N

N

Enveloping algebras of preLie algebras, Solomon
idempotents and the Magnus formula

Frédéric Chapoton, Frédéric Patras

» To cite this version:

Frédéric Chapoton, Frédéric Patras. Enveloping algebras of preLie algebras, Solomon idempotents
and the Magnus formula. 2012. hal-00658228v1

HAL Id: hal-00658228
https://hal.science/hal-00658228v1

Preprint submitted on 10 Jan 2012 (v1), last revised 10 Jan 2012 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00658228v1
https://hal.archives-ouvertes.fr

ENVELOPING ALGEBRAS OF PRELIE ALGEBRAS,
SOLOMON IDEMPOTENTS AND THE MAGNUS FORMULA

FREDERIC CHAPOTON AND FREDERIC PATRAS

ABSTRACT. We study the internal structure of enveloping algebras of preLie algebras. We show in
particular that the canonical projections arising from the Poincaré-Birkhoff-Witt theorem can be com-
puted explicitely. They happen to be closely related to the Magnus formula for matrix differential
equations. Indeed, we show that the Magnus formula provides a way to compute the canonical projec-
tion on the preLie algebra. Conversely, our results provide new insights on classical problems in the

theory of differential equations and on recent advances in their combinatorial understanding.
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1. INTRODUCTION

PrelLie algebras play an increasingly important role in various fields of pure and applied mathematics,
as well as in mathematical physics. They appear naturally in the study of differential operators: the
preLie product underlying the theory can be traced back to the work of Cayley in relation to tree
expansions of compositions of differential operators. PreLie structures were defined formally much
later in the work of Vinberg (they are sometimes refered to in the litterature as Vinberg algebras).
They were rediscovered in deformation theory by Gerstenhaber [6], who introduced their current name.
They appear currently in differential geometry, control theory, operads, perturbative quantum field
theory... see e.g. [1, 2, 4] for some applications and further references on the subject.

In most applications, preLie algebras structures appear through their representations, and their
action can therefore be canonically lifted to the enveloping algebra of the underlying Lie algebra.
The structure of enveloping algebras of preLie algebras, which are the subject of the present article,
is richer than the structure of arbitrary enveloping algebras of Lie algebras. In the particular case
of preLie algebras L, the usual Poincaré-Birkhoff-Witt (PBW) theorem can indeed be refined: there
exists on S(L), the symmetric algebra over L another associative, simply defined, product, making
S(L) the enveloping algebra of L. Recall that, for Lie algebras, the PBW theorems asserts only that
the canonical map from S(L) to U(L), the enveloping algebra constructed as the quotient of the tensor
algebra by the ideal generated by Lie brackets, is a linear isomorphism; see e.g. [17] for details on the

subject.
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In the context of differential operators and trees, the definition of the product on S(L) first appeared
in the work of Grossman-Larson [7]. The dual structure was discovered by Connes-Kreimer in the
framework of perturbative quantum field theory [9, 3]. The work of Chapoton-Livernet [2] showed
that free prelie algebras can be realized as Connes-Kreimer prelie algebras of trees, from which it
follows that the enveloping algebra of a free preLie algebra L can be realized as a Grossman-Larson
algebra, that is, as the symmetric algebra S(L) provided with a new product associated to the process
of insertion of trees. The general construction of the enveloping algebra of a preLie algebra L as S(L)
is recent and due to Guin-Oudom, to which we refer for details [8].

In the present paper, we study the internal structure of S(L) in relation to the PBW theorem. The
classical combinatorial study of enveloping algebras, due originally to Solomon [18] and developped
further in the work of Reutenauer and coauthors [16, 17], shows that the canonical projections on
the components of the direct sum decomposition of U(L) induced by the PBW isomorphisms and the

natural decomposition of the symmetric algebra into homogeneous components: S(L) = @ S™(L),
neN
where L is the free Lie algebra over an arbitrary set of generators, give rise to a family of orthogonal

