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ASYMPTOTIC BEHAVIOR OF SOME STATISTICS IN EWENS
RANDOM PERMUTATIONS

VALENTIN FERAY

ABSTRACT. The purpose of this article is to present a general method to find
limiting laws for some renormalized statistics on random permutations. The
model of random permutations considered here is Ewens sampling model, which
generalizes uniform random permutations. Under this model, we describe the
asymptotic behavior of some statistics, including the number of occurrences of
any dashed pattern. Our approach is based on the method of moments and relies
on the following intuition: two events involving the images of different integers
are almost independent.

1. INTRODUCTION

1.1. Background. Permutations are one of the most classical objects in enumer-
ative combinatorics. Several statistics have been widely studied: total number of
cycles, number of cycles of a given length, of descents, inversions, excedances or
more recently, of occurrences of a given (generalized) pattern... A classical ques-
tion in enumerative combinatorics consists in computing the (multivariate) gener-
ating series of permutations with respect to some of these statistics.

A probabilistic point of view on the topic raises other questions. Let us consider,
for each IV, a probability measure py of permutations of size V. Then any statistic
above can be interpreted as a sequence of random variables (X )n>1. The natural
question is now: what is the asymptotic behavior (possibly after normalization) of
(XN)N>1?

The simplest model of random permutations is of course the uniform random
permutations (for each N, pp is the uniform distribution on the symmetric group
SnN). A generalization of this model has been introduced by W.J. Ewens in the
context of population dynamics [16]. It is defined by

g#()
mldod) = g e N1
where 6 > 0 is a fixed real parameter and #(o) stands for the number of cycles
of the permutation o. Of course, when § = 1, we recover the uniform distribu-
tion. From now on, we will allow ourselves a small abuse of language and use the

expression Ewens random permutation for a random permutation distributed with
Ewens measure.

)]
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2 V. FERAY

The purpose of this article is to introduce a new general approach to this family
of problems, based on the method of moments.

We then use it to determine the second-order fluctuations of a large family of
statistics on permutations: occurrences of dashed patterns (Theorem [L.6)).

Random permutations, either with uniform or Ewens distribution, are well-
studied objects. Giving a complete list of references is impossible. In Section
we compare our results with the literature.

1.2. Motivating examples. Let us begin by describing a few examples of results,
which suggest a uniform and intuitive approach.

Number of cycles of a given length p. Let F};N) be the random variable given by
the number of cycles of length p in an Ewens random permutation ¢ in Spy. The
asymptotic distribution of I" éN) has been studied by V.L. Goncharov [19] and V.F.
Kolchin [24] in the case of uniform measure and by G.A. Watterson [32, Theorem

5] for the framework of a general Ewens distribution (see also [1, Theorem 5.1]).

Theorem 1.1 ([32]]). Let p be a positive integer. When N tends to infinity, F;g,N)
converges in distribution towards a Poisson law of parameter 0 /p. Moreover, the

sequences of random variables (F;],V)) ~N>1 for p' < p are asymptotically indepen-
dent.

Let us give an intuitive (but false) explanation of the first part of the result,
assuming that some non-independent variables are independent.

If i1,...,1%, is a list of pairwise distinct integers between 1 and N such that its
minimum is ¢; (there are (IV),/p such lists, where (IV), is the usual notation for
the falling factorial (N), = N(IN —1)...(N — p+ 1)), we define

@) geN (o) = 1 if (ig ip) is a cycle of o;
(#1--s2p) 0 otherwise.

Each B?va i) is distributed according to a Bernoulli law of parameter 6/(N),
)

(see Lemmal[3.)). These variables are not independent. Nevertheless the sum FIE,N
of these (IV),,/p Bernoulli variables of parameter 6/(N),, converges in distribution
towards a Poisson variable of parameter 6/p.

Excedances. A (weak) excedance of a permutation ¢ in Sy is an integer ¢ such
that o'(i) > i. Let B™" be the random variable defined by:

b = {0 <
1 ifo(i) >
When ¢ is a Ewens random permutation, this random variable is distributed ac-

cording to a Bernoulli law of parameter Nfbe_l (see Lemma[3.1)).
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Let x be a fixed real number in [0; 1] and o a permutation of size N. When Nz
is an integer, we define

T N

and we extend the function F.\"") by linearity between the points i/N and (i+1)/N
(for1 < i < N —1). In sections and we explain why we are interested
in this quantity: it is related to a statistical physics model, the symmetric simple
exclusion process (SSEP), and to permutation tableaux, some combinatorial objects
which have been intensively studied in the last few years.

We show the following.

Theorem 1.2. Let x be a real number between 0 and 1 and o a random permuta-
tion of size N, taken with Ewens distribution. Then, almost surely,

1—(1—2)
i (N (py = 2= %)
i ) =5
Moreover, if we define the rescaled fluctuations

Z0 (@) = VN (F(@) - B(FN (@)

then, for any x1, ..., x,, the vector (ZgN) (1), .. ,Z(E—N) (x)) converges towards
a Gaussian vector (G(z1),...,G(x,)) of covariance matrix (K (x;,x;))1<i j<r
for some explicit function K (see section|[6.4)).

If i # 7, the variables BfX’N and BJB-X’N are not independent (their covariance
is computed explicitly in section [6.4). Nevertheless, the first-order limit and the
Gaussian fluctuations of order N ~1/2 correspond to what would happen with in-
dependent variables (only the actual value of the covariance matrix K (z;,x;) is
different).

With this formulation, Theorem [1.2]is new, but the first part is quite easy while
the second is a consequence of [15, Appendix A] (see section [6). We also refer to
an article of A. Barbour and S. Janson [5]], where the case of the uniform measure
is addressed with another method.

Adjacencies. We consider here only uniform random permutations, that is the
case § = 1. An adjacency of a permutation ¢ in Sy is an integer ¢ such that
o(i+1) = o(i)£1. As above, we introduce the random variable B*" which takes

(2
value 1 if 7 is an adjacency and O otherwise. Then is distributed according
to a Bernoulli law of parameter % An easy computation shows that they are not
independent.
We are interested in the total number of adjacencies in o, that is the random
variable on Sy defined by AN) = S NV-1 gad N,

ad,N
Bi

Theorem 1.3 ([34]). AW converges in distribution towards a Poisson variable of
parameter 2.
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This result first appeared in papers of J. Wolfowitz and 1. Kaplansky [34} 23]]
and was rediscovered recently in the context of genomics (see [35] and also [[11}
Theorem 10]). Note that it corresponds exactly to what would have been obtained
if the variables B? N were independent.

Of course, as the Bernoulli random variable considered in each of these exam-
ples are not independent, the explanations given for these results are not rigorous
proofs. Nevertheless, the considered events involve (most of the time) the images
of different integers by the permutation o. Therefore, speaking informally, they are
almost independent. The main lemma of this paper is a precise statement of this
almost independence, that is an upper bound on joint cumulants. This result allows
us to give new proofs of the three results presented above in a uniform way.

1.3. The main lemma. From now on, N is a positive integer and o a random
Ewens permutation in Sy.

If i and s are two integers in [IV], we consider the Bernoulli variable Bi(,];[) which
takes value 1 if and only if (i) = s. Despite its simple definition, this collection
of events allows to reconstruct the permutation and thus generates the full algebra
of observables (we call them elementary events).

For random variables Xi,..., X, on the same probability space, we denote
k(X1,...,Xy) their joint cumulant. Joint cumulants generalize the notion of co-
variance (corresponding to £ = 2). They somehow measure how dependent ran-
dom variables are. Their definition is given in Section 2.2

Our main lemma is a bound on joint cumulants of products of elementary events.
To state it, we introduce the following notations. Consider two lists of positive
integers of the same length i = (i1,...,4,) and s = (s1,...,s,) and define the
graphs G (i, s) and G5 (i, s) as follows:

e the vertex set of Gi(i,s) is [r] and j and h are linked in Gi(i,s) if and
only if i; = i, and s; = sp,.
o the vertex set of Ga(i, s) is also [r] and j and h are linked in G (i, s) if and
only if {i;,s;} N {in, sp} # 0.
The connected components of a graph G form a set partition of its vertex set that we

denote CC(G). In particular, #(CC(Q)) is the number of connected components
of G.

Theorem 1.4 (main lemma). Fix a positive integer r. There exists a constant C,,

depending on r, such that for any set partition T = (71,...,7¢) of [r], any N > 1
and lists i = (i1,...,i,) and s = (s1,...,s,) of integers in [N, one has:
3)
s T1 BZ,(J‘JV’S)JM“’H ijj\,g)j < C«TN—#(CC(Gl(i,s)))—#(CC(Gg(i,s))\/T)—'rl‘
JETL JET

Note that the integer # ( CC(G (i,s))) is the number of different couples (i;, s;).
The second quantity involved in the theorem # ( CC(Ga2(i,s)) V 7) does not have
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a similar interpretation. However, it admits an equivalent description. Consider
the graph GY, obtained from G5 by merging vertices corresponding to elements
in the same part of 7. Then #( CC(Ga(i,s)) V 7) is the number of connected
components of G5.

As an example, let us consider the case where the entries in the lists i and s
are pairwise distinct. In this case, the joint moment of products of Bi(,];[) is simply
1/(N + 60 — 1),, where a is the number of factors (the case § = 1 is obvious, the
general case is explained in Lemma[3.1). Joint cumulant can be expressed in terms
of joint moments — see Eq. (8) —, so the left-hand side of (3) can be written as an
explicit rational function of degree —r. According to our main lemma, the sum has
degree at most —¢ — r + 1, which means that many simplifications are happening

(they are not at all trivial to explain!). This reflects the fact that the variables Bi(j\?j
are very weakly correlated.

Remark 1.5. It is worth noticing that our proof of the main lemma goes through a
very general criterion for a family of sequences of random variables to have small
cumulants: see Lemma[3.2

1.4. Applications. Theorem [L.4]can be used to give new proofs of Theorems
and Moreover, we get an extension of Theorem to any value of the
parameter 6.

We must confess that our proofs of these results are quite technical. However,
an important part of the difficulty is contained in the proof of Theorem [.4] and
hence must not be done again for each application. Moreover, these proofs are
natural in the following sense: they are based on the idea that, when o is a uniform
random permutation, o (%) and o(j) are almost independent. Besides, although the
problems may seem quite different (in particular the limit law is not always the
same), these proofs all follow roughly the same guidelines.

To give more evidence that our approach is quite general, we study the number
of occurrences of dashed patterns. This notion has been introduced in 2000 by E.
Babson and E. Steingrimsson, because it gives a general setting which includes a
lot of usual statistics of permutations [3].

Thanks to our main lemma, we describe the second order asymptotics of the
number of occurrences of any given dashed pattern in a random Ewens permuta-
tion.

