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Singularity formation and blowup of
complex-valued solutions of the modified KdV
equation

J.L. Bona* S. Vento! F.B. Weissler'

Abstract. The dynamics of the poles of the two-soliton solutions of the
modified Korteweg—de Vries equation

g + 6uuy + Upyy = 0

are determined. A consequence of this study is the existence of classes of
smooth, complex—valued solutions of this equation, defined for —oo < x < o0,
exponentially decreasing to zero as |z| — oo, that blow up in finite time.

1 Introduction
Studied here is the modified Korteweg—de Vries equation
g + 6uuy + Uppy = 0, (1.1)

which has been derived as a rudimentary model for wave propagation in
a number of different physical contexts. The present paper is a sequel to
the recent work [9] wherein the dynamics of the complex singularities of the
two—soliton solution of the Korteweg de Vries equation,

Uy + 6UUy + Ugyy = 0, (1.2)

*Department of Mathematics, Statistics and Computer Science - University of Illinois
at Chicago - Chicago, Il 60607 (U.S.A.)

tUniversité Paris 13 - CNRS UMR 7539 Laboratoire Analyse, Géométrie et Applica-
tions - 99 avenue J.B. Clément - 93430 Villetaneuse (FRANCE)

1



were examined in detail.

The study of the pole dynamics of solutions of the Korteweg—de Vries
equation and its near relatives began with some remarks of Kruskal [14] in
the early 1970’s. More comprehensive work was carried out later, see [18],
[11] and [12]. One goal in our preceding paper [9] was to understand in more
detail the propagation of solitons in a neighborhood of the interaction time.
Another motivation was an idea to be explained presently concerning singu-
larity formation in nonlinear, dispersive wave equations. More particularly,
we are interested in both the generalized Korteweg—de Vries equation

U + Upgy + uPU, =0 (1.3)
and coupled systems of Korteweg—de Vries type, viz.

{ Ut + Uggy T P(“uv)m = 07

Vi + Uggr + Q(U, U):B = 07 (14)

where P and () are, say, homogeneous polynomials.

Concerning singularity formation, it is an open question whether or not
smooth, rapidly decaying, real-valued solutions of (1.3) develop singularities
in finite time in the supercritical case p > 5. In the critical case p = 4, blowup
in finite time has been established by Martel and Merle [17], [16] whilst for
subcritical values p = 1,2, 3, there is no singularity formation for data that
lies at least in the Sobolev space H'(R). (However, solutions corresponding to
infinitely smooth initial values lying only in L?*(R) can develop singularities;
see [7].) Numerical simulations reported in [4] of solutions of (1.3) initiated
with an amplitude-modified solitary wave indicate blowup in finite time.
Such initial data has an analytic extension to a strip symmetric about the
real axis in the complex plane. The results of Bona, Grujic and Kalisch [13],
[5] and [6] indicate that blowup at time ¢ has to be accompanied by the width
of the strip of analyticity shrinking to zero at the same time. This points
to the prospect of a pair of complex conjugate singular points coliding at
a spatial point on the real axis, thereby producing non—smooth behavior of
the real-valued solution. It was shown in [9] that, in certain cases, curves of
singularities do merge together. This happens at the moment of interaction
of the two solitons when the amplitudes are related in a particular way.
This result provides some indication that the blowup seen in the numerical
simulations might occur because of the coalescence of curves of complex
singularities. Such ruminations seem to justify interest in the pole dynamics
in the context of (1.3), even in the case where the initial data is real-valued.
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If one considers instead complex—valued solutions, it was shown in [8]
(and see also [10]) that, in the case of spatially periodic boundary conditions,
equation (1.3) has solutions which blow up in finite time for all integers p > 1.
Explicit examples of smooth, complex—valued solutions defined for x,t € R
of the Korteweg—de Vries equation (1.2) that blow up in finite time have
been given in [2; 9, 15, 19]. One outcome of the present paper is an explicit
example of a blowing—up soution of the modified Korteweg—de Vries equation
(1.1).

For the system (1.4) where P and @) are homogeneous quadratic poly-
nomials, conditions on the coefficients are known that imply global well-
posedness for real-valued initial data (ug,vo) (see [3]). And, the pole dy-
namics investigated in [9] for the Korteweg—de Vries equation (1.2) itself,
(KdV—equation henceforth) reveals that the choice

P(u,v) =v®> —v* and Q(u,v) = 2uv (1.5)

leads to a system (1.4) possessing solutions that develop singularities in finite
time. (This is the system that obtains if complex—valued solutions of the
KdV—equation are broken up into real and imaginary parts.)

The latter result is obtained by a careful study of the pole dynamics of the
explicit two-soliton solution U = U(z,t) = U(z + iy, t) of the KdV—-equation
in the complex z—plane. It transpires that as a function of time, most of
the singularities of this exact solution, which are all poles, move vertically
in the y—direction in the complex plane as well as propagating horizontally
in the x—direction. As a consequence, by choosing y, appropriately, one can
arrange that the function u(z,t) = U(x + iy, t) is a complex—valued solution
of the KdV—equation that, at ¢t = 0, is infinitely smooth and decays to zero
exponentially rapidly as © — oo, but which blows up for a positive value
t > 0. If we write u(x,t) = v(z,t) +iw(z,t), then the pair (v, w) is a solution
of (1.4) with the choice (1.5) that starts at (v, wy) = (v(-,0),w(+,0)) smooth
and rapidly decaying, but which forms a singularity in finite time. It is worth
noting that by an appropriate choice of the particular two—soliton solution,
the initial data (v, wg) can be taken to be arbitrarily small in any of the
usual function spaces used in the analysis of such equations.

The motivation for the current paper was to see if the phenomenon just
described, i.e. curves of singularities merging together, can occur for the
modified KdV-equation, and if this behavior might provide additional insight
into the possible ways a singularity is produced in nonlinear, dispersve wave



equaions. Indeed, it turns out that the same phenomenon does occur. In
certain cases, curves of singularities do converge together at one point. On
the other hand, the behavior of these curves is not so different from what
occurs in the context of the KdV—equation.

2 The two—soliton solutions

Preliminary analysis of the two—soliton solutions of the mKdV-equation
Up + Upgy + 602U, =0, z€C,teR, (2.1)

are set forth here in preparation for the investigation of their pole dynamics.
We begin with a standard transformation enabling one to express solutions
of (2.1) in terms of solutions of another equation. Let v = v, where u is a
solution of (2.1). Then v satisfies the equation

d
— (v + Vg + 203) = 0.
dz ( ! 2)
Assume v and its derivatives vanish at infinity and search for solutions of
the latter equation of the form v = 2arctan(g). A calculation shows that v
satisfies

Vg + Vgga + 200 = 0 (2.2)

if and only if
(1+9°) (9 + Guwa) + 69:(97 — 99u0) = 0. (2.3)
This yields a solution to (2.1) having the form

u(z,t) = Q(arctang(g»’t))m _ 2ga(x,t)

ey (2.4)

It is important to note that equation (2.1) and (2.3) are both invariant under
change of sign. That is, u is a solution of (2.1) if and only if —u is a solution
and, likewise, ¢ is a solution of (2.3) if and only if —g is a solution. Also,
replacing g by 1/g in (2.4) has the effect of multiplying the solution u by —1.
More precisely, if u is given by (2.4), then

2 <arctan )x _ o @D oy (2.5)

g(x,1) L+g(at)?
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The well-known soliton solution of (2.1) has a hyperbolic secant profile.
In detail, for any amplitude value k > 0, it is straightforward to check that

g(z,t) =exp ( — k(z — o) + k°t) = exp ( — k(z — zo — k1)) (2.6)

is a solution of (2.3). The corresponding solution u of (2.1) is the soliton
solution with speed k? and is given explicitly as

e—k(x—a:o)-l—kSt

u(z,t) = Q(arctan 9(z, t))m = _le + e—2k(w—mo)+2k3t

= —ksech ( — k(x — xo) + k:gt). (2.8)

Note that the choice of sign in the exponential function ¢ in (2.6) produces
the negative soliton. Replacing g by either —g or 1/¢ will produce the positive
soliton.