projections (i.e. idempotents) in the symmetric group group algebras Q[S,|. These idempotents,
the Solomon idempotents, play a key role in many fields of mathematics, partially due to their close
connexion to enveloping algebra structures: free Lie algebras, control theory, group theory (both in
the study of finite Coxeter groups and the general theory of transformation groups), iterated integrals,
Baker-Campbell-Hausdorff-type formulas (they were discovered independently of Solomon by Mielnik-
Plebanski in this setting [11]), noncommutative symmetric functions, homological algebra, and so on...
See e.g. [17, 5] for further details on the subject. These idempotents have been given many names
in the litterature: canonical idempotents (as canonical projections in the enveloping algebras), Barr
idempotent (for the first idempotent of the series), eulerian idempotents (because, according to the
seminal work of Solomon, their coefficients in the symmetric group algebras are related to the eulerian
numbers). The one of “Solomon idempotents” fits the best with the practice for other Lie idempotents
(e.g. the Dynkin, Garsia, Klyachko or Garsia-Reutenauer idempotents).

In the particular case of enveloping algebras of free preLie algebras, new structures and formulas
arise in relation to the Solomon idempotents, due to the possibility of realizing these enveloping
algebras as S(L) equipped with a new product. This is the subject of the present article, which relates
in particular the first Solomon idempotent to the Magnus series familiar in the theory of differential

equations.

2. PRELIE AND ENVELOPING ALGEBRAS

In this article, all vector spaces are over an arbitrary ground field k of characteristic zero.

Definition 1. A preLie algebra is a vector space L equipped with a bilinear map + such that, for all
x,y,z in L:

(xny) nz—zan(ynz)=(znz)ny—xzn (zY).

The vector space L is then equipped with a Lie bracket [z,y] := x vy —y v~ 2. We write L. for
the associated Lie algebra, when we want to emphasize that we view L as a Lie algebra. Most of the
time this will be clear from the context, and we will then simply write L although making use of the
Lie algebra structure. For example, we will write U(L) and not U(Ly;.) for the enveloping algebra of
Ly;.. We will also denote by v« the right action of the universal enveloping algebra of Lj;. on L that
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extends the pre-Lie product: Va,b € L, (b)a :== b v a. Notice that this action is well defined since
the product v~ makes L a module over the Lie algebra Ly;:

Va,b,c € L, ((¢)b)a — ((c)a)b = (c ~b) ~a—(ca)nb

=cn(brna—anb)=(c)b,al

Recall that one can consider S(L), the symmetric algebra over L, equipped with a product x*

induced by v, as the enveloping algebra of Ly;.. Here, we realize S(L) = @ S™(L) as the subspace
neN
of symmetric tensors in T(L) := € L®", so that S™(L) identifies with the S,-invariant tensors
neN
in L% S™(L) = (L®")% where S,, stands for the symmetric group of order n -the permutation

group of [n] := {1,...,n}. For a € L, we write a” for its n-fold symmetric tensor power a®" in
S(L). More generally, for ly,...,l, € L, we write [y...[, for the n-fold symmetric tensor product:
% Yo lo(1) @ - @ ly(n), where o runs over S,.

An enveloping algebra carries the structure of a cocommutative Hopf algebra for which the elements
of the Lie algebra identify with the primitive elements. The corresponding coproduct on S(L) is given

by: for arbitrary a1, ...,a, € L,
A(ay...ap) = Zal ®Ray
I

where, for a subset I of [n], a; := [[;c; @i, where I runs over the (possibly empty) subsets of [n] and
J = [n] — I. The product * is associative but not commutative and is defined as follows:

(a1-.a7) % (b1..bm) = > Bolay ~ By)...(a; ~ By),
f
where the sum is over all functions f from {1,...,m} to {0,...,{} and B; := f~1(i). The increasing
filtration of S(L) by the degree is respected by the product %, but the direct sum decomposition into
graded components is not.