Theorem 1.6. Let (7, X) be a dashed pattern of size p (see definition [7.3) and

onN a sequence of random permutations, each o being of size N distributed with
(N)

o

Ewens measure. We denote ¢ = |X|. Then, # that is the renormalized

number of occurrences of (1, X), tends almost surely towards m. Besides,

n the paper of Babson and Steingrimsson, they are called generalized patterns. But, as some
more general generalized patterns have been introduced since (see next section), we prefer to use
dashed patterns.
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one has the following central limit theorem:
(N)

0
IRV et S S N0, Vix),

A NP=a - pl(p - q)!

where the arrow denotes a convergence in distribution and V; x is some nonnega-
tive real number.

This theorem is proved in section [Z.3] using Theorem [I.4]

Unfortunately, we are not able to show in general that the constant V. x is posi-
tive (V. x = 0 would mean that we have not chosen the good normalization). The
following partial result has been proved by M. Béna [9, Propositions 1 and 2] (M.
Boéna works with the uniform distribution, but it should be not too hard to show
that V. x does not depend on 6).

Proposition 1.7. Forany k > 1, 7 = Idpy and X = () or X = [k — 1], the
conjecture holds true.

The proof relies on an expression of V. x as a signed sum of products of bino-
mial coefficients. This expression can be extended to the general case and we have
checked by computer the following conjecture for all patterns of size 8 or less.

Conjecture 1.8. For any dashed pattern (1, X ), one has V; x > 0.

1.5. Comparison with other methods. There is a huge literature on random per-
mutations. While we will not make a comprehensive survey of the subject, we shall
try to present the existing methods and results related to our paper.

Our Poisson convergence results have been obtained previously by the moment
method in the articles [23]] and [32]]. Our cumulant approach is not really different
from these proofs. Yet, we have chosen to present these examples for two reasons:

o first, it illustrates the fact that our approach can be used with different limit
laws ;

e second, the combinatorics is simpler in the Poisson cases, so they serve as
toy model to explain the general structure of the proofs.

Let us mention also the existence of a powerful method, called the Stein-Chen
method, that proves Poisson convergence, together with precise bounds on total
variation distances — see, e.g., [4, Chapter 4].

Let us now consider our normal approximation results. For uniform permuta-
tions, both are already known or could be obtained easily with methods existing in
the literature.

e Theorem [L.2]has been proved by A. Barbour and S. Janson [5]], who estab-
lished a functional version of a combinatorial central limit theorem from
Hoeffding [21]]. This theorem deals with statistics of the form

N
Z al(’vj )BZ J
1<i,y<N

(N)

where AYY) is a sequence of deterministic N x N matrices.
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e Theorem has been proven for some particular patterns using depen-
dency graphs and cumulants: see [9, Theorems 10 and 17] and [20, Section
6]. The case of a general pattern (under uniform distribution) can be held
with the same arguments.

These methods are very different one from each other and none of them can be
used to prove both results in a uniform way. Note also that they only work in the
uniform case. Yet, going from the uniform model to a general Ewens distribution
should be doable with a coupling argument, see below.

Our method has the advantage to provide a uniform proof for both results and
to extend directly to a general Ewens distribution. As it uses cumulants, our ap-
proach is close to the dependency graph method. However, we deal with sum of
pairwise dependent random variables and, to our knowledge, it is the first time that
cumulants are used in this framework. We hope that this idea can be used on other
objects than permutations, see next section.

To be comprehensive, let us mention two other tools. The first one is the use
of bivariate generating series, as illustrated in the book from P. Flajolet and R.
Sedgewick — see [18, Examples IX.3, IX.4, IX.5, IX.9]. However, computing the
bivariate generating series of permutations with respect to their size and the number
of occurences of a given pattern is known to be a hard problem, so it is very unlikely
that this method could be used to establish Theorem [L.6l

The second one is the use of couplings. A well-known coupling for random
permutations is Feller coupling — see, e.g., [1, page 16] — that allows to prove The-
orem with bounds on total variation distances. There also exists the so-called
chinese restaurant process |1, Example 2.4], which defines a coupling between
Ewens random permutations and uniform random permutations. With this cou-
pling, a Ewens random permuation differs from a uniform random permutation by
O(2]60 — 1|log(n)) values. Therefore, it should be possible to deduce Theorem [L.2]
and Theorem for the general Ewens distribution from the case of the uniform
distribution.

1.6. Future work. In addition to the conjecture above, we mention three direc-
tions for further research on the topic.

The notion of dashed patterns has been further extended to the notion of gener-
alized patterns in a recent paper of M. Bousquet-Mélou, A. Claesson, M. Dukes
and S. Kitaev [10, Section 2]. Unfortunately, we have not been able to obtain a
general result for the asymptotic number of occurrences of generalized patterns.
Finding such a result is, in the author’s opinion, a challenging open problem. One
could even consider a more general framework, see section

Another direction consists in refining our convergence results (speed of conver-
gence, large deviations, local limit laws) by following the same guideline.

Finally, it is natural to wonder if the method can be extended to other family
of objects. The extension to colored permutations should be straightforward. A
promising direction is the following: consider a graph G with vertex set [n] and
take some random subset S of its vertices, uniformly among all subset of size p
(for some fixed number p). If p grows linearly with n, then the events ““i lies in S”
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(for 1 < ¢ < n) have small joint cumulants (this is easy to see with the material of
section [3)).

1.7. Outline of the paper. The paper is organized as follows. Section [2] presents
the necessary material: set-partitions and cumulants. In section 3l we prove our
main lemma. Then, in section 4] we give two easy lemmas on connected com-
ponents of graphs, which appear in all our applications. The three last sections
are devoted to the different applications: section [3]for the cycles, section [6] for the
excedances and finally, section [7] for the generalized patterns (including the adja-
cencies and the dashed patterns).

2. PRELIMINARIES : SET PARTITIONS AND JOINT CUMULANTS

2.1. Set partitions. The combinatorics of set partitions is central in the theory of
cumulants (as explained below) and will be important in this article.

A set partition of a set S is a (non-ordered) family of non-empty disjoint subsets
of S (called parts of the partition), whose union is S.

Denote P(.S) the set of set partitions of a given set S. Then P(S) may be
endowed with a natural partial order: the refinement order. We say that 7 is finer
than 7’ or 7’ coarser than 7 (and denote 7 < 7’) if every part of 7 is included in a
part of 7’

Endowed with this order, P(.S) is a complete lattice, which means that each
family F' of set partitions admits a join (the finest set partition which is coarser
than all set partitions in F', denoted with V) and a meet (the coarsest set partition
which is finer than all set partitions in F', denoted with A). In particular, there
is a maximal element {S} (the partition in only one part) and a minimal element
{{z},x € S} (the partition in singletons).

Moreover, this lattice is ranked: the rank rk(7) of a set partition 7 is | S| — #(7),
where #(m) denotes the number of parts of 7w. The rank is compatible with the
lattice structure in the following sense: for all set partitions 7 and 7/,

4) rk(m v ') < k() 4 k(7).

Lastly, denote x the Mobius function of the partition lattice P(S). In this paper,
we only use evaluations of y at pairs (7, {S}) (that is the second argument is the
maximum element of P(.5)). In this case, the value of the Mdbius function is given
by:

) plm, {8}) = (=1)#FO 7 () — L.

2.2. Cumulants. We present in this section the definition and basic properties of
joint cumulants. Most of this material can be found in Leonov’s and Shiryaev’s
paper [25]] (see also [22] Proposition 6.16]).

Definition.
They are defined as follows: if X1, ..., X, are random variables on the same
probability space (denote [E the expectation on this space), then

(6) K(Xy,...,Xp) =[t1...te]In (E(exp(thl + -+ thg))).
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As usual, [t ...t F stands for the coefficient of ¢; ... ¢, in the series expansion
of F'in positive powers of ¢1,...,t,. Note that joint cumulants are multilinear
functions. In the case where all the X; are equal, we recover the /-th cumulant
k¢(X) of a single variable [17]].

Joint cumulants can be expressed in terms of joint moments, and vice-versa.
Denote [¢] the set {1,...,¢}.

M E(X - X)= >, J[sxuieo):

meP([¢]) Cer
® WX X)= Y u(w,{mnHE(HXi).
weP([4]) Cenm ieC

Recall that p(, {[¢]}) has an explicit expression given by Equation (3)). For ex-
ample the joint cumulants of one or two variables are simply the mean of a single
random variable (k(X7) = E(X1)) and the covariance of a couple of random vari-
ables (k(X1, X2) = E(X1X3) — E(X;)E(X>)). For three variables, one has

(X1, Xa, X3) = E(X1X5X3) — E(X1X3)E(X3) — E(X1X3)E(X>)

— E(X2X3)E(X1) + 2E(X1)E(X2)E(X3).

Cumulants of independent random variables.

An interesting property of cumulants is the following: if the set of variables
{Xi,1 < i < £} can be split into two sets {X;,7 € A} and {X;,i € B} (with
A U B = [{]) such that the variables from the first set are independent from the
variables from the second, then

k(X1,...,Xg) =[t1...t]In <E(exp(z tiXZ-))>
€A
+[t1...t]In <E(exp(z t,-XZ-))> =0.
1€EB
Because of this strong property, joint cumulants can be seen as a quantification of
the dependence of random variables.
Convergence in distribution using cumulants.

Consider now m sequences of random variables: (X,(f))nzl fori € [m]. A
consequence of Equations (Z) and (8)) is that the convergence of all joint cumulants

K (X,QZ’”,...,X,Q”)) 0>1.1<dy,....ip<m
is equivalent to the convergence of all joint moments

E(XUl)---X,(jU);zz 1,1 <i1,... i <m.

n

In particular, if YW ... Y™ are random variables such that the law of the m-
tuple (Y(l), . ,Y(m)) is entirely determined by its joint moments, then the two
following statements are equivalent (see [6, Theorem 30.2] for the same property
in terms of moments).
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e For any /¢ and any list iy, ..., i, in [m],

lim & (X,gil), . ,X,gie)) =k (Y(“), . ,Y“f)) .

n—o0
e The sequence of m-tuples (X,(LI), e ,Xr(Lm)) converges in distribution to-
wards (YD y(m),

Recall that Gaussian and Poisson variables are determined by their moments, see
e.g. the criterion [6, Theorem 30.1]. Hence, cumulants can be used to prove con-
vergence in distribution towards Gaussian or Poisson variables, such as the results
of the previous section.

