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A variational approach for object contour tracking

Micolas Papadakis. Etienne Mémin and Fréderic Cao

[RISAMTMRELA
Campue de Beanlicn,
350U2 Rennes Cedex, France

[npapadek, memin, fcanllirisa. fr

Absiract. [n this paper we describe a pew fmmework Foe the mcking of closed
curves described through implicil sucfice medeling, The approach proposed hens
enables a conlinuous iracking along an image sequence of deformable object
coniours. Such an approach i= formalized threagh the minimization of a global
spatic-tempern] conlinusus cost funclianal stemming from a Baye=ian Maximum
a prsberior estimation of o Gaussian probabilily disidbuotion. The nesulting mini-
mization sequenos consisls in a forward inlegmiion of an evalolion law Followed
by o backward inlegmition of an adjoint evolulion model. This later pode includs
alsa a lerm related o the dizcrepancy betaeen the curve evalution law and a oaisy
abservilion of the curve. The efficiency of the approasch is demonsimbed on image
sequences showving deformable objects of diffenent natures.

1  Imtroduction

Trxcking curves and conbowrs s an important and difficult problem in computer vizion.
As o malter of facl, the shapes of deformable or Agid objects may vary a lot along
an image soquence. These changes are due o pespective effects, self occlusions or o
complex deformations of the ohject itself. The intrinsic contimouws nature of thess foa-
tures and their high dimenzionality makes difhcult the conceplion of efficient non lincar
Payesian filters as sampling in large scale dimension is wsually completely inefficiont.
Presides, the use of lower dimenzional fealures such as explicil pammetric curves is lim-
ited 1o the visual racking of objects with well defined shape= and that do not exhibit
amy change of lopology [2,15]. This kind of represeniation is for insianee very difficult
to =eitle when [ocusing on the tocking of lempemiune level curves in salellite atme-
spheric images, or simply when the aim i o bock an unknown deformable object with
no predefined shape.

In such a context. approaches based on leve] 2ol represeniaticn have beon proposed
[5,06,8, 11,12, 14, 14]. Mevertheless, apart from [11], all these solulions aim more at es-
timaling successive Instantaneous segmeniation maps than at really tracking obhjeci=
Indeed, in a formal point of view, they cannot be meally considerned as iacking ap-
proaches for sevaral reasons. First of all, these methods are very sensitive 1o noise [9].
Unless the intoduction of some siatistical knowledges on the shape [3,7.13] these ap-
preaches do not allow to handle partial occlusions of the target. Since these mothods do
not include any lemporal evolution ke on the bocked object shape. they are pot able o
cope with severe failures of the imaging senzor (for Instance a complete los of image
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data, a severe molion Blur or high saturation caused by over exposure). And fnally, me
emror assessment on the estimation iz in addition possible. For all these reasons, only
approzches intmducing basically a competition between a dynamical evolulion model
and a memssuremenl process of the target of inlerest enable o handle o mobust tecking
in natural way. On the same basis, we propose here a vanational method allowing o
combineg these bwo ingredients For the tracking of non paramelric curves.

Unlike the technique proposed in [11], which explicitly also inbeduces a dynamic
law in the curve evolution, our work includes in the same =Rivit as a Kalman smoothing
a femporal smocihing along the whole image sequence. In the same way as a Kalman
smuoother the technigque we proposs here allows o eslimate the conditional expectation
of the slmle process given all the available measurements extmecled in the whole im-
age sequence. Mevertheless, unlike stochastic techniques our approach allows o handle
features of very high dimension.

The variational tecking technique we intreduce relies on data assimilation concepts
used forinstance In melecmlogy [14,17]. As will be demonstrled in the experimental
secticn, such a lechpique enables bo handle natumally partial ccclusions and o complete
loss of image data on long lime period wilhoul resorling to complex mechanisms.

