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Patchy patterns due to group dispersal
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Abstract

The presence of multiple foci in population patterns may be due to various
processes arising in the population dynamics. Group dispersal, which has
been lightly investigated for airborne species, is one of these processes.

We built a stochastic model generating the dispersal of groups of particles.
This model may be viewed as an extension of classical dispersal models based
on parametric kernels. It has a hierarchical structure: at the first stage group
centers are drawn under a classical dispersal kernel; at the second stage the
particles are diffused around their group centers. Analytic and simulation
results show that group dispersal is a sufficient condition to generate patterns
with multiple foci, i.e. patchy patterns, even if the population can remain
particularly concentrated.
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1. Introduction

1.1. Patterns with foci and groups of particles

Snapshots of epidemics and invasions often show multiple foci (for real
examples, see Heesterbeek and Zadoks, 1987; Nash et al., 1995). A typi-
cal situation is the presence of one primary focus and several secondary foci
which will eventually merge with the primary focus (Shigesada and Kawasaki,
1997, chap. 5). The reasons why such patterns are generated are diverse. For
organisms taken into account in this article, i.e. airborne plant pathogens
and plant propagules, the main reasons invoked to explain multiple foci pat-
terns may be (i) spatial heterogeneity in host receptivity or environmental
conditions (Kauffman and Jules, 2006; Laine and Hanski, 2006; Soubeyrand
et al., 2009), (ii) long distance dispersal (Aylor, 1987; Cannas et al., 2006;
Ferrandino, 1993; Filipe and Maule, 2004; Marco et al., 2009; Minogue, 1989),
(iii) stratified dispersal (Sapoukhina et al., 2010) and (iv) density-dependence
(Bolker and Pacala, 1997, 1999; Dieckmann and Law, 2000). Here, we are
interested in another potential reason: group dispersal.

Group dispersal occurs when several entities move or are moved together
from one area to another one. This mechanism has been mainly studied
for animals, e.g. juvenile tarantulas (Reichling, 2000) and female viscachas
(Branch et al., 1993), and for seeds eaten and transported by large mammals
(Howe, 1989; Takahashi et al., 2008) or birds (Pizo and Simao, 2001). Here,
we are interested in group dispersal of propagules like seeds, pollen grains
or spores dispersed by wind. It is assumed that several of these propagules
may be released because of a single wind gust, transported in the air into

a more or less limited volume and deposited over a more or less limited



area. Such a group of propagules deposited far enough from the primary
focus will generate, in a single generation, a secondary focus. Then, because
of local reproduction, the secondary focus will be amplified. Intuitively, to
generate a secondary focus distinguishable from the primary focus, a group
of propagules does not need to be dispersed as far as a single propagule since
the group has a numerical advantage that the single individual has not.
The complete observation of groups of very small particles during the dis-
persal process (release, transport and deposit) is not easy to achieve. How-
ever, there are several articles presenting the visualization of the joint release
of particles, often due to an explosive discharge; e.g. see Roper et al. (2010)
and Trail et al. (2005) for fungal spores, Aylor et al. (2003), Bianchini and
Pacini (1996) and Whitaker et al. (2007) for pollen grains, Whitaker and
Edwards (2010) and Sundberg (2010) for sphagnum spores. Then, during
the transport stage under the wind effect (turbulence), there is no clear ev-
idence that the group formed at the release stage remains in a limited air
volume. Experiments assessing the cohesion (or, conversely, the break up)
of the group should be carried out. Nevertheless, in favor of the group dis-
persal hypothesis, there is the special case of particle clumps (e.g. spores
attached by a mucilaginous liquid): the dispersal of this sort of groups have
been observed until the deposit stage (Aylor and Ferrandino, 1986; Martin
et al., 2009). The model that we propose in this article encompasses this
special case and the case where the spore groups break up at a determined

speed during the transport.



1.2. An approach for the modeling of group dispersal

In propagation models for airborne plant pathogens and plants, propagule
transports are usually assumed to be independently and identically drawn
from a density probability function called dispersal kernel. The dispersal
kernel generally decreases along the radial directions (Austerlitz et al., 2004;
Klein et al., 2006a; Tufto et al., 1997) and can be anisotropic (Klein et al.,
2003; Soubeyrand et al., 2007, 2008). If group dispersal occurs, then propag-
ule transports are not independent anymore. Therefore, we resort to an as-
sumption reflecting a hierarchical structure of dependence: at the first stage
of the hierarchy, groups are independently dispersed; at the second stage,
propagules within each group are dispersed independently but conditionally
on the group transport.

More explicitly, the group dispersal model (GDM) that we propose relies
on the following principles: (i) the numbers of propagules in the groups are
independently generated from a counting distribution and the barycenters
of the groups are independently transported according to a dispersal kernel;
then, (ii) within each group, propagules follow independent Brownian mo-
tions. The Brownian motions are centered around the group barycenter and
are stopped when the group is deposited. The stopping time is assumed to be
proportional to the distance between the source and the deposit location of
the group barycenter (the dispersal distance is viewed as a time surrogate or
a time proxi). Thus, the further the group is deposited, the larger the deposit
area is. This is justified as follows: The paths of the propagules of a single
group deviate, time after time, from the group barycenter (these deviations

are relativistic). Therefore, the volume of air containing all the propagules



of a single group increases with time. When the parameter determining the
intra-group diffusion is zero, the propagules of any group are all located at
the group barycenter and the model can generate patterns with clumps.
Based on this model, group dispersal and dispersal under the indepen-
dence assumption are compared in a spatial context (dispersal from a single
point source) and in a spatiotemporal context (multiple generations). Using
probabilistic and simulation tools, we especially show that group dispersal is

a sufficient condition to generate secondary foci in propagation processes.

2. Group dispersal model (GDM) in the case of a single source

2.1. Deposit equation for particles

Consider a single point source of particles located at the origin of the
planar space R?. Let J denote the number of groups of particles released by
the source and N; the number of particles in group j € {1,..., J}.

The deposit location vector X, of the n-th particle of group j is assumed
to satisfy

Xjn = X; + Bin (VI X;l]), (1)

where X is the final location vector of the center of group j, Bj, is a centered
Brownian motion describing the relative movement of the n-th particle in
group j with respect to the group center, v is a positive parameter and || - ||
denotes the Euclidean distance.

We use the term “group center” to denote X; for the sake of shortness.
Indeed, X is not the average of the particle locations Xj,, n = 1,..., N,

but only the conditional expectation of X, given X;, i.e. X; = E(X;, | X;).



2.2. Assumptions about the deposit equation (1)

The random variables J, N;, X, and the random processes {Bj, : n =
1,...,N;} are mutually independent. It has to be noted that the motion B},
is independent from X but, obviously, the value of this motion Bj,(v||X;||)
at the stopping time v||.X;|| is not.

The number of groups J is Poisson distributed with mean value .

The N; are independently drawn from the counting distribution p,, ,2
defined over IN with mean and variance parameters p and o2, respectively.

