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ASYMPTOTIC PROPERTIES OF AUTOREGRESSIVE
REGIME-SWITCHING MODELS

M. OLTEANU AND J. RYNKIEWICZ
SAMOS-MATISSE CES UNIVERSITE PARIS 1

ABsTRrACT. The statistical properties of the likelihood ratio test statistic (LRTS)
for autoregressive regime-switching models are addressed in this paper. This
question is particularly important for estimating the number of regimes in the
model. Our purpose is to extend the existing results for mixtures (Liu and
Shao, 2003) and hidden Markov chains (Gassiat, 2002). First, we study the
case of mixtures of autoregressive models (i.e. independent regime switches).
In this framework, we give sufficient conditions to keep the LRTS tight and
compute its the asymptotic distribution. Second, we consider the extension
of the ideas in Gassiat (2002) to autoregressive models with regimes switches
according to a Markov chain. In this case, it is shown that the marginal
likelihood is no longer a contrast function and cannot be used to select the
number of regimes. Some numerical examples illustrate the results and their
convergence properties.

1. INTRODUCTION

Autoregressive regime-switching models are being widely used in modelling financial
and economic time series such as business cycles (Hamilton, 1989; Lam, 1990),
exchange rates (Engle and Hamilton, 1990), financial panics (Schwert, 1989) or
stock prices (Wong and Li, 2000).

When the number of regimes is fixed, the statistical inference is relatively straight-
forward (Hamilton, 1990) and the asymptotic properties of the estimates have al-
ready been established (Francq and Roussignol, 1998; Krishnamurthy and Ryden,
1998; Douc R., Moulines E. and Rydén T., 2004). However, the problem of select-
ing the number of regimes is far less obvious and hasn’t been completely answered
yet. When the number of regimes is unknown, identifiability problems arise and
the likelihood ratio test statistic (LRTS hereafter) is no longer convergent to a x>-
distribution. Some partial answers were proposed by Hansen (1992,1996a, 1996b)
and Garcia (1998). Hansen derived an asymptotic bound for the distribution of
the LRTS based on empirical processes techniques, while Garcia obtained the as-
ymptotic distribution of the LRTS, but under some very restrictive hypothesis. Let
us also mention that the consistency of the estimate of the number of regimes was
proven recently in a Bayesian framework (Rios, 2008).

In the particular case of mixture models, several ideas and methods were pro-
posed to estimate the number of components: non-parametric techniques as in
Henna (1985), Roeder (1994) or Izenman and Sommer (1998), moment techniques
in Lindsay (1983) or Dacunha-Castelle and Gassiat (1997) and penalized maximum-
likelihood in Leroux(1992a), Keribin (2000) and Liu and Shao (2003). Furthermore,
Gassiat (2002) proved that in the case of hidden Markov models, the number of
regimes can be estimated using a marginal penalized-likelihood estimate. The aim
1
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of this paper is to extend the existing results for mixtures and hidden Markov mod-
els to the case where the mean of the observed process is replaced by a regression
function.

In Section 2, the results on the LRTS for mixture models are extended to au-
toregressive regime-switching models with independent regime switches. We give
sufficient conditions for the tightness of the LRTS and compute its asymptotic dis-
tribution. Section 3 is devoted to verifying the result of the previous section in the
case where the noise is Gaussian and the regression functions are linear. The last
section handles the case where regime switches are Markovian. Once the result in
the independent case was established, it seemed natural to generalize it by using a
cost function close to the marginal likelihood, as defined in Gassiat (2002). Yet, it
can be seen right away that this is no longer a contrast function and the conver-
gence is achieved only in the particular cases of constant autoregressive functions
(hidden Markov models) or independent regime switches (autoregressive mixture
models).

2. LRTS FOR AUTOREGRESSIVE MIXTURE MODELS

2.1. The observations. Let us briefly recall the definition of strong mixing pro-
cesses which will be needed hereafter. For a more detailed review, refer to Doukhan
(1995) and Bradley (2005).