3. PROOF OF THE MAIN LEMMA

3.1. Joint moments. The first step of the proof consists in computing the joint

moments of the family of random variables (Bi(]:))lgz‘, s<N-
Note that (B\))2 = B, while BY) B = 0if s # s/ and BY BYY) = 0
if + # i'. Therefore, we can restrict ourselves to the computation of the joint mo-

ment E (B(N) ---BZ-(N) ), in the case where i = (41,...,4,) ands = (s1,..., ;)

11,81 7S
are two lists of pairwise distinct indices (some entry in the list i can be equal to an
entry of s).
We see these two lists as a partial permutation

~ SR
Oi,s = )
S1 ... Sy

which sends i; to s;. The notion of cycles of a permutation can be naturally ex-
tended to partial permutations: (ij, , ..., ;) is a cycle of the partial permutation if
8j; = iy, Sj, = ij; and so on until s; = i;,. Note thit a partial permutiltion does
not necessarily have cycles. The number of cycles of ; s is denoted # (0 g ).

The computation of E <B(N) ..M

1,81 i ST.) relies on two important properties of
the Ewens measure. First, it is conjugacy-invariant. Second, a random sampling
can be obtained inductively by the following procedure (see, e.g. [1, Example
2.19]).

Suppose that we have a permutation o of size N — 1 taken with this distribution.

Write it as a product of cycles and apply the following transformation.

e With probability /(N + 6 — 1), add N as a fixed point. More precisely,
o’ is defined by:
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e For each j, with probability 1/(N +60—1), add N just before j in its cycle.
More precisely, o’ is defined by:
o' (i) = o(i) for i # o 1(j), N;
o'(N) = j;
o'(c7(j)) = N.
Then ¢’ is a random permutation of Sy distributed with Ewens measure. Iterating
this, one obtains a linear time and space algorithm to pick a random permutation

distributed with Ewens measure.
Let us come back now to the computation of joint moments.

Lemma 3.1. Let 0 be a random permutation taken with Ewens distribution. Then
one has .
B (BB ) = or) .
1,81 broSr (N+60—-1)...(N+6—r)
)

For example, the parameter of the Bernoulli variables BZ(ZSV

0 o
Ny N =
E(B;s) = {_N+19 i
N+0-1 -

are given by

Proof. As Ewens measure is constant on conjugacy classes of Sy, one can assume
without loss of generality thati; = N —r+ 1,50 = N —r+2,...,% = N.
Then permutations of Sy with o(ij) = s; are obtained in the previous algorithm
as follows:

e Choose any permutation in Sy _,.

e For 1 < j < r, add ¢; in the place given by the following rule: if s; < i;,
add i; just before s; in its cycle. Otherwise, look at o 5(i;), ﬁis(ij) and so
on until you find an element smaller than 7; and place 7; before it. If there
is no such element, then ¢; is a minimum of a cycle of o; ¢. In this case,
put it in a new cycle.

It is easy to check with the description of the construction of a permutation under
Ewens measure that these choices of places happen with a probability

9#(5i,s)
(N+6—-1)...(N—r+80)

3.2. A general criterion for small cumulants. Let AgN),. .. ,AEN) be £ sequences

of random variables. We introduce the following notation for joint moments and

O

cumulants of subsets of these variables: if A = {j1,...,jx} is a subset of [¢], then
(V) _ (V) (V) (V) _ (V) (V)
MY _E<Ajl ...Ajh), ,%A_f;(Aj1 s Al )

We also introduce the auxiliary quantity UANA) implicitly defined by: for any subset

AC [l
IT oy = %
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Using Mobius inversion on the boolean lattice, we have explicitly: for any subset

A C ],
(N) _ () D"
Uaa = H <MA,6>
6CA
Lemma 3.2. Let AgN), . ,AéN) be a list of sequences of random variables with

normalized expectations, that is, for any N and j, E(Ag-N)) = 1. Then the follow-
ing statements are equivalent:

L Quasi-factorization property: for any subset A C [{] of size at least 2, one

has
9) ULR =1 +0(N~ 1A,
II. Small cumulant property: for any subset A C [{] of size at least 2, one has
(10) KA = O(N 1811,

Proof. Let us consider the implication [l = [[Il. We denote T’ - =Uy, (N) —1and

assume that T( ) = = O(N~1AH1) for any A C [] of size at least 2. The goal is to

prove that KJ; [)Z] = O(N—%*1). Indeed, this corresponds to the case A = [¢] of 1,
but the same proof will work for any A C [/].

Recall the relation between moments and cumulants (Equation (8))):

= u {0y TT M2

reP([€)) Ccer
But joint moments can be expressed in terms of 7":
(N) _ N)
Mo = T[ a+1) Z TAl LT,
ACC A17 7
|AT>2

where the sum runs over all finite lists of pairwise distinct (but not necessarily
disjoint) subsets of C' of size at least 2 (in particular, the length m of the list is
not fixed). When we multiply this over all blocks C' of a set partition 7, we obtain
the sum of TXIT) e TXZ) over all lists of pairwise distinct subsets of [¢] of size at
least 2 such that each A; is contained in a block of 7. In other terms, for each
i € [m], m must be coarser than the partition II(A;), which, by definition, has A;

and singletons as blocks. Finally,

N N N
an k= > w1y > p(m, {[0})
Atyeeny Am TP ([4])
pairwise distinct forallé, #>TI(A;)

The condition on 7 can be rewritten as
> I(A) V- VII(A,).

Hence, by definition of the Mobius function, the sum in the parenthesis is equal to
0, unless II(A;) V- - - VII(A,,) = {[¢]} (in other terms, unless the hypergraph with
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edges (A;)1<i<m is connected). On the one hand, by Equation (4), it may happen
only if:

m m

D ok (TI(A)) =) (1A = 1) > rk([e]) = £ — 1.
i=1 i=1
On the other hand, one has

N N 5 m L=
7). 1) = 0 (N T aI-D).

Hence only summands of order of magnitude N ~‘*! or less survive and one has
N —0+1
g = OV
which is exactly what we wanted to prove.

Let us now consider the converse statement. We proceed by induction on ¢ and
we assume that, for all ¢’ smaller than a given £ > 2, the theorem holds.

Consider some sequences of random variables AgN), e, AéN) such that [1]
holds. By induction hypothesis, one gets immediately that

forall A C [¢], X\? =14 O(N"IAFY),
Note that an immediate induction shows that the joint moment fulfills
for all A C [¢], Xv) =0(1) and (MXVA))_1 = O(1).
It remains to prove that
(N) _ (M) (=p)lal _ —0+1
Ui = TT MDD =140V,
AC[]

Thanks to the estimate above for joint moment, this can be rewritten as

N —1)¢-1-14] —
(12) MO =TT (§RHY +O(N~H,
AC[Y]
Consider ¢ sequences of random variables BEN),. ... B éN) such that the equality

M }BNA) = MgNA) holds for A C [¢] and such that Equation (I2)) is fulfilled when
Alis replaced ’by B (the reader may wonder whether such a family B exists; let
us temporarily ignore this problem, which will be addressed in Remark 3.3). By
definition, the family B of sequences of random variables fulfills condition [ of
the theorem and, hence, using the first part of the proof, has also property [[ll In
particular:

Ky = O(NTHY),

But, by hypothesis,
N -
KLy = O(N~HY),

As A and B have the same joint moment, except for Mij\% and M g\%, this implies
that

) ) N () e
g~ Mpjg =iy — Fpjg = ON"T).
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But the family B fulfills Equation (I2]) and, hence, so does family A. (]

Remark 3.3. Let ¢ be a fixed integer and I a finite subset of (Nq)¢. Then, for
any list (m;);je; of numbers, one can find some complex-valued random variables
X1, ..., Xy such that

E(X] ... X)) = iy,
Indeed, one can look for a solution where X is uniform on a finite set {21, ..., 27}
and X; = X flﬁl, where d is an integer bigger than all coordinates of all vectors in
1. Then the quantities

(T -E(X}'...X}"),icI}
correspond to different power sums of z1, ..., zp. Thus we have to find a family
{z1,..., 27} of complex number with specified power sums until degree d’. This
exists as soon as 7" > d’, because C is algebraically closed. In particular, the
family B considered in the proof above exists.

However, we do not really need that this family exists. Indeed, during the whole
proof, we are doing manipulations on the sequences of moments and cumulants
using only the relations between them (equations (Z) and (8])). We never consider
the underlying random variables. Therefore, everything could be done even if the
random variables did not exist, as it is often done in umbral calculus [29].

3.3. Case with distinct indices. We consider here the case where all entries in
the sequences i and s are distinct. To be in the situation of Lemma[3.2] we set, for
helfland N > 1:
AN =(N+o-1),, T] BR.
JETL
where a; = |7;|. The normalization factor has been chosen such that E(A;LN)) =1
Hence, we will be able to apply Lemma[3.1l
Let us prove that AgN), e ,AéN) fulfills property [ of this lemma. Of course,
the case A = [/] is generic. The joint moments of the family A have in this case
an explicit expression: for § C [/],

[TV +6— 1),

M) IS0
A (N—i—@—l)zjeéaj
Therefore, we have to prove that the quantity
(V) (-1 COEE
Qovror = [ Q) = ] (W 40-1)5, )
7 =

write as 1 + O(N 1),

We proceed by induction over ay. If ap = 0, for any 6 C [¢ — 1], the factors
corresponding to ¢ and § LI {¢} cancel each other. Thus Qg, .. 4, ,,0 = 1 and the
statement holds.
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If ay > 0, the quantity @, ... q, can be written as
(—1)lel+t

Qal,-..,a[ = Qal,...,al—l . H N+6-—-1-— Zaj

5C[e T2
56[6] 7€

Setting X = N + 6 — 1 — ay, the second factor becomes

Ral,---ﬂefl(X) = H X - Zaj

5C[0—1] j€6

We will prove below (Lemma[3.4) that Ry, 4, ,(X) = 1+ O(X %), Besides,
the induction hypothesis implies that Qq, _4,—1 = 1 + O(N~**1) and hence

Qar,ap = 1+ O(NTHY)

(-0

Finally, the family AgN), ey AEN) of sequences of random variables has the quasi-
factorisation property of Lemmal[3.2l Thus it also has the small cumulant property
and in particular

p(AN ANy = o,

Using the definition of the A%N)’ this can be rewritten:

(N) ™| _ Cr—t41
K HBZ.J_,SJ_,...,HB. = O(NTH,

1,55
JETL JETL

which is Theorem [[.4]in the case of distinct indices. O

Here is the technical lemma that we left behind in the proof:

Lemma 3.4. For any positive integers a1, ... ,0p_1,
(—pll
I [(x-> g =14+ 0(X~ ),
5Cle—1] j€S
Proof. Define Ry (resp. Rogq) as

[I{xX-2 o
6 jeod
where the product runs over subsets of [¢ — 1] of even (resp. odd) size. Expanding
the product, one gets

0—2
Be=Y Y Y (e X
m2>0 01,...,0m J1€01,.-,JmEIm

The index set of the second summation symbol is the set of lists of m distinct (but
not necessarily disjoint) subsets of [¢ — 1] of even size. Of course, a similar formula
with subsets of odd size holds for Ryqq.
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Let us fix an integer m < ¢ — 1 and a list j, ..., j,. Denote jy the smallest
integer in [¢—1] different form j, .. ., j,, (as m < £—1, such an integer necessarily
exists). Then one has a bijection:

lists of subsets lists of subsets
d1, ..., 0, of even size such — 01, ... ,0m of odd size such
that, for all h < m, j; € dp, that, for all h < m, j, € &

(01,-.-0m) = (1V{jo}, -, 6mV{Jo}),
where V is the symmetric difference operator. This bijection implies that the sum-
mand (—1)"aj, ...a;, X 2772 =m gppears as many times in Rey than in Reqq. Fi-
nally, all terms corresponding to values of m smaller than ¢ — 1 cancel in the
difference Rey — Roqq and one has

Rey — Roaa = O(X¥ 74+, 0

Remark 3.5. Thanks to a result of Leonov and Shiryaev that expresses cumulants
of products of random variables as product of cumulants (see [25]] or [30, Theorem
4.4]), it would have been enough to prove our result fora; = -+ = ay, = 1. But,
as our proof uses an induction on a,, we have not done this choice.