A symbol " means that we consider the completion of a graded vector space: for example, L stands
for the product [[,, Ly, where L, stands for the linear span of preLie products of length n of elements
of L. The series exp(a) := ). %L belongs for example to S(L), and so on. A graded vector space

n
V = @ V, is connected if Vj = k.

neN
Since we are interested in universal properties of preLie algebras, we assume from now on that L is

a free prelie algebra. It follows that both L and Ly, are naturally graded by the lengths of preLie

products. For clarity, we will distinguish notationally between:

e U(L), the enveloping algebra of L defined as the quotient of the tensor algebra T'(L) over L
by the ideal generated by the sums [z,y] —x ® y + y ® x, z,y € L. The product on U(L) is
written simply - (so that e.g. for z,y € L,z -y =2 ®y in U(L)).

e S*(L), the symmetric algebra over L equipped with the structure of an enveloping algebra of
Lyie by the product x.

e S(L), the symmetric algebra over L equipped with the structure of a polynomial algebra.
Recall that the product of Iy, ...,1, € L in S(L) is written lila...0,,.

We write S*"(L) and S™(L) for the symmetric tensors of length n in $*(L) and S(L); we write S="(L)
for sums of symmetric tensors of length at least n. The coproduct on S*(L) and S(L) for which L is
the primitive part is written A in both cases. It provides S*(L) with the Hopf algebra structure arising
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from its enveloping algebra structure, whereas S(L) inherits a bicommutative Hopf algebra structure.
Both S*(L) and S(L) are free cocommutative coalgebras over L. We refer to [12, 8] for details.
The natural linear isomorphism (the PBW isomorphism) from S(L) to U(L) obtained by identifying

S(L) with the symmetric tensors in 7'(X) is written mpq:

1
Wnat(ll---ln) = E Z lo‘(l) . 10_(2) et la(n)'
oESy

It is a coalgebra isomorphism since it maps L to L and since both S(L) and U(L) are cofree cocommu-
tative coalgebras over L. Similarly, the identity map Id from S*(L) to S(L) is (obviously) a coalgebra
isomorphism.

The canonical isomorphism, written is, between U(L) and S*(L) maps a product of elements of L
Z1...Ty in U(L) to their product z1 *...* x,, in S*(L). Take care that is is not the inverse of the PBW
map Tpat-

All these maps are summarized by the following diagram:
S*(L) -~ S(L) ™ U(L) 25 S*(L).
Recall at last from [14, 15] the following two results:

Lemma 1. The Solomon first idempotent soly, that is the map from U(L) (resp. S*(L)) to L orthog-

onally to the image of SZ2(L) by Tpat (Tesp. 150 Tnat) can be expressed as:
soly = log*(1d),

where 1d is the identity map of U(L), resp. S*(L). More generally, the map to the image of S™(L)
orthogonally to the image of the other graded components S'(L), i # n, reads
l*n
sol, = 500
n!
The Lemma generalizes to arbitrary enveloping algebras of graded connected Lie algebras Reutenauer’s
computation of the Solomon idempotent in [16]. Here the logarithm is computed in the convolution al-

gebras of linear endomorphisms of U(L) and S*(L). That is, for f,g € End(U(L)) (resp. End(S*(L))):

frgi=mo(f®@g)oA,

where m stands for the product in U(L), resp. S*(L).

Proposition 2. The inverse maps inv, resp invg to the PBW isomorphisms et and 1S 0 Tpet are
given by:

®n
inv(x) == Z soly o A",

n!
n

where A" is the iterated coproduct map from U(L) to U(L)®". The same formula holds for invg.

3. THE PRELIE PBW THEOREM

Let us consider now the combinatorial PBW problem for preLie algebras, that is the particularization
of Solomon’s PBW problem for Lie algebras [18] to the preLie case: compute explicit formulas for the
canonical decomposition of the enveloping algebra S*(L) induced by the isomorphism is o 7,4 with
S(L) = S™(L).

We arg interested in the general form of the decomposition, that is, the way an arbitrary element
L =1..1, of S*(L) decomposes into | = soli(l) + ... + sol,,(l). We can therefore assume that the I;
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are algebraically independent in L. Moreover, by the classical polarization argument, setting a :=
I + ... + 1, we get that [ is the [y, ..., l,-multilinear component of %7;; similarly, sol;(l) identifies
to the 1y, ..., l,-multilinear component of soli(%) and of sol;(exp(a)). In the end, the computations
can therefore be handled in the sub free preLie algebra of L over a and amount to computing the
sol;(exp(a)).