The two—soliton solutions are a little more complicated. The formulation
presented here is based on that appearing in [1]. As just noted, there are
both positive and negative soliton solutions of (2.1). Consequently, there are
two types of two—soliton solutions, namely interacting solitons of the same
or opposite signs.

Suppose first that 0 < k; < ke. Define the functions f; by

filw,t) = exp(—kjw + kjt),  j=1,2. (2.9)

Of course, this definition omits two arbitary spatial translations; these will
be added later. Define two auxilliary functions, g% and g~ by

fl(xat) + fZ(xat)

ng(x’t) B _71 - fl(xvt)fQ(xvt)’ <21O>
— o f1<x7t) —f2<l’,t)
) = e ) 240
where ko 4 &
Y= — > 1. (2.12)

Proposition 2.1. The functions g* and g~ defined in (2.10)-(2.11) are so-
lutions to (2.3).



Proof. 1t suffices to provide the proof for g~—. Indeed, if one replaces f; by
—f1, then g~ is transformed into g*, and all the calculations below remain
valid in this case.

Temporarily, set ¢ = g~. Notice that f;, = —k;f; and f;; = kff] for
7 = 1,2. Thus, the quantities ¢;, ¢z, ¢zr and g¢,., may be expressed in
terms of f; and k;. First, differentiate with respect to time and come to the
expression

_ K fi = kS fa + B LS = RS fo
g =7 1+ 1 o)? .

Similarly, the derivative with respect to x is

_  Fafs —kifi — kifif3 4 ko ST o
9z =7 1+ o)’ .

Differentiating the latter expression leads to

e = m [k%fl—k§f2+(k%+4k1k2+k§)(flfi—ffo)—k%fff§’+k§ff’f§ :

Differentiating once more and simplifying gives

N
Yooz = m [kgfz — ki fi — (k) +4K5 + 6kiko + 12k K3) (foifs + £i f3)

(4] K+ OhkS 12Kk (f2 o + F3) — KALSS + KAL)
It follows that

67(k1 + k2)°
+ TTT — /1 p A
gt g (1+f1f2)4

on the one hand, and

(ki f2fo — kafifa + ki fifs — kafi 3]

2

gi — 99zx = Q_ﬂw [(lﬁ - kfz)Q(f1f2 + ff’féq))—

on the other. It is now straightforward to check that g satisfies equation
(2.3).
O



The above proposition implies that
265 (x,1)
T 14 (g%)2(x,t)

are solutions to (2.1). A further calculations reveals that

u*(z,t) = 2(arctan g=(z,t))

G+
+ _
and o
T =27y— 2.14
u Y g (2.14)

where the new combinations

G" =k fi(1+ f3) + ko fo(1 + ), (2.15)
G~ = —kifi(L+ f3) + kofo(1 + 1), (2.16)
Fr=01-fife)> +7(fi+ f2)% (2.17)
F~ =1+ fif)?* + (1 — f2)% (2.18)

have been introduced. Note that the functions with a superscript “+” are
obtained from the functions with a superscript “—” simpy by replacing f;
by —fi. If every occurence of k; is replaced by —k; in formula (2.14) for
u~, then f; is replaced by 1/f; and v is replaced by 1/v. Simplifying the
resulting expression gives exactly the formula (2.13) for ™. In other words,
the formulas for u™ and u~ can be obtained from each other by replacing
every occurence of ky by —k;.

The function u™ is a two-soliton solution of (2.1) having two positive
interacting solitons whist ©~ is a two—soliton solution with two interacting
solitons of opposite sign, the faster one being the positive one. One can see
this graphically using MAPLE or Mathematica, for example. Analytically,
there is an explicit relationship between the fomulas for u® given by (2.13)
and (2.14) and the single soliton solutions of speeds k? and k2. As in (2.7),
let u; be the centered, positive, soliton solution

2k;fi(z,t
uj(x,t) = kjsech(—k;jz + kit) = % (2.19)
of speed k7,7 = 1,2. If the formulas for (2.13) and (2.14) are both divided
by (1 + f2)(1+ f3), there obtains

+ _ U1 + U

u D+

(2.20)



and U +u
_ —Uq 2

i 2.21

Ut =y po (2.21)

where

e L= A+ + fo)?
(T+mRa+rf)

(14 fif2)?> + 2 (fr — f2)?
I+ RAa+f)

Formulas (2.20) and (2.21) show in particular that u™(z,¢) > 0 for all z € R
and that v~ (z,t) > 0 precisely for those z € R and ¢ € R for which us(x,t) >
uy(z,t).

In Section 4, the asymptotic behavior of the singularities of u* are exam-
ined for large positive and negative time. We will see that they separate into
two groups, corresponding to the two single solitons. More remarks on the
shape of the two—soliton solutions during their interaction are to be found in
Section 8.

Before ending this section, we return to the issue of spatial shifts. For
0 < ki < kyand x1, 29 € R, let

D™ =

t) = exp(—ki(z — 1) + kit),
fo(x,t) = exp(—ka(x — x2) + k:g’t),

=
8

and

o fl(:c,t)+f2<ivvt)
L=y fiw ) fale,t)

—~ _ filzt) = fa(w,t)

g (x,t) = 1442 f (2, 0) ol 0)

Define the interaction time to and the interaction center xy of ;5(33, t) to be

To — T 1
to = — — | d 2.22
TR R et k)kks 2 (2.22)
k2xy — k2 k2 + kyiky + k2
To = 271 112 Lt iRy 4 % log 7y, (2.23)

k2= k2 (ko + k1)kiko

respectively.



Proposition 2.2. Letty and xq be the interaction time and interaction center
for gt(z,t) and g=(x,t). Then, for anyt € R and x € C, we have

gt (z,t) = g5 (2 — mo,t — ty), (2.24)

where g* are defined in (2.10)-(2.11). Moreover, the functions &I(-,to) =
2(arctan g* (-, ty)). are symmetric about the point xoy on both R and C.

Proof. Tt suffices to find (o, %) € R? such that f;(z,t) = vf;(z — xo,t — to)
(j=1,2) for all t € R, 2 € C. Equivalently, (2.24) will be satisfied if

,.yek‘lxo—k?to — ek‘1$1
9
fyekQJBO*kgtO — ek21'2.

Since (zo, o) given by (2.22)-(2.23) is the solution for this system, the first
assertion is proved. To see the symmetry of the functions 7;;(, to) about z,
it is only necessary to deduce from (2.24) that u*(-,0) = 2(arctan(g*(-,0)),
is an even function. This is easily verified since g*(—z,0) = —g*(x,0) for
all z € C. O

Since (mKdV) is invariant under time- and space-translation, it is con-
cluded from Proposition 2.2 that the functions ZL;(:L’, t) = 2(arctan(§1(a:, t))s
are also solutions to (2.1). The point is that, for a general two—soliton solu-
tion, the time and place of the interaction are given by ¢y, and zy in (2.22)
and (2.23), respectively. In particular, the solutions u* are already normal-
ized so that the interaction time is ¢ = 0, and the center of the interaction
is at * = 0. It is interesting to note that the values of ¢y and z( in the
above proposition are precisely the same as for the two—soliton solution of
the Korteweg deVries equation, as given in Theorem 1 of [9].

