N

N

Hamilton-Jacobi equations constrained on networks
Yves Achdou, Fabio Camilli, Alessandra Cutri, Nicoletta Tchou

» To cite this version:

Yves Achdou, Fabio Camilli, Alessandra Cutri, Nicoletta Tchou. Hamilton-Jacobi equations con-
strained on networks. Nonlinear Differential Equations and Applications, 2013, 20 (3), pp.413-445.
10.1007/s00030-012-0158-1 . hal-00656919

HAL Id: hal-00656919
https://hal.science/hal-00656919

Submitted on 5 Jan 2012

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00656919
https://hal.archives-ouvertes.fr

Hamilton-Jacobi equations constrained on networks

Yves Achdou * Fabio Camilli | Alessandra Cutri ¥ Nicoletta Tchou $
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Abstract

We consider continuous-state and continuous-time control problems where the admissible
trajectories of the system are constrained to remain on a network. In our setting, the value
function is continuous. We define a notion of constrained viscosity solution of Hamilton-
Jacobi equations on the network and we study related comparison principles. Under suitable
assumptions, we prove in particular that the value function is the unique constrained viscosity
solution of the Hamilton-Jacobi equation on the network.

Keywords Optimal control, graphs, networks, Hamilton-Jacobi equations, viscosity so-
lutions

AMS 34H05, 49J15

1 Introduction

A network (or a graph) is a set of items, referred to as vertices or nodes, with connections
between them referred to as edges. The main tools for the study of networks come from
combinatorics and graph theory. But in the recent years there is an increasing interest in
the investigation of dynamical systems and differential equation on networks, in particular
in connection with problem of data transmission and traffic management (see for example
Garavello-Piccoli [9], Engel et al [6]). In this perspective, the study of control problems on
networks has interesting applications in various fields. Note that partial differential operators
on ramified spaces have also been investigated, see e.g. [15], [14].

A typical optimal control problem is the minimum time problem, which consists of finding
the shortest path between an initial position and a given target set. If the running cost is
a fixed constant for each edge and the dynamics can go from one vertex to an adjacent
one at each time step, the corresponding discrete-state discrete-time control problem can be
studied via graph theory and matrix analysis. If instead the cost changes in a continuous way
along the edges and the dynamics is continuous in time, the minimum time problem can be
seen as a continuous-state continuous-time control problem where the admissible trajectories
of the system are constrained to remain on the network. While control problems with
state constrained in closures of open sets are well studied ([17, 18], [4], [11]) there is to our
knowledge much fewer literature on problems on networks: we very recently became aware of
the thesis of Schieborn [16] devoted to the eikonal equation on networks, with an approach
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different from the one presented below. We also would like to mention the very recent
preprint by Imbert, Monneau and Zidani [10] on an Hamilton-Jacobi approach to junction
problems and traffic flows, in which the authors assume that the Hamiltonians associated
with each edge do not depend on the state variable but may jump at the crosspoints. Their
assumptions and their technique for proving the uniqueness of the viscosity solution greatly
differs from ours, see our comment at the beginning of § 5.3. The results of Frankowska and
Plaskacz [8, 7] do apply to some closed sets with empty interior, but not to networks with
crosspoints (except in very particular cases).

The aim of this paper is therefore to study optimal control problems whose dynamics

is constrained to a network and the related Hamilton-Jacobi-Bellman equation. Note that
other types of optimal control problems could be considered as well, leading to other bound-
ary conditions at the endpoints of the network. In most of the paper, we will consider for
simplicity the model given by a star-shaped network, i.e. straight edges intersecting at the
origin, see Figure 1. This simple model problem already contains most of the difficulties that
we have to face in more general situations. We shall briefly discuss more general networks
with a finite number of vertices in Remark 5.5.
Since the dynamics is constrained to the network, the velocities tangent to the network vary
from one edge to another, hence the set of the admissible controls depends on the state of the
system. If the set of admissible controls varies in a continuous way, the corresponding control
problem can be studied via standard viscosity solution techniques (see Koike[12]). But for
a network, the set of admissible controls drastically changes from a point in the interior of
an edge, where only one direction is admissible (with possibly positive and negative veloci-
ties), to a vertex (or crosspoint) where the admissible directions are given by all the edges
connected to it. Therefore, even if the data of the problem are regular, the corresponding
Hamiltonian when restricted to the network has a discontinuous structure. Problem with dis-
continuous Hamiltonians have been recently studied by various authors (see e.g. Tourin[20],
Soravia[19], Deckelnick-Elliott[5], Koike[12], Bressan-Hong[3]), but the approaches and the
results considered in these papers do not seem to be applicable because of the particular
structure of the considered domain.

Assuming that the set of the admissible control laws - i.e. the control laws for which the
corresponding trajectory remains on the graph - is not empty, the control problem is well
posed and the corresponding value function satisfies a dynamic programming principle. We
introduce a first set of assumptions which guarantees that the value function is continuous
on the network (with respect to the intrinsic geodetic distance).

The next step is to introduce a definition of weak solution which may ensure the unique-
ness of the continuous solution via a comparison theorem. While in the interior of an edge
we can test the equation with a smooth test function as in the standard case, the main diffi-
culties arise at the vertices where the network does not allow a regular differential structure.
At a vertex, we consider a concept of derivative similar to that of Dini’s derivative, see for
example[2], hence regular test functions are the ones which admit derivatives in the directions
of the edges adjacent to the node. Using the previously mentioned class of test functions,
we give a definition of viscosity solution on the network of the associated Hamilton-Jacobi
equation, see (4.1). Note that at the crosspoints of the network, the definition of the Hamil-
tonian has to be particular, in order to take into account all the possible directions. It is
worth to observe that this definition reduces to the classical one of viscosity solution if the
graph is composed of two parallel segments entering in a node, see [2].

An important part of the present paper is devoted to proving comparison principles under
fairly general assumptions: for example, our results apply to the case when on each edge
of the network, the running cost is some power of the velocity, with exponents that may
vary (within a suitable set) from one edge to another. In the proofs, the classical doubling
technique of viscosity solution theory, see [13], is still used, but here, the choice of the
penalty term in this argument requires a special care: we will see that the chosen penalty
function is generally not symmetric w.r.t. the doubled variables, and that, to cope with
the discontinuity in the Hamiltonians, it may depend on the small parameter € used in the



method. In the simplest case, i.e. when the running cost does not depend on the control,
the penalty term will be connected to the minimal time function with the dynamics frozen
at the vertex; moreover, it will be bounded from above and below by some factor times the
squared intrinsic geodetic distance, which, fixed one argument, is a regular test function of
the other argument in the sense mentioned above.

We conclude observing that this paper is a first attempt to study Hamilton-Jacobi-

Bellman equations and viscosity solutions on a network, and many questions remain to
be studied, such as sub and super optimality principles, discontinuous viscosity solutions,
stochastic control problems.
The paper is organized as follows: the control problem and the basic assumptions are set
in Section 2. In Section 3, we define useful notions. In Section 4, we propose a definition
of viscosity solutions of the Hamilton-Jacobi equation on the network, and we prove that
the value function of the control problem is a viscosity solution. Comparison principles are
studied in Section 5.

2 Setting of the problem and basic assumptions

We consider a planar network with a finite number of edges and vertices. A network in R2
is a pair (V, &) where

i) V is a finite subset of R? whose elements are said vertices

ii) &€ is a finite set of regular arcs of R?, said edges, whose extrema are elements of V.

We say that two vertices are adjacent if they are connected by an edge. We say that a vertex
belongs to 9V (resp., int(V)) if there is only one (resp., more than one) edge connected to
it. We assume that the edges cross each other transversally. We denote by G the union of
all the edges in £ and all the vertices in V. We denote by G the set ?\81/.

Except when explicitly mentioned, we focus for simplicity on the model case of a star-shaped
network with N straight edges, NV > 1, see Figure 1, i.e.

N
g={0rulJJ; cR:, 0=(0,0), J;=(01e,

Jj=1

where (e;);=1,...,~ is a set of unit vectors in R? s.t. ej # ey if j # k. Note that e; = —ey,
is possible. Then, 0V = {e;,j = 1,...,N} and int(V) = {O}. We will use the notation
0G = JV. To avoid the trivial case of an interval, we assume that there is at least a pair
(4,k), j # k s.t. e; is not aligned with ey.

The general case will be dealt with in a forthcoming paper, where we will also consider
structures made of several manifolds of different dimensions crossing each other transversally.
Hereafter, the notation Ry stands for the interval [0, +00).

For any = € G, we denote by T,,(G) C R? the set of the tangent directions to the network,
i.e. TT(g) = Re;, Vx € J;; Te,; (g) =R_e; and To(g) = Ui\ilR-i-ei-

We now introduce the optimal control problem on G. We start by making some assumptions
on the structure of the problem.

