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Constrained variable clustering and the best
basis problem in functional data analysis

Fabrice Rossi and Yves Lechevallier

Abstract Functional data analysis involves data described by redulactions
rather than by a finite number of real valued variables. W4ol@e robust data anal-
ysis methods can be applied directly to the very high din@radivectors obtained
from a fine grid sampling of functional data, all methods Birfieom a prior sim-
plification of the functions that reduces the redundancyaed by the regularity.
In this paper we propose to use a clustering approach thggttavariables rather
than individual to design a piecewise constant representaf a set of functions.
The contiguity constraint induced by the functional nawiréhe variables allows a
polynomial complexity algorithm to give the optimal soturii

1 Introduction

Functional data [13] appear in applications in which otgectanalyse display some
form of variability. In spectrometry, for instance, sangpére described by spectra:
each spectrum is a mapping from wavelengths to e.g., tratasroé. Time varying
objects offer a more general example: when the charaédtsrist objects evolve
through time, a loss free representation consists in d#sgrthese characteristics
as functions that map time to real values.

In practice, functional data are given as high dimensioratars (e.g., more
than 100 variables) obtained by sampling the functions onedtid. For smooth
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functions (for instance in near infrared spectroscopy}, $cheme leads to highly
correlated variables. While many data analysis method¥eanade robust to this
type of problem (see, e.g., [6] for discriminant analysad)methods benefit from a
compression of the data [12] in which relevant and yet eagytéopret features are
extracted from the raw functional data.

There are well-known standard ways of extracting optimatiees according
to a given criterion. For instance in unsupervised probleims firstk principal
components of a dataset give the best linear approximafitimecoriginal data in
RK for the quadratic norm (see [13] for functional principahgmonent analysis
(PCA)). In regression problems, the partial least-squapgsoach extracts features
with maximal correlation with a target variable (see algoekl Inversion Regression
methods [4]). The main drawback of those approaches is tlegteaxtract features
that are not easy to interpret: while the link between thgioal features and the
new ones is linear, it is seldom sparse; an extracted fegemerally depends on
many original features.

A different line of thoughts is followed in the present pagike goal is to extract
features that are easy to interpret in terms of the origiagbbles. This is done by
approximating the original functions by piecewise constanctions. We first recall
in Section 2 the best basis problem in the context of funelidata approximation.
Section 3 shows how the problem can be recast in term of aredmest clustering
problem for which efficient solutions are available.

2 Best basisfor functional data

Let us considen functional data(s )i<i<n. Eachs is a function from[a,b] to R,
wherela, b] is a fixed interval common to all functions (more precissljpelongs

to L?([a, b)), the set of square integrable functions[arb]). In terms of functional
data, linear feature extraction consists in choosing fochdeature a linear opera-
tor from L?([a, b]) to R. Equivalently, one can choose a functigrirom L?([a, b])
and computds, @), 2 = f;’ @(x)s (x)dx. In an unsupervised context, using e.g., a
quadratic error measure, choosing khgest features consists in findikgrthonor-
mal functions(@)1<i<k that minimise the following quantity:

K 2

S— ) (s, A2k
=1

The(@)1<i<k form an orthonormal basis of the subspace that they spaoptireal
set of such functions is therefore called best basisfor the original set of functions
(S)1<i<n

If the ¢ are unconstrained, the best basis is given by functional RGA How-
ever, in order for the corresponding feature to be easy trpnét, theg should

(1)

L2
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have compact supports, the simple caseof I, ,, being the easiest to analyse
(Ijuy (x) = L whenx € [u,v] and O elsewhere).

The problem of choosing an optimal basis among a set of basdsden studied
for some time in the wavelet community [3, 15]. In unsupegdisontext, the best
basis is obtained by minimizing the entropy of the features, (of the coordinates
of the functions on the basis) in order to enable compredsiatiscarding the less
important features. Following [12], [14] proposes a diéfierapproach, based on B-
splines: a leave-one-out version of Equation (1) is use@lecsthe best B-splines
basis. While the orthonormal basis induced by the B-splittes not correspond to
compactly supported functions, the dependency betweew &eature and the orig-
inal ones is still localized enough to allow easy interpieta Nevertheless both
approaches have some drawbacks. Wavelet based methods le@dpactly sup-
ported basis functions but the basis has to be chosen in sttte¢ured set of bases.
As a consequence, the support of a basis function cannotybsuminterval of
[a,b]. The B-spline approach suffers from a similar problem: thereximate sup-
ports have all the same lengths leading either to a poorseptation of some local
details or to a large number of basis functions.

3 Best basisvia constrained clustering

3.1 From best basisto constrained clustering

The goal of the present paper is to select an optimal basig usily basis func-
tions of the forml ), without restriction on the possible intervals among sub-

interval of[a, b]%. Let us considefg; = \/,-Tlujﬂ(uJ' vj))1<j<k such an orthonormal ba-
sis. We assume that tfiéu;j, vj))1< <« form a partition offa, b]. Obviously, we have

(p,s)= ﬁ fl}’ji s (x)dx, i.e., the feature correspondinggpis the mean value of

s onluj,vj]. In other Wordsﬁﬂ(s, @) 29k is a piecewise constant approximation
of s (which is optimal according to the? norm).