3 Singularities of the two—soliton solutions in
the complex plane

As mentioned in the introduction, the two-soliton solutions u(z,t) of (2.1)
are viewed as meromorphic functions in the complex variable z. We aim to
determine how the dynamics of the singularities in C reflect the behavior of
u(x,t) when x is restricted to the real axis.



Consider first the (one)-soliton solution, given by (2.7). It is immediate

that the singularities of these solutions are precisely

o ML
where m runs through the odd integers. Moreover, these singularities of u
are all simple poles. Thus, the speed of the soliton is exactly the speed of its
poles in the complex plane, while the position of the maximum point of the
soliton at time t is the real part of the position of these poles. The imaginary
part of the singularity remains constant in time of course.

The poles of the two—solitons solutions (2.13) and (2.14), correspond to
the zeros of the functions F* and GF defined in (2.15), (2.16), (2.17) and
(2.18). It will turn out that the singularities of u* are all simple poles, just
as for the one—solitons. In all but a specfic class of exceptional cases, these
poles correspond to simple zeros of F'*.

Recall that k; and ko are called commensurable if there exist positive
integers p; and p such that

ko P2 (3.2)
kv m
Without loss of generality, we may take it that ged(pi,p2) = 1. In what
follows, we will always assume that the integers p; and py appearing in (3.2)
are without common prime factors. In this case, F*(z,t) and G*(z,t) (and
thus u*(x,t)) are periodic in  with minimal imaginary period 2w \i where

pP1 P2
A=—="". 3.3
ok (3.3)
Lemma 3.1. For any t € R, the zeros of F*(-,t) are simple, except for the
following special case. If ki and ko are commensurable, and if p1,ps € N and
A > 0 are given by (3.2) and (3.3), with p; &+ ps € AN, then there is a fourth
order zero of F=(-,0) at x = (3 + q)Awi for all q € Z.

Proof. From (2.18), we infer

F; = 2[(1 -+ f1f2)(f1xf2 + flfo) +72(f1 - f2)(f193 - f2a:)j|

Noticing that f;, = —k;f;, (j = 1,2) and setting X = f; and Y = f5, it
follows that if z is a zero of F'~(-,t) of order greater than or equal to 2, then

{ 1+ XY)P+~3(X-Y)>’=0 and

— (k1 + k) (1 + XY)XY + (X = V) (kY — k1 X) = 0. (3.4)
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Let (X,Y) be a solution of this system. Then, from the first equation we
deduce that

1+ XY =iey(X —-Y), (3.5)
where € is either 1 or -1. Inserting this into the second equation, it is found
that

’iE(k’Q — k‘l)XY = k’QY — k’lX,

provided X # Y. Extract the product XY and inject it in (3.5) to obtain
the linear relation 5 ek

Y = 2X +ie—=2—rt.

PR

Then formla (3.5) implies that X must satisfy

k:Z . k:Z - kl . k2 . k2 - k:l
1+ X[ —X = 1— 2 )X —
" (k‘l TR ) = (( k1> “Th ) ’

which simplifies to

X?+2ieX —1=0.
It follows that X = Y = #i. Thus, it must be that e 1= tkit — g—haetkt —

+i, from which we deduce that —k;x + k3t and —kex + k3t are both purely
imaginary. Therefore, t = 0 and x is purely imaginary. Additionally, we have

{ ]{Zlﬂf = (% + Q1)7T’i,

: for some ¢, q2 € Z.
kox = (5 + q2)mi, n &2

Thus k; and k, are commensurable and in fact, ko/k; = ro/r; with r; =
1+ 2¢;. Noticing that ¢o — g1 € 2Z (because kyx — ko € 2inZ), it transpires
that ro — r; = 4k for some k € Z. It follows that d = ged(ry, o) divides
4k and therefore d divides k since d is necessarily an odd integer. Define
p1 and pe by ko/ky = pa/p1 with ged(py,pe) = 1. With this definition,
pe —p1 = (re —r1)/d = 4k/d € AN. There are precisely two such complex
numbers in the fundamental strip S = {z € C, —Ar < Imz < A7}, and they
are r = :i:%m'.

It is straightforward to ascertain that for such values of z, F_ (x,0) =
F_. .(2,0)=0and F_.(x,0) # 0. The same arguments hold for F'. O

Lemma 3.2. For any t € R, the zeros of F~(-,t) and G~ (-,t) are distinct,
except the following special case. If ki and ko are commensurable, and if
p1,p2 € N and A > 0 are given by (3.2) and (3.3), with p; & ps € 4N, then
there is a third order zero of F~(-,0) at x = (3 + ¢)Awi for all ¢ € Z. The
same statement is true with F~ and G~ replaced by F* and G+.

11



Proof. In the notation of the proof of Lemma 3.1, the result follows if the
system

{ (1+ XY +42(X —Y)? =0, 36)

ki X(1+Y?) + kY(1+ X?) =0,
admits as its only solution X =Y = +i. As before, if (X,Y’) is a solution,
there exists € € {—1,1} for which

14+ XY =iey(X —-Y).

Extracting from this the variable Y and computing 1 + Y2 leads to

ey X — 1
y X -1
X +iey
and so
1+ X2
(X +iey)?
Now insert this into the second equation of the system (3.6) and, assuming

by contradiction that 1 4+ X? is not zero, simplify the outcome. It follows
that

1+Y?=(1-7%

k:_2<1 — )X = (ievX — 1)(X +igy).

After further simplifications, this becomes
X? 4+ 2ieX —1=0,
and the claim follows. O

Definition 3.1. The values of ki and ky for which F*(-,0) has multiple zeros
are collectively referred to as the exceptional case. This occurs when ki and
ko are commensurable, py and py are odd, and

p2 —p1 € 4N

when considering F~, and
p2+p1 €4N

when considering FT.

12



Lemmas 3.1 and 3.2 show that all singularities of u®(-, ¢) are simple poles.
In all but the exceptional case, they correspond to simple zeros of F'*. In
the exceptional case, they correspond to a third order zero of g% coinciding
with a fourth order zero of F*. It follows from Rouché’s Theorem that in
the exceptional case, four simple poles converge, as ¢ — 0, to the simple pole
at (3 + g)Ami for all ¢ € Z. Moreover, by the residue theorem, the sum of
the residues of u®(+,t) at these four poles converge, as t — 0, to the residue
of the simple pole at (% + g)Ami for all g € Z.

Proposition 3.1. In all but the exceptional case, the poles of u™(-,t), i.e.
the zeros of F*(-,t), are described by analytic curves x : R — C. In the
exceptional case, these curves are defined and analytic separately for t < 0
and t > 0.

Proof. Consider the case of ut and F*. Since all the zeros of F*(-,t) are
simple, the implicit—function theorem shows that, for a fixed time ¢y, a zero
of F7(-,tg) can be locally and uniquely continued as an analytic curve x(¢)
such that F(x(t),t) = 0. Such a curve x(t) can be continued as long as
it remains in a bounded region of C. Thus, we need to show that |z(t)]
must stay bounded as long as t remains in a bounded interval of R. First,
it follows from Proposition 6.3 in Section 6 below that the imaginary part of
x(t) must remain bounded. Furthermore, if Re x(t) — oo in finite time, then
the equation F*(z(t),t) = 0 implies 1 = 0. If Rez(t) — —oo in finite time,
+ x
TR AT
A similar argument works for u~ and F~.

then the equation 5 = 0 also implies that 1 = 0.