Call B the closed unit ball of R? centered at O. Take for A a compact set of R? and a
continuous function f : B x A — R? such that

|f(z,a) — f(y,a)| < Llx —y|, Va,y€ B,acA. (2.1)
The continuity of f implies that there exists M > 0 such that
|f(z,a)| <M, VxeB, acA. (2.2)

Denoting by A the class of the control laws, i.e. the set of measurable functions from [0, +00)
to A, we consider the dynamical system

{ zgé;)x,:aglz fly(t; z, ), a(t)), t >0, (2.3)
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Figure 1: A star shaped network G

for x € G and o € A. In order for (2.3) to make sense, additional assumptions will be made
below.

Remark 2.1. We have chosen to parametrize the dynamics by a function f defined on Bx A,
i.e. on a much larger set than G x A. We could also have defined f on G x A only. This
would have been equivalent since by Whitney extension theorem one can extend any Lipschitz
function defined on G to a Lipschitz function defined on B. In fact, all the assumptions made
below on f involve f|g, 4 only. Yet, it seemed to us that defining f on B x A led to simpler
notations.

We introduce the subset A, C A of the admissible ccgltrol laws, i.e. the control laws for
which the dynamics (2.3) is constrained on the network G:

A, ={ac A: ylt;z,a) €G, Vt>0}.
We also define for z € G,
A, ={ac€Ast. I0>0:y(t;x,a) €G,Vt0 <t <0}

From the continuity of f, we see that for all a € A, f(x,a) € Tx(G).

Assumption 2.1. There exist non empty closed subsets A7 of A, j =1,...,N, such that
1.

2. forje{l,....N}, z € Jj and a € A, f(z,a) € Re; if and only if a € A
3. forje{l,...,N},

A, ={ac A: f(ej,a) e; <0} #0, and glf flej,a)-e; <0 (2.4)

Ao = U;-V:l{a €A f(O,a) € RJrej} #0 (2.5)

We easily obtain the following consequences of Assumption 2.1:



o for je{l,....N}, z e Jj, ‘
Ay = A (2.6)

o for j € {1,...,N}, xz € Jj, there exists 7, > 0 such that, for all @ € A,

a(t) € AJ for a.a. t € [0,7,] (2.7)

e A, is not empty for any x € G. Hereafter, we will always consider a € A, in (2.3).

Remark 2.2. Identity (2.6) says that the set of constant controls for which the trajectories
leaving x € J; stay in G for a positive time is nonempty and does not depend on x € Jj.
In (2.7), we see that for small durations, an admissible control law at x € G\{O} cannot
take values outside A, (except maybe on a negligible set of times). The identity in (2.5)
characterizes the set of constant controls for which the trajectories leaving O stay in G for
a positive time. Note that the identity in (2.5) is not a consequence of the previous points
only when some edges are aligned. The assumption in (2.4) at the vertices in OV tells us
that there exist controls which make the trajectory enter G; this assumption is classical in
the context of state constrained problems.

Assumption 2.2. There exist constants Zj >0 and Qj >0,j=1,...,N, s.t.

@(f(0,A7) = [-¢ . (lejs ¥j=1,...,N, (2.8)

where TO(F') stands for the closed convex hull of F'.

Remark 2.3. Assumption 2.2 is on the controllability near O. We will see that it implies
the continuity of the value function.

Remark 2.4. Ife; = —ey, then, from (2.8) and the continuity of f, Zj =¢, and (e = gj,

Example 2.1. Take A = Uévzl]Rej N B and f(x,a) = g(x)a where g : B — R is a positive
and Lipschitz continuous function: we can see that all the assumptions above are satisfied.
In particular, let us check that (2.7) holds in the present case: take x € G\{O}, for example
x € Jy and a € Ay. With M as in (2.2), take 7, = |z|/(2M). It is easy to see that
y(t;x,a) € Jy fort € [0,7,). This implies that f(f er A f(y(s;z,a),a(s))ds =0 fort € [0, 7],
and therefore e1 A f(y(t;z, @), a(t)) = g(y(t;z,a))er A a(t) = 0 for almost all t € [0,7,].
Therefore, since g is positive, a(t) € AL = ANRe; = A, for almost all t € [0, 7,].
Example 2.2. Take N wunit vectors (ej)j=1,.. N, with e; = (cos0;,sinf;), 0; € [0,2m).
Choose (;, gj 2N positwe numbers such that ¢; = ¢, and ¢}, = gj if ej = —ep. Take A =
Ué\;lRej N B; let ¢ : R — Ry be a 2w-periodic and continuous function such that ((0;) = Zj
and ¢(—0;) = Qj, j=1,...,N; Choose f(z,a) = g(x)((0)a where a = |a|(cosb,sinb)
and g : B — R is a positive and Lipschitz continuous function. We can see that all the
assumptions above are satisfied.

Example 2.3. Choose N unit vectors (e;)j=1,...n and 2N positive numbers Zj, Qj as in
Example 2.2. Take A = Uévleej, K ={-1,1}. Choose

N
f(.a) = g(@) 3 (~¢lame, + Lo, )

Jj=1

where g : B — R is a positive and Lipschitz continuous function. We can see that all the
assumptions above are satisfied.

Example 2.4. As a particular case of Example 2.3, one may take the cross shaped network
g = {O} U U?:l Jj, Ji = (071)61, Jo = —(0,1)61, Jz = (071)62, Jy = —(0,1)62, e1 and
ez being two orthogonal unit vectors. One may choose A = Ke; U Key, K = {—1,1} and
f(z,a) = g(x)a where g : B — R is a positive and Lipschitz continuous function.



Finally, we consider a continuous functions £ : Bx A — R. We may suppose for simplicity
that
[(x,a)| <M, VreB,a€A, (2.9)

where M is the same constant as in (2.2). From the compactness of B and A, there exists a
modulus of continuity wy such that

[(x,a) — Ly, a)| <we(lx —y|), Vz,y€ B, ac A. (2.10)

For A > 0, we consider the cost functional

J(x,a) = /000 (y(t;z, a), at))e Mdt.

The value function of the constrained control problem on the network is

v(z) = inf J(z,a), r€eg. (2.11)

acA;
Assumption 2.1 and the assumptions on £ are enough for the dynamic programming principle:

v(x) = inf {/0 (y(s;z,a), a(s))e *ds + e_’\tv(y(t;x,a))} . (2.12)

acA,

The proof is standard along the arguments in Propositions II1.2.5 or IV.5.5 in [2].

Proposition 2.1. Under the assumptions above, the value function is continuous on G.
Proof. The proof is rather standard. It is given in [1]. O

We now give an example in which the value function is discontinuous: let (e1,e2) be an
orthonormal basis of R?, G = (0,1)e; U{O} U (0,1)ea, A ={0,e1,e2}, f(z,a) = a(l — 2|x|).
Take ¢(x,a) = 1if xo =0 and ¢(z,a) =1 — |z| if z; = 0. Assumption 2.2 is not satisfied. It
is easy to compute the value function v at = (x1,22): we have

1
v(z1,0) ==, 0<uz <1,
1 1—2x
U(0,$2)=ﬁ+4+2/\27 <z < 3,
1-— 1
U(OaxQ) = )\an 5 < 2 Sl

The value function is discontinuous at O.

Hereafter, we will make a further assumption, mainly in order to obtain comparison principles
in § 5 below. Let us use the notation

mo = min (0, a). (2.13)

a€cA

Assumption 2.3. The function ¢ satisfies: for all j =1,..., N,
(0,mo) €@ ((f(0,a),£(0,a)) :a € A7).

Note that from Assumption 2.2, for all j =1,...,N, 0 €co ((f(0,a) : a € A%).

Example 2.5. From Assumption 2.2, Assumption 2.3 is always satisfied if £(O,a) does no
depend on a.

q(2)]a|” + p(z), where v >0

Example 2.6. In the examples 2.1- 2.4, we can take {(z,a) (
0.

and q and p are continuous functions defined on G with q(O) >



3 Preliminary notions for weak solutions

3.1 Test functions

We introduce the class of the admissible test functions for the differential equation on the
network

Definition 3.1. We say that a function ¢ : G — R is an admissible test function and we
write ¢ € R(G) if

o  is continuous in G and C* in G\ {O}
e foranyj,j=1,...,N, go\J—jécl(J_j).
Therefore, for any ¢ € R? such that there exists a continuous function z : [0,1] — G and a

sequence (tp)nen, 0 < tp, <1 with t, — 0 and

i 2(0) ¢,

n—oo n

P(2(tn))=¢(0)

the limit lim,,_ o r

exists and does not depend on z and (tp)nen. We define

n

Dep(0,¢) = lim

If x € G\{O} and ¢ € T,(G), we agree to write Dp(x,() = Do(z) - C.
Property 3.1. For any p > 0, Dp(O, p¢) = pDp(0, ().
Indeed, denoting by 7, = t,/p, limy, 0 2(tn) /T = p¢. Hence,

pD(0,¢) = Tim LEI) = #(0)

n— oo Tn

= Dp(0, p().

As shown below, property 3.1 is not true if p < 0.