Remark 3.6. We would like to point out the fact that our result is closely related to
aresult of P. Sniady. Indeed, thanks to our multiplicative criterion to have small cu-
mulants, the computation in this section is equivalent to Lemma 4.8 of paper [30].
However, Sniady’s proof relies on a non trivial theory of cumulants of observables
of Young diagrams. Therefore, it seems to us that it is worth giving an alternative
argument.

N N .
3.4. General case. Let Ag ), e, A§ ) be some sequences of random variables.
We introduce some truncated cumulants: if g, 71, w9 and so on, are set partitions

of [¢], we set
K mo) = Y i {1y JT M52

TP ([£]) Cen
T>70
N N
K (mosm,mas )= S A1y T M52
TeP([£]) Cen
27
Wfﬂ'l,ﬂg,...

In the context of Lemmal[3.2] it is also possible to bound the truncated cumulants.

Lemma 3.7. Let AgN),. ..,A§N) be some sequences of random variables as in
Lemmal3.2) fulfilling property [l (or equivalently property [).
e If mg is a set partition of [{),
N —#(m
K (mp) = O(N-#(mo) ),
e More generally, if mo; 1, T2, . .. are set partitions of [{],

kféxN) (7T0§ T, T2« - ) = O(N—#(Wo\/m\/m...)+1)'
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Proof. For the first statement, the proof is similar to the one of [[| = [l of Lemma
One can write an analogue of equation (I1)):

Y (7o) = Z ) 1) Yoo u A

,,,,, weP([4])
palrwnse dlstmct 7> (mgVr(A)V...)

The same argument as above says that only terms corresponding to lists such that

mo V (A1) V -+ = [{] survives. Such lists fulfills
DA = 1> 1k([f]) — rk(mo) = # (o) — L.
i=1

The first item of the Lemma follows because, by hypothesis,
TXI’) o TXZB =O(N~ Zi(‘Ai‘_l))‘

For the second statement, we use an inclusion/exclusion:

ng)(ﬂo;m, Cey TTR) = Z (-1)TkA (7‘1’0 v (\/ 7TZ>> .

IC[R] i€l

Then the second item follows from the first. O

Let us come back to the proof of Theorem [I.4] We fix two lists i and s of length
r, as well as a set partition 7 of . We want to find a bound for

K HB(JN)JH Zm Z HE(H %8]).

JET1 JETe rreP( r]) Cem eC

We split the sum according to the values of the partitions 73 = 7 A CC(G1 (i, s))
and Ty = m A CC(G2(i,s)). More precisely,

s TIBS.  TIBN | = > v,

JETL JET 71 <CC (G (i,8))
maSCC(Ga(iss))

where

(N) —
Y7r1,7T2 - Z HE H 7’J78J ’
T>T Cern ieC
TACC(G (1,8))=71
TACC(Gy(iss))=mg
We call the summation index the slice determined by 7; and mo.

Let us fix some partitions 71 and 7. For each block C of 71, we consider some
sequence of random variables (A(CN) )n>1 such that: for each list of distinct blocks
C,...,Ch
1

(N+0-D)(N+0-2)..(N+0—h)

E(A(N) A(N))
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For readers which wonder whether such variables exist, we refer to Remark [3.3]
which remains valid here. Consider the family

(13) ((N . 1)A§§V))CEM .

Its joint moment are the same than the ones of the Bg:) in the previous section. It
has been proven that such a family has the quasi-factorization property and, hence,
its cumulants and truncated cumulants are small (Lemma [3.2)).

But, if 7 is in the slice determined by m; and 79, one can check easily (see
the description of joint moments in section [3.1)) that the corresponding product of
moment is given by:

() epie{ 1 )
Cenm ieC Cenm g/egﬂc%

where o, , depends only on 71 and 72 and is given by:

e (if 75 contains in the same block two indices j and h such that i; = 4j, but
8j # Sp or 8; = sp but i # ip;

e 07 otherwise, where ~y is the number of cycles of the partial permutation
(i, s), whose indices are all contained in the same block of 7.

Asa consequence,
(14)

(N) Ay, —
Yoa = (N+46 i 12)#(7r1) Z H E H (N +60—1)Acr

n>r Cer Clem
TACC(Gq(i,s))=m1 c'ce
TACC(Ga (i,5))=m
But the condition 7 A CC(G1(i,s)) = m can be rewritten as follows: = > m;
and 7 # 7 forany m < 7’ < CC(G1(i,s)). A similar rewriting can be per-
formed for the condition 7 A CC(G2(i,s)) = ma. Finally, the sum in equation
(I4)) above is a truncated cumulant of the family (I3) and is bounded from above
by O(N~ICC(G2))VTl+1) This implies
Y = o(N~#m)-|00(G2(is)vrl 1)
1,72 )
which ends the proof of Theorem because 71 has necessarily at least as many
parts as CC(G1(i,s)). O

Remark 3.8. So far, we have considered the lists i and s as fixed. Therefore, the
constant hidden in the Landau symbol O may depend of these lists. However, the
quantity for which we establish an upper bound depends only on the partition 7 and
on which entries of the lists i and s coincide. For a fixed r, the number of partitions
and of possible equalities is finite. Therefore, we can choose a constant depending
only on 7, as it is done in the statement of Theorem
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3 3
G/f G//f

—e

FIGURE 1. An example of a graph, its contraction and surcontraction.

4. GRAPH-THEORETICAL LEMMAS

In this section, we present two quite easy lemmas on the number of connected
components on contractions of graphs. These lemmas will be useful in the next
sections for applications of Theorem [1.4]

4.1. Notations. Let us consider a graph GG with vertex set V' and edge set E. By
definition, if V" is a subset of V/, the graph G[V'] induced by G on V' has vertex set
V"’ and edge set E[V'], where E[V'] is the subset of E consisting of edges having
both their extremities in V.

Let us consider a surjective map f from V' to another set W. Then the contrac-
tion of G by f is the graph G/ f with vertex set W and which has an edge between
w and w' if, in G, there is at least one edge between a vertex of f _1(w) and a
vertex of f~1(w').

Example. Consider the graph G of figure [l Tts vertex set is the 10-element
W ={1,2,3,4,5}, consisting in forgetting the bar (if any). The contracted graph
G/ f is drawn on the bottom left picture of Figure [Il

4.2. Connected components of contractions.

Lemma 4.1. Let G be a graph with vertex set V and f a surjective map from V to
another set W. Then

#(CC(Q)) < #(CC(G/ ) + Y (#(CCGIf~H(w)]) = 1)-

weW

Proof. For each edge (w,w’) in G/ f, we choose arbitrarily an edge (v,v’) in G
such that f(v) = wand f(v") = w’ (by definition of G/ f, such an edge exists but
is not necessarily unique). Thereby, to each edge of G/ f or of G[f~*(w)] (for any
w in W) corresponds canonically an edge in G.

Take covering forests F;/¢ and (Fy)wew of graphs G/ f and G[f~*(w)] for
w € W. With the remark above, to each covering forest corresponds a set of edges
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in GG. Consider the union F’ of these sets. It is an acyclic set of edges of GG. Indeed,
if it contained a cycle, it must be contained in one of the fibers f~!(w), otherwise
it would induce a cycle in Fg/ ;. But, in this case, all edges of the cycles belong to
F,,, which is impossible, since F,, is a forest.

Finally, F'is an acyclic set of edges in GG and

#(CC(G)) < [V| = [F| = W| = Fgysl + Y (f " W)[ = 1= |Fyl)
weWw

S H(CC(G/1) + D (F#CCGF Hw)) —1). O

weWw

Continuing the example. All fibers f~1(i) (for i = 1,2,3,4,5) are of size 2.
Three of them contains one edge (for ¢ = 3,4, 5) and hence are connected, while
the other two have two connected components. Finally, the sum in the lemma is
equal to 2, which is equal to the difference

#(CC(G)) — #(CC(G/f) =4 -2 =2.

4.3. Fibers of size 2. In this section, we further assume that V' = W U W and
that f is the canonical application W LU W — W consisting in forgetting to which
copy of W the element belongs. Throughout the paper, for simplicity of notations,
we will use overlined letters for elements of the second copy of W.

In this context, in addition to the contraction G/ f, one can consider another
graph with vertex set V. By definition, G// f has an edge between w and w' if, in
G, there is an edge between w and w’ and an edge between w and w’. We call this
graph the surcontraction of G.

Continuing the example. The graph G and the function f in the example above
fit in the context described in this section. The surcontration G//f is drawn on
Figure [Tl (bottom right picture).

Lemma 4.2. Let G and f be as above. Then
#(CC(G)) < #(CC(G/f)) + #(CC(G// [))-

Proof. SetGy =G/f,Go=G//f and G3 = G.

By definition, an edge in G; between j and k corresponds to two edges in G3.
In contrast, an edge (¢, j) in G corresponds to at least one edge in Gs.

Consider a spanning forest £} in GG1. As the set of edges of (¢ is smaller than the
one of GG, F1 can be completed into a spanning forest F5 of G5. We consider the
subset F3 of edges of (G5 obtained as follows: for each edge of F}, we take the two
corresponding edges in G and for each edge of Fy\ F}, we take the corresponding
edge in (G5 (if there is several corresponding edges, choose one arbitrarily).

