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Maximal hypercubes in Fibonacci and Lucas cubes
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Abstract

The Fibonacci cube T'), is the subgraph of the hypercube induced by the bi-
nary strings that contain no two consecutive 1’s. The Lucas cube A,, is obtained
from I';, by removing vertices that start and end with 1. We characterize max-
imal induced hypercubes in I';, and A,, and deduce for any p < n the number
of maximal p-dimensional hypercubes in these graphs.
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1 Introduction

An interconnection topology can be represented by a graph G = (V, E), where
V' denotes the processors and E the communication links. The distance dg(u,v)
between two vertices u, v of a graph G is the length of a shortest path connecting
and v. An isometric subgraph H of a graph G is an induced subgraph such that for
any vertices u,v of H we have dg(u,v) = dg(u,v).

The hypercube of dimension n is the graph @, whose vertices are the binary
strings of length n where two vertices are adjacent if they differ in exactly one coor-
dinate. The weight of a vertex, w(u), is the number of 1 in the string u. Notice that
the graph distance between two vertices of (), is equal to the Hamming distance
of the strings, the number of coordinates they differ. The hypercube is a popular
interconnection network because of its structural properties.

Fibonacci cubes and Lucas cubes were introduced in [4] and [11] as new inter-
connection networks. They are isometric subgraphs of @), and have also recurrent
structure.

A Fibonacci string of length n is a binary string bibs ... b, with b;b;11 = 0 for
1 < i < n. The Fibonacci cube T';, (n > 1) is the subgraph of @, induced by the
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Fibonacci strings of length n. For convenience we also consider the empty string
and set I'g = K;. Call a Fibonacci string b1bs ... b, a Lucas string if b1b, # 1. Then
the Lucas cube A, (n > 1) is the subgraph of @,, induced by the Lucas strings of
length n. We also set Ag = Kj.

Since their introduction I';, and A, have been also studied for their graph theory
properties and found other applications, for example in chemistry (see the survey
[7]). Recently different enumerative sequences of these graphs have been determined.
Among them: number of vertices of a given degree[10], number of vertices of a
given eccentricity[3], number of pair of vertices at a given distance[8] or number of
isometric subgraphs isomorphic so some @Qx[9]. The counting polynomial of this last
sequence is known as cubic polynomial and has very nice properties[1].

We propose to study an other enumeration and characterization problem. For a
given interconnection topology it is important to characterize maximal hypercubes,
for example from the point of view of embeddings. So let us consider mazimal
hypercubes of dimension p, i.e. induced subgraphs H of I',, (respectively A,) that
are isomorphic to @, and such that there exists no induced subgraph H' of T,
(respectively A,), H C H', isomorphic to Qp1.

Let f,, and g, , be the numbers of maximal hypercubes of dimension p of I,
respectively A, and C'(T'y,x) = 302 fnpa?, respectively C'(An,x) 3024 gnpa?,
their counting polynomials.

By direct inspection, see figures 1 to 3, we obtain the first of them:

C'(Ty,z) = C'(Ao,z) =1
C'(l',z) = = C'(A1,2) =1
C'(Ty,x) = 2z C'(Ag,7) = 27
C'(T3,z) = >4z C'(A3,z) =3z
C'Ty,z) = 3a2? C'(Ay, x) = 222
C'(Ts,z) = 2°4 322 C'(As,2) = 5a?
C'(Dg,z) = 4a3+ 22 C'(Ag,z) = 22> + 322

The intersection graph of maximal hypercubes (also called cube graph) in a
graph have been studied by various authors, for example in the context of median
graphs[2]. Hypercubes playing a role similar to cliques in clique graph. Nice result
have been obtained on cube graph of median graphs, and it is thus of interest, from
the graph theory point of view, to characterize maximal hypercubes in families of
graphs and thus obtain non trivial examples of such graphs. We will first characterize
maximal induced hypercubes in I';, and A,, and then deduce the number of maximal
p-dimensional hypercubes in these graphs.
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2 Main results

For any vertex © = x...x, of @, and any i € {1,...,n} let x + ¢; be the vertex of
Qn defined by (z +¢€); =1 —z; and (x + ¢); = z; for j #i.