The group center locations X; are independently and identically drawn
from the probability density function (p.d.f.) fx, : R? — R.. This function
can be characterized by features usually associated with classical dispersal
kernels: the decrease of fx; at the origin is more or less steep, the tail of fx,
is more or less heavy, the shape of fx, is more or less anisotropic.

The Brownian motions Bj, defined over R? are centered, independent and
with independent components. They are stopped at time ¢; = v||.X,||. The
distance between the source and the location Xj is used, up to the scaling
parameter v, as a time surrogate. Thus, the further a group is transported,
the most the particules forming the group are spread with respect to the
group center. The value of v determines the strength of the relative spread
from the group center. It follows that B;,(r||X,||) follow independent and
centered normal distributions with variance matrices v||.X;||/ where [ is the
2 X 2 identity matrix.

Remark: Klein et al. (2003) and Stockmarr (2002) represent particle
transports as 3D Brownian motions, the vertical dimension being used to

define the times when the motions are stopped. Here, the particle motions



are stopped with the use of the final locations X; of the group centers. Ap-
pendix A makes the link between the two approaches and motivates the
deterministic linear relationship between ||.X;|| and the stopping times of the
Brownian motions Bj,. It has to be noted here that this relationship could
be nonlinear and stochastic and could even depend not only on the distance

|| X;|| but on the components of Xj.

2.8. Probability density functions characterizing the dispersal

The conditional p.d.f. fx;,x; of the deposit location X}, of a particle
given the group center X is the p.d.f. of the normal law with mean vector

X; and variance matrix v||X;||I:

fXjn|Xj (3] ‘ y) = ¢u,y($)
_ _(x—y)’(fﬂ—y)>
2mv[[yl| p( wlyll )

where (z — y)" denotes the transpose vector of z — y.

Let X denote the deposit location of a particle whose group it belongs to
is unknown. The conditional p.d.f. fx|(x;.j=1,..5; of X given the locations
of the group centers is the p.d.f. of a mixture of normal distributions, the

mixture weights being similar:

Figure 1 shows the density of such a mixture (left) and the deposit locations
of the particles (right) obtained by simulating the GDM. The components
of the mixture has the same weights (1/J) but the further the group center
from the point source, the larger the variance of the corresponding mixture

component.



Ordinate

Abscissa Abscissa
Figure 1: Simulation of the group dispersal model with a single point source. Left: con-
ditional density of the deposit location of a particle whose group it belongs to is unknown
given the locations of the group centers. Right: deposit locations of particles obtained

under the density shown on the left.

The unconditional p.d.f. fx, of Xj,, that is to say the dispersal kernel

of any particle, is
fXjn(l') :/ ijnlxj(f’f | ?J)ij(y)dy
R2
:/ ¢V,y(x)fXj (y)dy.
R?

The particles are not independently but identically distributed (n.i.i.d.) from
this p.d.f. while in the classical dispersal models the particles are indepen-
dently and identically distributed (i.i.d.) from a dispersal kernel which may

be of the form of fx, or fx,,.



3. Comparison with independent dispersal models (IDM)

In propagation models for airborne plant pathogens and plants, propagule
transports are usually assumed to be independent. Thereafter, such models
are called independent dispersal models (IDM). This section is devoted to
the comparison of our GDM with two IDMs which are particular cases of the

GDM:

e IDMI: the number of particles in each group is assumed to be one (i.e.

p =1 and 6% = 0). Thus, particles are independently drawn under the

p.df fx,.

e IDM2: the number of particles in each group is assumed to be one and
the Brownian motions are deleted (i.e. p = 1, 0> = 0 and v = 0).

Thus, particles are independently drawn under the p.d.f. fx;.

3.1. Analysis of moments

Moments allows the characterization of patterns generated by dynamical
models (Bolker and Pacala, 1997, 1999; Dieckmann and Law, 2000). The
three models (GDM, IDM1 and IDM2) are compared using six criteria based

on moments:

1. The expectation F(X) of the deposit location X of any particle;
The variance matrix V(X)) of the deposit location of any particle;

The expectation of the squared dispersal distance;

Ll

The expectation of the number of particles Q(x + dx) deposited in the

infinitesimal surface x + dx centered around =;



5. The variance of the number of particles deposited in the infinitesimal
surface x + dx centered around =;
6. The covariance between the numbers of particles deposited in the disjoint

infinitesimal surfaces xy + dx and x5 + dx centered around x; and .

The first three criteria concern the deposit location of a single particle. The
last three criteria concern the number of propagules deposited in infinites-
imal surfaces. The spatial covariance (criterion 6) is especially interesting
to quantify the association or segregation between individuals (Bolker and
Pacala, 1999). Table 1 gives the expressions of the criteria for the three
models; see Appendix B for the proofs.

We can see that the GDM and the IDM1 which share the same dispersal
function also share the same characteristics about the deposit location X of
any single particle (first three criteria). Compared to the IDM2, the GDM
and the IDM1 have an additional term in V(X) and E(||X||*) because of
the extra-dispersal caused by the Brownian motion (whatever the numbers
of particles within the groups).

The characteristics about the number of particles deposited in infinites-
imal surfaces are, however, different between the three models. The most
noticeable differences are on criteria 5 and 6: assume that g = 1 (so that the
expected number of released particles is the same in the three models), the
variance of the local number Q(x + dx) of deposited particles is greater in
the GDM than in the two other models and the spatial covariance is positive
under the GDM while it is zero in the two the models.

The extra-variance (criterion 5) as well as the positive spatial covariance

(criterion 6) characterizing the GDM induce the occurrence of aggregates
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Criterion Model Value

B(X)  GDM )
IDM1 (9)
IDM2 (9)
V(X) GDM V(X;) +vE(|X;5I)1
IDM1 V(X,) +vE()X,I)T
IDM2 V(X))
BOXID GDM B + 20 B
DM B(IX,1P) +2E(1)
DA B(1X,1P)
E{Q(z +dr)} GDM ifx,, (x)dz
IDM1 Mx,, (x)dx
IDM2 My, (z)dz
V{Q +dr)}  GDM Auafx, (2)dr + (0% + 4 — 1) E{dux, (o)} (de)?]
DM My, (@)dx
IDM2 My, (x)dz
cov{Q(z1 + dx) GDM Ao? + pi? — ) E{¢yx, (1) dv x, (2) } (dx)?
Qs +dz)} IDMI 0
IDM2 0

Table 1: Expressions of the six criteria based on moments and used to characterize the
patterns generated by the GDM, IDM1 and IDM2. For E(X) and E(||X||?) fx, is assumed
to be isotropic. For V{Q(z+dz)}, E{¢y,x,(x)*} = Sz Guy( )2 fx, (y)dy. For cov{Q(z1+
dz), Q(x2 +dz)}, E{¢v,x;(x1)¢w,x, (v2)} = [g2 bu,y xl)ﬁf’u,y(m)ij( )dy

11



(or clusters) in space after a single generation, while such aggregates are not
expected under the IDMs. These aggregates may be at the origin of secondary
foci visible after several generations without resorting to a dispersal function
with a heavy tail or to spatial heterogeneity.