We will prove by contradiction that F3 is acyclic. Suppose that F3 contains a
cycle C's. Each edge of C5 projects on an edge in F5 and thus the projection of C'5
isalist S = (eq,...,ep) of consecutive edges in Fy (consecutive means that we
can orient the edges such that, for each ¢ € [h], the end point of ¢, is the starting
point of ey, with the convention ep 1 = e1). This list is not necessarily a cycle
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because it can contain twice the same edges (either in the same direction or in
different directions). Indeed, F35 contains some pairs of edges of the form

({w,w'}, {w,w7})
which project on the same edge in G2. But as edges from these pairs have no ex-
tremities in common, they can not appear consecutively in the cycle Cs. Therefore,
the same edge can not appear twice in a row in the list S. This implies that the list
S contains a cycle Cy as a factor. We have reached a contradiction as the edges in
C5 are edges of the forest F,. Thus Fj is acyclic.
The number of edges in Fj is clearly 2|Fy | + |F> \ Fi| = |F1| + |F3|. Therefore

#(CC(Gz)) <2(W| = |F3| = (W] = [F1]) + (W] — [ F2])
= #(CC(G1)) + #(CC(Gy)). T

5. TOY EXAMPLE: NUMBER OF CYCLES OF A GIVEN LENGTH p

In this section, we are interested in the number FI(,N) of cycles of length p in a

random Ewens permutation of size N. The asymptotic behavior of FI(,N) is easy to
determine (see Theorem [LI)), as its generating series is explicit and quite simple.

We will give another proof which relies on Theorem[I.4]and does not use an explicit

expression for the generating series of F};N).
The main steps of the proof are the same in the other examples, so let us empha-

size them here.

Step 1: expand the cumulants of the considered statistic.
In this step, one has to express the statistic we are interested in in terms of the

variables Bi(];[) : here,

(N) _ c,N
= > By

1<9; <i2,i3,...,ipSN

where Bféﬁ i) = Bl(lNl)2 e Bgﬁ)l’ip Bi(;f\,[i)1 is defined by equation (). Therefore,
one has

N)y _ (N) (N) (N) )
(15) ke(DEV)) = Z I{(BZ.%’Z.%...BZ.})’Z.%,--- ,Bi%...BiM).

z€<LéL§z£

Step 2: Give an upper bound for the elementary cumulants.

Now, we would like to apply our main lemma to every summand of equation
(13). For this, one has to understand what is the exponent of N in the upper bound
given by Theorem [[.4]

For a matrix
-7
(%) 1555,
<r<t

we denote:
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o M(i) = {(2},i711);1 < j < p,1 < r < {}| the number of different
entries in the matrix of couples (i}, i7, ;) (by convention, i, .| = 7});

e ()(i) the number of connected components of the graph G(i) on [¢] where
r1 1s linked with r9 if

{1 <j<pn{i?;1<j<p}#0
e t(i) the number of distinct entries.

Clearly, M (i) is always at least equal to ¢(i). In the case where 7 has ¢ blocks of
size p and where the list s is obtained by a cyclic rotation of the list i in each block,
Theorem [L.4] writes as:
N N N N —M@GE)-Q(
(16) [r(BR - Bl By . By )| < CpN MO0
p’

S...D
1) ity if b

< CpN~MO < ¢, N~

Step 3: give an upper bound for the number of lists.
As the number of summands in Equation (I3 depends on N, we can not use
directly inequality (I6). We need a bound on the number of matrices i with a given

value of M (i).
This bound comes from the following simple lemma:

Lemma 5.1. For each L > 1, there exists a constant C', with the following prop-
erty. Forany N > 1 and t € [L], the number of lists i of length L with entries in
[N] such that

Hi1,...,ip}t =t
is bounded from above by C'; N'*.

Proof. 1f we specify which indices correspond to entries with the same values (that
is a set partition of the set of indices), the number of corresponding lists is (127 ) and
hence is bounded from above by N*. This implies the lemma, with ' being equal

to the number of set partitions of [L]. O

Step 4: conclude.
By inequality (I6) and Lemma[5.1] for each ¢ € [p - £], the contribution of lists
(z;") taking exactly ¢ different values is bounded from above by C’;ZC’pg and hence

forall £ > 1, k,(I'M)) = O(1).

To compute the component of order 1, let us make the following remark: by the
argument above, the total contribution of lists (i%) with M (i) > ¢(i) or Q(i) > 1
is O(N71).

But M (i) = ¢(i) implies that, as soon as

{i71 <j<pyn{if;1<j<p}#0,

the cyclic words (i,... i) and (i}>,...,i;?) are equals. As ] is always the
minimum of the 7, the two words are in fact always equal in this case. In particular
G(i) is a disjoint union of cliques. If we further assume Q(i) = 1, ie. G(i) is

connected, G(i) is the complete graph and we get that i does not depend on r.



STATISTICS IN RANDOM PERMUTATIONS 23

Finally
(17) re™y = ST w(BRY, BN o).
11<12,13,...,Tp
But each BZ(INZZ . Bi(jvi)l is a Bernoulli variable of parameter /(N + 6 — 1),,.
Therefore their moments are all equal to 6/(N + 6 — 1), and by formula (8), their
cumulants are 6/(N + 6 — 1), + O(N~2P). Finally, as there are (N),,/p terms in
equation (I7)),

9
ke(DN)) = 5 +O(N7Y),

which implies that F};N) converges in distribution towards a Poisson law of param-
eter %.
Moreover, a simple adaptation of the proof of Equation (I7) implies that

k(T ., T) = o(N 1)

as soon as two of the p,.’s are different. Indeed, no matrices (z;) 1<r<¢ With rows
1<j<pr

of different sizes fulfill simultaneously M (i) = t(i) and Q(i) = 1. Finally, for
any p > 1, the vector (FgN), cee F;N)) tends in distribution towards a vector
(P1,...,P,) where the P; are independent Poisson-distributed random variables
with respective parameters 6 /1. (]

Remark. After equation (I7)), one could have finished the proof without compu-
tation by the following argument: FéN) has asymptotically the same cumulants as
a virtual variable Xy, which writes as a sum of independent random variables with
the same distribution as the B&fvzp) As each B&fvzp) is a Bernoulli variable of
expectation /(N +6 —1),, and as there are (IV),,/p such variables, Xy converges
in distribution towards a Poisson law of parameter 6 /p. And so does I éN).

As promised in the introduction, this argument follows the idea that everything

happens as if the variables B(szv i) were independent.

6. NUMBER OF EXCEDANCES

In this section, we look at our second motivating problem, the number of ex-
cedances in random permutations. The first two subsections make a link between
a physical statistics model and this problem, justifying our work. The last two
subsections are devoted to the proof of Theorem [I.2]and related results.

6.1. Symmetric simple exclusion process. The symmetric simple exclusion pro-
cess (SSEP for short) is a model of statistical physics: we consider particles on a
discrete line with N sites. No two particles can be in the same site at the same
moment. The system evolves as follows:
o if its neighboring site is empty, a particle can jump to its left or its right
with probability ﬁ;
o if the left-most site is empty (resp. occupied), a particle can enter (resp.
leave) by the left with probability x5 (resp. x2);
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o if the right-most site is empty (resp. occupied), a particle can enter (resp.
leave) by the right with probability NLH (resp. Niﬂ);

e otherwise (we suppose «, 3,7,d < 1 such that, in a given state, the sum of
the probabilities of the events which may occur is smaller than 1), nothing
happens.

Mathematically, this defines an irreducible aperiodic Markov chain on the finite set
{0;1}¥ (a state of the SSEP can be encoded as a word in 0 and 1 of length N,
where the entries with value 1 correspond to the positions of the occupied sites).
This model is quite popular among physicists because, despite its simplicity,
it exhibits interesting phenomenons like the existence of different phases. For a
comprehensive introduction on the subject and a survey of results, see [14].

A good way to describe a state 7 of the SSEP is the function FT(N) defined as
follows: when Nx is an integer,

1 Nz
FN(z) = N Zﬂ'
i=1

and, for each i € [N], the function F™) is affine between (t—1)/N and i/N. One
should see FT(N) as the integral of the density of particles in the system.

We are interested in the steady state of the SSEP, that is the unique probability
measure g on {0; 1}V, which is invariant by the dynamics. More precisely, we
want to study asymptotically the properties of the random function FT(N), where T

is distributed with p and N tends to infinity.

6.2. Link with permutation tableaux and Ewens measure. From now on, we
restrict to the case «,y,6 = 1. In this case, thanks to a result of S. Corteel and
L. Williams [13]], the measure p v is related to some combinatorial objects, called
permutation tableaux.

The latter are fillings of Young diagrams (which can have empty rows, but no
empty columns) with 0 and 1 respecting some rules, the details of which will not be
important here. The Young diagram is called the shape of the permutation tableau.
The size of a permutation tableau is its number of rows, plus its number of columns
(and not the number of boxes!).

In addition with their link with statistical physics, permutation tableaux also ap-
pear in algebraic geometry: they index the cells of some canonical decomposition
of the totally positive part of the Grassmannian [28, 33]. They have also been
widely studied from a purely combinatorial point of view [31} 12} 2].

To a permutation tableau T of size N + 1, one can associate a word w” in
{0;1}¥ as follows: we label the steps of the border of the tableau starting from the
North-East corner to the South-West corner. The first step is always a South step.
For the other steps, we set wZT = 1 if and only if the ¢ + 1-th step is a south step.
Clearly, the word w” depends only on the shape of the tableau 7". This procedure
is illustrated on figure
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— 101001

FIGURE 2. From permutation tableaux to words in {0; 1}V—1,

With this definition, the border of a tableau 7' of size /N + 1 is the parametric
broken line

{(ni(w”) = NFUD(2), ~N(z — F) (@) = 1) s 2 € [0;1]},

T ) the function associated to the
word w” as defined in the previous section. Hence, ng
the shape of the permutation tableau 7'.

S. Corteel and L. Williams also introduced a statistics on permutation tableaux
called number of unrestricted rows and denoted w(T"). If 3 is a positive real param-
eter, this statistics induces a measure %, (/3) on permutation tableaux of size N, for
which the probability to pick a tableau 7' is proportional to 3~“Z). This measure
is related to the SSEP by the following result (which is in fact a particular case
of [13, Theorem 3.1] but we do not know how to deal with the extra parameters

there).

where n1(w?) is the number of 1 in w” and Fg;f

is a good way to encode

Theorem 6.1. [13]] The steady state of the SSEP uy is the push-forward by the
application T’ — wr of the probability measure u% +1(6).

It turns out that this measure can also been described using random permuta-
tions. Indeed, S. Corteel and P. Nadeau [12, Theorem 1 and Section 3] have exhib-
ited a simple bijection ® between permutations of N + 1 and permutation tableaux
of size N + 1, which satisfies:

e If a permutation ¢ is mapped to a tableau 7' = ® (o), then:

w? = (62(0),03(0),...,0n+1(0)),

where §; = 1 if 7 is an ascent, that is if 0(i) < o(i + 1) (by convention
So(N41)(0) = D).

e The number of unrestricted rows of a tableau 7' = ®(o) is the number of
right-to-left minima of o: recall that 7 is a right-to-left minimum of ¢ if
oy > i forany £ > o7 1(4).