Let (Yi),cz be a strictly stationary sequence of random variables defined on a
probability space (€2, K, P). For every n > 1, define the S-mixing coefficients

where F° =0 (Yy, k <0), F° =0 (Y, k > n), as

B (A, B) = sup > [P(AinB;) - P(A)P(By))]

(Adier(Bidjer (i j)erxJ

|~

where (A;),o; (vesp. (Bj)
tions.

je ;) ranges over the set of A(resp. B) measurable parti-

The sequence (Yy),c, is called S-mixing if lim,, .o 3, = 0.

Throughout the rest of the paper, we will assume that the observations are a re-
alization of a stationnary process (Yj). Moreover, (Y;) will be assumed to be geo-
metrically S-mixing. This assumption may seem strong, but actually it is fulfilled
by a wide class of processes.

Finally, let us denote by p the stationnary measure of the vector (Yi11,Y%).

2.2. The model. Let P = {gy,0 € ©} be a set of densities with respect to some
positive measure v, where © is a compact finite-dimensional set.

Let us counsider an observed sample {y1, ...,y } of the series Yj. For every yy, the
true density conditionally to yx_1 is

Po
9° (k[ ys—1) = D 7 gg0 (yr | yr—1),
=1

where ggo € P, m) >0 and 370, ) = 1.
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This model is a generalization of mixture models. Several regression models can
be written in this way, for example mixtures of linear regressions with Gaussian
noise, which are particularly important in econometrics (see Hansen 1996) and will
be studied in Section 3 :

(1) Yy = a%,Yio1 + by, +ok,ee,
where
e X;isanii.d. sequence of random variables valued in a finite space {1, ..., po}
and with probability distribution 7° = (a?,--- 70 )
° (a?, e ,ago, by, ,bgo) are real numbers
e (0f,---,00,) are strictly positive real numbers

g¢ is an i.i.d. noise N'(0,1), independent of (Y;—j),~-

Let us remark that if (a?, e a
mixture.

go) are all zero, the model is a simple Gaussian

2.3. Approximation of the LRTS. Let G be the set of possible conditional den-
sities:

p p
G = {g(yk | yk-1) =D _mige, (g | yr—1),mi € [0;1],> mi = 1,90, € Pp € N*}

i=1 i=1

If p < po, there are no identification issues. Therefore, we will assume that p > pg
in the sequel.

Let
I (9) =Y 0 g (yx | ys—1)
k=2

be the log-likelihood function of (y1,- - ,yn), conditionally to y;.
The LRTS is defined as:

Yoo iy ige, (Y | yr—1)
(2) 20, =2 (sup In(g) — 1n(go)) = 2sup == i= i
9€9 9€G Dhen 2oio1 T 900 (Yie | Yr-1)

We establish a theorem giving an approximation of the LRTS. Some notations and
definitions are needed first:

e For an n > 0, denote

(3) Gn={9€G,lg— 9"z <n}-

The extended set of score-functions S, is defined as:

41
(4) Sp=\8s=m 9%
#-1

L?(p)
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e Let us define the limit-set of scores D

0
gn — 9
D= {dELQ(,u) | ﬂ(gn) Gg,H gO HLz(#) mo, Hd_sgnHILQ(,u) —)0}

n—oo

By putting g: = g, for t € [0,1] and n < % < n+ 1, we obtain that, for all
d € D, there exists a parametric path (g;)o<i<1 such that V¢t € [0,1], g; € G,

Y . . _ 0
t— Hgfgog HL2(H) 1S COHtlnuOuS, Hgtgog ”LQ(M) t’_T()—) 0 and ||d759t||]]_‘2(“) t’_t0—>

0.

o We recall the definition of the Lo 5 (P)-space and the notion of bracketing
entropy. Consider Z; a strictly stationary sequence, S-mixing and such
that >~ -, B, < 0o. The Ly g (P)-space is defined as

Lo5®) = {1, 15 < o0} ||f||2,ﬁ\/ | Qs )

where
— [ (u) is the cadlag extension of 3, by considering §(u) = S}, and
Bo=1

— 71 (u) = inf {t € R, p(t) < u}, if ¢ is a non-increasing function
— @y is the quantile function of |f (Zy)|, that is the inverse of
LB (f (Z0) > )
Consider the extended set of score-functions S, endowed with the norm
[[[l,5- For every e > 0, we define an e-bracket by [I, u] = {f € F, I < f <u}
such that |lu — ||, ; <e. The e-bracketing entropy is

Hiy (280 1,5) =0 (Mg (2,80 s ) -

where N (E,Sn, II]l5 ﬁ) is the minimum number of e-brackets necessary

to cover S,,.