In practice, functional data are sampled on a fine grid wigipsut pointsaa <t; <
... <tm <b, i.e., rather than observing the functidiss1<i<n, One gets the vectors
(s(t))1<i<ni<i<m from R™. Then(g;,s) can be approximated bﬁ Siesi(h)
wherel; is the subset of indexgd., ..., m} such that) € (uj,vj) < | € Ij. Any par-
tition of ((uj,Vvj))1<j<k Of [a,b] corresponds to a partition ¢fl, ..., m} in k subsets
(1j)1< j<k that satisfies an ordering constraint: &nds belong tolj then any integer
t € [r,5] belongs also td;. Finding the best basis means for instance minimizing the
sum of squared errors given by Equation (1) which can be aqipeied as follows

2 The notationgu, V) is used to include all the possible cases of open and closedades for the
considered intervals.



4 Fabrice Rossi and Yves Lechevallier

2
1 k
_ X _ . ,
I=1j=11e] <S(t|) 1] UEZjS(t )) J:lQ( i) (2)

where

n 2
Q) = ;Z <s (t) ||—1| %s(h)) (3)

The second version of the error shows that it corresponds tadditive quality

measure of the partition dfl, ..., m} induced by thgl;)1<j<x. Therefore, finding
the best basis for the sampled functions is equivalent tanfinan optimal partition
of {1,...,m} with some ordering constraints and according to an additiet func-

tion. A suboptimal solution to this problem, based on an iaditey (agglomerative)
hierarchical clustering, is proposed in [9].

3.2 Dynamic programming

However, an optimal solution can be reached in a reasonatdeiat of time, as
pointed out in [10]: when the quality criterion of a partities additive and when a
total ordering constraint is enforced, a dynamic prograngmaipproach leads to the
optimal solution (this is a generalization of the algoritpbroposed by Bellman for
a single function in [16, 2]; see also [1, 8] for rediscovsféxtensions of this early
work). The algorithm is simple and proceeds iteratively bynputingF (j, k) as the
value of the quality measure (from Equation (2)) of the bestippon ink classes of

{j,...,m}:

1. initialization: sef (j,1) to Q({j,...,m}) forall j
2. iterate fromp=2tok:

a. forall 1< j <m-— p+1compute

F(j,pp=_ min Q{j,....IH+F(l+1p-1)

j<I<m-p+1

The minimizing indexX = I(j, p) is kept for allj and p. This allows to reconstruct
the best partition by backtracking frof(1,k): the first class of the partition is
{1,...,1(1,k)}, the second1(1,k) + 1,...,1(I(1,k) + 1,k— 1)}, etc. A similar al-
gorithm was used to find an optimal approximation of a singtecfion in [2, 11].
Another related work is [7] which provides simultaneousffuactional clustering
and a piecewise constant approximation of the prototypetioms.

The internal loop run®(kn?) times. It uses the valugy({j,...,1}) forall j <I.
Those quantities can be computed prior to the search fordtieal partition, using
for instance a recursive variance computation formulalifegto a cost ir0(nn?).
More precisely, we are interested in
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Q=Y (s(t) —Mij)? (4)

r=]

where
[

1
Miji=—>— ) s(t). 5
I,j,| I_J+1UZJS(U) ( )
For a fixed functiors, theM; ;| andQ; j; are computed and stored in twox m
arrays, according to the following algorithm:

1. initialisation: seM; j j = s(t;) andQ; j; =O0forall j € {1,...,m}
2. computeM; 1 j andQ; 1 j for j > 1 recursively with:

Mi1j = Tl (= DMigj-1+s(t)))

Qi1j=Qirj-1+ ﬁ(s (tj) —Mi1j)?

3. computeVi; j; andQ; j for| > j > 1 recursively with:

1 .
Miji = ] (I=i+2Mi 11 —s(tj-1))
- j+1
Qij) =Qij-11— m(s (tj—1) — Mi 1)

This algorithm is applied to each function leading to a tetat ofO(nn?) with a
O(n?) storage. The full algorithm has therefore a complexitPofn + k)m?).

3.3 Extensions

As pointed out in [10], the previous scheme can be used foraajtive quality
measure. It is therefore possible to use e.g., a piecewisarlapproximation of the
functions on a sub-interval rather than a constant appratkan (this is the origi-
nal problem studied in [2] for a single function). Howevedddivity is a stringent
restriction. In the case of a piecewise linear approxinmefiiw instance, it prevents
the introduction of continuity conditions: if one searcHesthe best continuous
piecewise linear approximation of a function, then the rofted criterion is no
more additive (this is in fact the case for all spline smawoghapproaches expect
the piecewise constant ones).