It has to be noted that for a counting distribution over IN characterized
by mean g > 0 and variance o2, the quantity o2 + u? — u is positive; it is
zero if and only if g = 0 (which implies that 02 = 0) or (i, ) = (1,0). This

implies that the covariance given above for the GDM is non-negative.

3.2. Concentration of particles

The previous section states that the GDM allows to generate aggregates
in a single generation, contrary to the IDM1 (and the IDM2). Below, by
investigating the properties of the furthest forward particle, we show that
these patterns with aggregates occur with the GDM while the particles re-
main quite concentrated: under the GDM, the furthest forward particle stays
in average closer to the point source than under the IDM1 (when the GDM

and the IDM1 share the same marginal dispersal function fx;,).

Distribution of the distance to the furthest particle. Consider the dispersal
of particles from a point source. In what follows, we are interested in the

properties of the distance from source to the furthest particle denoted by
R™* =max{R;, :j € J, n € N;},

where Rj, = ||Xj,|| is the distance between the source (at the origin) and
the n-th deposited particle of group j, d = {1,...,J} if J > 0 and the empty
set otherwise, and N; = {1,..., N;} if N; > 0 and the empty set otherwise.

12



By convention, if no particle is dispersed (J = 0 or N; = 0 for all j), then
R™* = .

Under the three dispersal models, the distribution of the distance between
the origin and the furthest deposited particle is zero-inflated and satisfies (see

Corollary 1 in Appendix C.1)

P(Rmaw = 0) = exp [)‘{pu,JQ (0) - 1}]

[rmaz (1) = Afgres (r) exp{A(Fgpe= (r) — 1)}, Vr >0,

(2)

where frmes is the p.d.f. of the distance R = max{R;, : n € N;} between
the origin and the furthest deposited particle of group j, and F) Ras is the
corresponding cumulative distribution function (Fgme(r) = P(R}"*" = 0) +
N frga= (w)du).

Under the IDMs, N; = 1 for all j € J and, consequently, p, ,2(0) = 0
and frme(r) = fg,,(r) in Eq. (2); see Appendix C.2 for details. Under
the GDM, the distribution of R"™* (Eq. (2)) takes a more complicated form

which is provided in Appendix C.3.

Analytic comparison. The material provided in the previous paragraph and
in the appendices is used in the following to compare the concentration of
the particles in the three models (IDM1, IDM2 and GDM).
Here, we provide an analytic comparison of the probability that R™** is
larger than a distance r > 0:
+00

P)(}{rnaz Z T) - meaa: (S)ds,

r

whose expression is derived in Appendix C.4 for the three models. We ob-

tained the two following properties (see Appendix C.4 for the proofs):

13



Property 1. Consider a GDM and an IDM1 characterized by the same pa-
rameter values except that E(J) = \, E(N;) = fi and V(N;) = o for the
GDM, and E(J) = Mi, E(N;) = 1 and V(N;) = 0 for the IDM1. Then,
for all v > 0 the probability P(R™* > r) is lower for the GDM than for the
IDM1.

Property 2. Consider an IDM1 and an IDM2 characterized by the same pa-
rameter values except that v > 0 for the IDM1 and v = 0 for the IDM2.
Then, for all r > 0 the probability P(R™* > r) is lower for the IDM2 than
for the IDM1.

Property 1 means that for a GDM and an IDM1 characterized by the
same dispersal kernel for the particles and the same expected number of
dispersed particles Ap, the furthest particle under the GDM has less chance
to be at a distance greater than any r > 0 than the furthest particle under
the IDM1. Therefore, the population of particles is expected to be more
concentrated under the GDM than under the IDM1. In other words, the
average expansion speed under the GDM is expected to be lower than the
average expansion speed under the IDM1.

Property 2 means that the extra-diffusion term included in the IDM1 but
not included in the IDM2 implies that the population of particles is expected
to be more spread under the IDM1 than under the IDM2.

Numerical comparison. Here, we make a numerical comparison between the

three models of the expectation of the distance to the furthest particle
E(Rmaz) — / Tmeaa: (T)d?“.
0

14



To carry out this comparison, we used the negative binomial distribution for
Puo2 and the exponential kernel over R? parametrized by f for Jx;- The
expressions and the reasons motivating this choice are given in the next
section; see equations (3) and (4). Parameter values are provided in Figure 2

which shows that

e E(R™™) is smaller in the case of the GDM than in the case of the
IDM1 with the same marginal dispersal function fx,, (this corroborates

Property 1);

e E(R™*)is smaller in the case of the IDM2 than in the case of the IDM1
with additional diffusion of the particles (this corroborates Property 2);

e E(R™) decreases with the variance a2 of the number of particles per

group for the GDM;

e Depending on the parameter values, E(R™%") can be smaller or higher

for the GDM than for the IDM2.

4. Group dispersal model in the case of multiple generations

The analytic results provided above show that group dispersal from a
single point source leads to several expected aggregates while independent
dispersal does not, even with a fat-tailed dispersal kernel. Therefore, it is
expected that group dispersal as defined in the GDM may generate patterns
with secondary foci over multiple generations, that is to say when particles

play the role of sources of particles once they are deposited.
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is constant for the IDM2 because in this case there is no diffusion of the particles with

respect to the group center.

To investigate this conjecture, we build in this section a spatiotemporal
GDM and assess its ability to generate secondary foci. Then, we compare the
GDM to an IDM with long distance dispersal. We also study the modification
of the patterns when density-dependence is added to the GDM.

4.1. Spatiotemporal GDM

In the spatiotemporal model, the spread occurs at a discrete time basis

in a square domain S with bottom left corner (-1,-1) and top right corner

(1,1).
The spread is initialized at time zero by a single point source located at

the center (0,0) of the square S. Particles are emitted and dispersed from this

16



source under the GDM. The particles deposited within the square S become
sources of particles while those deposited outside S are lost.

At the following time step particles are emitted and dispersed under the
GDM from each source, i.e. the initial source located at (0,0) as well as the
particles deposited within S. For each source, the dispersal under the GDM
is centered around the source location. The new particles deposited within
the square S become new sources of particles while those deposited outside
S are lost.

The process is then repeated again and again. At each time step the set
of sources is the union of the set of sources at the previous time step and the
set, of particles emitted from these sources and deposited within S.

Two functions have to be specified to simulate this model: the counting
distribution p,, ,2 of the number of particles per group and the probability
density function fx, of the final locations of the group centers. In the follow-
ing, p,.2 is the negative binomial distribution with mean parameter p and

size parameter s = pu?/(0? — p):

() = Tl (1 = ) ®)
When p = 1 and 0 — 07, this distribution converges to the discrete Delta
distribution with all the mass at n = 1 and the GDM approximates the IDM1
(Indeed; using Taylor’s expansions, p; ,2(1) = 1+ (6?logo?)(1 + o(1)) which
tends to one when o — 0%).