We get:

exp(a) = Id(exp(a)) = (exp* olog*(Id))(exp(a)),

where we recall that log*(Id) = sol;.
Since A(a™) = 3 (})a' ® a", a := exp(a) is a group-like element in $*(L) (ie. Aa) = a ® a).

i<n n
However, the logarithm of a group-like element z is a primitive element since

A(log*(z)) =log*(z @) =log"(z®1) - (1 @ z) =log*(z) ® 1 + 1 @ log™(x)

and therefore log*(Id)(a) = log*(a) is a primitive element in S*(L) (here log*, resp. log™ means that
we compute the logarithm for the x product, resp. the * product, and so on). We get finally the first,
polarized, form of the preLie PBW decomposition:

*M

mlnl o sol?n o Aln) (log”(a))
a=) nl @=2 "

n n

where 7" stands for the iterated * product from (S*(L))®" to S*(L), resp. Al for the iterated
coproduct from S*(L) to (S*(L))®"
Now, the [, ..., l,-multilinear part sol;(l;...l;,) of log*(a) reads

3011(11...zn):z ok Z I, *

i=1 Il

where the Iy,...,I; run over all ordered partitions of {l1,....0,} (L ]]...11L = {li,....ln}) where
Vj € [n], I; # 0 and, for any subset I of [1,n], I; := [[;c;l;- We get the first part of the following
Proposition:

Proposition 3. The PBW decomposition of a generic element ly...1,, € S*(L) reads:

SOll(ll...ln) =

i=1 Ily 7

More generally, for higher components of the PBW decomposition, we have:

SOli(ll...ln)

L X l[j,
Jj=t In,....I

where the s(j,1) are Stirling numbers of the first kind.

The proof of the general case follows from a W-ring argument as for the geometric computation of
the sol; in [13]. Notice first that

= [d* = (exp*(log* (Id))) = exp*(k log* 1d) Zk;"sol
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Besides, with the same notation as above for ordered partitions, we get from the definition of the

product and the group-like behaviour of a:

Z Z <>zh ox .

j=111,...,1
From the definition of the Stirling numbers s(n, k) of the first kind,
v —1).(z—j+1)= > s(jia,
1<i<)

we get:

\Ifk(zl...zn)zzn: ans(j;i) S by ey | K

i=1 \ j=i R CP &
and finally, by identification of the coefficient of k’:
soli(ly...l,) :ZM Z I * ¥,

|
j=i J: I,...I;

which concludes the proof.

4. THE PRELIE PBW DECOMPOSITION AND THE MAGNUS ELEMENT

Definition 2. The Magnus element in the free preLie algebra L over a single generator a is the
(necessarily unique) solution S to the equation:

“ (ewmr=r) -

The terminology is motivated by the so-called Magnus solution to an arbitrary matrix (or operator)

differential equation X'(t) = A(t)X (¢t), X(0) = 1: X(t) = exp(€2(t)), where

Q) = —ow )+ Z Zn gy (A1),

adQ(t)
exp —1 n>0

where ad stands for the adjoint representation and the B, for the Bernoulli numbers. The link
with preLie algebras follows from the observation that (under the hypothesis that the integrals and
derivatives are well-defined), for arbitrary time-dependent operators, the preLie product

M(t) ~ N(t) ::/0 [N (u), M’ (u)]du

satisfies (M (t) ~ N(t)) = adnyM'(t). The Magnus formula rewrites therefore:

0= (10~ (o))

where ﬁ is computed in the enveloping algebra of the preLie algebra of time-dependent operators.
See e.g. the recent works by K. Ebrahimi-Fard and D. Manchon for further insights and an up-to-date
point of view on the Magnus formula, in particular [4].

Theorem 4. The Magnus element identifies with sol;(exp(a)):

Q = soly(exp(a)) = log*(exp(a)).
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Indeed, we have:
—

soll(exp(a)) = log*(g) — Z(_l)nfl

n>0
Let us write a = b+ o(1) to mean that a and b in S*(L) are equal up to an element of S*=2(L). We
then have, by definition of the * product:

n—1 (Q - 1)*1171

n

soly(exp(a)) = (a+ o(1)) * Z(—l)

n

)*nfl

—ax (e T

" +o(1).