2 A syvstem for contour tracking

A= we wizh to focus in this work on the I.mr_'k]ng of non '|:v:||:|r.r|.n:Lri.-: closed curves that
may exhibit I.-::-'p-::-||.153,r chunEcx |:||.1|.']ng the time of the nnu]}-n:d i.r.n.ugl.' BECUENCE, WE will
I.'\Cl._'p' on an i.m'pﬁl:il lewel sel n:pn.'ﬂ:nl.nli-::-n ol the curve of inberest _!"f:} al time ¢ =
[tl.'.h :r] of the irn:l.g.-l.' SEC[LENCE [ 12 16]. Within that framewods, the corve J"ﬂ} i:n|:||.1:i.r.|g
the gl o track is i.r.n.p|i|:i|]}' described as the zero level st of 1 funclion ﬂ}{;]:: !:'] H
=B+ — E-

rigy={z e 7| $(z,1) =0},

where £ stands for the image spatial domain, This represeniation enables an Eulerian
representation of the evolving contouwrs, As such, it allows 1o @void the inescapable re-
griding ad-hoc processes of the different controel points associabed to any explicit spline
based Lagrmngian description of the evolving curve. The problem we want 1o face thus
consists In estimaling for a whole time range the siate of an unknown curve, and henees
of iz asseciuled implicit surface ¢ To that end, we first define an a prien evolulion
lawe of the unknown sucface. We will aesume that the curve is bmnsported at each fame
instant by a velocity fields, w(t), and diffuses according 1o a mean curature metion.
In term ol the implicit surface this evalution model reads:

2 = 3 4 Vlat) wt) = x| V), (h

it it
whers K denole= the corve curvature. Introdoc ing the =urface n|.1|.'mu.|.. |.1'.'||.|.uli.-::-r.| l:'|.'l can
be wrilten as:

B
==~ n— ) [V, 2)
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where the normal and the curature are given divectly in term of surface gradient.

. Ve ) T
with & = div (— and 1 = ———.
=l II¥ il

Ad the initial time, the implicit function is assigned to a signed disiance Functicn up
to o white Oouwsian noise. Morve precisely, the value of diE, tg) is set to the distance
gz, Nity)] of the closest point of 3 given initial corve T(Ey], with the convention that
gl®, £} is negative inzide the contour, and positive outside. An additive white noise pro-
cess 15 added in order to model the uncertainly we have on the initial curve. Associaled
to this evolution mode]l and b the initialization process we previously described, we
will assume that an ohservation function ¥ {#) which constitutes a noisy measurement
of the target is mmilable. This function will be assumed o be relaled 1o the unknown
state function ¢ through a differentizl operator H and 21 white Gouwssian noise £(2, £):

Yz, t) = H{g(x,1}) + e(=, 1). i3

Let us mote that in our czse, the confinuous ohservation function, ¥ (), is obtained from
discrete image frames, Iy, through multiplication by a family of localization functions.
The=e funclions can ke defined from delta Punctions =t the obzerved time and location,
ar frem more advanced spatio-lemporl averaging functions. Gathering all the elements
wz have described s far, we get the following system for our trecking problem:

%% + M(g) = niz,t)
Plz.ty) = gl=, Iitg)) + vz, 1) 4]
Y(x,t) = Hig) +e(z,1)

In this sy slom, h-E, denotes the differsntial operilor immolved in uqunliun [1] and .
¥ and £ are lime \'u:_'ri.nl_e. #oro mean Ooussion noise Functions defined on the whole
]mugl: |:||:|n|.', with covariance functions Qf:!,l,tr,lr], .E[:E: :r”], RI::.,:I.,E"!-"-:I respec-
li.".n:l_','. The different noise funclions nopresent the different errors involwed in the differ-
onl componenls af our swslem.