We are rather interested in the number of cycles of permutations rather than their
number of right-to-left minima. The following bijection, which is a variant of the
first fundamental transformations on permutation [26, § 10.2], sends one of this
statistics to the other. Take a permutation ¢, written in its cycle notation such that:

e its cycles ends with their minimum;
o the minima of the cycles are in increasing order.
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For example, 0 = (3 5 1)(7 4 2)(6). Now, erase the parenthesis: we obtain the
word notation of a permutation ¥ (o).

The application V¥ is a bijection from Sy to Sy. Besides, the minima of the
cycles of o are the right-to-left minima of W(c), while the ascents in ¥ (o) are the
weak excedances in o, that is the integers ¢ such that o(¢) > ¢ (a similar statement
is given in [26, Theorem 10.2.3]).

From now on, we assume 3 - § = 1. The properties above imply that ,u;{,(ﬁ) is
the push-forward of the Ewens measure of parameter 6 by the application ® o .
Combining this with Theorem the steady state of the SSEP iy is the push-
forward of Ewens measure by the application o — w®(¥(?)) But this application
admits an easy direct description

Snyr = {0;13Y
0 = (05(2)22:00(3)>31 - -+ s Oo(N+1)>N41)-

Recall that, as explained above, we are interested in the random function FT(N),

where 7 is distributed according to the measure p_1. The results above imply that
this random function has the same distribution than chNH), where o is a random

permutation of size NNV distributed with Ewens measure of parameter 6 and F(ENH)
is the function defined in section

6.3. Bounds for cumulants. Let us fix some real numbers z1,...,xz, in [0; 1].
In this section, we will give some bounds on the joint cumulants of the random
variables (F(,SN) (1), .. o (x¢)).

Let us begin by the following bound (step 2 of the proof, according to the divi-
sion done in section [3)).

Proposition 6.2. Forany { > 1, any N > 1 and any lists i1, ... ,ip and s1, ..., Sy
of integers in [N],

K/(B(N) 7B(N)) S CZN—‘{Z'l,...,il,sl,...,sl}‘-‘rl’

11,817 "7 g8y

where Cy is the constant defined by Theorem[L.4]
Proof. Using Theorem [[4lfor 7 = {{1},...,{¢}}, we only have to prove that

—#(CC(Gl(l, S))) — #(CC(GQ(I,S))) 2 —‘{il,... ,ig,sl,...,Sg}‘.

The last quantity [{i1, ..., 51,...,S¢}| can be seen as the number of connected
component of the graphs G3(i,s) defined as follows:
e its vertex setis [(| U [¢(] = {1,1,...,4,0}; B )
e there is an edge between j and k (resp. j and k, j and k) if and only if
1j = i) (resp. tj = Sk, 8j = Sg).
The inequality above is simply Lemma[4.2] applied to the graph Gs(i,s) (G1(i, s)
and Ga(i, s) are respectively its surcontraction and contraction). (]

We can now prove the following bound:
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Proposition 6.3. There exists a constant C}/ such that, for any integer N > 1 and
real numbers x1, ..., Ty, one has

(R(ES (1), ..., FY ()] < CYNTH

Proof. To simplify the notations, we suppose that Nz1,..., Nz are integers, so

that
N, Ty

(N =1)- FM (@) = > BN (o).
=2

7
by multilinearity, one has (step 1):

(18)
(N = )'w(EN (@), ..., N @) = Y Y w@BN .. BN

2<i <Nz 51>y

But the Bernoulli variable B can be written as B™" = Y7 s> Bi(]:). Finally,

2§i[:§le s[:zz'[
We apply Lemma [5.1] to the list 41,...,14,51,...,s, and get that the number of
couples of lists (i,s) such that |{i1,...,%,s1,...,S¢}| is equal to a given number
¢ is bounded from above by C%,N* (step 3).
Combining this with Proposition[6.2] we get that the total contribution of couples
of lists (i,s) with [{i1,...,4p,81,...,8¢}| = t to the right-hand side of (I8) is
smaller than C%,,Cy N , which ends the proof of Proposition (step 4). O

llustration of the proof. Set ¢ = 5 and consider the lists i = (5,2,2,7,7) and
s = (8,8,2,7,7). The graph G5(i, s) associated to this couple of sequences is the
graph G drawn of Figure[Il It follows immediately that G;(i,s) = G//f has 4
connected components while G2(i,s) = G/ f has 2. Therefore, by Theorem 4]

N N N N N _
K(Bé,8)7 B§,8)7 B§,2)7 ng)a B%?)) § C5N 5'

The same bound is valid for all sequences i and s such that Gs3(i,s) = G. There
are fewer than N such sequences: to construct such a sequence, one has to choose
distinct values for the four connected components of GG, such that they fulfill some
inequalities. Finally, their total contribution to (I8]) is smaller than C5N 1.

Comparison with a result of B. Derrida, J.L. Lebowitz and E.R. Speer. In [15]
Appendix Al], it is proven a long range correlation phenomenon for the SSEP.
Rewritten in terms of Ewens random permutations via the material of the previous
section, it asserts that, for i1 < --- < iy,

k(BN BNy = o(N Y.

1 Tt (7

In fact, their result is more general because it corresponds to the SSEP with all
parameters. This bound on cumulants can be obtained easily using our Propo-
sition and Lemma A slight generalization of it (taking into account the
case where some 7’s can be equal) implies directly Proposition [6.3l Therefore, our
method does not give some new results on the SSEP. Nevertheless, it was natural
to try to understand the long range correlation phenomenon directly in terms of
random permutations and it is what our approach does.
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6.4. Convergence results. In this section, we explain how one can deduce from
the bound on cumulants, some results on the convergence of the random function

chN), in particular Theorem [1.2]
In addition to the bounds above, we need equivalents for the first and second

joint cumulants of the FéN) (). An easy computation gives:

oy, N—i+f
E(B; )—N+0—1’
| — 1)(N —i+0)
ng,N:(Z X
Var(B;™) (N+6—172
Cov (BN, BN = — (n—J 4061 o

(N4+60—-1)2(N+60-2)

from which we get the limits:

1—(1-2)*
2 )

N—oo

(19) lim E(FMN) (2)) :/m(l—t)dt—iro(l) =
0
min(z,y)
(20) lim N Cov(EWM) (z), EN) (y)) :/ t(1 —t)dt
—00 0

ol min(¢, u)(1 — max(t, u))dtdu.
0<u<y

We call K (x,y) the right-hand side of the second equation. We begin by a proof
of Theorem which describes the asymptotic behavior of chN) (x), for fixed

value(s) of x.

Proof. Consider the first statement. The convergence in probability of F(,gN) (x)
towards 1/2 - (1 — (1 — 2)?) follows immediately from equations (I9) and (20).
For the almost-sure convergence, we have to study the fourth centered moment.

From moment-cumulant formula (8]) and using the fact that all camulant but the
first are invariant by a shift of the variable,

E ((FV) (@) = BEE @)') = ka(FN) (@) + 302 (V) (@))%

By proposition this quantity is bounded from above by O(N~2) and, in par-
ticular,

S E((FN (@) - BFEN @)*) < oo.

N>1
The end of the proof is classical. First, we inverse the summation and expectation
symbols (all quantities are nonnegative). As its expectation is finite, the random
variable

> (FEM (@) —E(EN (@)

N>1

is almost surely finite and hence its general term ((F(SN) (x) — E(F;N) (z))*)
tends almost surely to 0.

N>1
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Let us consider the second statement. Proposition implies that, for any list
Ji»- - -»je of integers in [r], one has

R(ZM (@), 2580 (g,)) = O(N T2,

[ el

In particular, for » > 2 the left-hand side tends to 0. As the variables Z},N) ()

are centered, this implies that (ZgN) (1), .. ,Z(E—N) (x,)) tends towards a cen-
tered Gaussian vector. The covariance matrix is the limit of the covariance of the
Z(SN)(xi), that is (K (x;, x;)). O

It is also possible to obtain some results concerning the sequence of random

function (F;N)) ~>1. In the following statement, we consider convergence in the
functional space (C([0;1]),] - ||so), that is uniform convergence of continuous
functions.

Theorem 6.4. Almost surely, the function FéN)

r1/2-(1— (1 —2)%).

Moreover; the sequence of random functions (x +— zN) (x))N>1 converges in
distribution towards the Gaussian process x — G(x), whose finite dimension laws
are Gaussian vectors with covariance matrices given by (K (x;,x;))1<i j<r

converges towards the function

Proof. As, for any N > 1 and any ¢ € Sy, the function x +— FéN) (x) is non-
decreasing, the first statement follows easily from the convergence at any fixed x.
The argument can be found for example in a paper of J.F. Marckert [27, first page],
but it is so short and simple that we copy it here. By monotonicity of FéN) and F,
forany list0 = zg < 1 < --- < xp = 1, one has

sup |F{N)(2) — F(x)|
z€(0;1]

< fpax max (IEN (@j01) = Fa)] 1 FN) (25) = Faj)))

a.s.
N Fx:) — F(x:
Olgnjafk |F(x;) (j+1)];

which may be chosen as small as wanted.

Consider the second statement. If the sequence of random function x — Z(S—N) ()
has a limit, its finite-dimensional laws are necessarily the limits of the ones of
ZC(,N), that is, by Theorem [I.2] Gaussian vectors with covariance matrices given by
(K (zi,z;))1<ij<r- As a probability measure on C([0;1]) is entirely determined
by its finite dimensional laws [7, Example 1.2], one just has to prove that the se-
quence x — Z((,N) (x) has indeed a limit. To do this, it is enough to prove that it is
tight [7, Section 5, Theorems 5.1 and 7.1], that is, for each € > 0 there exists some
constant M such that:

for all N > 0, one has Prob (||ZC(,N)||OO > M) <e.

Once again, this follows from a careful analysis of the fourth moment.
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Let N > 1and s # s in [0;1] such that Ns and Ns are integers. Using

equation (8)) and the fact that zN) (s) and ZMN) (s') are centered, one has:

E ((Z(s) = 28(s))")
= ra(Z(s5) = Z8()) + 32 (280 (s) = 280 ()

= N (5a(FM) (5) = FE () 4 3ra(FEV) (5) = FIV(1)?).
A simple adaptation of the proof of Proposition shows that
ke(FN () = FXN)(s)) < CuN~H s — o).