Besides, fx; is the exponential kernel defined over R2:

L exp(=llall/8), (4)

fXj(x) = 277_5

17



which is not heavy tailed (Klein et al., 2006a) and is not known as a dispersal
kernel leading to patterns with multiple foci (Minogue, 1989).

Figure 3 shows simulations of the spatiotemporal versions of the GDM,
the IDM1 and the IDM2. For the set of parameters (), 3, v, u,0%), we used
(1,0.05,0.005, 1,25) for the GDM, (1,0.05,0.005,1,0) for the IDM1, and
(1,0.05,0, 1,0) for the IDM2. We ran each model until the cumulated number

of deposited particles within the square domain S was greater than 5,000.

4.2. Definition of foci

Generally speaking, a focus is a place where there is a concentration of
entities. In the context we consider here —the spread of a population—
there are plenty of possibilities for defining a concentration of entities. The
concentration has to be related to a threshold representing a standard number
of entities but this standard number may be spatially dependent. In addition,
the spatial supports used to compute the concentration or the threshold may
vary. For this study, we chose to characterize the occurrence of foci under

the spatiotemporal GDM, IDM1 or IDM2 with the following procedure.

e We ran the model until the cumulated number of deposited particles
within the square domain S was greater than 5,000 —let X denote the

spatial point pattern giving the locations of the particles.

e We computed the kernel smoothed intensity of X at the nodes of a
regular square grid G of size 100x 100 covering the square domain S with
a Gaussian kernel of standard deviation 0.02 (using the density.ppp()
function of the Spatstat R package; Baddeley and Turner, 2005).

18
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Figure 3: Spatiotemporal simulations of the GDM (first row), the IDM1 (2nd row) and the
IDM2 (3rd row). Left: Pattern of particles;Ilight: Estimated point intensity obtained by
kernel smoothing with a Gaussian kernel of standard deviation 0.02. In the grey rectangles
of the left panels: shape of the dispersal function used in the simulation and deposit areas
with probabilities 0.952 for the particles of groups deposited at various distances from the

source. In the third row these areas are reduced to points (no diffusion).



e For a given threshold value §, we determined the d-nodes, i.e. the nodes
of the grid G for which the local intensities were greater than ¢, and
determined the sets of connected d-nodes (two d-nodes are connected

if they are neighbors in the abscissa or ordinate direction).

e To explore the ability of a model to generate foci of various concentra-
tions, we counted the sets of connected d-nodes for different values of
0. For the sake of shortness, sets of connected d-nodes are thereafter

called d-foci.

4.8. Numerical comparison of the number of foci

Figure 4 shows, for various parameter values, the average number of -
foci when the threshold ¢ varies. The averages were computed from 1,000
simulations for each set of parameter values. In all the simulations of this
paragraph, the dispersal parameter is § = 0.05, the expected number of
groups per source and per time step is A = 1 and the expected number
of particles per group is g = 1. Thus, the expected number of particles
at each generation is the same for the IDM1, the IDM2 and the GDM.
Remark: When all the simulations are merged together, the median number
of generations required to achieve a population of size equal or greater than
5,000 is 15 (First quartile: 13, third quartile: 24).

Firstly, it has to be noted that the curves obtained under the IDM1 with
(v,0%) = (0.005,0) and the IDM2 with (v,¢?) = (0,0) are not significantly
different. Thus, the over-dispersal of particles in the IDM1 is not significant
when v = 0.005 but it can be significant with other values of v.

Secondly, more d-foci are obtained under the GDMs with diffusion param-
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Figure 4: Variation in the average number of d-foci (sets of connected nodes with estimated
intensities greater than ¢) with respect to the threshold 6. These variations are shown for
various values of v and o2 (see the top right corners of the panels), the other parameters
being fixed at (A, i, ) = (1,1,0.05). The averages are computed from 1,000 simulations

and the grey zones provide the 95%-confidence envelopes for the averages.

eter v = 0.005 (curves corresponding to o > 0 in the left panel) than under
the IDM1 with the same diffusion parameter. In addition, more é-foci with
high concentrations of particles are generated when o2 is large (the emission
of large groups of particles is more probable with large ¢ than with small
a?).

Thirdly, the increase of v (increase of the diffusion within the groups) has
a negative effect on the generation of d-foci; see the right panel of figure 4.
The reason is that the particles of a group whose barycenter is deposited at

a given distance are less concentrated when v is large than when it is low.
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4.4. GDM versus IDM with long distance dispersal (IDM-LDD)

The main difference between the two models is that, in one generation, the
GDM can generate particle clusters whereas the IDM-LDD cannot (see the
analysis of moments in section 3). This is the reason why the comparison
between the GDM and the IDM-LDD is proposed for the spatiotemporal
versions of these models.

An exhaustive comparison of the GDM and the IDM-LDD would require
much more place than a single paragraph because there are many GDMs
(using various dispersal kernels) and IDMs with LDD (Austerlitz et al., 2004;
Klein et al., 2006b; Tufto et al., 1997). Here, we only compare the GDM with
the exponential kernel given by Equation (4) to the IDM2 with a logistic
kernel parameterized by S.pp (Klein et al., 2006b):

_ 2ﬁLDD
w2 (1+ B ppllell!)

The logistic kernel is a power-law kernel and is heavy-tailed. For the GDM,

fXj ($)

the parameter vector is set to (X, 3, v, u, 0%) = (1,0.05,0.005,1,25); a real-
ization is provided in Figure 3 (top). For the IDM2 the parameter vector is
set to (N, Brpp, U, i1, 02) = (1,2300,0, 1,0); a realization is given in Figure 5.
With these sets of parameters, the two models have the same median dis-
persal distance in one generation (Medgpy (|| X||) = Medrpae—rop(||X]]) =
0.0099). However, the mean dispersal distance in one generation is smaller for
the GDM than for the IDM2-LDD (Egpa (]| X||) = 0.0091 and Erpare—rop(|| X]]) =~
0.0110); the first quartile of the dispersal distance in one generation is larger
for the GDM than for the IDM2-LDD (Q4 (11 X|]) =~ 0.0073 and Q} 50— 1 pp (|| X]]) =~
0.0051); the expectation of the distance to the furthest particle in one gener-
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ation is lower for the GDM than for the IDM2-LDD (Egpn (R™**) ~ 0.015
and Erpye-—npp(R™*) =~ 0.023).

This example allows us to see a noticeable difference in the clustered
patterns generated by the two models: compared with the GDM, the IDM2-
LDD induces, most of the time, a higher concentration of particles close to
the primary source (lower first quartile) and foci further from the source
(large expectation of R™). In Figure 5 for the IDM2-LDD, we can see a
clear separation between the primary focus and the secondary foci whereas,
in Figure 3 for the GDM, the secondary foci are in the slope of the primary

focus.