Let H be an induced subgraph of @), isomorphic to some Q. The support
of H is the subset set of {1...n} defined by Sup(H) = {i/ Jz,y € V(H) with
r; # yiy. Let i ¢ Sup(H), we will denote by H+e¢; the subgraph induced by
V(H)U{z +¢;/z € V(H)}. Note that H¥e; is isomorphic to Qp.1.

The following result is well known|[6].

Proposition 2.1 In every induced subgraph H of Q,, isomorphic to Qy there exists
a unique vertex of minimal weight, the bottom vertex b(H). There exists also a
unique vertez of maximal weight, the top vertex t(H). Furthermore b(H) and t(H)
are at distance k and characterize H among the subgraphs of @Q,, isomorphic to Q.

We can precise this result. A basic property of hypercubes is that if z,z 4 €;, x +¢;
are vertices of H then x + ¢; + ¢; must be a vertex of H. By connectivity we deduce
that if x,x + ¢; and y are vertices of H then y + ¢; must be also a vertex of H. We
have thus by induction on k:

Proposition 2.2 if H is an induced subgraph of Q, isomorphic to Q. then
(i) |Sup(H)| =k
(i) Ifi ¢ Sup(H) then Ve € V(H) x; = b(H);
(i1i) Ifi € Sup(H) then b(H); =0 an ( ) =
(iv) V(H)={z==x1...2,/ Vi ¢ Sup(H) x

=t(H);
1
= b(H);}

If H is an induced subgraph of I'j;, or A,, then, as a set of strings of length n, it
defines also an induced subgraph of (),,; thus Propositions 2.1 and 2.2 are still true
for induced subgraphs of Fibonacci or Lucas cubes.

A Fibonacci string can be view as blocks of 0’s separated by isolated 1’s, or as
isolated 0’s possibly separated by isolated 1’s. These two points of view give the two
following decompositions of the vertices of I',.

Proposition 2.3 Any vertex of weight w from 'y, can be uniquely decomposed as
0l10h ... 10% ...10% where p = w; P gli=n—w;lol,>0andly,... l[_1 > 1.

Proposition 2.4 Any vertex of weight w from 'y, can be uniquely decomposed as
1koQ1k1 . 01% ... 01% where ¢ = n — w; Mo ki =w and ko, ..., ky < 1.

Proof. A vertex from I'y,, n > 2 being the concatenation of a string of V(I',,—1)
with 0 or a string of V(I',,_2) with 01, both properties are easily proved by induction
on n.

0

Using the the second decomposition, the vertices of weight w from I'), are thus
obtained by choosing, in {0,1,...,q}, the w values of i such that k; = 1 in . We
have then the classical result:
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Proposition 2.5 For any w < n the number of vertices of weight w in 'y, is
(nwarl)
w )

Considering the constraint on the extremities of a Lucas string we obtain the
two following decompositions of the vertices of A,,.

Proposition 2.6 Any vertex of weight w in A, can be uniquely decomposed as
0f10% ... 10% ... 10% where p = w, SP ol =n—w, lo,l, >0, lg+1, >1 and
ll,...,lp_l > 1.

Proposition 2.7 Any vertex of weight w in A, can be uniquely decomposed as
1kog1k1 . 01%i ... 01k where ¢ = n—w; Sl oki=w; ko+kq <1andkg,... kg <1.

From Propositions 2.2 and 2.3 it is possible to characterize the bottom and top
vertices of maximal hypercubes in I',,.

Lemma 2.8 If H is a maximal hypercube of dimension p in T',, then b(H) = 0"
and t(H) = 0010 ...10% ... 10% where Y0 L =n—p; 0<1ly<1;0<1, <1 and
1<; <2 fori=1,...,p—1. Furthermore any such vertez is the top vertex of a
unique mazximal hypercube.