If ¢ € C'(R?), then ¢g € R(G) and Dy(O,¢) = Dp(O) - ¢ for any ¢ € Ryej, j=1,...,N.
If ej = —e for some j # k€ {1,...,N}, Dp(O,e;) = —Dp(O, —¢;).

If ¢ is continuous and ¢|gqg., is C! for j=1,...,N, then p € R(G) but the converse may
not be true if two edges are aligned: for example, if e; = —ey, for some j # k € {1,..., N},
the function x +— b|z| belongs to R(G) and Dy(O, e;) = Dp(O, —e;) = b.

Property 3.2. If p = g o with g € C! and ¢ € R(G), then p € R(G) and
Dyp(0,¢) = ¢'(¥(0))D(O, ¢).

3.2 Relaxed vector fields
Definition 3.2. For z € G, we define the set FL(x) as follows:

FL(z) = ©o((f(z,a),l(z,a)):a€ Ay), if x € G\{O}, (3.2)
FL(O) = jgl (m ((f(0,a),£(0,a)) 1 a € A7) N (RTe; x R)), (3.3)
FL(e;) = @0 ((f(ej,a),l(ej,a)):a€ AT) N (R e; x R). (3.4)

4 Viscosity solutions

Hereafter, unless explicitly mentioned, we make all the assumptions of § 2.



4.1 Definition of viscosity solutions

We now introduce the definition of a constrained viscosity solution of

Au(z)+  sup  {—Du(z,() — &} =0, (4.1)
(¢,£)EFL(x)

in G, where FL(z) is defined in (3.2)-(3.4).

Definition 4.1. o A bounded and upper semi-continuous function u : G — R is a sub-
solution of (4.1) in G if for any x € G, any ¢ € R(G) s.t. u— ¢ has a local maximum
point at x, then

Mu(z) +  sup  {—=Dy(x,() — £ <0; (4.2)
(C.€)€FL(x)

o A bounded and lower semi-continuous function u : G — R is a supersolution of (4.1)
if for any x € G, any p € R(G) s.t. u— ¢ has a local minimum point at x, then

Mu(z) +  sup {=Dp(z, () = & > 0; (4.3)
(¢.£)€FL()

o A continuous function u : G — R is a constrained viscosity solution of (4.1) in G if it
is a viscosity subsolution of (4.1) in G and supersolution of (4.1) in G.

Remark 4.1. At x € G\{O}, the notion of sub, respectively super-solution in Definition
4.1 is equivalent to the standard definition of viscosity sub, respectively super-solution of the
equation
Au(x) + sup {—f(z,a) - Du— £(z,a)} = 0.
a€A,

This is true because any test function in R(G) is C' in a neighborhood of x and because
max (¢ ¢)erL(z){—De(x) - ¢ — &} is equal to supgea, {—De(x) - f(x,a) — £(x,a)}. Similarly,
at x € OV, the notion of supersolution in G is equivalent to the standard definition.

4.2 An observation on a different possible formulation

Before stating the existence result, we would like first to observe that thanks to Assumption
2.3, the present definition of viscosity solution is equivalent to a more general one, which is
well adapted for the proof of existence: for that, we first define some larger relaxed vector
fields:

Definition 4.2. For xz € E, we introduce the sets

t, — 07 and

5.t 1 tn
I(tn)nen S Jim = fy(t;z, an), om(t))dt =1

n—oo tn 0

f@) = {neTyg): Jlomnencn € As,

t, — 0T,
tn

ﬁ(x) _ (n’ N) c Tm(g) <R : El(an)nENa an € Ag, st lim i f(y(t§ z, an)a an(t))dt =1,

n—oo t, 0

El(tn)neN o 1 tn
lim — Ly(t; o), an(t))dt = p

n—oo t, 0

Proposition 4.1. a) Under all the assumptions made in § 2 except Assumption 2.3,
fi(@) = FL(z), ifz €G\{O}, (4.4)
f((0) > FL(0), 4
fl(ej) = FL

b) Under all the assumptions made in § 2,



1. Forall C € f(O) NRye;, there exists £ € R such that ((,§) € FL(O).
2. For all ¢ € f(0),

min {j1: (¢, p) € FL(O)} = min {1 : (¢, ) € JH(0)}.

Proof. For keeping the section brief, the proof is postponed to Appendix A. 0O

Remark 4.2. The conclusions in point b) of Proposition 4.1 hold if we replace Assump-
tion 2.8 with the following: for anyi=1,..., N, the sets A* are of the form A* = [—gi, ¢;lei
with ¢, > 0 and ¢; >0, f(O,a) =a ifac A, and a — £(0O,a) is convex on A’.

Corollary 4.1. Under all the assumptions made in § 2 and in view of Proposition 4.1 (in
particular point b. for x = O), (4.2) is equivalent to

Au(z) +  sup  {—Dyp(x,() — £} <0, (4.7)
(C.€)€ft(x)
and (4.8) is equivalent to
Nu(@)+  sup {~Dip(a,¢) — €} > 0. (4.8)
(C.€)€ft(x)
The same is true if the assumptions in Remark 4.2 are satisfied.

Remark 4.3. A definition of viscosity solutions using (4.7) and (4.8) would be more general
in the case when Assumption 2.8 is not satisfied. However, we were not able so far to prove a
comparison result without Assumption 2.3; thus, in the present work, there is no real reason
for using the more general (and more abstract) definition, except for the proof of existence
below.

4.3 Existence

Theorem 4.1. Under all the assumptions made in § 2, the value function v defined in (2.11)
is a constrained viscosity solution of (4.1) in G.

Proof. From Corollary 4.1, we are going to use the relaxed vector fields ﬁ(m) instead of
FL(z), i.e. to use (4.7) instead of (4.2) and (4.8) instead of (4.3) in the proof. We recall that
v satisfies the dynamic programming principle (2.12).

The value function v is a subsolution: it is enough to check that v is a subsolution at
x = 0. Let ¢ € R(G) be such that v — ¢ has a maximum point at O, i.e.

v(0) —v(z) > (0) — ¢(2) Vz € Bo(r)Ng.
For (C,€) € fi(O), there exists a,, € Ao and t, — 07 such that

. t7l
¢ = lim M — tim — [ Fy(t0, an), an()dt,

n—oo n—oo t, 0

f_hm—/ Lyt 0, am), an(t))dt.

n— oo n

Take T' > 0 such that y(¢t) = y(¢;0,a) € Bo(r) NG for any t < T and all « € Ap. From
(2.12)

¢(0) = ¢(y(t; 0, an))
<v(0) —v(y(t; O, an)) / L(y(5;0, an), an(s))e ds + v(y(t; O, o)) (e = 1).



By (3.1),
—Dg(0,() = nILH;O M

Since t,¢ = y(tn; O, ) + o(t,) and ¢ is Lipschitz continuous, we deduce that

_D(0,¢) = lim A = eWtni Osan)).

n—oo tn

On the other hand,

tn
lim i/ £(y(s;0, ), an(s))e ds = €.
0

n—oo t,

Therefore

—Dp(0.) € < lim — (v(y(tn; O, an)) (e = 1)) = =Mw(0).

n—o0 tn

Since the latter holds for any (¢, €) € f6(O), we conclude that v is a subsolution at z = O.

The value function v is a supersolution Let ¢ € R(G) be such that v — ¢ has a
minimum point at O, i.e.

v(0) —v(2) <p(0) —¢(2)  Vze€Bo(r)Ng.

We can always assume that ¢(O) = v(0) and v(z) > ¢(2), Vz € Bo(r) NG. From (2.12),
for € > 0 and ¢ > 0, there exists « € Ap (depending on ¢ and t) such that

v(0) + te > /01 ((y(s;0,a),a(s))e *ds + e Mu(y(t; 0, a))
> [ ty(s:0.0).a()ds + e Muly(t:0,0)) + o)
0

from the boundedness of /.
For t sufficiently small, we get

2(0) — py(t:0,a)) - / (y(5:0,0), a(s))ds + (1 — e )u(y(t; 0,0)) > —te + oft).

There exist sequences t, — 0 and a,, € Ao, ¢ and £ such that { = lim,_ y(f”fifa”) and

£ =lim, o % fO" L(y(s; 0, an), an(s))ds. Hence ((,§) € ﬂ(O) CTo(G) xR.
We clearly have

©(0) — p(y(tn; O, an
tn

(1 — e~ M)

™ v(y(tn; O, a)) > —e+o(1).

))—%/0n((y(s;O,an),an(s))ds—F

But, as above, lim, s ‘p(o)7¢(z£f’L;o’a’L)) = —Dy(0,(). Therefore,

M(0)+  sup  {=Dyp(0,n) — pn} = M(0) — Dp(0,¢) — & > —e.
(n,1) € f(O)

From the arbitrariness of €, we get that

A(0)+  sup {=Dyp(O,n) — pu} > 0.
(.)€ fe(O)

We conclude that v is a supersolution at z = 0. O
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5 Comparison principle

5.1 Strategy
We define the geodetic distance on G by

- if v,yecJj,j=1,...,N
d — |Z‘ yl 1. ) - <> ~ D4
(@) { lz| + |y| ifx e Jiy € Jj,i# 7.