With the previous notations, we introduce the following assumption (B): Assume
that G is Glivenko-Cantelli and that there exists 1 > 0 such that

Hiile, Sy |- de < 0.
|y (=5 lil)

Then, according to Doukhan (1995), the set S, is Donsker under (B).

Now, let us state the following theorem which generalizes the result of Gassiat
(2002). The proof is given in the Appendix.

Theorem 1:
Under the assumption (B),

2\, = sup (max{% id(Yi,Yil);O}> +op(1)

deD

Although this result may be applied to more general models, this paper is restricted
to autoregressive mixture models.

2.4. Asymptotic law of the LRTS. This section is a direct application of The-
orem 1.

We give sufficient conditions for which the Donsker assumption (B) holds in the
case of autoregressive mixture models.
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Usually, for parametric models, a Lipschitz condition on 6 is sufficient to show

that S is Donsker. However, if g depends on the parameter 6, the score-function

A

054 = —
H g9

1” may not be continuous, thus not Lipschitz, in 6.
T olle2gw

The following theorem shows that assumption (B) holds for autoregressive mixture
models under some general hypothesis. Furthermore, we prove that the limit set of
scores D is complete and has continuous parametric paths. Hence, the asymptotic
behavior of the LRTS may be completely described.

Assumptions for the tightness of LRTS.

H-1: The set G is Glivenko-Cantelli and the set of possible parameters:
{ﬂ-lv"' » Tp € [051]591;"' 79}7 € 6}

contains a neighborhood of the parameters defining the true conditional
density ¢°.
H-2: There exists > 0 such that for all g € G with |lg — ¢°| 12, < 7,
< o0

|5

g L2 ()

H-3: By denoting lg, := ‘;"g and, with a slight abuse of notation, ,96_(; the
J

derivative of order ¢ with respect to all components of §;, we assume the
existence of a square-integrable function h and of a neighborhood N of
69, ,920) such that, for all (61,---,60,0) € N,

Ole, 0?1y, D3lg.
0, ~(0;)] < h and = (0,
G 00] < b 0] < hana |0 <
H-4: With the following notations:
Dy, 0l

l; = aoj ( JO)’ 1" = 89]2 (9]0)

we assume that for distinct (6;),,,,

{(lei)1gigp ) (lg>1gi§po ) (l;/)1gigp0}

are linearly independent in the Hilbert space L?().

Let us define Q : L?(P) — L?(n) by Q(g) = =%, for g # 0.

llgll2

Now, we can state the following theorem, which generalizes theorem 4.1 of Liu and
Shao (2003) :

Theorem 2:

Let d be the parametric dimension of the regression functions. Under the assump-
tions H-1, H-2, H-3 and H-4, there exists a centered Gaussian process {Wg, S € F}
with continuous sample path and covariance kernel P (Wg, Wg,) = P (5152) such
that

lim 2\, = sup (max(Wg,0))>.

n—oo SeF
The index set F is defined as F = UFy, with the union running over
t=(to, - ,tp,) ENPOTL ith 0 =ty <ty < --- < t,, <p and

Ft = {Q ( fil CiZGEL.’ + Zf:poJrl Cilei + Efil )\;Tl; + 62?21 Z;i:ti71+1 ’Y;TZ;I’YJ) ,
)\17"' 7)\p07715"' ) Vipg GRd ;Cla"' 7Cp ER; etp0+17"' aep €0 — {9(1)7 5920}}
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where § = 1 if there exists a vector q such that:

t; ti .
0 <0, 30, =1 2 V@G =0 fori=1po;
and § = 0 otherwise.