O

This section is closed with a specific example of an element in the excep-
tional case, namely k; = 1, ky = 5 (calculations done with MAPLE). In this
case, A =1 and F'~ and G~ may be rewritten as

G (z,t) = _BUYIL | 512TE T | o125t 5 oty an

9 5 9
F(r. 1) = 252,12 4 2 250t,10 _ 2 126t 6 o 7 26,2 | 4
(,0) = ey = 4 27y = ge Ty ety
where y = e™*. Note that at time ¢t = 0, F~ and G~ are symmetric polyno-
mials in y, and that ¢+ and —¢ are third order zeros of G~, and fourth order
zeros of F'~. All the other zeros are simple. We also have the decomposition
G~ (x,0) —2 2 y — 4i Y+ 4i

~(2,0) =3 - . .
u(@,0) F@0) y—i y+i 2p2—iy—2 2Ptriy—2

13



4 Large—time asymptotic behavior of the sin-
gularities

In this section we show that the poles of u*, that is the zeros of F*, separate
out into two groups, as t — F00, behaving asymptotically as poles of single
solitons, of speeds k7 and k2, respectively. This, of course, reflects the fact
that u® are in fact “two—soliton” solutions of (2.1).

The situation is nearly identical to that obtaining for the two—soliton
solution for the Korteweg—de Vries equation (compare the following theorem
with Theorem 2 in [9]). In particular, the backward shift of the slower wave,
well-known in the case of the KdV-solitons, is also present for the modified
KdV-equation.

Theorem 4.1. The asymptotic behaviors as t — +oo of the curves x(t)
of zeroes of F*(x,t) whose existence was determined in Proposition 3.1 are
completely described as follows.

1. For every odd integer m € Z, there exists a unique curve T, . (t) of
zeros of FE(-,t) such that

mm
— +o0

1
s (1) = Ryt + —log 7+ 5 k1

- (1),

ast — —oo.

2. For every odd integer m € Z, there exists a unique curve T, «+(t) of
zeros of FE(-,t) such that

1 mmi
Tyt (1) = K2t — —logy — —— 4 o(1),
() =K sy — o (1)

ast — o0.

3. For every odd integer n € Z, there exists a unique curve x, ;-(t) of
zeros of FE(-,t) such that

1 nme
T - () = kit — k_z log v + s +o(1),

ast — —oo.
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4. For every odd integer n € 7, there exists a unique curve x, s+(t) of
zeros of FE(-,t) such that

1 nms
T g+ (8) = k3t + o logy — oy + o(1),

ast — oo.

To prove Theorem 4.1, it is necessary to study the zeros of F=(-,t) with
respect to frames of reference which move at the speed of each constituant
soliton. As in Section 4 of [9], we set

z =1z — kit, (4.1)
w=x — kit, (4.2)
r = exp(ka(k; — k7)t), (4.3)
s = exp(ki (k5 — k})t). (4.4)
If
HE(z,7) = (1 Fre”Wth)a)2 4 42(p=hz 4 po=hazy2 (4.5)
and
IF(w,s) = (s F e thkaw)2 4 2o~k 4 go—how)2 (4.6)
then

FE(x,t) = H(2,7) = s 2 (w, 5).
Solutions z(r) of H*(-,r) which remain bounded in C as 7 — 0 and as
r — oo correspond to zeros x(t) of F*(-,t) asymptotically traveling at speed
k? as t — +oo. Likewise, solutions w(s) of I*(-, s) which remain bounded in
C as s — 0 and as s — oo correspond to zeros z(t) of F*(-,t) asymptotically
traveling at speed k3 as t — +o0o. The following is true of the curves z(r).

Proposition 4.1. For every odd integer m € Z, there exists a smooth curve
2E(r) defined in some interval of r > 0, such that H*(z£(r),r) =0 and
1 mmi mo1 4k ko
+ m=21 2 —ko/k mmi
() = gloay + gpn F (C)TF ey e o(r) - (4T)
as v — 0. For every odd integer n € Z, there exists a smooth curve w=(s)
defined in some interval of s > 0, such that I=(w=(s),s) =0 and

+ 1 nmt n—1 4k1 —k1/ks k_lnﬂz‘
n

(5)=—glosr+ o F (T g e st ols) - (48)
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Proof. The relation H*(z,0) = 0 is satisfied if and only if there exists an
odd integer m € Z such that

1 | n mm
= — 10 _
ey BT g

and similarly, /% (w,0) = 0 is equivalent to
1 N ni
w=——1o -
ks 8T ok,

for some odd integer n € Z. Applying the implicit function theorem, there
exist smooth curves zZ(r) and w¥(s) defined in a neighborhood of z, =
1/kylogy+mmi/2k; and wy = —1/kg log~y +nmi/2k,, respectively, such that
HE(zE(r),r) =0, 2£(0) = 20 and I(wF(s),s) = 0, wF(0) = wy. It remains to
calculate (z)'(r) and (w¥)'(r). Differentiating the equation H*(z=(r),r) =
0 with respect to r yields

[—(ki+ko) (1Fre” Fth)z)pem(htha)z 42 (omhiz fpe—he?) (kyreh27 L emh12)] 2/
—(1 + Te_(k1+k2)z)6_(kl+k2)z + 72(6—]912 + Te—lmz)e—kzz
where 2z = zE(r). Taking r = 0 gives
1k ,}/2 —2k1zm(0)< m) (0) _ (72 - 1)6—(k1+k2)z?5(0)’

and using that

1 m—1 _ ko 4

e—(k1+k2)z3,5(0) _ (_I)T,Y—kg/kle o M

=2 |

leads to m
— ko
(25)(0) = F(~1)"7 52 e
The derivative (wX)'(0) is similarly calculated. Differentiating the equa-
tion I*(w=(s),s) = 0 with respect to s leads to

[ (k1 4k ) (sFeRrithwye=(kitkaw g\ 2(p—kiwy go—kaw) (£ f) go=k2w L, e=F15)]q/

—(S ¥ e—(k:1+k;2)w) ¥ 72(6_k1w + $€_k2w)€_k2w.
At s = 0, there obtains

[ (kl +k ) —2(k1+ko)wE 0) kl,}/Qe*lew?f(O)](w:I:)/(O) — :F<’72 - 1)67(k1+k2)w$(0)

n
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and since
_ + ky
e (k1+k2)wy (0) ( 1) fy —k1/ko e 2k2 nm’

we conclude
n—1 4k nmwe
(w)'(s) = F(-1)"T 15— oy

O

A proof of Theorem 4.1 is now readily available. The last proposition
immediately gives all the curves of zeros of F'*(+,t) claimed in Theorem 4.1.
The only remaining issue is to prove that there are no additional zeros of
F*(-,t). If k; and ko are commensurable, this is straightforward. For each
t € R, F*(-,t) is a polynomial in e=** of degree 2(p; + p2), and thus must
have precisely 2(p; + ps) zeros in the complex plane. The zeros of F*(-,t)
described in Theorem 4.1 account for all of them, for large |t|, and so no
other zeros can exist.

If k1 and ks are not commensurable, the desired result can be obtained
by approximating k; and ky by sequences {k}}52, and {k§}>°,, which are
commensurable.