Below, we give comparison principles under suitable assumptions. In their proofs, the main
idea is to replace the standard penalizing term in the classical doubling of variables technique,

d?(z,y)
£

see [2] page 292, i.e. where d(x,y) is the geodetic distance between x and y, by a term

@ where d. is a suitable nonsymmetric function such that z — d.(z,y) and y — de(x,y)
are regular in the sense of Definition 3.1.

For the reader’s convenience, we first deal with the simplest case when the running cost does
not depend on a: in this case, the choice of oig(x,y) is simple (it does not depend on €),
so some of the main ideas appear more clearly. In the second part, we give a more general
result, for which the choice of the test function is more delicate.

5.2 The simplest case: the running cost does not depend on «

Here we assume that the running cost does not depend on a, so Assumption 2.3 is automat-
ically satisfied. B
In this case, it is clear that for any x € G, FL(x) = F(z) x {{(z)}, where

F(z) = @ (f(z,a):a€A,), if x € G\{O0}, (5.1)
F(O) = j]gl (E (f(O7 a):aé€ Aj) N R+ej) = jgl[o,zj]ej, (5.2)
F(e;) = t©o(f(ej,a):a€ A)NR ey, j=1,...,N, (5.3)

where the last identity in (5.2) is a direct consequence of Assumption 2.2. It is also easy to
check that (4.2) is equivalent to

Au(z) + sup {—Dy(x,()} — £(x) <0,
CEF(z)

and that (4.3) is equivalent to

Mu(z) + sup {—Dep(w,¢)} — () > 0.
CEF ()

For proving the comparison principle, the following function will be useful:

Definition 5.1. Let the function d: GxG— Ry be defined by

where gz and ; are the constants appearing in (2.8).
The following lemma can be easily checked:

Lemma 5.1. d is a Lipschitz continuous function on G x G. For a fived x € G, y c?(x, y)

belongs to the class R(G) of test functions. Similarly, for a fivedy € G, x v d*(z,y) belongs
to the class R(G) of test functions. There exist two positive constants m and M such that

md(z,y) < d(x,y) < Md(z,y).

11



Remark 5.1. The quantity giv(x,y) can be seen as the minimal time to reach y from x,
staying on G, with velocities in U;co(f(O, A%)). Note that, in general,

d(z,y) # d(y, ).

Theorem 5.1 (Comparison principle). We assume that £(x, a) does not depend on a. Under
all the assumptions made in § 2, if u and v are respectively a subsolution of (4.1) in G and
a supersolution of (4.1) in G such that

u<v on 0G, (5.4)
then u < v in G.

Proof. Note that u — v is bounded and upper semi-continuous on G.
We assume by contradiction that there exist zo € G, x > 0 such that

(o) — v(xo) = max(u —v) = x,
[4

and we consider

JQ(xay) ~
Ta xayeg

D (2, y) = u(z) —v(y) —
Let (x¢,y:) be a maximum point of ®.; we have
X = Pe(z0,20) < Pe(2e, ye).
From @, (., x.) < O (xc,ye), we get % < w(z:) — v(ye) and since v is bounded,

d(we,y.) < Cye.

Hence ., y. converge for ¢ — 0 to a point T and, by (5.4), T € G. Therefore we can assume
that for € sufficiently small, z.,y. € G and, by standard arguments, we can prove that

)
lim d (xeaye)

=0.
e—0 25

(?(

Moreover, z — u(x) — ) has a maximum point at . and by Lemma 5.1,

(m Ye) .
Au(x CEbFl’l(I;E { < 5 )(me,g)} L(z:) <0. (5.5)

72
Similarly, y — v(y) — (u(zes) — %) has a minimum at y. and by Lemma 5.1,

W)+ s {—D <y - —M> <y€,<>} —ty) > 0. (5.6)

CEF(ye 2
If zc = y., subtracting (5.6) from (5.5) we get
Alu(ee) —v(z:)) <0,

and letting € — 0, we obtain the contradiction y < 0. Hence we can assume . # y..

12



1t case: z. # O, y. # O: From (5.5) and (5.6), taking into account Remark 4.1, we get

M) — () < — sup {—D ( - %) <x6,f<x€,a>>}

a€A,, €

. (5.7)
+ sup {—D (y - —M> (ye,f(ye,a))} + a) — €y.).

a€A,, 2e

e If 2., y. are on the same edge, for example, z. € J; and y. € J;, the arguments are
similar to those used in the classical theory of viscosity solutions; we give them for
completeness. We make out two subcases:

o if 2. e1 > y. - ey then d2(ze,y.) = |ve — y5|2/g, hence by (5.7), (2.1), (2.6) and
(2.10),

AMu(re) —v(ye))

d _ _
< (e ye) [ sup {_ T — Ye -f(xe,a)}+ sup {_ T —Ye -f(ye,a)}
£15 a€A,, |{E€ - y6| a€A,, |x€ - y6|

+ e(xe) - f(ye)

d?(z.,
AL )

(note that (z: — ye)/|ze — ye| € Tw.(G) = T,.(G)), which yields the desired con-
tradiction by having ¢ tend to 0.

. ~ —2
o if x.-e1 < ye-e1 then d?(ze,ye) = |z — y-|?/(], and we can repeat the argument
immediately above.

e If ., y. are not on the same edge, for example x. € J1\{O} and y. € J2\{O} then
dQ(xsays) = (|$5|/£1 + |ys|/<2)2a hence by (5.7)

Au(e.) — ofy)) < Wese) (—_i sups{—%-f(xe,a)}whi sup {y -f(ye,a)}>

CQ aEAyE |y5 |

(note that xc/|zc| € Ty, (G) and y:/|ye| € Ty.(G)). From (2.1), we get

C’lv(xe,ye) _i . {_ Te . o) } i 3 {ye . [0) }
o) (-4 o {-igorom} e £ (i s

Mu(ze) = v(ye)) < ——

o) — tlye) + 100

(5.8)

From (2.6) and Assumption 2.2,

L sup {— e -f(O,a)}—i—_i sup {ys -f(O,a)}:—l—Fl:O,

gl a€A,, |x6| Cg a€A,, |y6|

and we obtain the desired contradiction from (5.8) and (2.10).

2"d case: z. = O and y. # O: Assume for example that y. € Jo\{O} (we proceed
similarly in the other cases). Take ¢ € F(O) where F(O) is given by (5.2). We know

that @ (f(O,a) : a € A7) is contained in Re;; therefore, §(¢) = D{z > d(z,y-)}(0,¢) =

—ng; | - ¢ if ¢ is aligned with ez and ¢ - ex > 0 or §(¢) = \C|/§j if ¢ € F(O) NRe; is not

13



aligned with ep or if e; is aligned with ep and ¢ - ez < 0.
From (5.5) and (5.6), we get

AMu(0) —v(y:)) < 0. e) (— sup {—d(¢)} + sup {—ye |-f(ys,a)}>

€ CEF(0) acA,. L (oly
+4(0) — £(ye)-

From (2.1), we get that

A@(0) — o(ye)) < HO-ve) (— swp (-0} + s {2 -f(o,a>}>
c ¢cef(o) aedy, LColyel
2
+0(0) — () + L0 (2’ ve).
Thus, from (5.2), we get that
— sup {=4(¢)} + sup {_ye -f(07a,)} = — max max (—6(¢))+ sup {M}
CEF(0) acAy, (Calvel J=1,:N ¢€[0,C;]e; aEA? Gy

= — max max (—0(C)+¢y/C

J=1:N ¢€[0,C;]e;
= —14+1=0,

where max;j—; N mMaX ¢z ., (—=5(€)) is obtained for ¢ = (yes. This, with (2.10), yields
the desired contradiction.

3" case: x. # O and y. = O: Assume for example that z. € Jo\{O} (we proceed
similarly in the other cases). Take ¢ € F(O) where F(O) is given by (5.2). We know that

6(¢)=D{y— Eiv(xg,y)}(07§) = —%( if ¢ is aligned with es and (-eo > 0or 6(¢) = |§\/ZJ
Sqle
if ¢ € F(O) NRe; is not aligned with ey, or if e; is aligned with ez and ¢ - e < 0.
From (5.5) and (5.6), we get

Au(z.) — v(0)) < 1229 (— sup {— e -f(:ve,a)}Jr sup {5(0})

acd,, | Gl ¢eF(0)

This implies that

Au(ze) — v(0)) < 2= 9) (— sup {— e -f(o,a>}+ sup {6(4)})
£ acd,, | G|zl CEF(0)
d%(z.,0)

+l(x.) —£(O) + L .

from (5.2), we get that

Te

£2|x5|

S

CEF(0) a€Ay,

sup {d({)} — sup {— -f(O,a)} = max max 0(¢)— sup {

J=1,.N ¢e[0,¢;]e; a€A?