Note that the asymptotic law of the LRTS depends on the true parameters of the
model. The next two sections illustrate important consequences of this theorem.

2.5. Penalized-likelihood estimate for the number of regimes. For p € N*,
let us denote

p p
G, = {g(yk lyk—1) =Y migo, (i | ys—1),m € [0;1], > mi = 1,90, € 7’} :
=1 =1

For some fixed P € N* sufficiently large, we shall consider the following class of
functions

P
Gr=1J G
p=1
For every g € Gp we define the number of regimes as
p(g) =min{p e {1,..,P}, g€ G,}.

With this definition, pg = p (go) is the number of regimes of the true model.

The estimate of the number of regimes p can now be defined as p € {1,..., P}
maximizing the penalized criterion:

(5) T, (p) = sup In (9) — an (p)

where

I (9) =Y 0 g(yx | ys—1)
k=2

is the conditional log-likelihood with respect to y1 and a,, (p) is a penalty term.
With the previous definitions, the following result can be stated:

Corollary 1
Suppose the following assumptions are true:

o Assumptions H-1, H-2, H-3 and H-4 are true.
e (A) a, (-) is an increasing function of p, ay (p1) — an (p2) —— oo for
n—oo

every p1 > p2 and “"T(m —— 0 for every p.

n—oo
Then, p mazimizing the penalized criterion defined by (5) converges in probability,
p %’ Po-

Proof

The result and its proof are inspired by Gassiat (2002) and Keribin (2000).

First, let us show that p does not overestimate pg.
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P(p>po) < 25:;)04,-1 P (T (p) > T (po))
= 0 i1 P (5ubyeq, b (9) = an (9) > L (9°) = an (p0) )
Zzl:zpoﬂ P (An > an (p) — an (po))

IN

Since A, is tight (Theorem 1) and according to assumption (A),
P (/\n > Qn (p) — Qn (pO)) -0
Thus, P (p > po) — 0.

Let us now prove that p does not underestimate pg :

P(p<p) < Y005 P(Tn(p)>Tn(po))
= TP (hrsubieg, (I (9) = b (6")) > 2pe))

For all p < pg, we shall prove that ﬁ SUPgeg, (ln (9) —In (go)) converges in prob-
ability to a strictly negative value. Then, according to the hypothesis (A), the
proof will be complete.

Hypothesis (H-1) ensures that E, (Ing) < oo for all g € G,,.
Let us define

K (4°6,) = nf K (9°,9),

0
where K (¢°,9) =E, (ln (%))
Since the set of parameters is compact and K (go, g) is continuous with respect to
the parameters, K (go, g,,) attains its infimum for some g € G, and, according to
the hypothesis (H-4), K (go,g) > 0.
By the definition of the maximum likelihood,

g (1 (0) =1 (6") = o (0 0) =1 (0")

Since (Y, Yi—1) is strictly stationary and geometrically ergodic,

10016 s m (n(5)) =K 0
Thus,
lim inf sup (ln (9) — I, (90)) > _K (go’g)

n—oon — 1 4eg,

It remains to prove that

lim sup sup (ln (9) —ln (go)) < -K (go,g)
n—oo 1 — 9€G,
Since the set of parameters is compact, for all > 0, it may be covered by a finite
number of balls N,,, centered in ¢; = (m;,6;),, i = 1,..., N, and with radius 2. Let
us now define

p’

my ((Y1,92),Gp) = sup ltn (90 ,00) W1, 92)) = In (9(ra.00) (W15 2)) |
d((m1,01),,(72,02),,)<n
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Now, we can write

71 SWPgeg, bn (9) = In (°) =

= SUPgeg, 7T Zk 2 (ln (Y, Vi 1)) —1n (9° (Yi, Yi-1)))

< SupP;—1,. ( (gcz) ( )) n_1 ZZ:Q My ((Yka Yk—l) agp)
N, (*K (g 5gCi)) +E, (mn ((Yk, Yi—1) agp))