5 The nature of the singularity in the excep-
tional case

In this section a more detailed analysis is undertaken of the singularity of
u® in the exceptional case (see Definition 3.1). As described just after this
definition, the singularity at (% + ¢)Ami, for any ¢ € Z, corresponds to a
fourth order zero of F*(-,0) and is approached by four simple zeros of F*
as t — 0. The goal is to understand the behavior of a smooth curve of zeros
of F(+,t) in a neighborhood of such a fourth order zero.

We claim it suffices to analyse the singularity at %m’, i.e. the case ¢ = 0.
Indeed, since F*(-,t) is 2w \i periodic, it is enough to consider ¢ = —1,0.
Furthermore, F*(7,t) = F*(x,t), and so F*(x(t),t) = 0 if and only if
F*(z(t),t) = 0. Hence, only the case ¢ = 0 need be examined.

Remark that

E (l‘, t) _ 6—2(k1+k2)x+2(k{’+k%)tF:|:(_l,’ —t).
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From this, it is deduced that F=(xz(t),t) = 0if and only if F*(-z(t), —t) = 0.
In other words, if x(t) is a curve of zeros approaching %m’ as t 0, then
—Z(t) is a curve of zeros approaching %m’ as t N\ 0.

Theorem 5.1. Suppose we are in the exceptional case wherein ky and ko are
commensurable and the odd integers p1,ps € N and A > 0 are as in (3.2) and
(8.3). In the case of FT, it is assumed that p; + ps € 4N and in the case of
F~, it is presumed that p; — ps € AN. Let x(t) be a smooth curve, defined
for t close to 0, such that F=(x(t),t) = 0 and z(t) # 5mi but x(t) = 37i as
t — 0. Then, either

(x(t) — 5mi)°

lim 2 = 12, (5.1)
_)
or A
x(t) — 5mi
lim (D =37 _ o e (5.2)

Remark 5.1. The similarity of the result in Theorem 5.1 with the “excep-
tional case” for the two—soliton solution of sthe KdV-equation is quite strik-
ing. The behavior of the curves described in 5.1 is exactly the same as given
by Proposition 4.9 in [9]. However, the exceptional case for the KdV—-equation
corresponds to p; being an odd integer, and py being an even integer. For the
mKdV-equation, the “exceptional pole” is located at %m’, rather than at \mi
as it is for the KdV-equation.

Also, how does one explain the behavior described by (5.2)? In the case
of the two-soliton solution of the KdV-equation, if py is even and ps is odd,
there is a horizontally moving pole approaching the singularity at mA\i exactly
as described by (5.2). This calculation was not carried out in [9], but can
be obtained by a simple modification of the proof of Proposition 4.9 in [9].
Thus, it appears that the exceptional case for the two-soliton solution of the
mKdV-equation (2.1) includes the behavior of curves of singularities from
two different cases of the two—soliton solution of the KdV—-equation, namely
the “exceptional case”, where py is odd and py s even, as well as the case
where py is even and po 1S odd. It is precisely in these two cases that there is
a pole located at the same place wAi (at time 0).

Proof. The proof is provided for F~. Similar arguments apply for F'*. Let
2(r) = x(t) — k?t where 7 is defined in (4.3). It follows that 2(r) is a smooth
curve such that H=(z(r),r) =0, where H is as in (4.5). Notice that z(r) —

i as r — 1. Now,

2
H (2,7) =0 & 14 re”®rthaz — 4jy(e7hz _ pehe) (5.3)
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If the minus sign is chosen on the right-hand side of (5.3), we come to

ive kz 41
e*(k1+k2)z _ ,l',-yefkgz :

r=—

Differentiating this relation with respect to r, it follows that

1 3 —kiz( ,— z o —koz
L= i o |7k S G AT
(6 ( 1+ 2) —_ 'L'ye 2 )

—l—(ifye’klz + 1) (—(k1 + k‘g)e*(k”kﬂz + ifkae’kQZ)} 2 (r).

This may be rewritten as

B ifyk;Qe"W(l + ie‘klz)2 ,
= (6_(k;1+k;2)z _ ’i’}/e_k2z)22 9

or what is the same,

g (e — ey (5.4)
kw(l + ie—klz)

Since p; and po are both odd with p, —p; € 4N and z(r) — %m’ asr — 1,
it must be that e ¥1* — ¢ P17/2 and e 2% — e P27/2 35 — 1. If p; and po
are both in 4N + 1, then e %1% and e %1% both converge to —i as r — 1, while
if p; and p, are both in 4N + 3, then e %1* and e *'* both converge to i as
r — 1. We suppose first that p; and p, are both in 4N + 1. In this case, it
follows from (5.4) that

+ 1) ko
Z(r) — S = 5.5
as r — 1, and thus

_2(r) — 3mi ko

lim = )

r—1  r—1 k‘% — k%

Turning back to x(t), and using the fact that (r — 1)/t — ko(k3 — k) as
t — 0, it follows that

x(t) — k2t — 274
lim ®) ! 2 — /{;5
t—0 t
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from which it is concluded that

) x(t)—%m’ ) )
E}%f = ki + k3.

If instead the plus sign is chosen on the right—hand side of (5.3), then it
is immediately inferred that

Me*klz -1

T = .
6—(k1+k2)z + ,L',ye—kigz

Differentiating this equation with respect to r, we get

1 . —ki1z 7(k +k )z . ko
1= (ef(kl+k2)z + i7€*k22)2 |:_ Z’}/kle 1 (e 1+K2 4 ive o )

—(Me_klz —1) (= (k1 + ko)e~(kitka)z _ ivk;ge_lm)} 2,

which may be simplified to

ivkoe F2% (1 —je M1#)2 |
_<67(k1+k2)z _i_,l’,-yeszz)Q

1=

From this, it is inferred that

(1 —ie M%)2y = et

—(k1+k2)z
e
Fory (

+ iyeh27)2, (5.6)

Since p; and py are both in 4N + 1, it is concluded that

_ 1) e
1 s —k1z2\2 _/ _(7 — 1 57
e e e TRE R -7

as r — 1. A consequence of this is that

d

Ly —12k3
dr

1—3 —k12\3 —3(1—3 —k12\2 ik —kiz\ N )
ie”"1%) (1 —ie ™%)*(ikie "%)z Tl = )
L’Hopital’s rule comes to the rescue and it is found that

. (1 — e k)3 —12k3
lim = )
o1 r—1 ko(k3 — k)
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Since

_ o k12 —kiz __ —k1 27
. 1—e EEPIRT e e 27 " —k1dmi k
im —— = —¢ lim T = —tkie "2 =k,
z—)%m‘ Z — §7TZ z—)%wi z — §7TZ
we must have \
. (z(r) — gmi)? —12
im = .
2 2

Reverting to the original variable z(¢) and using again that (r — 1)/t —
ko(k3 — k%) as t — 0, it follows that

(z(t) — k¥t — 3mi)®

lim = —12
t—0 t
and thus NIV
x(t) — 5me
lim EO =2 o
t—0 t

It remains to treat the situation where pi,ps € 4N 4+ 3, in which case
e %#() — j as r — 1. In fact, this case is “dual” to the one just treated and
the same calculations lead to the result. To see this, assume first that the
minus sign obtains on the right-hand side of (5.3). Then (5.4) implies that
iek?* (v—12% 4k}

7(]{)14’]{)2)2 . —koz\2
e — 1ye — — =
kory ( 7 ) kay feo (K3 — k7)

(14 ie ™%)% = —

as 7 — 1. On the other hand, it is straightforward that

. 1 4 de k=
lim ———— = k.
z=imi 2 — ST

Following the same line of development as pursued for the positive sign in
the previous situation where both p; and ps lie in 4N + 1 leads to

- (x(t) = gm)®
hm _—
t—0 t

= —12.