In addition, for the general case of an arbitrary quality sueeQ there might be
no recursive formula for evaluatir@ In this case, the cost of computing the needed
quantities might excee@(nm?) and reactd(nm®) or more, depending on the exact
definition of Q.
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That said, the particular case of leave-one-out is quitrésting. Indeed when
the studied functions are noisy, it is important to rely oroadjestimate of the ap-
proximation error to avoid overfitting the best basis to thise. It is straightforward
to show that the leave-one-out (1.0.0.) estimate of thd &tar from equation (2)

is given by 2
n : 2
iZ\iIZ- (||j||IJ| 1) a(t)- ||_11|u; st ) (6)
J=11€T, J

when l.0.0. is done on the sampling points of the functioiés s an additive qual-
ity measure which can be computed using from@he,, that is in an efficient recur-
sive way. As shown above, the piecewise constant approiimafith k segments
is obtained via the computation of the best approximatiorafol in {1,...,k}. It

is then possible to choose the bebaised on the leave-one-out error estimate at the
same cost as the one needed to compute the best approxirfatithe maximal
value ofl. This leads to two variants of the algorithm. In the first aihe, standard
algorithm is applied to compute all the best bases and thenbesber of segments
is chosen via the l.0.0. error estimate (which can be readityputed once the best
basis is known). In the second one, we compute the best basitlyl according
to the l.o.o. error estimate, leveraging its additive dtrcee It is expected that this
second solution will perform better in practice, as it coaisis the best basis to be
reasonable (see Section 4 for an experimental validatiam)instance, it will never
select an interval with only one point whereas this couldheedase for the stan-
dard solution. As a consequence, the standard solutionlikélly produce bases
with rather bad leave-one-out performances and tend tatsgli®o small number
of segments (see Section 4 for an example of this behavior).

0.4

0.2
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500 1000 1500 2000 2500 3000 3500 4000

Wavenumbers

Fig. 1 Three spectra from the Wine dataset
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4 Experiments

We illustrate the algorithm on the Wine dat&setich consists in 124 spectra of
wine samples recorded in the mid infrared range at 256 eiffiewavenumbef's
between 4000 and 400 crh Spectra number 34, 35 and 84 of the learning set of
the original dataset have been removed as they are outsrshown on Figure 1
the function approximation problem is interesting as theatinness of the spectrum
varies along the spectral range and an optimal basis willonisly not consist in
functions with supports of equal size. Figure 2 shows an @kaf the best basis
obtained by the proposed approach ko 16 clusters, while Figure 3 gives the
suboptimal solution obtained by a basis with equal leng#rirals (as used in [14]).
The uniform length approach is clearly unable to pick up iteetaich as the peak
on the right of the spectra. The total approximation errquéion (2)) is reduced
from 6266 with the uniform approach to.74 with the optimal solution. On the
same dataset, the greedy ascending hierarchical clugtepproach proposed in
[9] reaches a total error of.85 for a similar running time of the optimal approach
proposed in the present paper.

0.6

0.4

0.2

0.0
1

T T T T T T T T
500 1000 1500 2000 2500 3000 3500 4000

Wavenumbers

Fig. 2 Example of the optimal approximation results for 16 clustan the Wine dataset

To test the leave-one-out approach, we have first added asfaausoise with
0.04 standard deviation (the functions take valugs-i0.265,0.581]). Then we look
for the best basis up to 64 segments. As expected, the tgtabxmation error

3 This dataset is provided by Prof. Marc Meurens, Universitéholique de Louvain, BNUT unit,
and available ait t p: / / www. ucl . ac. be/ m g/ i ndex. php?page=Dat aBases.

4 The wavenumber is the inverse of the wavelength.
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Fig. 3 Example of the uniform approximation results for 16 clusten the Wine dataset

decreases with the number of segments and would therefadetéea best basis
with 64 segments. Moreover, as explained in the previousi®edhe bases are
not controlled by a l.o.0. error estimate. As a consequetheepptimization leads
very quickly to basis with very small segments (startingg at 12, there is at least
one segment with only one sample point in it). Therefore | ihe. error estimate
applied to this set of bases selects a quite low number of setgnamelk = 11.
When the bases are optimized according to the l.o.0. ertion&®, the behavior is
more smooth in the sense that small segments are alwaysedvdide minimum
value of the l.0.0. estimate leads to the selectiok 6f20 segments.

Basis Noisy data Real spectra
k = 64 (standard approach) 37.28 14.35
k=11 (l.o.0. after the standard approach) 63.19 17.35
k=20 (full l.o.0.) 54.07 12.07

Table 1 Total squared errors for the Wine dataset with noise

Table 1 summarizes the results by displaying the total agipration error on the
noisy spectra and the total approximation error on the waiggpectra (the ground
truth) for the three alternatives. The full l.o.0. approdehds clearly to the best
results, as illustrated on Figures 4 and 5.

Those experiments show that the proposed approach is #eadtal provides an
efficient way to get an optimal basis for a set of functionabd&Ve are currently
investigating supervised extensions of the approachviatig principles from [5].
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Fig. 4 Best basis selected by leave-one-out with the standardagpicombined with loo
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Fig. 5 Best basis selected by leave-one-out with the full loo apgiio
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