=1,...,

csup (K (¢°9e)) =~ inf K (¢°9e) <K (9°9)
N, =1 N,

on the other hand, if n — 0, m,, ((y1,y2),Gp) — 0 and
Ey (my (Ye, Yi-1),Gp)) = 0

Thus

lim sup — S:gp (ln (9) = In (90)) <-K (Qovg)
n—00 9€Gp

3. APPLICATION TO LINEAR AUTOREGRESSIVE MODELS WITH (FAUSSIAN NOISE

In this section we are interested in checking whether the assumptions (H1)-(H4) in
subsection 2.4 hold in the case of a very popular autoregressive regime-switching
model. We shall consider that the process (Xt,Y;) follows the true model

(4)  Yi=ak,Yio1 +b%, +ok,e

where

e X,isanii.d. sequence of random variables valued in a finite space {1, ..., po}

and with probability distribution 70 = (nf,---,mp,)
o foreveryi€ {1,...,po}, a?, b}, 0¥ are real numbers with |a?| < 1 and 0¥ >0

® (&t);cn Is a sequence of i.i.d. standard Gaussian variables, independent of
(}/t*k)kzl'

This model is obviously a special case of the more general model in section 2.2.

The following result which ensures strict stationarity and ergodicity can be stated.
The proof may be found in the Appendix.

Proposition 1:
If ‘a?’ < 1 for every i € {1,...,p0}, (X¢,Yz) is strictly stationary, geometrically
ergodic and, in particular, geometrically B-mizing. Moreover, there exists § > 0

such that E, <e5yt2) < 0.

The set of possible conditional densities is the following :

— L (y2—(asy1+b;))?
G- {g 9@ | 1) = S0y e 7 =1, P,

270}

(ai,bi,02) € O CR xR xRy, m € [0,1],%7 = =1},

with © a compact set.
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Within this framework, G is Glivenko-Cantelli and the assumption H-1 is true.
Moreover, in a neighborhood of the true parameter 9?, the second and third deriva-
tives of

2oV _ 1 —(a;y1+b;))%2+—L —(a%yy+0° 2
lGi(ylva): 277; € 207 (@2 —(am 2 2“?2 (yz (alyl Z))

exist and are dominated by a square integrable function, hence the assumption H-3
also holds.

Next, we check whether the generalized score functions are well defined (assumption
H-2):

‘ < 00, Vg such that ||g — ¢°|| <.
L2 ()

Conditions for the existence of the extended score functions

Iy

gO

Consider the true conditional distribution

Po
9 (y2 | y1) =Y ) fao (y2 — Fyo (?Jl))
i=1

and let the possible conditional distributions be

92 ly1) =D mifo, (y2 — Fo, (1)) -

i=1
One can prove by direct computations that

Proposition 2 (the proof is available in the Appendix)

4 1
g° ’

" < oo if for every i € {1,...,p}, there exists k € {1, ..., po}such that
L2(p

02 <2 (02)2 and ’ai — ag‘ <4 /6 (2 (02)2 — 01-2) for & > 0 verifying £ (e‘sytz) < 00.
This sufficient condition states that the possible models should not be too different
from the real one so that the convergence holds.

The consequences of this condition will be discussed later. For the moment, we will
assume it is fulfilled.

Finally, let us check the assumption H-4:
Lemma 1 (the proof is straightforward and will be omitted)

The functions

1 0ggo Oggo 1 Oggo 32990 3290.0
=1, y - ) . ' 0 s s B . )
9 da; Ob; 00 9o; | Ob? ' a2

Dggo D*ggo ’ggo  ggo 1
902’ 9a;00; Da;db, Obdo; | O

are linearly independent.

Hence, the assumptions H-1, H-2, H-3 and H-4 are fulfilled if the possible param-
eters of the regression function are not too far from the true ones. Since the true
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regression function is not known, it seems very difficult to assume such hypothesis.
If the parameter set is not restricted, we will see in the next section that the LRTS
will be divergent.