Now assume we have the positive sign on the right-hand side of (5.3). From
(5.6) we deduce

e e N
T kyy (1 —jek12)2 4koy K3 K2
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as r — 1. Then, it is clear that

)\ .
tim T2 2y g

6 Vertical movement of poles

In this section we study the vertical motion of the singularities of the two—
soliton solutions u* of (2.1). As seen in Section 2, this comes down to
studying the zeroes of F* given by (2.17)-(2.18). Recall the solution u™
represents two interacting solitons of the same sign, while u™ represents two
interacting solitons of opposite sign. Observe that

F(x,t) = F{ (2, t)Fy (z,t 1

F~(z,t) = F{ (x,t)Fy (x,t) 2
where

Fr=1+ivfi+ivfa— fife (6.3)

Ef =1—ivfi—ivfa— fifo (6.4)

Fr=1+unfi—ivfa+ fife (6.5)

Fy =1—-infi+ivfa+ fife (6.6)

and f; and f, are as in (2.9). Note the similarity in form between the above
functions and the function F' defined by formula (2.13) in [9].

Since Fif(x,t) = 0 if and only if £, (7, t) = 0, to study the zeros of FT,
it suffices to study the zeros of Fif. Similarly, since Fy (x,t) = 0 if and only
if F; (z,t) = 0, to study the zeros of F'~, it suffices to study the zeros of F| .

As before, it is sometimes necessary to distinguish between the cases
where k; and ko are commensurable and the cases where they are not. In
the former case, denote by p; and p, the relatively prime positive integers
such that (3.2) holds, and let A be defined as in (3.3). Hence, if k1 and ks
are commensurable, the functions f; and fy are 2w \¢ periodic in x. Thus, in
the commensurable case, all four of the functions F:¥, F5F, must also be 27w \i
periodic in z.
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Proposition 6.1. The zeroes of F™ and F~ in the complex plane lie off the
real axis. Moreover, in the commensurable case, if either F*(x,t) = 0 or
F~(z,t) =0, then Imx # 2mn\ for all m € Z.

Proof. Suppose x € Rand F*(z,t) = 0. It follows that Fif (x,t) = Fyf (z,t) =
0. Taking real and imaginary parts produces the coupled system
1= f1f27
fl = _f27

from which it follows that fi(z,t)? = —1, which is impossible. If z € R and
F~(z,t) = 0, it similarly follows that

1= _fl f27
fl = f27
from which one observes that fi(z,t)?> = —1, which is again impossible.
The last statement follows from the 2w \i periodicity which holds in the
commensurable case. O

If k1 and ky are commensurable, further information about the location
of the zeros of F* can be obtained.

Proposition 6.2. Suppose that ki and ks are commensurable. If either
Ft(z,t) =0 or F~(x,t) =0, then Imx # (2m + 1)\ for any m € Z.

Proof. Because of 2w Ai—periodicity, it suffices to consider m = 0. Suppose
Imz = 7w\ and F, (x,t) = 0. Since z — T = 27 \i, it follows from 2 \i-
periodicity that F} (Z,t) = 0. But this says precisely that Fy (z,¢) = 0.
Adding and subtracting the two equations, F; (z,t) = 0 and Fy (z,t) = 0
gives

1= f1f27
fl = —J2,
from which it is concluded that fi(z,t)* = —1, i.e. fi(z,t) = +i and

fo(z,t) = Fi. The latter system together with the definition (2.9) of the
f;’s implies

Rex = k%t
Rex = kjt,
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and so t = Rex = 0. Thus x = m\i. However,
f1(mAi, 0) = exp(—k1mAi) = exp(—py7i) = £1,

since p; is an integer. This contradiction shows that F;"(z,t) can not be zero
if Imz = 7\. A similar argument applies to the other functions F,", F} and
F;. O

To show that most of the poles of the two—soliton solution of (2.1) move
vertically, we need to reproduce calculations which are similar to those found
in Section 3 of [9]. Unfortunately, it seems that the calculations in [9] do not
directly apply to the present situation in all cases. In an effort at economy,
we only prove here that, with certain very specific exceptions, the poles in
the two—soliton solution always feature vertical movement. Consequently,
we do not need to reproduce the entirety of Section 3 of [9]. Nonetheless,
we cannot avoid certain, somewhat tedious calculations, closely modeled on
those in [9].

The following notation

a=—Imuz,

_ 3
Al —e k1 Rem+l~<:1t7

A2 — efk:g Rem+kgt
is taken from [9]. The function F;' may be rewritten in this notation, viz.
F(z,t) =1+ iy A€ 4 gy AgetR — A Agettrtha)e (6.7)

Attention is first focussed on the solution u™. To investigate possible ver-
tical movement of poles of u™, we examine more closely the zeros of F}" (x,1).

Proposition 6.3. Suppose Fi'(x,t) = 0. Then, coskia = 0 if and only if
cos koax = 0. Moreover, the relation

<A2 — —) cos ki + (Al — AL1> coskyar =0 (6.8)

always holds. In case cos ko # 0 and cos koo # 0, then Ay = 1 if and only
if Ao =1, and this can only happen if t =0 and Rex = 0.
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Proof. First, multiply the equation Fjf(x,t) = 0 by 1 — iyAje”*1% express
this using the representation (6.7) and take the imaginary part of the result.
This leads to the formula

1 1

<A1 + A_> cos kaaw = —sin(kg + k1) — ysin(ky — kq) . (6.9)
1 Y

In the same way, multiplying by 1 — ivAse~*#2% and subsequently extracting

the imaginary part yields

1 1
<A2 + A_> cos ki = ;sm(kg + ki)a + ysin(ks — kp)a. (6.10)
2

If cos kaar = 0, so that in particular sin ksaw = £1, it follows from (6.9), using
the formulas for the sine of the sum and difference, that cos ko = 0. In the
same way, using (6.10), if cos kyov = 0, then cos kocv = 0. This proves the first
assertion in the proposition.

For future reference, notice that it follows by subtracting (6.9) from (6.10)
that

ysin(ke — ki) = (Ag + 1 ) coskjov — = <A1 + A_> cos koo, (6.11)
2 1

Taking the real and imaginary parts of (6.7) and setting them equal to
zero yields

1 —~vA;sinkya — yAs sin kgar — Ay Ay cos(ky + ko) = 0, (6.12)
vA; cos kya + YAy cos kaar — Ay Agsin(ky + ko)a = 0. (6.13)

Multiply the first equation above by sin(k; + k), the second equation by
cos(ky + k2)a and form the difference of the outcomes. The formula

sin(ky + ko) = yAs cos ki + yA; cos ke (6.14)

emerges from these machinations. But, (6.13) implies

sin(ky + ko) = 7 cos kyo + 7 cos kocr. (6.15)
Ay Ay

The last two equations taken together imply (6.8)
This proves the second assertion of the proposition. Finally, it is clear
that Ay = A; = 1 if and only if t = 0 and Rexz = 0. O
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Proposition 6.4. Suppose that coskia = coskoa = 0. It follows that ky
and ko are commensurable, that py and py are both odd and that o is an odd
multiple of TA/2.

Proof. 1f cos kyae = cos kaae = 0, then there exist integers m and n such that

ki = (2m + 1)%,
koav = (2n + 1)%

Thus it is clear that k&; and ky are commensurable and
p ki 2m+1
bR T
whence
p(2n+1) =ps(2m +1). (6.16)
It follows that py — p; is even, and since they are also relatively prime, they
both must be odd. Next, equation (6.16) implies that p; = (2m+1)/c, where

c=ged(2m+1,2n+1).