4.5. Density-dependence

In the previous simulations, there is no limit to the growth of the popula-
tion except the domain boundaries: We used a simple birth process without
death and interaction. In this paragraph, we introduce in the model a simple
sort of interaction (a density-dependence) causing the immediate death of
some particles and we investigate how the ability of the model to generate
foci bears the density-dependence.

The GDM was modified as follows: We set a regular square grid made
of cells with side p and covering the square domain S and, at each genera-
tion and for each occupied grid cell, we deleted all the particles except one
among the old and new particles (this is a non-local density-dependence with
maximum range pv/2). Thus, at each generation there is either zero or one
particle per cell. This sort of density-dependence may occur in the case of
resource limitation.

We carried out simulations under this spatiotemporal GDM incorporating
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Figure 5: Spatiotemporal simulation of the IDM2-LDD. Top left: Pattern of particles; Top
right: Estimated intensity of the point pattern. The plots were constructed as in Figure
3 except that the domain is [—2,2] x [—2,2] to take into account long distance dispersal
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Figure 3.
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density-dependence for various parameter values and applied the same pro-
cedure than above to investigate the ability of this model to generate foci.
Figure 6 shows how the curve of the average number of §-foci against the
threshold ¢ is modified in the presence of density-dependence in the case of
independent dispersal (left panel) and group dispersal (right panel). All the
simulations were performed with (X, s, v, 3) = (1, 1,0.005,0.05) while ¢ and
p were varied. Remark: The continuous lines in figure 6 used as benchmarks
(no density dependence, i.e. p = 0) were already given in the left panel of

figure 4 but the range of the abscissa was modified.
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Figure 6: Variation in the average number of d-foci (sets of connected nodes with estimated
intensities greater than §) with respect to the threshold ¢ in the presence of density-
dependence (p > 0) for the IDM1 (left panel, 0 = 0) and the GDM (right panel, 02 = 50).
For the two models (A, i, v, 3) = (1,1,0.005,0.05) and the other parameters are specified
in the top right corners of the panels. The averages are computed from 1,000 simulations

and the grey zones provide the 95%-confidence envelopes for the averages.

Qualitatively, the effect of density-dependence is the same under the
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IDM1 and the GDM: the number of §-foci is increased for small § and de-
creased for large §. This observation is patent for large p. Let us explain
these observations. Because of the density-dependence, there is less grid
nodes with high intensities of particles and, consequently, less d-foci with
large 0. For small , the d-foci which existed when p = 0 remain almost
unchanged when p > 0, since density-dependence has a small effect on low-
density regions. Besides, some large-d-foci which existed when p = 0 are
converted into small-d-foci when p > 0; this conversion explains the increase

of d-foci for small § when p increases.

5. Discussion

5.1. Role of group dispersal in population dynamics

Determining the roles played by some components of population dynam-
ics is of primary importance for species conservation and pest control. For
example, there exist numerous studies highlighting the consequences of spe-
cific habitat spatial structures, environmental heterogeneities, genetic struc-
tures and dispersal modes on population spread and population persistence
(see e.g. Filipe and Maule, 2004; Hamel et al., 2010; Kendall and Fox, 1998;
Plotkin et al., 2006; Real and Biek, 2007; Roques and Stoica, 2007; Smith,
2006). The work presented in this article is in this vein since we considered a
specific dispersal mode, namely group dispersal, and studied its consequences
on the population spread. We showed that group dispersal, as it is defined
in this article, can generate multiple foci without introducing long-distance
dispersal, spatial heterogeneity or density-dependence. This property holds

while the population can remain particularly concentrated. In addition, this
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property can persist with competition between individuals.

5.2. Generation of patchy patterns

Many dispersal or diffusion models can generate patchy patterns (see the
introduction and the next paragraph). The GDM is one of these models but
its interest depends on the situation. If the aim is to reproduce patterns with
multiple foci in a case where we do not know enough about how the agents
disperse, then more parsimonious models (e.g. IDMs with long distance
dispersal) may fit the population data at least equally well and a model
selection procedure taking the number of parameters into account could be
carried out; see Section 5.4. If the aim is to reproduce patchy patterns
generated by dynamics characterized by group dispersal, then the GDM may
be a realistic quasi-mechanistic model adapted to the situation, in particular
in the case of a single generation. Besides, in such a situation, the use of
the GDM could lead to better interpretation of parameters and improved

predictions.

5.3. Comparison with other approaches

Pattern formation has been a core topic in mathematical biology (see e.g.
Ben-Jacob et al., 2001; Cannas et al., 2006; Mimura et al., 2000; Mimura,
2004; Molofsky, 1994; Murray et al., 1998). This type of approaches is often
based on systems of several reaction-diffusion equations and the pattern for-
mation is for example due to species-nutrient interactions (Mimura, 2004),
multispecies interactions (Morozov and Petrovskii, 2009) or chemotactic in-

teractions between particles (Keller and Segel, 1970).

27



Nevertheless, patchy patterns can be achieved with single-species reaction-
diffusion models such as the model of Murray and Sperb (1983). This model
is based on a reaction-diffusion equation with a convection term which plays
a role comparable to the dispersal kernel associated with group centers in
the GDM; and a diffusion term which has a role comparable to the Brownian
motion of the particles in the GDM. Despite these similarities, the way the
foci are generated is very different. Indeed, a key ingredient in the model
of Murray and Sperb (1983) is the boundary effect: in their case, complex
pattern formation (i.e. with more than one focus) cannot appear with lethal
boundaries. Conversely, in the GDM, boundaries are lethal and foci forma-
tion is therefore only driven by dispersal.

In this article we mentioned the IDMs with long distance dispersal (LDD)
which allow the generation of patchy patterns. The models we had in mind
are based on spatial point processes as in Section 4.4 and in Austerlitz et al.
(2004), Klein et al. (2006a), Minogue (1989) and Tufto et al. (1997). There
also exist models including LDD which are based on Gaussian puff or dif-
ferential equations (Aylor, 1987, 2003; Ferrandino, 1993). In these models,
which take the vertical dimension into account, the turbulence allows the
particles to escape the canopy and to be transported over long distances.

The approach presented by Bolker and Pacala (1997, 1999) and Dieck-
mann and Law (2000), based on point processes, also allows the creation of
patchy patterns. However, these patterns are achieved thanks to an interac-
tion kernel included in their time-continuous model and governing density-

dependent death and competition.
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5.4. Statistical inference

This study shows that group dispersal is one of the causes which can be
invoked to explain patchy patterns. Thus, one may be interested in testing
if the group dispersal hypothesis is not rejected based on observed patterns.
Besides, if this hypothesis is not rejected, one may be interested in estimating
the GDM parameters. The characteristics and properties that we provided in
this article could be used to develop testing and estimation procedures. For
example, a moment method could be developed using the material provided
in Section 3. Alternatively, the inference tools developed for mixture models
(Fraley and Raftery, 2002) and spatial point processes (Illian et al., 2008;
Stoyan et al., 1995) could be exploited.