—ey - f(O,a) }

= rnax_—j—le7
i#2 (

which, with (2.10), yields the desired contradiction. 0O
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5.3 More general cases

Assumption 2.3 will enable us to use the argument of doubling the variables. This is in
contrast with [10], where the authors do not make this assumption and have to rely on a
special technique for proving the uniqueness of the viscosity solution.

Since the difficulties for proving the comparison results come from the junction point O, it
will be helpful to freeze the state variables at O and define the local Hamiltonians associated
with the edges J;:

Definition 5.2. Forj=1,...,N, let H; : R— R and H;r : R+— R be the Hamiltonians:

Hj (p) = sup (_pej ) f(Ov (L) - E(Ov a)) ) (59)

a€AI
and

Hf (p) = sup A (—pC-ej—¢), (5.10)
(C,f)eﬁ{(f(O,a),Z(O,a)),aeAJ}, C'ej >0

Lemma 5.2. Under Assumption 2.3,
H;(0) = —mo, ¥j=1,...,N, (5.11)
where mo is defined in (2.18) and
H;(p) = H (p), Vp<0. (5.12)

Proof. 1t is clear that Assumption 2.3 implies (5.11). It also implies that for all p < 0 and
(¢,€) € co{(f(0,a),(0,a)),a € A’} such that ¢ -e; <0,

—pej-( =€ < —mo < Hi (p),

and thus (5.12). O

5.3.1 Assumptions

In what follows, we will need to somehow compare the local Hamiltonians on different sides
of the junction O. For that, we will make one among the two assumptions below:

Assumption 5.1. There exist 2N positive constants K, kj, j =1,..., N such that

Assumption 5.2. For all j = 1,..., N, there exist real numbers a; > 0, b; > 0, ¢; > 0,
dj >0,¢ >0, C;r>0, aj > 1 and v; > 1 with

2 miin o > Max Y, and 2mkin Ve > max a;, (5.14)
such that o -
Hil=p) mo < { bi(p— ) + ajéf]faji g S 2< K (5.15)
and . o<yt
w0 w0z { e paeh (5.16)

Remark 5.2. For ezample, condition (5.14) holds if for alli=1,...,N, 1 < a; < 2 and
1<y <2
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Remark 5.3. In Assumption 5.2, we suppose in particular that for large values of |q|, the
local Hamiltonians H;(q) are bounded from above or below by affine functions, depending on
the sign of q, (see the second lines of (5.15) and (5.16)). In fact, this part of the assumption
is mot mandatory for the comparison principle. Indeed, what follows holds if for p > 0,
Hj(—=p) +mo < a;p™,
Hj(p) + mo > ¢;p™.
However, Assumption 5.2 is coherent with the assumption made in § 2 on the compactness
of A.
We now give a series of examples, which show that in fairly general situations, at least
one of the two assumptions above holds.
Example 5.1. Under the assumptions made in §2, Assumption 5.1 holds if E(O,a_) does
not depend on a. Indeed, H;(p) = gjp+ + ¢jp— — £(0), and we can choose K; = 1/¢; and
kj = 1/£j. Therefore Assumption 5.1 covers the simplest case treated in the previous section.
Example 5.2. Take N unit vectors (ej)j=1,..n. Only for simplicity, we assume that e; are
pairwise linearly independent. Take A = Uévleej N B. Take 2N positive numbers gj and ¢

and a positive valued Lipschitz continuous function ¢ defined in B and bounded from below
by a positive number. There exists a function f : B x A — R? satisfying all the assumptions
in § 2, whose restriction to ANRe; is

Flagre; (2:0) = 9(@) (Lae, <01, + Liae,20G; ) @
Let us assume that p(O) = 1. We take
(z,a) = q(z)|a]” +m(x),
where v > 1 and q and m are continuous functions defined on G with q(O) > 0: we have

—p—a(0) if Cp < —vq(0),

|p|Ej

v—1

v o if —vq(O)<C. ’
Hj(p) + m(0) = (= 1)a(0) (Zim) . f —vq(0) < (p<0
(= 14(0) (77) "~ #0< ¢ < walO),

¢p—=a(0) if ¢,p = vq(0),
then Assumption 5.1 is satisfied, with for example, K; = 1/Zj and k;j = 1/£j,

Example 5.3. We keep everything as in Ezample 5.2, except that we suppose that the
running cost is such that

loc;acke, (T, a) = m(z) + ¢;(z)|al”,
where g : J; — Ry are continuous functions such that ¢;(O) > 0 for all j. We have
~Cp = 4;(0) if p < —vg;(0),
(v = 1)g;(0) (52585) " i —vas(0) <Tp <0,
= 1)g;(0) (sy) #0<¢p<wgy(O),
¢p—=4;(0) if Cp=wg;(0).
Let us choose the constants k; and K; such that, for all i # j,

L)

Hj(p) +m(0) =

K;(; < ki, min (1,

Then, for p > 0, we can make out three cases:
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case 1 K;p > qu(O)/Zj. Thus, k;p > ti(O)/gi and

H;(kip) — Hj(—K;p) = (ki¢, — K;C;)p + ¢;(0) — ¢i(O)

_ g kiC.
> (ki¢, — KjCj)qJ(O) :

KyC, +4;(0) = 4:(0) = ¢;(0) KJ_Z —4(0) 2 0.

J

case 2 kip < vg;(0)/¢,. Thus Kjp < qu(O)/Zj, and easy algebra shows that H;(k;p) —
H;(—K;p) has the same sign as (ki(.p)”/q:(O) — (szjp)”/qj(O), which is positive.

case 3 vq;(0)/(ki(,) < p < vg; (0)/(K;¢;). Comparing H;(kip) and H;(—K;p) amounts
to comparing respectively a linear function and a convex function: since H;(k;p) >
H;(—K;p) at the endpoints of the interval, the inequality is also true in the whole
interval.

We have shown that Assumption 5.1 holds.

Example 5.4. We keep everything as in Example 5.3, except that the exponent v may depend
on j:

lzes;.acke; (7, a) = m(x) + q;(z)]al™.
It can be checked that, if q;(0) > 0 and v; € (0,1) for all j, then Assumptions 2.3 and 5.1
are both satisfied.
On the other hand, if ¢;(0) > 0 for all j and if there exists a real number s > 0 such that
vi € (25,25%Y for all j, where v* is the conjugate exponent of v, i.e. 1/v+ 1/v* =1, then
Assumptions 2.3 and 5.2 are satisfied. This condition can be expressed as follows: there
exists some nonnegative real number s such that v; € [1+ ﬁ, 1+ ﬁ), for all j (in the
particular case when s = 0, this means that v; € [2,400), for all j). This example shows
that, for Assumption 5.2 to hold, the power laws of the local Hamiltonian H; near p = 0 may
have different exponents, but that these exponents should not be too far from each other.

5.3.2 The comparison principle

As explained in § 5.1, we need to modify the geodetic distance in order to prove a comparison
principle with the doubling of variables technique.

If Assumption 5.1 holds the situation is simple, because it is enough to take J(x, y) defined
as follows:

{ d(xay) = kl|x|+KJ|y| lfl'GJlﬁejj,l#j, (5 17)
d@,y) = ki((z—y) e)s +K((x—y)-e)- ifzyed '
We see that function d is similar to the one used in §5.2, and the proof of the comparison
follows exactly the same lines.

Under Assumption 5.2, the situation is quite different, because the Hamiltonians H,;(p)+mo
may have different behaviors when p — 0, and we may have lim,_.o+ % = 0. To
cope with this difficulty, we need to have the modified distance depend on e. The following
lemma plays an important role in the proof of the comparison principle under assumption
5.2.

Lemma 5.3. Let Assumptions 2.3 and 5.2 hold. Let n; and p; be respectively defined by

7 = max <o, O‘j_mlr;1<’“<N7’“), (5.18)
J

L = max(l o) ), (5.19)

Y
204j — mMaX1<k<N Yk
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there exists k; > 0 and K; > 0 such that, if Je(fr,y) is defined by

kilx| + K e |y|Hi if v € Jiyy € Jj,0 # J,
de(z,y) = ki((z—y) e)s + Kie" (((x —y) &))" ifwy €y,

—
&
8
s
|

~ (5.20)

JE— J— 2
then, for all sequences (z<,y.) such that x. € J; andy. € J; withi # j, andlim._o M =
0, it is possible to extract a subsequence such that

2 (2 2(z.,
H, <D (a: - %ﬁf”) (xe,ej)> > H, (D <y = _%Eyv (ys,ei)> )

Proof. The proof mainly consists of studying real variable functions. For the reader’s con-
venience, we give it in the appendix B. 0O

Remark 5.4. In general, d.(z,y) # d-(y,z).