Consequently,
2m+ 17 2m4+ 17w\ TA
= — = _— = C—’
ky 2 P1 2 2
which concludes the proof since ¢ is necessarily odd. O

Proposition 6.5. Let z(t) be a smooth curve such that Fi (x(t),t) =0 and
O, F (z(t),t) # 0. It follows that Im2'(t) has the same sign as

1 1
<A1 - A_1> cos kov = _(AQ — A_2> cos ko
Proof. Let x(t) be a smooth curve such that Fi (z(t),t) = 0 and 0, F," (z(t), t) #
0. Implicit differentiation provides the relation

/ _ 825F1+<5L’(t), t)
)= 5 B ). 0)

B E3iyAre®e  k3iy Age2e — (k3 4 k3) A Age?rrtha)e
= kjl'm/Aleikla + k?g’i’)/AQ@ikQa _ (kl + k?g)AlAQGi(k1+k2)a

. k’:f’)/AleiikQa —+ k?g’}/Ageiikla —+ ’L(k’iS —+ k?g)AlAQ
 kiyAjemiR2e 4 kyy AgemiRie (K + ko) Ay Ay
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1
B }sz‘he_ikW + koyAge= e + (kg + k2)A1A2}2 [(
+Z(k3:1)) + k’g)AlAQ) (k’l’)/AleikQa + k?Q’YAQGikla — Z(k?l + k?g)AlAQ)] .

kfli,yAlefikga + k§7A2€7ikla

The imaginary part of the numerator in this last expression is equal to
Kk (k3 —k2)y? AL Ay sin(ky—ky ) otk kg (k1 ke )? AL Ay (A; cos kaa— A cos ko),
which is a positive mulitple of, and so has the same sign as,

ysin(ky — k1) + A cos kaaw — A cos kyav. (6.17)

Finally, formulas (6.11) and (6.8) reveal that the expression in (6.17) is equal
to

1
A; cos keax — — cos kacr.
Ay

O

Corollary 6.1. Suppose either that ki and ko are not commensurable, or
that they are commensurable with p; and py having opposite parity. Let z(t)
be a smooth curve such that Fyf(x(t),t) = 0. If either t # 0 or if Rex # 0,
then Im 2’ (t) # 0.

Proof. We know from Lemma 3.1 that the roots of F(,t) are all simple
unless ki and ko are commensurable and p; and p, are both odd. It fol-
lows that the same is true for Fj(-,¢). Thus, it must be the case that
0. F (z(t),t) # 0. The last three propositions can now be brought to bear
to establish the claim. O

To recapitulate, it has been shown, except in the commensurable case with
p1 and py both odd, that if either ¢ # 0 or if Rez # 0, then Im 2/(t) # 0, so
the poles of the solution u™ are always moving vertically. The same is true in
the case that p; and ps are both odd, so long as the imaginary part of the pole
is not an odd multiple of 7A/2. The same conclusions are true about the poles
of u~. The calculations leading to this conclusion, while not the same as those
for u™, are analogous enough that we pass over the details. Interestingly, in
the commensurable case when p; and p, have opposite parity, it turns out
that the poles of u~ and those of u* bear a very simple relationship to one
another.
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Proposition 6.6. Suppose that p; and py have opposite parity (one odd, one
even). It follows that there exists 6 € R such that

FH(z —i0,t) = F(x,t) (6.18)

for allx € C and t € R. In other words, the poles of u™ are precisely given
by a vertical translation of the poles of u™.

Proof. Suppose 6 € R is such that

filz —i0,t) = fi(z, 1), (6.19)
fo(x —i0,t) = — fo(x, 1), (6.20)

for all x € C and ¢t € R. It would then follow that (6.18) holds for all z € C
and ¢ € R. The same would be true if we had instead

fi(z —i0,t) = — fi(x, 1), (6.21)
fo(z —i0,t) = fo(x,t). (6.22)

For (6.19) and (6.20) to be valid, it is necessary and sufficient that

exp(ik10) = exp(ip10/\) = 1, (6.23)
exp(ika0) = exp(ip/X) = —1. (6.24)

For these latter conditions to hold, it is necessary for there to be two integers
m and n such that

pl/\ = 2mm, (6.25)
Pl /A = (2n+ 1), (6.26)

or, what is the same,

0 2 2 1

v _ont ] (6.27)
AT b1 D2

If p; is even and ps is odd, it is clear that one may choose appropriate values
of 8, m and n so that the last equation holds

In the opposite case, if p; is odd and ps is even, a similar argument shows
that there exists 6, mand n such that (6.21) and (6.22) hold. O
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It remains to consider the case where k; and ko are commensurable, with
p1 and py odd. To establish the existence of poles with non—trivial vertical
movement, it suffices by Proposition 6.4 to establish the existence of poles
whose imaginary parts are not an odd multiple of w\/2 (with either ¢ # 0 or
with non—zero real part).

As shown in [9], for the two—soliton solution of the KdV—-equation in the
commensurable case, there are always poles with vertical movement, and at
least one pole moving precisely horizontally. The proof of this fact requires
the full force of the delicate and technical analysis in [9]. We would like to
avoid such technical calculations in this paper to the extent possible.

Thus, for the modified KdV-equation (2.1), we should not expect that
all the poles will be moving vertically in the remaining cases. The fact that
in the case of opposite parity, all the poles move vertically (except if t = 0
and Rex = 0) is already an interesting difference in behavior between the
two equations.

It turns out that in the commensurable case, with p; and p, both odd,
the movement of the poles of u* can in fact be reduced to the movement of
the poles of the 2—soliton solution of the KdV—equation if ps —p; € 4N. The
same is true for u™ if py + p; € 4N. Here are the precise statements.

Proposition 6.7. Suppose that p; and ps are both odd. If po —py € 4N then
there exist 6,05 € R such that

Fif(x —iby,t) = 1+~ fi(z, t) + v fa(m, t) + fi(z, t) faa, t) (6.28)
and
Fyf (x —iby,t) = 1+ v fi(z, t) + v faz, t) + fi(z, t) fala, t) (6.29)
forallz € C and t € R.
Proof. Suppose 6, € R is such that
fi(x —iby,t) = —ifi(x,t), (6.30)
folz —i01,t) = —ifa(x,t), (6.31)

for all z € C and t € R. It would follow that (6.28) holds for all z € C and
t € R. In addition, if we have

fl (ZL‘ — ’LHQ, t) = ’Lfl (ZL‘, t), (632)
f2<.§lf — ’lﬂg, t) = ’ifg(.l’, t), (633)
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then (6.29) would be true.
For the system (6.30)—(6.31) to be valid, it is necessary and sufficient that

exp(ik10) = exp(ip10/)\) = —i, (6.34)
exp(ika0) = exp(ipa0/N) = —i. (6.35)
For this, we need to find two integers m and n such that

p10 - ™

= (m 1), (6.36)
p2b T
= (n—1)g, (6.37)

which is the same as asking for two integers m and n such that

29_4m—1_4n—1

i 6.38
AT b1 P2 ( )
For the latter to hold true, it must be the case that
4 _
Apam = pin) _ (6.39)
P2—N

Since p; and ps are relatively prime, there exist integers r and s such that

P2+ sp1 = 1
hence, simply take
_ (p2 —p1)r
m = 1 ,
N — _(p2 —Pl)S.
4
The proof for F, is similar, but with 4m + 1 replacing 4m — 1 and 4n + 1
replacing 4n — 1. O

Proposition 6.8. Suppose that p; and py are both odd. If ps + p; € 4N then
there exist 01,05 € R such that

Fy (z —ibh,t) = 1+ v fi(x,t) + v falz,t) + fi(z,t) fa(z, 1) (6.40)

and

Fy (x —i0,1) = 1+ v fi(z, t) + v folz, t) + filz,t) folz, t) (6.41)
forallz € C and t € R.
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The expression on the right side of the four formulas (6.28), (6.29), (6.40),
and (6.41), i.e.