Proof. Let H be a maximal hypercube in I'),. Assume there exists an integer ¢ such
that b(H); = 1. Then i ¢ sup(H) by Proposition 2.2. Therefore, for any z € V(H),
x; = b(H); = 1 thus z 4+ ¢; € V(I',). Then H+¢; must be an induced subgraph of
I',,, a contradiction with H maximal.

Consider now t(H) = 010" ... 10% ... 10%.

If Iy > 2 then for any vertex x of H we have o = x; = 0, thus z + ¢y € V/(T'y,).
Therefore H+¢; is an induced subgraph of T',,, a contradiction with H maximal.
The case [, > 2 is similar by symmetry.

Assume now [; > 3, for some i € {1,...,p—1}. Let j =i+ 22;10 l. We have
thus t(H); = 1 and t(H);41 = t(H);j42 = t(H);j+3=0. Then for any vertex x of H
we have xj41 = zj12 = xj43 = 0, thus  + €49 € V(I'y) and H is not maximal, a
contradiction.

Conversely consider a vertex z = 0010 ...10%...10% where Pl =n—p;
0<lph<1L;0<,<land1<[; <2fori=1,...,p—1. Then, by Propositions 2.1
and 2.2, t(H) = z and b(H) = 0™ define a unique hypercube H in @, isomorphic to
@Qp and clearly all vertices of H are Fibonacci strings. Notice that for any i ¢ Sup(H)
z + ¢; is not a Fibonacci string thus H is maximal. O

With the same arguments we obtain for Lucas cube:

Proposition 2.9 If H is a mazimal hypercube of dimension p > 1 in A, then
b(H) = 0" and t(H) = 010" ...10% ...10% where Y.? (Il = n—p; 0 < Iy < 2;
0<10,<2;,1<lp+1l, <2and1 <1; <2 fori=1,...,p—1. Furthermore any
such vertex is the top vertex of a maximal hypercube.
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Theorem 2.10 Let 0 < p < n and f,, be the number of maximal hypercubes of
dimension p in '), then:

ho- p+1
P \n—2p+1

Proof. This is clearly true for p = 0 so assume p > 1. Since maximal hypercubes
of I',, are characterized by their top vertex, let us consider the set T" of strings which
can be write 00101 ... 10% ... 10% where >?_l; =n—p; 0< ) < 1;0<1, <1
and 1 <[; <2fori=1,....,p—1. Letll =1 —1fori=1,...,p—1; [ = lp;
l;, = l,. We have thus a 1 to 1 mapping between T" and the set of strings D =
{00104 ... 10% ... 10%} where SF I/ =n—2p+1any I} <1fori=0,...,p. This
set is in bijection with the set B = {10014 ...01% ... 01%}. By Proposition 2.4, F is
the set of Fibonacci strings of length n — p + 1 and weight n — 2p+ 1 and we obtain
the expression of f,, by Proposition 2.5. U

Corollary 2.11 The counting polynomial C' (T, x) = Z;io fnpxP of the number
of maximal hypercubes of dimension p in I, satisfies:

C'Tp,z) = x(C'Th_2,2)+C'Th_3,2)) (n>3)
C'(Tg,z) = 1, C'(I'1,z2) =z, C'(Ty,z) =22

The generating function of the sequence {C'(Ty,x)} is:

1 1
> O Ty = L)
= 1—ay*(1+y)

Proof. By theorem 2.10 and Pascal identity we obtain f,, = fn—2p—1 + fn—3p-1
for n > 3 and p > 1. Notice that f,o = 0 for n # 0. The recurrence relation for
C'(Ty,, x) follows. Setting f(z,y) = >_,~0C'(I'n, )y" we deduce from the recurrence
relation f(z,y) — 1 — a2y — 2292 = x(y2(f(2,y) — 1) + 4*f(x,y)) thus the value of
f@,y). m