For the reasons explained in Section 5.2, issues of model selection can
arise. Since the IDM is a special case of the GDM (setting (u,0%) = 0 in
the GDM leads to an IDM), procedures for nested models as the likelihood
ratio test and the Akaike’s criterion can be used, eventually associated with
bootstrap. For nonnested models (e.g. the GDM and the model of Dieck-
mann and Law, 2000), a procedure based on a prediction criterion and cross
validation can be used; see Burnham and Anderson (2002) for details about

model selection.

5.5. Generalization of the model

The model that we proposed benefits from the simplicity and flexibility
of parametric dispersal kernels and may become a useful model for dispersal
studies. Several generalizations can be proposed to extend the relevancy of

the model. One can use various probability distributions for the number of
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groups, the number of individuals per group and the locations of group cen-
ters. These distributions can depend on exogenous factors which may depend
on time and space. Moreover, the stopping times of the Brownian motions
can be changed (see Appendix A) and the Brownian motions themselves can
be transformed into other diffusive processes. In the spatio-temporal GDM
as it stands in this article, time is discrete and a new generation occurs at
each time step. Time could be continuous by using spatio-temporal Poisson
point processes (like in Soubeyrand et al., 2009) and overlapping generations
could arise. Furthermore, the dispersal events occurring at the same time
could be spatially correlated to take into account the similarity of environ-
mental conditions affecting neighbor sources. Then, we could analyze the
effects of these modifications on the properties of the GDM as we analyzed
the effect of density-dependence. Both analytical and simulation procedures

could be carried out for these analyses.
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A. Stopping times of the Brownian motions

In the deposit equation for particles defined by Eq. (1), i.e. X;, = X; +
B;,(v]|X;]]), there is a linear relationship between the deposit distance of the
group center and the transport duration after which the Brownian motions
are stopped: The transport duration of group j, say 71}, satisfies T; = v||Xj]|.
Thus, the relationship between 7} and ||X}|| is deterministic and linear. It

can be noted that, if fx, is isotropic then the p.d.f. of T} satisfies

fr;(8) = (1/w) fix;(t/v)
= (@2mt/v?) fx,{(t/v. 0)},

where f| x| is the p.d.f. of [|Xj]].

More generally, the deposit equation could be written:
Xjn = Xj + Bjn(T)),

with X; and Tj being related deterministically or not, linearly or not.

For example, consider the case where the group centers follow centered
Brownian motions with independent components in the 3D space and where
the stopping times, which determine the locations X;, are defined with the
vertical component: The particles are released at the height h > 0 and are

deposited once they hit the ground at the height 0. Then, in this case, the
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relationship between 7; and ||.X;|| is not deterministic but stochastic and is

nonlinear in expectation:
B(T; | 11X,]] = 7) = h* + 1% (5)
Indeed,

+o00
E(T; | 1X,]| =) = / e (t | 7t

_ /*‘”tﬁXmTj(?" | ) fr, (1)
0 Sixn(r)

where the p.d.f. in the preceding line satisfy (see Morters and Peres, 2010,

dt,

especially chapter 2 including material about hitting times of one-dimensional

Brownian motions):

S, (r 1 1) = (r/t) exp(=r?/2t)

fr,(t) = (W) V2mE) exp(—h?/2t)

fix(r) = (/1) (1 + r?/h?) 732,

Using these formulae, the above integral leads to Eq. (5). It has to be noted
that this result is obtained without drift and gravity and without scaling
parameters contrary to the results provided in Stockmarr (2002) and Klein
et al. (2003). Here, the marginal p.d.f. of X is a bivariate Student’s ¢ (2Dt)
distribution: fx,(z) = (1+||z|[*/h?) =%/ )2k

Now, assume that the stopping time 7 has the same marginal p.d.f.
than above but that the conditional p.d.f. of || Xj|| given T} is exponentially
distributed:

fixnm (r [ 8) = (1/t) exp(—1/t).
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Then, the relationship between T} and ||.X}|| is still stochastic but linear in
expectation:

E(T; | |IX]] =r) =h*+r/2.

In the simulations carried out for the preparation of this article, the results
were qualitatively similar when we used a deterministic linear relationship

between T; and ||.X;|| and a deterministic quadratic relationship.

B. Expressions of moments: Proofs

Criterion 1. E(X) = (0,0)" holds if the marginal dispersal function fy,, for
the GDM and the IDM1 or fx, for the IDM2 is isotropic. This condition
is satisfied for the three models when fx, and the Brownian motion are

isotropic.

Criterion 2. For the IDM2, X = X, and, therefore, V(X) = V(Xj). For the
IDM1 and the GDM, X = X, + /¥||X,||Y, where Y is a centered bivariate
normal vector with identity variance-covariance matrix I. Then, using the

conditional variance formula leads to the result:

V(X) = V(E(X]X;)) + E(V(X]X;))

(X5) + E(w[|X;[T)

v
V(X;) +vE(|IXG]DI

Criterion 3. For the IDM2, X = X; and, therefore, E(||X|*) = E(||X;||?).
For the IDM1 and the GDM, denote the bivariate vectors X by X = (X4, X))’
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and Xj by X = (Xj,(a);Xj,(b))/- Then,

E

E(|X][*) (o + X))

X@) + E(X@)* +V(Xp) + E(X@p)?

Xiw) + V(X)) + 2vE(]|X;]]) (using criterion 2)

X)) + E(X3y) + 2vE(|| X)) (using criterion 1)

(X
V(
V(X@) +V(Xwp) (using criterion 1)
V(
E(
E(

[16G11%) + 2v E(]| ;1))

Criteria 4, 5 and 6 for the IDM1 and the IDM2. For the IDM1 and the IDM2,
the particle locations form inhomogeneous Poisson point processes in R? with
intensity functions Afx,, and Afx,, respectively. Therefore, from the basic
properties of such processes (Illian et al.; 2008, sec. 3.4.1), E{Q(z + dz)} =
V{Q(z+dx)} = Afx,, (x)dx for the IDM1, E{Q(x+dx)} = V{Q(z+dx)} =
Afx,;(xz)dx for the IDM2, and cov{Q(z; + dx),Q(z2 + dx)} = 0 for both

models.