3.1. Simple regression mixture example. Let G be the set of possible condi-
tional densities:

G={gWrly-1)=mgo (Yr | ye—1) + (1 —m)g° (yr | yx—1), 7 € [0;1], 90 € P}

with P = {gg(yk|yk_1) = \/%76_%(%_9%*1)2,9 €O C R} the set of conditional

densities and ¢° (yx | yx—1) = #e‘éyi. This model is clearly a particular case
of the general mixture of expert model and is a simple example of mixture of
regressions with Gaussian noise. Let

In(9) =2 o0 g (yr | Ya-1)

be the conditional log-likelihood function of (y1, - -, y,). We want to know whether
the true model is really a mixture regression model (i.e. ¢ # 0 and 7 # 0) or the
observations are independent (0 =0 or Va, 7 = 0). The LRTS is defined as:

(6)

S _ 1—m)g" _
2A, =2 <sup In(g) — ln(g0)> = QSuthl 790 (Y | Y 10) + (1= ™) e [ yu-1)
9€6 966 = 9° (Y [ Y1)

In order to derive the behaviour of the LRTS, two cases have to be analyzed. The
first one is if ™ can be close to 0. The second one is when 36 > 0 such that © > 4.

Divergence of LRTS. The LRTS can be divergent if 7 is not constraint. Indeed,
for such sequence we can have E, (In(g) —In(¢°)) — 0 with 6 # 0. The score
functions are well defined if the quantity

ge(YalV1) _ ‘ exp <7%Y12 + 9Y2Y1) — 1H “ is finite. So,
L2(p

g°(Y2]Y1) L2(p) - H

o (32 )

LQ(M)

2= (e (*791 + 9y2y1) - 1) exp (—5y7) exp (—513) dyrdys =
= [ [ (exp (—6%y? + 20y2y1) — 2exp (*gy% + Gyzyl) + 1)

exp (—347) exp (—5u3) dyidy>

The integral of the dominant term (the first) is

[\

9y2y1) exp (—3y1) exp (—343) dy1dy»
Y3+ 20y1y2 — 593) dys

’cE
- +
o=

Finally for —
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and the score function is well defined.

Note that the distribution of the LRTS 2\, for a finite number of possible pa-
rameters 61, - - - , 6, will always converge to the square of a m-dimensional normal
distribution with covariance (E (Vgi (Y1,Y2) vp, (Y1, YQ)))lgi,jgm' Suppose that an
arbitrary number of“almost” uncorrelated random variables can be found, then A\,
can take an arbitrarily large value since the maximum of m independent samples
from standard normal distribution is approximately /2logm. Hence, Fukumizu
(2003) has shown that if a sequence 61, -+ ,0,,,- - exists so that

hmm—»oo vg,, (Yi; }/2) E’ 0

then the likelihood ratio T, diverges to infinite. Here, we get

’exp (—%Yf + 9Y2Y1) — IH = +00

limg_, 1 g1 =
M L2(4)

2
So, for each sphere B of R?, centered on the origin, if (Y7, Y2) € B:

exp(f§Y12+0Y2Y1)71 0

hm@ﬁ\%’e<% ||exp(_%Y12+9Y2Y1) _1HLQ(M)

exp(ngerOYng —1

and converges to 0 i obability for § — 2=,6 < L.

. ||exp(—%Yf+9Y2Y1)—1HL2W nverg Hopr iy ot v = 5 V2
With the choice 0,,, = % — %, we get lim,, . g, (Y1,Y2) £ 0 and the LRTS is
divergent.

Convergence of LRTS. If 7 is greater or equal than a 6 > 0 then, necessary,
the maximum likelihood estimator 6 converges to 6y = 0, otherwise lim,, .o, A\, =
sup,cg By (In(g) —In(g°)) can not be close to 0. Thus, the model is identifiable
in # and unidentifiable in 7. Since %gg(yg | y1) = y1 (y2 — Oy1) go, we have the
following Taylor expansion around 6y = 0:

99 _1
Sqg = g
9 196 —1] 2
(6—60) Ty 2 (B0)+0(|6—60])
11(0—60) 55 76 (90)+o(10—0o )l .2
Y1 Ya+o(1)
Y1Y2+o(1)[ 12

Hence, the LRTS converges to the square of the maximum of a Gaussian process
which convariance function is identically equal to 1 i.e. the classical x? law.