Preliminary observations

1. We note that from (5.14), we have

1

0=m <3 Vi=1,...,N. (5.22)

2. From (5.22), lim._,o % = 0 implies that the geodetic distance between x. and y.
tends to 0 when € — 0.

3. Moreover, max(n;, u; — 1) = 0 if and only if o; = ming vy, and max, v, = «;, ie.
e =oqaj; forallk=1,...,N.

The following lemma can be easily proved:

Lemma 5.4. The function d. defined by (5.20) is a Lipschitz continuous function on G x G.
For a fizedz € G, y — d?(z,y) belongs to the class R(G) of test functions. Similarly, for a
fired y € G, x — d2(z,y) belongs to the class R(G) of test functions.

Theorem 5.2 (Comparison principle). Under all the assumptions made in § 2 and either
Assumption 5.1 or 5.2, if u and v are respectively a subsolution of (4.1) in G and a super-
solution of (4.1) in G such that

u<w on 0G, (5.23)

then u <wvin G.

Proof. When Assumption 5.1 holds, we have already said that the proof is exactly the same
as that given in § 5.2. Therefore, we focus on the case when Assumption 5.2 holds, in which
a more involved argument is needed.

We assume by contradiction that there exist xo € G, x > 0 such that u(zo) — v(zg) =
maxg(u — v) = x, and we consider

20, _
@.o,9) = () —o(y) - EV e

where d. is defined by (5.20). Let (z¢,y.) be a maximum point of ®.; we have x =
D (w0, 20) < ¢5($5aye)- From @ (., 7.) < O (e, ye), We get % < v(z:) —v(ye) and
since v is bounded, d.(z., y.) < Cy/e. Remember now that the exponents 7; in the definition

of d. belong to [0,1/2), see (5.22). Hence ., y. converge for £ — 0 to a point Z and, by (5.23),
T € G. Therefore we can assume that for ¢ sufficiently small, z.,y. € G and, by standard
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2 2
arguments, we can prove that lim._ %@’%) = 0. Moreover, x — u(z) — (v(y:) + %Eys))

has a maximum point at z. and by Lemma 5.4,
d2(x, y.
Au(z:)+  sup -D|z— de(®,9) (2e,¢) =& p <0. (5.24)
(¢.6)€FL(az) 2e

_ (Tj(may) )
2e

Similarly, y — v(y) — (u(z.) has a minimum at y. and by Lemma 5.4,

M(ye) +  sup {—D (y - —M> (e, €) —5} > 0. (5.25)
(CE)EFL(ye) 2e
If x. = y., subtracting (5.25) from (5.24) we get
AMu(ze) —v(ze)) <0,
and letting e — 0, we obtain the contradiction y < 0. Hence we can assume . # y..

Up to subsequence extraction, we distinguish the following possible cases:

1%t case: z. # O, y. # O: From (5.24) and (5.25), we get

Alu(ze) —v(ye)) < — sup {—D <x ~ %) (ze, f (2, a)) —f(l‘e,a)}

a€A,, €
- (5.26)
ds(ze,
+ sup {—D (y — —%) (e, f(ye, a)) —f(ye,a)} :
a€A,y, €
o If 2., y. are on the same edge, for example, z. € J; and y. € Ji, then we have two
subcases
o if 2. - €1 > y. - €1, then do(ze,y.) = ki1|ze — y.|, hence by (5.26), (2.1), (2.6) and
(2.10),
krd. -
Mu(e) —v(p.)) < — sup {—Ellebe) T TVe by o) g(a, a)
a€A,, € |x€ - y6|

klde(xev ys) Te — Ye
+ su — - ya) — L(ye,a
aeAI;E c |xe _ ya| f(ye ) (yE )

d2 €y JE
< BV |y ),
(note that (z. — y.)/|ze — ye| € T, (G) = T,,.(G)), which yields the desired con-

tradiction by having ¢ tend to 0.
o If z.-e1 < ye - eq, then de(xe,y:) = K1™|x: — y|** and

2e

de (., _ d?(z.,
<A e — 7 e 0) — e, 0)] < QYD)

02 x
D (y = _M> (ysaf(x&a) - f(y€7a))

and we use the same argument as above.

e If ., y. are not on the same edge, for example x. € J1\{O} and y. € J2\{O} then
d?(l“s,ya) = (k1l|ze| + K25772|y€|lt2)2, hence by (5.26)

_klgs(xea ye)

AMu(ze) —v(ye)) < — sup e1- f(ze,a) —€(x€,a)}

a€Ay, €
KQIMQ&‘T’QJ Te, Y o
+ sup (e ve) p jia=tey - flye,a) — £y, 0)
a€Ay, €

19



From (2.1), we get
Mu(ze) —v(ye))

7 n2 ] pa2—1 72
<_H <k1ds(:5aye)> + H, <_K2N25 de(x;7y6)|y€| ) +Cde(x;7ys)

+we(lze]) + wellyel)

2 (x 2(z
=—H (D (x — %ﬁ) (x5,61)> + Hy <D (y — —%ﬂ) (y5,62)>

JQ €y J€
+C¥+2wz(d($eyy€))’

and we obtain the desired contradiction from (5.21).

2"l case: z. = O and y. # O: Assume for example that y. € Jo\{O} (we proceed
similarly in the other cases).
From (5.24) and (5.25), we get

Mu(0) ~v(y)) < - sup {D <x - —%) (0.0 - 5}
(0) €

(¢:§)eFL

K Enzdve Ov e 6”271 C’ZVQ O’ €
o (_ 2125 (0, yo)lye| )w%wu%n.

€

sup {D (az - ——dﬁ(“’y€)> ©.0) —s}
(¢.£)EFL(0) 2

'N T2 7 pa2—1
=max (maxH'." <M> ,H;' (_K2N25 d:(0,y:)|ye| ))

j#2 7 € €

But

and the desired contradiction follows from (5.12).

34 case: x. # O and y. = O: Assume for example that z. € J;\{O} (we proceed
similarly in the other cases). From (5.24) and (5.25), we get

Au(zz) —v(0))
<-H <M> + sup {—D (yH_M> (O,C)—é}—i—C’dg(x;’O)

€ (¢,£)€FL(O) 2
+ we(lze|)-

But
CE Te,
sup -D yH—M (0,¢)—¢
(C.€)EFL(O) 2

_ (x.,y) , k1de (a2, 0)
oo (0252 ). (53

We have H;"(q) < H;(q), for all ¢ and i. Thus, the desired contradiction follows from the

identity
7 72
kde(2:,0) _ <x _ de(x,0)> ere0).
€ 2e

and (5.21). O

20



Theorem 5.3. Under all the assumptions made in Theorem 5.2, if u and v _are respectively
a subsolution of (4.1) in G and a supersolution of (4.1) in G then u < v in g.
The value function is the only constrained viscosity solution of (4.1) in G.

Proof. The proof resembles that of Theorem 5.2, with more technicalities near 9V, see [2],
page 278. We skip it for brevity, but we only mention that it makes use of the piecewise
linear vector field  on G defined by n(z) = — (4(x7 — 1/ ju<a<1/2 + 1%21/2) e; in J;,
which plays the role of the vector field 7 in the formula (5.21) in [2], page 278. O

Remark 5.5. Here, we briefly sketch how the function d. should be modified in order to
extend Theorem 5.2 to more general networks with a finite number of crosspoints (O;)1<i<p-

The edges are still denoted (J;)1<i<n. Let Jgﬁe(x,y) be the function defined by (5.20) for x
and y in the union of the edges adjacent to Oy. Let J; join two crosspoints O;1 = O; and
Oi2 = Oy (the order is arbitrary): we define d; «(z,y) on J; x J; by

di,e(xv y) = Qpi(xa y)dj,s(xa y) + (1 - @i(xa y))dkﬁ (Z‘, y)7

where @;(x,y) is a smooth function such that

%‘(x, y) =1 Zf ((E, y) € [Oi,la Oi,l + 1/3(Ol,2 - Oi,l)]2a
ei(r,y) = 0 if (z,y) €[0i2+1/3(0i1 — Oi2), 05 2],
0<pi(r,y) < 1 inJ2

If only one endpoint of J; is a crosspoint, say O;, then d; -(z,y) = ijg(x, y) for (z,y) € J?2.
Note that d; o (z,y) # d; (y, ).

Let t — ~(t) be a path from x to y on G, such that the velocity +'(t) can vary only if
v(t) is at a crosspoint. Let (in)o,.. N, be the indices of the edges successively crossed by
7. Note that if Ny > 1 then the whole edges Ji,, ..., Ji\ _, are crossed. Assume also that
7 crosses (Oj;)1<j<n,—1 in that order: O;; and Oy, are the endpoints of J;;. We define
|’7|6 = dio,E(xv Ou)‘*'zjvifl dij,E(Oij ) Oij+1)+di1\rw€(0i1\rw ) y), ZfN’Y >1and |’Y|€ = dio,E(xv y)
otherwise. Finally, we define d.(z,y) = MiNpaths v |V]e-

It is possible to check from the fact that the exponents n; in (5.20) are strictly less than 1/2,
(see (5.22)), that if de(we,y.) < C/E, then x. and y. lie either on the same edge or belong to
two different edges adjacent to a same crosspoint, so near (vc,y.), d? is reqular in the sense
of Definition 8.1. The function d.(x,y) can thus be used in place of d.(x,y) for extending
Theorem 5.2 to the case of a network made of a finite number of straight edges.