Moreover, for an arbitrary element b of S*"(L) the product a * b reads a v» b+ o(1). Finally, since

soly(exp(a)) € L, we get

soly (exp(a)) = a Z(_l)n—lﬂ N (kfi(?) |

n
n
from which the theorem follows.

Acknowledgements. This work originated with discussions at the IESC conference Institute of
Cargese with K. Ebrahimi-Fard, F. Hivert, F. Menous, J.-Y. Thibon and the other participants to the
CNRS PEPS program “Mould calculus”. We thank them warmly for the stimulating exchanges, as
well as the IESC for its hospitality.

REFERENCES

[1] A. Agrachev, R. Gamkrelidze, Chronological algebras and nonstationary vector fields, J. Sov. Math. 17 No.1 (1981),
1650-1675.
[2] F. Chapoton and M. Livernet, Pre-Lie algebras and the rooted trees operad Internat. Math. Res. Notices, 8, (2001),
395-408.
[3] A. Connes and D. Kreimer, Renormalization in quantum field theory and the Riemann—Hilbert problem I: The Hopf
algebra structure of graphs and the main theorem, Commun. Math. Phys. 210 (2000) 249-273.
[4] K. Ebrahimi-Fard, D. Manchon, A Magnus- and Fer-type formula in dendriform algebras, Found. Comput. Math.
9 (2009), 295-316.
[5] I. M. Gelfand, D. Krob, A. Lascoux, B. Leclerc, V. Retakh, J.-Y. Thibon, Noncommutative symmetric functions.Adv.
Math. 112, No.2 (1995), 218-348.
[6] M. Gerstenhaber, The cohomology structure of an associative ring, Ann. of Math. 78 (1963), 267288.
[7] R. Grossman, R.-G. Larson, Hopf algebraic structure of families of trees, J. Algebra 126 (1) (1989) 184210.
[8] D. Guin et J.-M. Oudom, On the Lie enveloping algebra of a pre-Lie algebra, K-theory, 2 (1) (2008), 147-167.
[9] D. Kreimer, On the Hopf algebra structure of perturbative quantum field theories, Adv. Theor. Math. Phys. 2 (1998)
303-334.
[10] W. Magnus, On the exponential solution of differential equations for a linear operator, Commun. Pure Appl. Math.
7 (1954), 649-673.
[11] B. Mielnik, J. Plebaniski, Combinatorial approach to Baker Campbell Hausdor{f exponents, Ann. Inst. Henri Poincaré
A XTI (1970), 215-254.
[12] J.W. Milnor; J.C. Moore, On the structure of Hopf algebras Ann. Math., I1. Ser. 81 (1965), 211-264.
[13] F. Patras. Construction géométrique des idempotents eulériens. Filtration des groupes de polytopes et des groupes
d’homologie de Hochschild. Bull. Soc. math. France, 119 (1991), 173-198.
[14] F. Patras. Homothéties simpliciales, These de doctorat, Paris 7, Jan. 1992.
[15] F. Patras. L’algébre des descentes d’une bigebre graduée. J. Algebra. 170, No.2, (1994), 547-566.



8 FREDERIC CHAPOTON AND FREDERIC PATRAS

[16] C. Reutenauer, Theorem of Poincaré-Birkhoff-Witt, logarithm and representations of the symmetric group whose
orders are the Stirling numbers. Combinatoire enumérative, Proceedings, Montréal (1985), (ed. G. Labelle and P.
Leroux). Lecture Notes in Mathematics, 267284, Springer, Berlin.

[17] C. Reutenauer. Free Lie algebras. Oxford University Press, 1993.

[18] L. Solomon, On the Poincaré Birkhoff Witt theorem, J. Combin. Theory 4 (1968) 363375

INSTITUT CAMILLE JORDAN UNIVERSITE CLAUDE BERNARD LYON 1 BATIMENT BRACONNIER 21 AVENUE CLAUDE
BERNARD F-69622 VILLEURBANNE CEDEX FRANCE

LABORATOIRE J.-A. DIEUDONNE UMR 6621, CNRS, PARC VALROSE, 06108 NicE CEDEX 02, FRANCE