Indeed, in Lemma[3.1] if we ask that at least one entry of the list i is between N s
and Ns’ then the number of lists is bounded from above by C; N*|s — '|. Finally,

E ((Z(s) = Z8(s)) < (NACaNTP]s = | + 3CEN2s = &'%))
< (Cy+3C3)|s — 5%

The last inequality has been deduced from |s — s'| > N1,

We can now apply Th. 10.2 of Billingsley’s book [7]] with .S; = zN) (i/N) (for
0<i<N),a=p=1landus = (Cy+ 3022)1/2/N (see equation (10.11) of the
same book). We get that there exists some constant K such that

Prob ( max |S;| > M) < KM,
0<i<N
which proves that the sequence Z(gN) is tight. O

7. GENERALIZED PATTERNS

This section is devoted to the applications of our method to adjacencies (subsec-
tion and dashed patterns (subsection [Z.3)). These two statistics belong in fact
to the same general framework and we discuss in subsection the possibility of
unifying our results.

The proofs in this subsection are a little bit more technical than the ones before
and in particular we need a new lemma for step 3, given in subsection

7.1. Preliminaries. Let L > 1 be an integer. For each pair {j,k} C [L], we
choose a finite set of integers Dy 1.

Consider a list 7y, ...,4, of integers. For each pair e = {j,k} C [L] (with
J < k), we denote (i) the difference i, — ;. Then we associate to i a graph of
vertex set [L] and edge set {e : §.(i) € D.}.

The following lemma is a slight generalization of Lemma[5.1]

Lemma 7.1. For each L and families of sets (D{j,k})1§j<k§L, there exists a con-
stant Cz’ p With the following property. For any N > 1 and t < L, the number of
sequences i1, ..., iy, with entries in [N], whose corresponding graph has exactly t
connected components is bounded from above by C’}; pN t
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Proof. If we fix a graph G with vertex set L and ¢ connected components and
if we fix also, for each edge e of the graph, the actual value of (i), then the
corresponding number of lists i is smaller than N*. Indeed, the sequence will be
determined by the choice of one value per connected component of G (with some
constraints, such that no extra edges appear). But the number of graphs and of
values on edges are finite (the sets I); . are finite) and depend only on L and on the
family D. U

7.2. Adjacencies. In this section, we prove the following extension of Theorem

Theorem 7.2. Let o be a sequence of random permutations, such that oy has
size N and is distributed with respect to Ewens measure of parameter 0. Then the
number AWN) of adjacencies in oy converges in distribution towards a Poisson
variable of parameter 2.

Proof. As before, we write AY) in terms of the BZ-(’ZSV) (we use the convention
BZ-(’ZSV) = 0if ¢ or s is not in [N]):

N) (N) ()
A( Z B Bz-i—l s+e*
1<¢,s<N
e:il

Hence, for £ > 1, its ¢-th cumulant writes as (step 1):

N)y _ (N) p(N) (N) (V)
@b HZ(A( )) - Z <B21 S1BZ1+1 sier ’BizyszBiz+1,8z+ez>'

1<i1,50,igosp <N
€] 5eney ep=+1

Given two lists i and s of positive integers, we consider the three following graph:

e Hj has vertex set [¢] and has an edge between j and k if |i; — i| < 2 and
|sj — skl < 2;
e H> has vertex set [¢] and has an edge between j and k if

{ij,ij + 1,Sj,8j + 1} N {Zk,lk + 1, s, s 1} #+ 0.

e Hj has vertex set [£] LI [¢] and has an edge between j and k (resp. j and k,
gand k) if |i; — i < 2 (resp. |ij — si| <2, [s; — sx| < 2)

We will use Theorem [I.4lto give a bound for

(B(N) B(N) . B(N) B(N) )

11,81 t1+1,51+€1? 1g,8¢" tpt1,50+€p
Clearly, the number M (i, s) of different couples in the set
{(ij,8); 1 <7 <O U{(G + 1,85 +¢5); 1 <j < £}

is at least equal to 2#(CC(H;)) > #(CC(Hy)) + 1. Besides, in this case, the
graph G introduced in section [[.3]has the same vertex set as Ho and fewer edges.



32 V. FERAY

Hence it has more connected components. Therefore, Theorem implies (step
2):

N) (N N) p(N —#(CC(H1))—#(CC(H:
H(B7:(178)1BZ'(1+)1,81+61"” 7Bz'(z7s)zBi(z+)1,8g+q) < CyN HOCUR)=#(CCU)),
But, using the terminology of section the graphs H; and Hy are the surcon-

traction and contraction of H3. Therefore, by Lemmal4.2] one has:

(22) #(CC(H3)) < #(CC(H1)) + #(CC(Hy)).

Besides, Lemma[Z.Ilimplies the number of lists i and s with entries in [N] such
that H3 has exactly ¢ connected components is bounded from above by C’é’& pN?
for D well-chosen (step 3). In particular the constant gé p does not depend on
N. Therefore, the total contribution of these lists to equation is bounded from
above by Coy Nt - C’é’&DNt =Cy - Cyy p-

Finally,

k(AN = 0(1).
Moreover, only lists such that M (i,s) = 2 and #(CC(H;)) = 1 contribute to the
term of order 1. But this implies that the lists i, s and € are constant. In other
words,

re(AM) = 3" k(BB L)+ 0N,

i,8>1

e=*+1
The 2(N — 1)? variables BZ(]:)BZ(_]:? s+ are Bernoulli variables, whose parameters
are given by:

e if s =i € [N — 1] and ¢ = 1, then the parameter is W

(N — 1 cases);
eifs =ide = —1(here2 <i < N—-1)ors =14+ 1;¢ = —1 (here
1<i<N—-—1ors=1+2;¢e =—1(herel < i< N — 2), then the

parameter is Mm (BN — 5 cases);
1

e otherwise, the parameter is NFI=T)(N+9=2)"
Recall that the cumulants of a sequence of Bernoulli variables X V) of parameters
(pn)n>1 with py — 0 are asymptotically given by k(X)) = py + O(p)).
Hence,

1

(N+6—1)(N+60—2)

Finally, the cumulants of A" converges towards those of a Poisson variable of
parameter 2, which implies the convergence of AV in distribution. O

ko(AN) = 2(N —1)?

+O(N ) =240(N").

7.3. Dashed patterns. Let us recall the definition of dashed patterns in a permu-
tation, as introduced by E. Babson and E. Steingrimsson [3]].

Definition 7.3. A dashed pattern of size p is the data of a permutation 7 € S, and
asubset X of [p — 1]. An occurrence of the dashed pattern (7, X) in a permutation
o€ Syisalistiy < --- < i, such that:
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o forany x € X,one has ;41 =i, + 1.
® 0(i1),...,0(ip) is in the same relative order than 7(1),...,7(p).

The number of occurrences of the pattern (7, X') will be denoted Og\Q (o).

Example 7.4. 0(1% is the number of inversion, while Ogl’%l}

descents. Many classical statistics on permutations can be written as the number of
occurrences of a given dashed patten or as a linear combination of such statistics,
see [13} section 2].

is the number of

In this section, we prove Theorem[L.6] which gives, for any given dashed pattern

(N)

(,X), the asymptotic behavior of the sequence (O, y)n>1 of random variables.

Proof. As in the previous examples, we write the quantity we want to study in

(N)

terms of the variables B, _’. Here,
(N) _ (V) (V)
073 - Z Z Bi1781 T Bipysp'

i<+ <ip 8] 5ees Sp
forall z€ X, Lz+1 =ig+1 S 71(1)< -<s 71(p)

Expanding its cumulants by multilinearity, we get (step 1)

@) k(O = Z); (B<N BB, ...ng;)

The first (resp. second) summation index is the set of matrices (i7) (resp. (s}))
with (j,7) € [p] x [¢] such that:

o forallr, if <--- < z'; (resp. 3:*1(1) < e < s:,l(p));

o forall v, forall z € X, 4}, =i} + 1 (resp. no extra condition on the s’s).
Given such lists i and s, we consider the four following graphs:

e H; has vertex set [p] x [¢] and has an edge between (j,7) and (k,t) if

|z§ —it| <1land st = st
e H> has vertex set [p] x [¢] and has an edge between (j,7) and (k, t) if

{i%, 45 + 1,85} 0 {ig, i, + 1,5, # 0.

e Hj has vertex set ([p] x [¢]) U ([p] x [¢]) and has an edge between (j, )
and (k,t) (resp. (j,7) and (k,t); (j,7) and (k,t)) if |i% — i} < 1 (resp.
s, — 15 = 0or 1; s = sp).

e [/ has vertex set [¢] and has an edge between r and ¢ if

U {i%,4; + 1,871 | N U {it it + 1,88} | #0.

1<j<p 1<k<p

The graphs H; and H» are respectively the surcontraction and contraction of Hs,
as defined in Section 4l Therefore, one has, by Lemma[4.2}

#(CC(H3)) < #(CC(H1)) + #(CC(Hy)).
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But one can further contract Hy by the map f : [p] x [(] — [¢] defined by f(j,7) =
r and we obtain H/. With the notation of Section[] it implies:

l
#(CC(Hy)) < #(CC(Hy)) + > [#(CC (Ha[[p] x {r}])) —1] .

r=1

But each induced graph Hs|[[p] x {r}] (for 1 < r < /) contains at least an edge
between (x,7) and (x4 1,7) for each 2 € X (because we assumed i}, ; = i/, +1).
Thus it has at most p — ¢ connected components. Finally,

@4)  #(CC(Hs)) < #(CC(H1)) + #(CC(H3)) + (p — g — 1)L
Let us apply the main lemma (Theorem to obtain a bound for

K<thgl B, .Y, ...Bg;m) .

15-
1 p5p 11,51 p5p

In this case, the number of different couples in the indices of the Bernoulli variables
is at least the number of connected components of H;. Besides, the graph G}
introduced in section [L.3]has the same vertex set, but fewer edges than H. é Hence,
it has more connected components and we obtain:

K<B.<1N>1...Bgvgl,...,B%...

11551 p>°p 11,81

(Z\/’)ﬁ) < O N~ #(CCHD)—#(CC(Hy)+1

Using inequality above, this can be rewritten as (step 2)

K<B,<1N>1...B;fv;,...,B%...ngy )

]
11,87 pSp 11,81 Sp

< C’pgN_#(CC(H3))+(p—q—1)é+1'

As in the previous section, Lemma asserts that the number of couples of lists
((4%), (s%)) such that #(CC(Hz)) = t is smaller than C3 , , N* for a well chosen
D (step 3). Hence their total contribution to Equation is bounded from above
by the quantity C,Cy p N (p=a=1)t+1 Finally, one has:
N g

(25) R(OR),)) = O(N PV,
or equivalently k(2 &V)T)) — O(N—4/2*1), As in section[6.4] the theorem follows
from this bound and from the limits of the normalized expectation and variance.