Remark 5.6. Multivalued optimal feedback The comparison principle has many con-
sequences: one of them is the existence of multivalued optimal feedback under suitable as-
sumptions. We refer to [2] and references therein for a complete introduction to this topic.
Here, for brevity, we just give an example of a result that can be obtained. Knowing the value
function v, let us introduce the sets of controls:

t—0t+ t

+U(z,a) < )\v(x)} .

If the comparison principle holds, if the value function is Lipschitz continuous, and if for
each x € G, there exists an optimal control, then the multivalued feedback Sp is fully optimal.
This means that for all x € G, every solution of

{ y(t) = z+ [) fy(s),a(s))ds, t>0,
€ Sp(y(s)), for a.a. s >0,

is optimal. The proof is very much alike that given in [2], §1I1.2.5, see in particular Th.
111.2.61.
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A Proof of Proposition 4.1

Take first © € G\{O}. In this case, the proof is standard (see [2], Lemma 2.41, page 129),
but we give it for completeness. _
We can assume that x € J;. The inclusion FL(z) C fl(x) is obtained as follows: take

(= ijl wif(z,a5), &= Z;’Zl pit(z,a;) with a; € Ay and 7, p; = 1,0 < py. For ¢, small
enough, it is possible to construct a control a,, € A, such that an(t) = a; for (3o, ; pu)tn <
t < (Yo )tn: we have & [ f(y(tiz, an),an(t))dt = & [ f(z,an(t))dt + o(1) =
Ej Mjf(xa aj) + O(I)a 50

i [ 000,000 =
0

n—o0 tn

Similarly,

1 [in
lim — Y4 ; n), Qi (t))dt = &.
/0 (y(t: 2, 0n), con (1)) dt = €

n—oo tn

Finally, for (¢, ¢) € FL(x), we approximate ({,£) by (Cms Em)men, where (G, &m) 18 a convex
combination of (f(z,a),{(z,a)), a € Az, and we conclude by a diagonal process.

For the opposite inclusion, since z € G\{O}, we know from (2.7) that there exists 7 > 0,
such that for all &« € A, a(t) € A, for 0 <t < 7. Therefore,

e /Osf(x,a(t))dt,é/osf(x,a(t))dt) € FL(z)

for s small enough. This and the continuity of f and £ w.r.t. their first argument imply that
ft(x) C FL(z). We have proved (4.4).

We now consider z = O. We first discuss the inclusion FL(O) C fl(O): we take ( =
Z}‘le w;if(0,a;), € = Z}‘le uil(0,a;) with a; € A' and we assume that ¢ € Rye;. Up to
a permutation of the indices, it is possible to assume that there exists J’, 1 < J’' < J such
that f(O,a;) € Rie; for j < J' and that f(O,a;) € R_e; for j > J'. Then by a similar
argument as above, ((,§) € ﬂ(O) By a diagonal process, this implies that

@ ((f(0,a),£(0,a)) : a € AY) N (Ryer x R) C fE(O).

Similarly o ((f(0,a),(0,a)) :a € A7) N (Rye; x R) C J€(0), so we have proved (4.5).
The proof of (4.6) is similar.

To prove points b 1) and b 2), we consider ¢ € f(O) and make out two cases:

e ( =0: from Assumption 2.2, FL(O) N ({0} x R) # 0.

From Assumption 2.3, min{¢{ : (0,¢) € FL(O)} = mo.

On the other hand, for all sequences t,, — 0" and o, € Ao,

t7l
lim inf 1 Ly(t; O, an), an(t))dt > mo.

n—o00 tn 0

Therefore,

min {¢ : (0,£) € FL(O)} < min {§ :(0,¢) € fZ(O)},

and this inequality is in fact an identity, because FL(O) C f{(O).

e ( # 0: we can suppose that 0 # ¢ € Riej. There exist sequences «,, € Ap and ¢, > 0
such that ¢, — 07, lim, oo i Jo" fy(t;0,an), an(t))dt = ¢. Up to an extraction, we may
assume that lim,, oo 7- fg" Uy(t; 0, am ), an(t))dt = p.

Since 0 # ¢ € Ryey, there exists s, 0 < s, < t,, such that y(s,;0,a,) = O and y(t; 0, o) €
Jp for all t, s, <t < t,. From (2.7), this implies that a,(t) € A for all t, s, < t < t,.
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Hence,

< ! /f £(0, cun(t))dt, — /S:né(O,an(t))dt)

tn — Sn tn — Sn

€ ((f(0,a),£0,a)) :ac Al) N (Rye; X R).
Therefore, since (0,mo) € @ ((f(0,a),£(0,a)) : a € A') from Assumption 2.3, we get that

tn tn
(i $0.antyat, - [ O an (o)t + j—:mo>

tn Sn

€@ ((f(0,a),00,a)) :ac Al) N (Rier x R).

Up to the extraction of a subsequence, we may say that % f:" (0, a,(t))dt+ ‘:—:mo converges
to a real number . Moreover, from the continuity of f,

1 tn 1 tn
¢=Jim = [ (50, a0), 00(0)dt = lim = [ (0, an(t))dt

n—oo n

Sn Sn

and we see that (¢,€) € FL(O) N (Rye; x R), which proves point b 1).
We also see that

tn
e<tim [0, an)dt = p,
n J0O

where the last identity comes from the continuity of £. We have proved point b 2), since
& < p is true for all p such that (¢, p) € f£(O).

B Proof of Lemma 5.3

Since mo plays no role in the proof, we may assume that mo = 0.
We are going to prove that it is enough to choose the constants k; and K; such that

1. If there does not exist ¢ € {1,..., N} such that a; = forall k =1,..., N,

(M 6 ) “ibiK) Vi=1,...,N. (B.1)

k; > max
3

di¢; d;

2. In the opposite case, let v be the common value of the x: then, Vj =1,..., N,

i (a; faz'_|_d,fr 7. N /7
kj > max <max <M (CL (Cv ) JCJ )Kz'7 ,Uzszi> , max K; <%) . (BQ)

: d;G;” d; N

N N 2
Consider a sequence (x.,y.) such that . € J; and y. € J2 and lim._,o M =0: it is
clear from the observations above that lim. g z. = lim. g y. = O.
We make out two cases:

Case 1: max(nz, 2 — 1) > 0. In this case, lim._qe™|y.|*2~! = 0. With k; and K> fixed

such that (B.1) holds, we can take € small enough such that M < ¢ implies that

p2 Ko™ |y M2 de (e ye)
€
subcases

i n2 n2—17g _
Subcase 1 M < ¢ and L2fes \yslE de(2e:we) < ¢+ we have

k) ~ Y1
i, (D (m . M) (%61)> . <k1M> |
2e €
CZQ =) Koe™ |y, 'U/z_lczs e Ye -
Hy <D <y — _76(28 y)> (95762)> < az <M2 2"y |€ (ze,y )> .
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< (, : therefore, up to subsequence extraction, we can make out three

Y

A




Therefore

i, (D <x - %ﬁ”) <x€,e1>> > 1, (D <y - —%j’)) (ye,@))

will be true if
C1 kiyl > as (N2K2)a2 gx2matm—az |ye|a2(M271)Je (xsa ys)cwi71 . (B'3)

1. If 7 > ao, then Je(xg,yg)‘”*”l < (Kae™ |y |M#2)*2~" 50 a sufficient condition for
(B.3) is that

Y1 «@ 2c0—v1 _(2c00 — +v1—« 200 — —«
ekt > aps? K g(2az—y1)m+m 2|y€|( 2=71) 2 — Q2

— GQNgz K22(12—’)’1 60127]26(042—’71)(172—1) |y6|(2ag—'yl)ug—a2 ) (B4)

But pe > as/(2ae —v1) and 0 < 19 < 1/2. Therefore, the three exponents in the
right hand side of (B.4), namely asna, (g —71)(n2 — 1) and (2ae — v1)p2 — ag
are nonnegative. Moreover they cannot vanish at the same time, because it would
imply that 72 = 0, pe = as/(2a2 — 1), 71 = a2 and then po = 1, which would
contradict max(nz, 2 — 1) > 0. Hence, having fixed k; and K satisfying (B.1),
(B.3) is obtained as soon as ¢ is small enough.

2. If 1 < ao, then lim CZSQ_’“ (z¢,y:) = 0. Moreover, there exists a constant C' such
that, for small values of ¢,

as (M2K2)0¢2 E012772+’Y1*0t2 |y€|a2(/1«2*1) < Cgazanr’Yl —oz

Since 17y > (as — 1)/ and lim d®2 =7 (z,,y.) = 0, the right hand side of (B.3)
tends to zero as € tends to zero. To get (B.3), it is enough to take € small enough.

i n2 w2—=1g _
Subcase 2 % > ¢ and Lt el de(@eve) < (. we have

€
J2 x? £ dVE xE’ £

H, <D (:E — %) (m6,61)> dq (kl% _ Cf) 4 Cl(gfr)’h’

<u2K26n2|y€|uz1£€(x€,y€)>a2

ag .

