6) =1/(1 +In(|In | + ¢)).

Therefore, reducing g if necessary,
In|Ind|?

_ if & < dg.
|1n5|] if0 < d

(5.6) |wmwmsc[

From the estimate in Proposition 4.1, we have

C
[ [l = DN leon)|

(5.7) IA = Mlc@p)y <

g

if ||\ — S\HC(QD) < e, for some € > 0.
Or
(A= Nu(A) = Iv —d,v.
Hence,
I(A = MuNlleop)y < max(1, M)||v]lciop)-

A combination of this last estimate, (5.6) and (5.7) yields

1 In|Iné|?

Y et
[1n 4]

To complete the proof we observe that the condition § < dy is satisfied if ||(A — 5\)||C(3D) < €, for some

€, because A — U () is continuous from the set {h € C(9D); Sh = 0 and h > 0}, endowed with the
topology of C(9D) into L?(S?) (see Appendix A). O

—0

||)\*5\||C(6D) <C if § < 6.

APPENDIX A

Sketch of the proof of Theorem 1.1. For the reader convenience, we kept the notations of [CK].
Let us first recall that the fundamental solution of the Helmholtz equation (A + k?)u = 0, with positive
wave number k, is given as follows

ciklz—yl

®(z,y) = ,z,y R £y

drmlz —y|

3These two propositions are proved by similar tools to that we used in the proof of Theorem 4.1 and the main ingredient
is an elliptic Carleman inequality.
4This result is due to I. Bushuyev [Bu].
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We consider the single- and double-layer operators S and K, given by

(Sg)(x) = 2 /6  9(@.9)plu)ds(y). € OD.

(K)(x) = 2 /6 Qe 9)ela)ds(y). @ € 0D,

and the normal derivative operators K’ and T', given by

(K'p)(x) = 2 /6 B (e )plu)ds(y), @ € 0D,

(K)(x) = 20,(s) /6 2P )e0)ds(y). @ € 0D,

As for the exterior Neumann problem, our problem is reduced to find a radiating solution u €
C(R?*\ D) N C?(R3\ D) of the Helmholtz equation
(A1) (A+kHu=0 inR3*\D
satisfying the boundary condition
(A.2) Oyu +iXx)u =g ondD.

Similarly to the Neumann case, we seek a solution in the form

(A3) u() = /6 @) (o) + 10,0 () (S50 )] ds(a). @ & OD,

with a continuous density ¢ and a real coupling parameter n # 0. The operator Sy is the single-layer
operator in the potential theoretic limit k = 0. (Note that Sy plays the role of a smoothing operator.
We refer to [CK] for more explanations.)

Next if M;) is the multiplication operator by i\, we will use the fact that I + M;) is invertible. This
fact is a simple consequence of the assumption that A is real valued.

By the results of Theorem 3.1 of [CK], we easily prove that u is a solution of (A.3) provided that the
density ¢ is the a solution of the equation

(A.4) o — (I 4+ Min) " [K' +inT'S§ + Min(S + K)] o = =2(I + M) "' g.

From Theorem 3.4 in [CK], we know that the operator (I 4+ M;\)~![K’ + inTS§ + M;x(S + K)]
is compact, so the Riesz-Fredholm theory is available in the space X = C(9D). The proof will be
complete if we prove that the equation (A.4) with g = 0 has only ¢ = 0 as a solution.

Let uy = up and u— = ujgs\p. Then g = 0 implies that u_ is such that

dpu_ +iX(z)u— =0, ondD.

& (/ u_al,ﬂ_ds> :/ Aul?ds > 0.
oD oD

We deduce from Theorem 2.12 in [CK] that u_ = 0. This and the transmission conditions in Theorem
3.1 in [CK] yield

Therefore

uy = inSgp, Oyus = on dD.

Then a simple application of Green’s formula leads

in/ |S2p|? :in/ @S&@ds:/ ﬂ_auu_ds:/[Vu|2—k:2|u|2]dx
oD oD oD D

whence Spp = 0 on 9D follows. The single-layer potential w with density ¢ and wave number k
is continuous throughout R? and vanishes on dD and at infinity. Therefore, by maximum-minimum
principle for harmonic functions, we have w = 0 in R?* and the jump conditions in Theorem 3.1 in [CK]
yield ¢ = 0.

Next we prove estimate (1.2) for the solutions of (A.1)-(A.2). This will imply that (1.2) is also valid
for the solutions of (1.1). To this end, we introduce the following set

E={M>0; 3C(M) > 0s.t. [u(\)| < C(M)||g|l, Vg, A € C(dD), 0 < A < M}.
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Here and henceforth, w()) is the solution of (A.1)-(A.2), corresponding to A, and

luN)| = luMN)lle=@s\p), gl = lgllc@p)-
It follows from Theorem 3.10 in [CK] that 0 € E (corresponding to Neumann boundary condition). Let
M € E and g, A € C(0OD), 0 < XA < M + €. Since

M e
Ou(N) + Fyan eu(A) i Y 6u()\) + 9.
we have
[u(MI < C(M) (ellu(M] + (gl -
Therefore,
C(M) i
[V < T=gaelol i € < 100D,

Noting that [0, M] C E, we deduce that F is an open subset of [0, +o0].

Now let M), be a sequence in E, M — M. Let g, A € C(0D), |lg| =1 and 0 < A < M. Let
A = MA/M. In view of (4.3) and (A.4) we easily deduce that A — w(\) is continuous from the set
{h € C(8D); Sh =0 and h > 0}, endowed with the topology of C(9D), into C(R3\ D). Hence, there
exists a positive integer ko such that ||u(A\) — u(Ag,)|| < 1. Consequently,

(A.5) u()] < llu(A) = w(Aro) [ + lu(Ane) ]| < 1+ C(My,).
Therefore, for any g € C(0D), g # 0,
(A.6) [u(M] < (1 + C(My,))lg]-

We note that (A.5) is trivially satisfied when g = 0, because in this case u(A) = u(Ay,) = 0. In
conclusion, E is closed subset of [0, +o0].

We proved that E is a nonempty interval which is at the same time closed and open in [0, +oo[. This
implies immediately that E = [0, +oo[.

With the help of Theorem 3.10 in [CK], we proceed similarly as previously to prove estimate (1.3).
O
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