For the expectation, we have to consider the case £ = 1. In this case, one has
#(CC(H,)) = p and #(CC(H)})) = 1. Therefore, if we want an equality in
Equation (24), we need #(CC(H3)) = 2p — ¢, which implies that all entries in the
lists i and s are distinct. For these lists, one has (Lemma [3.1))

(N) (N) \ _ (N) (N) \ _ 1
By By ) =E(Bjy ). By ) = e

But the number of lists with distinct entries in the index set of equation (23)) is

asymptotically 1%‘ Finally,
; Wy y_ 1
]\;E)noo NP—‘IE(O(XvT)) ~pl(p—q)
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It remains to prove that the renormalized variance N —2(p—q)+1,€2(05)1\(7)7 ) has a
limit V- x > 0, when N tends to infinity. But this follows from the bound and

the fact that any mg(Og’)T)) is a rational function in N. Let us explain the latter
fact.

Recall that HE(OE)]\QT)) is given by equation (23)). We can split the sum depending
on the graph H3 associated to the matrices i and s and on the actual value d.(i, s)
of ¢} — 22 (or 32 —1; and 32 — s respectively) for each edge e of Hs. Then the fact

that /{g(Og)T)) is arational function is an immediate consequence of the following
points:
e the number of graphs H3 and possible values for the differences J(i,s)

(for e € Eyp,) are finite;

e the cumulant /{(BZ.(lN s)l ...B .. ’Bi(l s)l e BZ([N s)l) is a rational func-
1°°1 1:°1 19p

tion in N which depends only on the graph Hs anii values of d.(i,s) (for
e € Ey,);

e the number of matrices i and s corresponding to a given graph G and given
values 0.(i, s) is a polynomial in V. (]

(N)
il,sh

7.4. Generalized patterns and local statistics. The notion of dashed patterns has
been recently generalized by several authors in [10, Section 2]. The idea is roughly
that, in an occurrence of a generalized pattern, one can ask that some values are
consecutive (and not only some places as in dashed patterns). It would be in-
teresting to give a general theorem on the asymptotic behavior of the number of
occurrences of a given generalized pattern. This seems to be a hard problem as
many different behavior can occur:

e The number of adjacencies is the sum of the number of occurrences of two
different generalized patterns and converge towards a Poisson distribution.

e The dashed patterns are special cases of generalized patterns. As we have
seen in the previous section, their number of occurrences converges, after
normalization, towards a Gaussian law. Other generalized patterns exhibit
the same behavior, for example the one considered in [10] (the proof is
the same as for dashed patterns; note that Remark ?? does not hold for
occurrences of this pattern).

e Other behaviors can occur: for example, it is easy to see that the number of
occurrences of the pattern (123, {1},{1}) (we use the notations of [10]),
has an expectation of order n, but a probability of being 0 with a positive
lower bound.

Even if we have not been able to give a general statement, our approach unifies the
first two cases.

The notion of generalized patterns can be further extended to the one of local
statistic. Fix a integer p > 1 and a set .S of constraints: a constraint is an equality
or inequality (large or strict) whose members are of the form 7; +d or s; +d where
Jj belongs to [p] and d is some integer. Then, for a permutation o of Sy, we define

oW

.S (o) as the number of lists i1, ...,4, and s1, ..., s, satisfying the constraints
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in S and such that o(i;) = s; for all j in [p]. For instance, the number of d-descents
studied in [8]] is a local statistic.

)

We call any linear combination of statistics o™ bs A local statistic. The number
of occurrences of a generalized patterns, but also the number of excedances or of
cycles of a given length p, are examples of local statistics. The method presented
in this article is suitable for the asymptotic study of joint vectors of local statistics.
We have failed to find a general statement, but we are convinced that our approach
can be adapted to many more examples than the ones studied in this article.

However, the method does not seem appropriate to global statistics, such as the
total number of cycles of the permutation or the length of the longest cycle.

ACKNOWLEDGEMENTS

I would like to thank Jean-Christophe Aval, Adrien Boussicault and Philippe
Nadeau for sharing their interest in permutation tableaux, Mireille Bousquet-Mélou
and Mathilde Bouvel for pointing out some references and, last but not least, Jean-
Francgois Marckert for a lot of explanations and references on convergence of ran-
dom functions and Gaussian processes (in particular, his notes from lectures given
in Graz, available online, have been very useful for me).

REFERENCES

[1] R. Arratia, A. Barbour, and S. Tavare. Logarithmic combinatorial structures: a probabilistic
approach. EMS Monographs in Mathematics. EMS, Ziirich, 2003.

[2] J. Aval, A. Boussicault, and P. Nadeau. Tree-like tableaux. In Proceedings of FPSAC, vol-
ume AO, pages 63-74. DMTCS, 2011.

[3] E. Babson and E. Steingrimsson. Generalized permutation patterns and a classification of the
Mabhonian statistics. Sém. Lothar. Combin., 44:117-134, 2000.

[4] A. Barbour, L. Holst, and S. Janson. Poisson approximation. volume 2 of Oxford studies in
probability. Oxford University Press, 1992.

[5] A. Barbour and S. Janson. A functional combinatorial central limit theorem. Elec. J. Prob.,
14:2352-2370, 2009.

[6] P. Billingsley. Probability and measure. Wiley, 1995. 3rd edition.

[7]1 P. Billingsley. Convergence of probability measures. Wiley, New York, 1999. 2nd edition.

[8] M. Bona. Generalized descents and normality. Elec. J. Comb., 15(1):N21, 7 pages, 2008.

[9] M. Béna. On three different notions of monotone subsequences. In Permutation Patterns, vol-
ume 376 of London Math. Soc. Lecture Note Series, pages 89—113. Cambridge University Press,
2010.

[10] M. Bousquet-Mélou, A. Claesson, M. Dukes, and S. Kitaev. (2+ 2)-free posets, ascent se-
quences and pattern avoiding permutations. J. Comb. Th., Ser. A, 117(7):884-909, 2010.

[11] M. Bouvel, C. Chauve, M. Mishna, and D. Rossin. Average-case analysis of perfect sorting by
reversals. Disc. Math., Algorithms and Applications, 3(3):369-392, 2011.

[12] S. Corteel and P. Nadeau. Bijections for permutation tableaux. Eur. J.Comb., 30(1):295-310,
2009.

[13] S. Corteel and L. Williams. Tableaux combinatorics for the asymmetric exclusion process. Adv.
Appl. Math., 39(3):293-310, 2007.

[14] B. Derrida. Matrix ansatz and large deviations of the density in exclusion processes. In Pro-
ceedings of the International Congress of Mathematicians, Madrid, pages 367-382, 2006.

[15] B. Derrida, J. Lebowitz, and E. Speer. Entropy of open lattice systems. J. Stat. Phys.,
126(4):1083-1108, 2007.



STATISTICS IN RANDOM PERMUTATIONS 37

[16] W. Ewens. The sampling theory of selectively neutral alleles. Theoretical Population Biology,
3:87-112, 1972.

[17] R. Fisher. Moments and product moments of sampling distributions. Proc. Lond. Math. Soc.
Series 2, 30:199-238, 1929.

[18] P. Flajolet and R. Sedgewick. Analytic Combinatorics. Cambridge University Press, 2009.

[19] V. Goncharov. Some facts from combinatorics. Izvestia Akad. Nauk. SSSR, Ser. Mat, 8:3-48,
1944.

[20] P. Hitczenko and S. Janson. Asymptotic normality of statistics on permutation tableaux. Con-
temporary Math, 520:83-104, 2010.

[21] W. Hoeffding. A combinatorial central limit theorem. The Annals of Mathematical Statistics,
22(4):558-566, 1951.

[22] S.Janson, T. Luczak, and A. Rucinski. Random graphs, volume 45 of Wiley Series in Discrete
Mathematics and Optimization. Wiley-Interscience, 2000.

[23] I. Kaplansky. The asymptotic distribution of runs of consecutive elements. Ann. Math. Stat.,
16(2):200-203, 1945.

[24] V. Kolchin. A problem of the allocation of particles in cells and cycles of random permutations.
Theory of Probability and its Applications, 16:74-90, 1971.

[25] V. Leonov and A. Shiryaev. On a method of calculation of semi-invariants. Theory Prob. Appl.,
4:319-329, 1959.

[26] M. Lothaire. Combinatorics on words, volume 17 of Encyclopedia of Math. and its Appl.
Addison-Wesley, 1983.

[27] J. Marckert. One more approach to the convergence of the empirical process to the brownian
bridge. Electronic Journal of Statistics, 2:118-126, 2008.

[28] A. Postnikov. Total positivity, Grassmannians, and networks. arXiv preprint math/0609764v1,
2006.

[29] G. Rota and B. Taylor. The classical umbral calculus. SIAM Journal on Mathematical Analysis,
25:694, 1994.

[30] P. Sniady. Gaussian fluctuations of characters of symmetric groups and of Young diagrams.
Probab. Theory Related Fields, 136(2):263-297, 2006.

[31] E. Steingrimsson and L. Williams. Permutation tableaux and permutation patterns. J. Combin.
Theory Ser. A, 114(2):211-234, 2007.

[32] G. Watterson. The sampling theory of selectively neutral alleles. Adv. Appl. Prob., 6:463-488,
1974.

[33] L. K. Williams. Enumeration of totally positive Grassmann cells. Adv. Math., 190(2):319-342,
2005.

[34] J. Wolfowitz. Note on runs of consecutive elements. Ann. Math. Stat., 15(1):97-98, 1944.

[35] W. Xu, B. Alain, and D. Sankoff. Poisson adjacency distributions in genome comparison: mul-
tichromosomal, circular, signed and unsigned cases. Bioinformatics, 24(16):1146, 2008.

LABRI, UNIVERSITE BORDEAUX 1, 351 COURS DE LA LIBERATION, 33 400 TALENCE,
FRANCE
E-mail address: feray@labri.fr



	1. Introduction
	1.1. Background
	1.2. Motivating examples
	1.3. The main lemma
	1.4. Applications
	1.5. Comparison with other methods
	1.6. Future work
	1.7. Outline of the paper

	2. Preliminaries : set partitions and joint cumulants
	2.1. Set partitions
	2.2. Cumulants

	3. Proof of the main lemma
	3.1. Joint moments
	3.2. A general criterion for small cumulants
	3.3. Case with distinct indices
	3.4. General case

	4. Graph-theoretical lemmas
	4.1. Notations
	4.2. Connected components of contractions
	4.3. Fibers of size 2

	5. Toy example: number of cycles of a given length p
	6. Number of excedances
	6.1. Symmetric simple exclusion process
	6.2. Link with permutation tableaux and Ewens measure
	6.3. Bounds for cumulants
	6.4. Convergence results

	7. Generalized patterns
	7.1. Preliminaries
	7.2. Adjacencies
	7.3. Dashed patterns
	7.4. Generalized patterns and local statistics

	Acknowledgements
	References