Theorem 2.12 Let 1 < p < n and gnp be the number of mazimal hypercubes of
dimension p in A, then:
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Proof. The proof is similar to the previous result with three cases according to
the value of [y:

By Proposition 2.9 the set T of top vertices that begin with 1 is the set of strings
which can be write 10 ...10% ...10% where Zle li=n—pand 1 <I[; <2 for
i=1,...,p. Let ! =1, —1fori=1,...,p. We have thus a 1 to 1 mapping between
T and the set of strings D = {10% ...10% ... 10%} where Y27 Il =n—2p, 0 <} < 1
for i = 1,...,p. Removing the first 1, and by complement, this set is in bijection
with the set B = {14 ...01% ... Oll;}. By Proposition 2.4, F is the set of Fibonacci
strings of length n — p — 1 and weight n — 2p. Thus |T'| = (anp)'

The set U of top vertices that begin with 01 is the set of strings which can be
write 0104 ... 10% ... 10" where Y0 _ l; =n—p-1;1<[; <2fori=1,...,p—1and
lp<1. Letl;=1l;—1fori=1,...,p—1and [, = [, . We have thus a 1 to 1 mapping

between U and the set of strings F = {010 ... 10% ... 10%} where P ll=n—2p
and I, <1 fori=1,...,p. Removing the first 01, and by complement, this set is in
bijection with the set G = {14 ...01% ... Oll;}. By Proposition 2.4, G is the set of
Fibonacci strings of length n — p — 1 and weight n — 2p. Thus |U| = (n—pr)'

The last set, V, of top vertices that begin with 001, is the set of strings which
can be write 00101 ... 10% ... 0%-11 where >?"l; =n —p—2 and 1 < [; < 2 for
i=1,...,p—1 Letll=10;—1fori=1,...,p— 1. We have thus a 1 to 1 mapping
between V and the set of strings H = {00101/1 104 .. 0l 1} where Zf:_ll I =
n—2p—landl <1lfori=1,...,p—1. Removing the first 001 and the last 1, this
set, again by complement, is in bijection with the set K = {141 ...01% ... Oll;—l}.
The set K is the set of Fibonacci strings of length n — p — 3 and weight n — 2p — 1.

Thus ’V’ = (nfpgplfl) and In,p = 2(n62p) + (nf;plfl) = %(nf2p) O

Corollary 2.13 The counting polynomial C'(A,,,x) = Z;io Gnpx? of the number

of maximal hypercubes of dimension p in A, satisfies:

C'(Ap,z) = 2(C'(Ap—2,2) +C'(Ay_3,2)) (n>5)
C'(Ag,z) = 1, C'(A1,x) =1, C'(Ag,x) = 2z, C'(A3,2) = 3z, C'(Ay,2) = 222

The generating function of the sequence {C'(Ay,x)} is:

1ty +ay? +ay’ —ay
1—zy?2(1+y)

Z C'(Ap, z)y"

n>0

Proof. Assume n > 5. Here also by theorem 2.12 and Pascal identity we get
Inp = 9n—2,p—1+ Gn—3p—1 for n > 5 and p > 2. Notice that when n > 5 this equality
occurs also for p = 1 and g, 0 = 0. The recurrence relation for C’(A,,z) follows
and g(z,y) = >_,>¢ C'(Ay, z)y™ satisfies g(z,y) — 1 —y — 2zy? — 32° — 22%y4 =
2(y(g9(z,y) — 1 -y = 22y°) + y°(9(z,y) — 1 —y)). O
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Notice that f,, # 0 if and only if {%] <p< L"THJ and g, # 0 if and only if
[%] <p< L%J (for n # 1). Maximal induced hypercubes of maximum dimension
are maximum induced hypercubes and we obtain again that cube polynomials of

I',,, respectively A,,, are of degree L"THJ, respectively < L%J [9].
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