. (D (y B _d5(2;7y)> (MQ)) :

/J.QK2€"2|y5|“271(25(m€7y€). We have (Ze(fl:g,ye) — Einzlye‘liqu. We
€ € p2 Ko

Y

IN

Let us define ¢ by ¢ =
wish to prove that

a 5—’72|y5|1_“2q o+ 1> s B
V| ki————— = ) Fa({ )" = aq™?, (B.5)
ipyie

+
for all ¢ such that %EW lye|#2=1 < ¢ < ¢; . Note that this interval is non empty if
¢ is small enough because lim. ™|y |[*2~! = 0.

b
For q = %E"Hygwrl, we have already seen in the subcase 1 that (B.5) is true

. . . —n2 1—pg
provided ¢ is small enough. To be more precise, we have d; (kl% - Cfr) +

c1(¢h)" > e1(¢H)" which is larger than asq® = as (%6n2|y6|ﬂ271)az for & small
enough.

By the convexity of ¢ — a2¢®? and the linearity of ¢ — d; (kle_ml‘ff# — gf‘) +
c1(¢)7, it is then enough to prove (B.5) for ¢ = (5, i.e. that

—na |y, [1—p2
" (k% - <1+) LG > aaG)®. (B.6)
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But for ¢ <1, since |y.| <1, (B.6) is a consequence of the condition:

dy (k1 M%{ — q) > az(Cy )2,

which is implied by (B.1).

Subcase 3 % > ¢ and “QKQEWZ‘y€|2271d5(m5’y€) > (5 : we have
dQ X, Ye d~6 Le, Ye
H, <D (:E — %) (m6,61)> > d (kl% _ Cf") _|_Cl(gi')’71’
<

b <M2K25n2 |y€|”2flcz€ (Te,Ye)
2
g

a2 (z., _ _
Hy (D <y - _E(Ty)> (y5,62)> -G ) + as(¢y )™
We set ¢ = % q takes its values in [&a_"ﬂyEP_“?,—!—oo). We wish to show

that for ¢ in this interval,
di (F1g = ¢7) + a1 (GH)™ > be (pa Ko™ [y ~1q — G5 ) + a2(¢y )™ (B.7)

In Subcase 2, we have already seen that (B.7) holds for ¢ = 2 K2€ 2|y |1mH2,
The desired inequality (B.7) will hold in the whole half-line if furthermore dik; >
bajia Koe™ |y.|#2~1. This is a consequence of d1k; > by Ko, which is implied by (B.1).

Case 2: max(ng,u2 — 1) =0 From 72 = 0, we deduce that as < ming vy, and from ps =1
we deduce that maxyg vr < ao. This implies that for all k, v = as. Let v = g be the
common value of the «y,. Thus the constants k;, K; are chosen such that (B.2) holds.

We are led to comparing Hl(w) and HQ(—M), where

asp™?, 0<p<(y,
Ha(—p) < B 2P E
2 p)—{ bolo— ) +as(G) > G
and .
Clpaza nggcly
H >
1(2) —{ bp—)+alche  pedr

Up to the extraction of a subsequence, we can make out three cases:

Subcase 1 M < (f: from (B.2), we know that k; > %KQ which implies that

2
Kode (ze e . kide (we,ys) | ¥ Kode(zeye) \ ™2
% < (5 . We have to compare c; (%) and as (w) . From

1

(B.2), we know that kq > (?—f) “* K5, which implies that

~6 €9 € - K ~6 (o8] € -
q(kld(f y)) Z@( zd(: y)) .

P
Subcase 2 %1 < e(@eye) < & . we wish to prove that

€ — Ko
~ a2
kid(z., Kode (e,
dy ( 1 (:Ee ye) _<1+> +Cl(§1+)a2 > ay < 2 e(ire y6)> .
€ €
7 +
We have already seen that the inequality is true for de(x ; We) = i—ll By convex-
ity, it is enough to prove the inequality for % = % But from (B.2), k1 >

% (d—(g)“2 +¢t ), which implies the desired result.
2

Subcase 3 de (Te’ye) > 42 : the desired inequality comes from the one proven in Subcase 2
and the fact that k;ldl > Kobs.

25



References

1]
2]

[10]

[11]

[12]
[13]
[14]

[15]

Y. Achdou, F. Camilli, A. Cutri, and N. Tchou, Hamilton-Jacobi equations on networks,
Proceedings of the 18th IFAC World Congress, Milano (2011), vol.18, part 1.

Martino Bardi and Italo Capuzzo-Dolcetta, Optimal control and viscosity solutions of
Hamilton-Jacobi-Bellman equations, Systems & Control: Foundations & Applications,
Birkh&user Boston Inc., Boston, MA, 1997, With appendices by Maurizio Falcone and
Pierpaolo Soravia. MR, MR1484411 (99e:49001)

Alberto Bressan and Yunho Hong, Optimal control problems on stratified domains, Netw.
Heterog. Media 2 (2007), no. 2, 313-331 (electronic). MR MR2291823 (2008a:49036)

1. Capuzzo-Dolcetta and P.-L. Lions, Hamilton-Jacobi equations with state constraints,
Trans. Amer. Math. Soc. 318 (1990), no. 2, 643-683. MR MR951880 (90g:49021)

Klaus Deckelnick and Charles M. Elliott, Uniqueness and error analysis for Hamilton-
Jacobi equations with discontinuities, Interfaces Free Bound. 6 (2004), no. 3, 329-349.
MR MR2095336 (2005h:35035)

Klaus-Jochen Engel, Marjeta Kramar Fijavz, Rainer Nagel, and Eszter Sikolya, Ver-
tex control of flows in networks, Netw. Heterog. Media 3 (2008), no. 4, 709-722. MR
MR2448938 (2009h:93011)

H. Frankowska and S. Plaskacz, Hamilton-Jacobi equations for infinite horizon control
problems with state constraints, Calculus of variations and optimal control (Haifa, 1998),
Chapman & Hall/CRC Res. Notes Math., vol. 411, Chapman & Hall/CRC, Boca Raton,
FL, 2000, pp. 97-116. MR MR1713859 (2001a:49027)

, Semicontinuous solutions of Hamilton-Jacobi-Bellman equations with degener-
ate state constraints, J. Math. Anal. Appl. 251 (2000), no. 2, 818-838. MR MR1794772
(2001k:49067)

Mauro Garavello and Benedetto Piccoli, Traffic flow on networks, AIMS Series on Ap-
plied Mathematics, vol. 1, American Institute of Mathematical Sciences (AIMS), Spring-
field, MO, 2006, Conservation laws models. MR MR2328174 (2008g:90023)

C. Imbert, R. Monneau, and H. Zidani, Hamilton-Jacobi approach to junction problems
and application to traffic flows, preprint hal 00569010.

Hitoshi Ishii and Shigeaki Koike, A new formulation of state constraint problems for
first-order PDEs, SIAM J. Control Optim. 34 (1996), no. 2, 554-571. MR MR1377712
(97a:49040)

Shigeaki Koike, On the Bellman equations with varying control, Bull. Austral. Math.
Soc. 53 (1996), no. 1, 51-62. MR MR1371912 (97:49039)

P.-L. Lions, Generalized solutions of Hamilton-Jacobi equations, Pitman (Advanced
Publishing Program), Boston, Mass., 1982. MR 84a:49038

S. Nicaise, Elliptic operators on elementary ramified spaces, Integral Equations Operator
Theory 11 (1988), no. 2, 230-257. MR 928484 (89g:31013)

Yu. V. Pokornyi and A. V. Borovskikh, Differential equations on networks (geometric
graphs), J. Math. Sci. (N. Y.) 119 (2004), no. 6, 691-718, Differential equations on
networks. MR 2070600 (2005b:34058)

D. Schieborn, Viscosity solutions of Hamilton-Jacobi equations of Eikonal type on ram-
ified spaces, Ph.D. thesis, Univ. Tiibingen, 2006.

Halil Mete Soner, Optimal control with state-space constraint. I, STAM J. Control Optim.
24 (1986), no. 3, 552-561. MR, MR838056 (87¢:49029)

, Optimal control with state-space constraint. II, STAM J. Control Optim. 24
(1986), no. 6, 1110-1122. MR MR&61089 (87k:49021)

26



[19] Pierpaolo Soravia, Degenerate eikonal equations with discontinuous refraction in-
dex, ESAIM Control Optim. Calc. Var. 12 (2006), no. 2, 216-230 (electronic). MR
MR2209351 (2006k:35029)

[20] Agnes Tourin, A comparison theorem for a piecewise Lipschitz continuous Hamiltonian
and application to shape-from-shading problems, Numer. Math. 62 (1992), no. 1, 75-85.
MR MR1159046 (93d:65064)

27