3  Variational tracking formulation
Al Penalty Mumction

Considering a syslem such as the one we previously setiled comes o fx the conditional
probability distribution p{é{t)|). pla|dita)) and p{¥Y (t)|¢(t)). From these pdf's, one
gel the @ posteriori denzity funclicn up 1o a nomalization consiant. &s all the enor
distribulions involved heve are Qaussian, the @ pesfenon pdl is also Oaossian, The
maximization of this distribulion is thus uqu]ml-l.'nl tcs the minimizaticn of the fol ||.1w]ng
quadralic penaliy funclion:

T =3 j; . J'L . (%"’ +M{¢]:] (2, )Q " (b, 2, ') (ﬂ_af +u.‘¢]:] (', 1"}t "t
+ % J[, g (#{,tg) = glz, Dita))) Bz 2') (B2, t5) = gl , Mto))) '

* % ij 1 J{u ¥~ ]q’,;.]']r (e, )R (=8, 5"-r:-!'l] (¥ — W) {z',£")dt da' dider,
(5]
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In thiz functional, 2. dencies the spatial domain coordinales defined on the image do-
main ? and £ is a continuous time index lying within the image sequence time interval
[ts = 0:7]. The minimizer of this expression minimizes o sum of norms expressing all
the possible comelations between erors al arbifrary bavo poinis of the image sequence.
The dewble space and lime integrmtions are bere due bk the fact that the convariance
furctions are frst azsumed 1o be non mll for any two points (2, #) and (2", (oo
related case) in order to stick 10 the most general case before considerng a simplified
uncemelated case comesponding o disgonal comelation matrices in a discrete setting.

In order to devise a minimizing sequence for this functicnal, lot us new derive the
amaciated Fuler-Lagmnge equations,

3.2 Euler-Lagrange conalions

Furnction ¢ is a minimum of functional J, if it is also o minimem of @ ccst funclion
J( 4+ G0z, 1)), where 8z, )} belongs 1o a spoce of admissible functions and @ is
positive parameter. In other words, @ must cancel the directional decivative -

dJi + Mz, 1))

6100 = iy =5

=1

The cost funclion JI:-eP +.3ﬂl:-.=| E‘I:II:I rezids

L L1202 s emm) [ [ 0 (2402 s s o9)) | i

+3 [ [(#+85-9)7 B 6490 - glin'iz
EE

Er)

+%J|Lﬁrj;j:fr - |1r¢+3ﬂ}]fﬂ_'[r = Hig + 38))dt’de' dider, .

Adjoint variable [n coder to pecform an integration by part — to Factorize this expres-
sion by #— we Intrmoduce an "adjoinl vadable® A defined by

szt [ o (5 +M{-ﬂ} t'dz’, m

i<

as well as lirear fangenl opentiors i%} and [g;:'] defined by

lim ﬂ

lim = 35 L P (B}
By taking the limit 5 =0, th d.crjv:llle of expression (61 then reads
]im— —+—ﬁ|) Az, t)dide
a—o dd .f f ( (1)
+ f f 0" (2,008 (${2’,0) — g(=’, 0))dz'die
4 (R0

_Lﬁfnﬁ (% )TR Y — H{g))d dz’dtde

=l
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Considering the three following inlegritions by parls, we can get rid of the partial
dervatives of the admissible function & in expression (9. e,

f f 9 A, g)dpiz = Jlr i (, T)M e, e — JIL i (=, 0) Az, O)de

ff i [, t].ﬁﬁ
Ty
jrjrfjr [: -'J) R (Y = @) )de' e’ iz = -

J‘;J{jrjr" :r %g] Rt [].-_r.:',,p.]'].-:'.t"d':-.’.:ﬂd-:!.