1—|—’)/f1<l’,t)+’yf2<l’,t)+f1<l’,t)f2<l’,t), (642>

is exactly the function F' in formula (2.13) of [9] whose zeros correspond to
the poles of the 2—soliton solution of the KdV—-equation. Thus, we may use
the results of [9] to describe the behavior of the poles of u* in the cases under
consideration.

More precisely, we may now affirm that in the case where p; and p, are
both odd and p, —p; € 4N, the solution u™ has two poles moving horizontally
on the line Imz = 7A/2 and also on the line Imx = —7\A/2. There are
2(p1 + p2 — 2) other poles with imaginary part between +7\, and they will
move vertically for all £ # 0. The same will be true for v~ in the case p; and
po are both odd if py 4+ p; € 4N. These configurations will repeat with 27w\
periodicity, so that horizontally moving poles are found with imaginary part
equal to every odd multiple of 7w\ /2.

The last case is one where four poles meet at ¢ = 0, as described in the
previous section, at poles on the imaginary axis whose imaginary part is an
odd multiple of wA/2. At each of these points, the analysis shows that (at
least) two of these poles have vertical movement. We refrain from going
into the detailed considerations needed to establish that all the poles move
vertically for all t # 0, excepting the two poles approaching the singular
points horizontally. In any event, we have shown in this case the existence
of poles with vertical movement.

7 Finite time blowup of solutions

The results of the previous section immediately imply that there exist complex—
valued solutions to (2.1) on R which blow up in finite time. Indeed, fix o € R,
and let u be given by

u(z,t) = u*(z — i, t), (7.1)

where we may use either of the two soliton solutions u* or u~. As long as
the set {(z — i, 1) : * € R} does not contain a pole of u*, u is a smooth,
complex—valued solution of (2.1) for ¢ in a neighborhood of ;. Since at any
given time, the imaginary parts of the collection of all poles of u™ or v~ form
a discrete set, and since both vt and u~ have poles whose imaginary parts
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move continuously in time, there exist « and ty such that (z — iq, tp) is a
pole of u™, say, but (x — i, t) is not a pole of u* if ¢ is sufficiently close
to, but not equal to, ty. It follows that the solution u defined in (7.1) with
this choice of « is a regular complex—valued solution of (2.1) on R, decaying
exponentially to zero as x — 4oo for t close to ty, but which is singular at
t = ty. In other words, the solution blows up in finite time.

It is interesting to note that this result of singularity formation for complex—
valued solutions of the mKdV-equation can be interpreted as a blow—up re-
sult for real-valued solutions of a system of dispersive equations. Let u be
a solution of (2.1) and let » = Rew and s = Imwu. It follows that r and s
satisfy the real-valued system

¢ + Toge + 6(r% — 8*)r, — 2rss, =0, (7.2)
St + Spae + 21857, + 6(r* — 5%)s, = 0. (7.3)

Thus, we have shown that this coupled, dispersive system admits real-valued
solutions (exponentially decaying in space) which blow up in finite time.

8 Some formal calculations

(All the computations in this section have been carried out using MAPLE.)
As noted at the end of Section 2, the interaction time for the two-soliton
solutions u*, given in (2.13) and (2.14), is t = 0, the center of the interaction
is = 0 and at ¢ = 0, the solution is even in z. The explicit formulas for
u* allow us to observe and calculate certain aspects of these solutions at the
moment of interaction. In particular, it is interesting to know whether there
is a single maxima during the interaction or not, and it is likewise interesting
to know the speed of the two solitons at the moment of interaction.

In the case of u™, one observes that that the solution has one centered
maximum if the ratio ks/k; is large enough (bigger than around 2.6), and
two symmetrically located maxima for smaller values of ky/k;. Partial confir-
mation of this can be obtained by computing u;.(0,0). Since, by symmetry,
u}(0,0) = 0, the sign of the second derivative will tell us if it is a local
maximum or a local minimum. A MAPLE-implemented calculation shows
that

Therefore, if 1 < ko/k; < (3 ++/5)/2, then u} (0,0) > 0, which means that
u™(+,0) has a local minimum at = 0. Thus, there are (at least) two maxima
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at the moment of interaction. If ky/k; > (34+/5)/2, then u*(-,0) has a local
maximum at x = 0, which is consistent with there being a single maximum
at the moment of interaction.

Similarly, we calculate that

u,,(0,0) = — (kg + ki) (k2 + 3kiko + k3),

which means v~ (+, 0) has a local maximum at z = 0 for all values 0 < ky < ka,
which is consistent with the graphical observations of the solution itself.

If we are interested in the “speed” of the two—soliton solution at the
moment of interaction, one idea is to calculate the speed of the maximum
or the local minimum of the solution as (z,t) approaches (0,0). One might
argue that the movement of the maximum is some kind of speed. It must
be acknowledged that the interpretation is less clear when one is tracking a
local minimum. To calculate this speed, suppose y(t) = y+(t) is a real-valued
curve such that uX(y(t),t) = 0, i.e. y.(t) is always at an extemal point of
the solution u = u*. Suppose also that y.(0) = 0, which is to say the curve
is at the interaction center at the interaction time ¢ = 0. Differentiating with
respect to ¢, we see that w..(y(t), )y (t) + uw(y(t),t) = 0, or

waly(t),1)

/
y(t) = ————.
0= W@
This gives, in turn,
0,0)
/(o) = — el0-0) 8.1

which might be thought of as representing the speed of the two—soliton solu-
tion at the moment of interaction of the two solitons. The value of y'(0) can
be calculated explicitly from (2.13) and (2.14). The results are as follows,
for both ™t and u™,

k4 — 3k3ky + 3k2k2 — Bk k3 + k4

/ J—
v+ (0) = 52— 3kiks + k2 ’
/ (0) = ki + 3k3ky + 3k3k3 + 3k k3 + k)
- k3 + 3kiko + k3 '

For u~, where there is always a maximum at x = 0 at the moment of in-
teraction, the maximum is moving with a posistive speed. What that speed
represents is not entirely clear. In the case of ut, where the midpoint is a
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local maximum only if ky/k; > (3 4+ +/5)/2, we see that for these values of
0 < k1 < ko, we have indeed y/, (0) > 0. On the other hand, 3’ (0) < 0 for at
least some values of 0 < k1 < ko with ky/k; < (34+/5)/2. (The lower bound
on ks /ky for which this speed is negative is around 2.15.) This negative speed
represents the speed of the local minimum, between the two maxima. It is
curious that in some cases this minimum is moving backwards.

It is also interesting to do this for the two—soliton solution of the KdV—
equation, a calculation which was not carried out in [9]. In this case, we

obtain . 0o .
y/(o) _ kl + 2k1k:2 - k2 )
317 — 12

As is known, the two—soliton solution of the KdV—equation has one maximum

at the interaction time if ko /k; > /3 and two maxima, symmetrically located
about the interaction center, if 1 < ko/k; < v/3. Here we see that 3'(0) < 0

for 14+ V2 < ko/k; < /3. In these case, of course, it is the minimum

which is moving backward.
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