Criterion 4 for the GDM. Let Q;(x + dx) = SN 1(X;, € z + dx) be the
number of particles of group j deposited in the infinitesimal surface x + dz,

with 1(-) denoting the indicator function. Then, Q(z+dz) = 23‘1:1 Q;(z+dx)
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and

E{Q(z +dx)} = E[E{Z Q;(x +dx) [ J}]

— E[Y" B{Qyo + do)}]

= EIJE{E()_ 1(X;, € = +dz) | N))}]

n=1

= AE[N; B{1(X;, € z + dz)}]

= Mufx;, (z)dx

Criterion 5 for the GDM. For the variance V{Q(z+dz)} = F{Q(z+dx)*} —
E{Q(z + dz)}* we use the same tricks than above. Using the independence
between Q;(z+dx) and Qj(z+dx) when j # j for line 2, the valueE(J(J —
1)) = A? for line 3 and the value E(N;(N; — 1)) = 0 + p? — p for line 5,

E{Q(x + dx)?} E{Z@m—i—dw Z > Qj(z+dr)Qy(x + dr)}

j=1 J=1y'=1j'#j
=E[JE{Q;(x + dz)*} + J(J — 1) E{Q;(z + dz)} E{Qy (x + dx)}]
:)\E[{i: 1(Xj, € @+ dx)}?] + N (ufx,, (z)dz)?

n=1

=AE[N;E{1(X}, € v+ dx)} + N;(N; — 1) E{1(Xn, X € v + dx)}]
+ (Aufx,, (x)dx)®>  with n #n/
:)\/"LfXjn(‘r>d'r + )‘(02 + ,U2 - M)fXjTLX]'n/ (ZU, x)(dx)Z + ()\/’LfXjn(x)d:E)27
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where, for n # n/,
Fxjux, (0, 2)(d2)? =E[E{L( X0, Xjw €  +dz) | X;}]
=F[E{1(Xj, € x +dz)} E{1(X},y € x + dx)}]
=E[{¢vx; (z)dx}?]
= | bl rx, )t
because, given X;, 1(Xj, € x+dz) and 1(Xj;,y € v +dx) are i.i.d. with p.d.f.
¢v,x,(+). Consequently,
V{Q(z +dz)} =E{Q(z + dz)*} — E{Q(z + dx)}?
=Mufx,, (@)da + Mo + i — ) Bl{ d,x, (v)dz}?].
Criterion 6 for the GDM. For the covariance cov{Q(z1 +dx), Q(xe+dzx)} =

E{Q(z1 + dx)Q(x2 + dx)} — E{Q(x1 + dx) } E{Q(x2 + dx)} where x1 + dz N
To+dr =10

E{Q(z1 + dx)Q(z2 + dx)}
=E{Y_Qj(x1 +dr)Qj(ma+du)} + E{D | > Qw1+ d)Qy(ws + dx)}
j=1 J=1 j'=1'%

=\E{Q;(7; + dx)Q;(z2 + dz)} + N E{Q;(z, + dx)} E{Q; (x4 + dz)}

:/\E[{Z 1(Xjn €+ dﬂ?)}{i: ]_(Xjn/ € Ty + dl‘)}] + )\Z,uzfxm (xl)ijn (Ig)(d.f)z

n=1 n/=1

Nj Nj
:)\E{Z Z 1(Xj, € 1 +do, Xj € 20+ dx)} + E{Q(x1 + dz) } E{Q (22 + dx)}

n=1n'=1,n"#n
=AE[N;(N; — 1)E{1(X;, € x1 +dz, X € xo + dx)}]
+ E{Q(x1 + dz)} E{Q(z2 + dx)}  with n # n'
=\(o? + p* — 1) fxx,,0 (21, ) (dx)* + E{Q(x1 + dz)} E{Q (x4 + dx)},
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where

fXanjn/ ($1, 552) = E{%,Xj ($1)¢V,Xj (iUQ)}
= [ Gual)ouyaz) fx, (i

Therefore, for x; +dx Nxy + dx = 0,

cov{Q(z1 + dz), Q(z2 + dx)} =E{Q(x1 + dx)Q(z2 + dx)} — E{Q(x1 + dx)} E{Q(xy + dx)}

=0 + 1> — W E{¢ x,(21) v, x, (x2) } (dx)*.

C. Distance to the furthest particle: Proofs

C.1. Distribution of R™**
The following lemmas and corollaries are used to provide the distribution

of the distance between a point source and the furthest deposited particle

dispersed under the GDM and the IDMs.

Lemma 1. Consider J random wartables Ry, ..., Ry in Ry independently

drawn under the following zero-inflated distribution:

ij(r) = f(r), Vr > 0.
Let F' be the cumulated distribution function of R;: for all r > 0, F(r) =
q+ [y f(u)du. Assume that J has distribution p over N. Let § ={1,...,J}
if J >0 and J be the empty set otherwise. Then, the cumulated distribution
function of the mazimum R™* = max{R; : j € J}, J being unknown,

satisfies:
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Proof of Lemma 1. The above equation is obtained by using the distribution
of the maximum of J i.i.d. statistics (David and Nagaraja, 2003, chap. 2),
namely Ry,..., Ry, and by integrating this distribution with respect to J:
forallr >0

P(R™* <) = ZP(R’”‘“’ <r|J=j)p)

<

=p(0)+ Y PR <r:k=1,....J|J=jp()

J=1

= Z F(ryp().

=0

<

Corollary 1: Case where J is Poisson distributed. ‘Assume that the hypotheses
of Lemma 1 are satisfied. In addition, assume that J is Poisson distributed
with mean X, i.e. p(j) = e *N/j! for all 5 € N. Then, the cumulated

distribution function of R™™ is:
PR™* <r)=exp[MF(r)-1}],  Vr >0,

and its distribution is:

P(R™ = 0) = exp [MF(0) — 1}
Frmae(r) = M) exp MF(r) = 1}],  ¥r>0.

Apply Lemma 1 to prove Corollary 1.
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C.2. Distribution of R under the IDMs
Under the IDMs, N; = 1 for all j € J. Consequently, in Eq. (2), p,.»2(0) =
0 and
[rpas (r) = [r;u(7)
027r 7 fx;,((rcosf,rsind))dd for the IDM1 (6)

02“ 7 fx;((rcos®,rsind))do for the IDM2.

If in addition fx, is assumed to be isotropic, then frme(r) = 277 fx;, ((r,0))
for the IDM1 and fgpe=(r) = 27r fx,((r, 0)) for the IDM2 (the simplification
holds also for the IDM1 because the isotropy of fy, and the isotropy of the

Brownian motion imply that fx;, is isotropic).

C.3. Dustribution of RI"** under the GDM

Under the GDM, the distribution of RJ*** is zero-inflated and satisfies:
P(R]"" = 0) = p02(0)

Figer(r) = | oo ol )13, ()

g=1
(7)
where fr,|x; is the conditional distribution of R;, given X; satisfying
2
TR x; (1 | ) = 27"/0 hy(u, 2)ho(r? — u, x)du,

fl(\/a,ll/') +fi(_\/av (L") .
NG , Vie{l,2},

filv,z) = ¥eXp (—(U_W) . Vie{1,2},

27| 7| 2v||x||

hi(u,z) =
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z = (¢,2@) and Fg, x,(r | ®) = [ fryx,(s | x)ds. This result is
obtained by applying Corollary 2 given below whose assumptions are satisfied
by the sub-model which governs the dispersal of the particles of a given
group j.

It has to be noted that Equation (7) reduces to frpes(r) = fg,, (r) when
Puo2(j) = 1if j = 1 and zero otherwise, i.e. when the GDM is an IDM.
Thus, we obtain the result given in Equation (6) for the IDMs.

Besides, Corollary 3 given below provides a closed form for Equation (7)
when the distribution of IV, is negative binomial as proposed in Equation (3)

for the simulation study.