[n the tao last i:ql.ul]um: we have introduced '||:|J-c:-|n| opermlors [’ﬂH'] and [.%:?:l}" i
compnicl noilations of the i |I1|LE.I'.J.|JL1I'I l'l:,' parls of the associaled ]lr.u.-l.r langent operalors.
}nlhl.'l.'ing all these |.']|:r|.1|:r.||.".. L'\'.'||.|.uli.-::-r.| [El] can be rewritben as

tim &
A—odd

f 6 (. TIN(z, )z + f 6 (x, uj[ (B (e, 0) — gle’, 0)) — Al 0)) .-i:"] dr

L 71( ) [ s moaase -

(13

(1

Forward-backward equations Since the funclional derivalive must e null for acki-
trary independent admissible functions in the three inlegrals of expressicn (137, all the
other members appearing in the three inlegral lerms must be identically mull. We fi-
nally obiain a coupled system of forward and backward PIE's with two initial and end
condilions:

Am,r) =0 (14)

__+[ 3 J{f.{&rr RYY — M) Jdtde 15)
Az, ) = J{ (B (#{=,0) - glz’,0)) dz’ (16)

2t st = [ [ o yarist a)

The forward equation § 17) corresponds to the definition of the adjoint vaciakle (T) and
has been obtained introducing §. the pseudo-inverse of €1, defined as [1]:

f f " Qlz.t, 2 QN 2", £ )dt e = Gz — 2TVE(E — ).
Q40
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We will discuss the dizcnstizmtion of thess equations in lhe next section. Belfore thal, we
can make seversl remarks. Fisstof all, we can see that eq. (14 constituies an explicil end
condition for the adjoint evaluticn model £q.015). This adjoint evoluticn model can be
integrmted backward From the end conditicn assuming the knowledge of an inilial guess
far ¢ ko compuie the discrepancy ¥ — H{@). To perform this integration, we alms need
to hzree an expression of the adieier svalutior operator, Let us recall, that 1his opermior
is defined from an integrmtion by part of the likear farge operator associaled o the
evoluticn law opembor. The analylic expression of such an opemlor is obviously not
accessible in general. Mevertheles=, it can be noticed thal a dizscrele expression of this
operlor can be easily obiained from the discretization of the linear tangent opemalor. As
a matter of facl, the adjcint of the linear iangent operator discretized as a matrix consists
simply of the trinspose of that matix. Knowing o first sclution of the adjoint varable,
an initial condition For the state variable can ke obtained from (1G] and a pseudo inverse
expression of the covariance matriz B, From this initial condition, {17) can be finally

inbegrated forward.

Incremental stale fanclin The previous system can be modified slightly to produce
an adecquate initial guess for the stale funclion. Considering a function of siabe incre-
menis linking the siate funclion and an initial condition function, & = ¢ — 4, and
lineanzing the operator B around the initial condition function 4

MI{d) = B{) + %M,

it is possible 1o split equation (17T) into tavo pde’s with an explicit initial condition:

iz, 0) = gl=z, I'(ty)) (18]
%+h‘lfﬂ=ﬂ i 19)
% + f%}.ﬁ,: ,I; fn " Q¢ 2, e, £tz (20)

The first equation initializes function @ as a signed distance function corresponding
to the initial conlours. Integrating forward equation (19 provides an initial guess of
the stabe function (assuming the increment is initially null). This initial guess can then
be uwsed For the backward integration of the adjoint variable (153, The increment stals
furction is updated by a forward integration of equalion (200, These bwo last inbegra-
tions successively ibemied until convergenoe constitule the overall process.

4 Corve tracking implementation

In this section, we describe further the implemeniation of the methed we propose For
ohject coniour imcking. We present the discretization scheme we vsed and give the

analytic expression of the langent linear opemior ssaociated 10 cur evolution model.
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4.1 Tangent livear operalor

Considering a (nonlinear) opermior & mapping one element of an initial functicnal space
to another functional space, the tangent linear operalor o & al poinl 8 is a linear oper-
ator defined by the Limit:

lim Gim 4 yh) — Gim) 4G
y—i ¥ T Bm

() (21

whers is o small perturbation in the initial space. The tangent linear operaior 25

is also known as the Giteaux derivative of T ot point m. Let us mole that the (Ghteaux

dervative of a linear operolor is the operator itself,

In our cose, the evolution operator reads:

T A Wi
ol =% — || T |dfie | ——— § .
(#) = Vo 1w — | V4] "(nwn)

This operaior can ke turned inko a mons toctable expression:

V' SVIST
Hfﬁ}:?.ﬁ-w—c(ﬂﬁ— ﬁ—ﬁ)

Adter some calculations. the tangent linear operator bo B al point 28 Anally reads:

{%]ﬁg: Vil - ar — E[M.ﬁ-—

Vo VHewy Wy Vi {wewy’
e Vel (uwn* ‘”)“‘“’]'

4.2 Algorithm specilication

U ter neww, we did not specified yet the observation function, ¥, associaled to our mck-
ing problem. [n order o have the simplest inbermction as possible, we defined it in the
sume spece as g thal is to sy H = Fd. As (or the observaticon funclion corresponding
to a measurement of the evolving object conlours we chose 1o define it as the signed
distance map to an observed closed curve, g, IM(t)). These curves are assumed to be
genembed by a basic threshold segmeniation methed or provided by some moving ob-
Ject detection method. Buch observations are generlly of bad quality. As o matler of
fact, inthe first case, very noisy curves are observed whersas in the later case, when the
object moticn is ko =low, there is no detection al all. Conceming the modion feld, w,
we used in this work an efficient and mobust vesion of the Hom and Schunck optical-
Mo e=timatar [ 10].
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Combining equations [ 14-15-16) and ( 13-1 9-200), we Anally get the following ilem-
tive bmcking system:

w2, tg) = gz, I{ty)) (22)
% + M) =0 (23)
M =0 (24
_% ¥ f—‘] A= f By —o*) (25
M tg) = ‘ﬁ:ﬁ‘ftu] (26]

ﬁ+l’

& 1] =

e L ) @)
A Forarard i.nLq:gmliun af the initial condition function I:E] is done @it the Arst ilemtion.
Index k, Tepresenls the current iteraticn which consists of a backward inll:E:ruli.-::-n al’ the
:r_:lj-::-inl Funclicm and a foreoard inli:'g,ru.l]un ol the increment function (24 - 2T Al the
end of the iteration , 1# is up-'_:lull.'d. n-t:l:-::ur_:li.n.g, to the relation 'I;!lj Hl = -e;ti = 1|!I* + ﬁl;l!li.
W harve chosen b reprossnl the covariance matrix B as the d]u.E-::-nnl maziirix .E'I::., :':I =
Td — e=1¥l=to)l 1o 4 similar way, we define matrix B from the ohservations ¥,

R = Ryin + men - ijn]ifd — g=I¥i=.g] }_

This chsorvation covariance malrix has therefore lowoer values in the vicinity of the
observed curves and higher values fumway From them. When there is no obsorved curve,
all the value of this covariance matrix are st o infinity, Otherwise, covmaiance matnix
£, has been lixed 1o a constant diagonal matris.

4.3  Owperalor discretization

We will denote by 'ﬂ._;i the value of ¢ at image grid point (1, §) ot time ¢ € [0; 7). Using
(231 and a semi-implicit discrelizmtion scheme. the Following discrete evolulion model
is exbizined:

l | Fa ] I'.a'!'
gt _
—4—1d —= + DL S
Considering ¢y and ¢y, the horizontal and vertical gradient matrices of ¢, the discreie
operlor I iz obtained as

Fﬂ';im} ) T £ d,l'] —fﬂﬂ‘!'} 1
My ot = ((Gha ) ""||v¢s:,,-||*({¢,}il) o (Toms )

where we used vsval fnite dilferences For the advection term v-e;ilfi.l:l and the Hessian
mairix T4, The discrete linear tangent cperator (27] is similady defined as:

SR Lha _ pae Eél,’.-’. B) (fﬂ,:lﬂ:]”)
Bel P =My O TR At

)
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where A and H are defined as:

A= 439, ey — $hudl) + (4 (0l — 90l
B = oL} (85, 8% — 85, 5) + (81 13(sha e — o, 80).