Lemma 2. Consider N random vectors X1, ..., Xy inR? independently drawn
under the p.d.f. f : R> — Ry. Assume that N is drawn from a count-
ing distribution p : N — [0,1] and that f is multiplicatively separable, i.e.
f(z) = filaW) fo(z®) for all z = (¢, 2@) in R?, where f, and f, are
real functions over R. Let N = {1,...,N} if N > 0 and N be the empty
set otherwise. Then, the distribution of the mazimum Fuclidean distance
R = max{||X,|| : n € N} between the origin and the N random vectors,

N being unknown, satisfies:

P(R™ = 0) = p(0)

o 9)
Frmaz(r) = >~ afipe(r) Fix (r)'pla),  Vr>0,

q=1
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where Fix,(r) = [y fix.(w)du and fx,| is the p.d.f. of || X,|| satisfying
fixa(r) =2r /T hy(u)hy(r? — u)du,
0
hi(u) = fi(\/ﬂ);\/%(_ﬁ), Vi € {1,2}.

Proof of Lemma 2. If N = 0, then R™** = (. If N = ¢ > 0, then the p.d.f.
of R™ is 1+ q fj1x,|(r) Fjjx.|(r)?""; see David and Nagaraja (2003, chap.
2). This yields Eq. (9). The expression of fj x, is obtained as follows. Let
r > 0, we have:
fixa(r) = 2r fiix, p (),
fixap(r) = fX31>1+X3L,2(7')
= /OT fxz (W) fxz , (r — u)du,

where X, = (X1, X5 2). In-addition, for ¢ € {1,2} and u > 0

fxgyz. (u) = foL’i|Xn,¢20(u)P(Xn,i >0) + fxgyi\xn,xo(u)P(Xn,i <0)
= 2\1/5 [ Xus20 (V) P(Xi > 0) + fx,,1x, ,<o(=Vu) P(X,; < 0)] .
The density of the i-th component of X, is f; (see the separability hypothesis
in the lemma), therefore, for v € R,
Fxual X i20(v) = fi(v)du>0/P(Xn; 2 0)
Jxa1x0,0<0(v) = [i(v) 0o/ P( X < 0),

and

fx2 () = —= [fi(V/u) + fi(—vVu)duzo] ,
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where 0 = 1 if event E occurs, zero otherwise. The previous equations and
the fact that fy2 and h; @ u i (1/2v/u){fi(v/u) + fi(—=/u)} are different at

only one point lead to the expression of f) x, provided in Lemma 1.

Corollary 2: Application of Lemma 2 to obtain fR;naz. Here, we use the no-
tation introduced for the spatial GDM. For group j and giwen X; = x =
(M, 2@), the family {X;, : n € N;}, where N = {1,...,N;} if N; > 0 and
the empty set otherwise, satisfy the assumption of Lemma 1, and the p.d.f.
of the i-th component of X;n, i € {1,2}, is

v fi(v,z) = ;exp <_M> ?

27| 7] 2v||a|

because Xj, ~ N(z,v||z||I). This formula and Lemma 1 allows us to get
the expression of fr,,x, provided in Eq. (8) (we recall that R, = || X,||).
Then, Eq. (9) can be written

P(R}™ = 0| X; = @) = puo2(0)
+oo
Frpeeix, (| ) = 3 0 myux, (| 2)Fryp, (7| )7 puce(q), Ve >0,

g=1

It follows that
P(R}"™ = 0) = pu,02(0)

frpaa(r) = /}R2 frmae x, (r | 2) fx, (z)dx

—+o00
=S 902(0) / Fro, (| ©)Fry i, (r | )7 fx, (2)da,  ¥r > 0.
q=1 R?
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Corollary 3: Case where N; follows a negative-binomial distribution and fx,
is isotropic. Let us now give the expression of fRJmaz under the GDM when

the distribution of Nj; is negative-binomial (see Eq. (3)) and fx; is isotropic,

P(Ry™ = 0) = a*

[T 2ma*(1—a)sg(r,z)z s " .
fR?””(r)‘/o (=0 - a)a( oy 630 =0

where a = p/o* and s = p*/(0? — p) (1 and o? being the parameters of the
distribution of N;, see Eq. (3)), G(r,z) = forg(u, z)du and

2

g(r,z) =2r /OT hy (u, Z)hQ(T’Q — u, z)du,
fl(\/av Z) +fi(_\/av Z) .
N , Vie{l1,2},
exp <—w) , Vie{l1,2}.

2z

hi(u, z) =

fi(r,2) =

2mvz

C.4. Proofs of Properties 1 and 2

Properties 1 and 2 gives results about the probability that R™*" is larger
than a distance r > 0 which satisfies:

“+oo
P(R”naz 2 T) - meaa: (8)d8

T

=1 — exp[M Frpa= (1) — 1},

1 —exp[M Fg,, (r) — 1}] for the IDMs

1 — exp[ME(Fp,, (r)Y) —1}] for the GDM
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where E(FRJ." (r)Ni) = ;:08 Fr,, (1)%p,.02(q) and
T 2T

Fr, (r) = / / ufx;,((uwcosf,usinf))du  for the IDM1 and the GDM,
o Jo

r 27
Fg, (r) = / / ufx,((ucosf, usinf))du for the IDM2.
o Jo

Proof of Property 1. Let Pipyn(r) = P(R™® > r) under the IDM1 and
Pepy(r) = P(R™* > r) under the GDM. With the notation of Property 1,

Pepu(r) — Prpan (r) = exp[j\ﬂ{FRjn (r)—1} — eXp[X{E(FRjn (r)N4) — 1}],

where the distribution of N; is pz ,2(+). Papm(r) — Proma(r) < 0 if and only
if A(Fg,,(r)) <0 where

A(y) = ily = 1) = {B(Y) -1},

Let us study the sign of A for v €]0, 1] since Fg,, (r) €]0, 1] for all » > 0. As
ft = E(N;), A is equal to

A=Y o) {n(y —1) = 4" + 1},

For all v €]0,1] and n € IN, n(y — 1) — ™ + 1 < 0 and, therefore, A(vy) < 0.
This leads to the conclusion of Property 1.

Proof of Property 2. Consider one particle whose location X; is distributed
under the IDM1: X;; = X; + Bj1(v||X,||). The location X is distributed
under the IDM2. Assume without lost of generality that X is on the z-axis
and has a positive abscissa. Because the Brownian motion is isotropic, the

probability that Xj;; is in the half-plane at the right of y = X ;1), where X ;1),
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is the first coordinate of X is 1/2. The probability that X;; is in the half-
plane at the left of y = X;l) and in the disk with radius Xj(-l) is less than 1/2.
Consequently,

P([Xnll = [1X5]]) = 1/2

and Fg;, (r) = P(]|X;1]| < r) under the IDMI1 is lower than Fg(r) =
P(||X;|| < 7) under the IDM2. Thus, Property 2 holds.
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