As previously indicated, the discretizmtion of the adjoint evolulion model is oblained
as the tmnsposed matriz cormesponding o the discretization of the decivative of the
evoluticn law operalor. (heradse, we wsed a conjugated gradient optimization for the
iterative solver involved in the implicit discretization.

5 Numerical results

In this seclion, we present resulls we obtained for three different kinds of image se-
querces. The frsl sequence s a 16 frames sequence presenting a moving skale fish on
the sand (fg. 13 As this kind of f=h possesses naural camoullage mechanisms, its lu-
minance and texture are very similar o the sumounding sind. The contours of such an
object are therefore ceally difficull o extrucl. Por this sequence we vsed o simple seg-
menlation algorithm based on selection of inlensity level curves. To lurther demonstrate
the robusiness of cur bocking approach, we only considersd observalions at every thind
frames (ie lor k& = 0,3,6.9, 12, 15). It can be poticed on the second row of fgune |
that the global shape and the successive locations of the skale have been well recon-
structed at all time instants € [ty,£;5). The noisy and instable observed contours have
been smoothed in an approprated way. For instance. it can be cutlined that the tech-
nigue has been able to cope with the partial occlusion generaled by the lifting of the
skate venlral fin (see images going from #5 1o #15 in Gg. 1

The second sequence shows a person playing ping-pong. This is a 20 fomes se-
quernce where the camera is slightly moving kackward. The obsorved curves are herns
previded by a motion detection method. For this sequence, no mask were detecbed be-
teween [mmes #3 and #14. Mask contours wene thus only available for frame #0 1o 84,
and for fames #15 10 #19. 11 can be noticed in addition that the obeserved corves ame
locally varying a lot between bao consecutive frames. For example the mcket i= not
alwmys recovered by the motion detection technique. We show in fgure 2 a sample of
the cheerved curves and the comesponding resulis. We can observe that the recovered
curves [ollow quite well the shape of the player even in the time interval for which o
observation was available

A= a last example, we show on Figure 3 mesulis obtained on a meteorological im-
age sequence of the Meteosal infra red channel. The obsorved corve i= a level line at
a given value within a region of interest. We aim here therefore al bocking an iso-
temperiure curvie. The results demenstimibe that the technigue we propose keeps the
adaptive lopology properly of level sel metheds, and in the same time, incorpomies o
consistenl lemporal price for the curve evolution,

A= For the compatation time of the method, our code iakes less than | minute fora
foreand-backward integration of o 20 frame sequence. [t has to be poticed that our code,
wrilten in £, has nol boen particularly optimized. For instance, the different inlegration
considersd herre boen pedormed on the whole image plane. & significant recduction of

the compuiaticnal load could be probably obtained considerng o narrow band technigque
[16].
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Fig. 1. Skote fish sequence. Top rows Sample of e abserved corves. Bottam row: Becowered
curve superimposed on the comesponding image

6 Conclusions

s tn

In this paper, we have presented o new technicue for closed curees tracking. The pro-
posed lechnique allows o estimate the contours localion of a target ohject along an
image sequence. [n o similar way 1o a slochastic smocthing the estimation is led consid-
ering the whole =ct of the available measurements extracied from the image soquence.
The technique i= nevertheless totally different. 11 consists ko inlegrate bwo coupled pde’s
representing the evolution of a siale function and of an adjoint variable respectively. The
method incorporates only Few paramelers. Similarly b Bayesian Glering technigues,
these parameters mainly concem the definition of the different error medels involved
in the considered system. In our case, we have an additional porameter that weight the
mean curvatune melion appearing in our dynamic evolution medel, The valoe of this
panmeler tunes the degree of smoothing of the curve (in our experimenis it has been
always fixed 1o the same value of 0,1,
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Fig. 2. Fing pong player sequence. Top row: Sample of the cbeerved curves, Boltom s Re-
covered curve superimposed on the corresponding image
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