In conclusion, if the mixture weights can be as small as possible, the likelihood ratio
tends to infinity and in order to avoid this divergence, it is required to constraint
the parameters in a neighborhood of the true walue, which does not make much
sense if the model is unknown. But if the mixture weights are bounded by below,
then all parameters of regression density gy converge to some true one. It is thus
possible, in the analysis of the asymptotics of the criterion, to restrict the set of
scores as in proposition 2 and then apply theorem 2 with restricted set of score
functions as well as corollary 1.
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4. GENERALIZATION TO AUTOREGRESSIVE MARKOV-SWITCHING MODELS?

The aims of the section is to study the generalization of the previous results to
Markov switching models.

Let us consider the more general case where the process (X;,Y;) follows the true
model

(5)  Yi=Fy (Yied) + 2oy (1)
where

e X, is a homogeneous Markov chain, irreducible and aperiodic, with fi-
nite state-space {1,...,po} and stationary probability distribution 70 :=
(79, ..., 70

o for every i € {1,...,po}, Fyo (y) € F, where
F = {Fg, 6 € ©, © Cc R compact set} is the family of possible regres-
sion functions. We suppose throughout the rest of this section that Fg?

are sublinear, that is they are continuous and d (a?, b?) € Ri such that
[Foo )| < oIyl +12, (V) y € R 5

o for every i € {1,...,po}, (eq, (t)), is an ii.d. noise so that ey, (t) is in-
dependent of (Y:—x),~;. Moreover, g4 (t) has density g € P, where

P = {gg, e, 6C Rl} is a family of strictly positive densities with re-
spect to the Lebesgue measure.

According to Yao and Attali (2000), a unique strictly-stationary and geometrically-
ergodic solution (Xt,Y;) exists under the hypothesis

(HS) (3) s > 1 so that Vi € {1,-- ,po}, Elepe|’
p(Qs) <1, with

< oo and the spectral radius

()" mh oo (ap,)

Po 1po
Qs = : . :
0} -0 .. 050
(a’l) Tpol (G’Po) T popo
where a? are the leading coefficients in the linear functions dominating Fyo and 7TZ-Oj

are the entries of the transition matrix of X, i,5 € {1, ...,po}. The hypothesis (HS)
is clearly verified whenever a? < 1, for all i € {1,...,po}.

Considering an observed n-sample of Y;, one would naturally attempt to extend
the methods in the previous sections to the case where the invariant measure of
the hidden Markov chain is lower bounded by a strictly positive constant. Several
problems arise: on the one hand, the non-identifiability issue and on the other hand,
the dependence structure of X;. This dependence will not allow an explicit form
for the conditional density, marginally in X;:

Po
9° Wn | Yrtss90) = D P (Xk =i | a1, 90) oo (yk — Fypo (yk—l))
=1

since P(Xy =4 | yk—1,---,Yo) has to be computed recursively. However, since X;
is stationary and following the same idea as Gassiat (2002), a cost function which
involves the invariant probability measure of the hidden Markov chain can be de-
fined.
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The class of possible mixture densities is:

P
G= {9 |9 (y1y2) = migs, (y2 — Fo, (1)) ,6; € @}
i=1
where © is a compact set.

The cost function is defined as

Cn(9) = %Zln 9 Wk | yp—1) = ﬁ > In <Z mige, (y2 — Fo, (y1))> :
k=2 k=2 =1

One may notice that C, (g) is similar to the conditional likelihood marginal in X
and may expect it to be maximized by g = ¢°, where “the true conditional density”
is now written as

Po
9° (i [ ye—1) =D 7 gg0 (yk — Fyo (yzH)) :
1=1

where 7Y is the expectation of the hidden state i under the true invariant distribu-
tion.

Let us check if C, (g) is a contrast function with the maximum reached at ¢°. Let
(X,Y2,Y1) be a generic variable having the stationary measure of the extended
Markov-chain (Xp, Yy, Yi—1) as distribution. Since C), (g) is an additive function
of the Markov chain (X, Y, Ye—1)1 <<, and > 2%, 1rx—; (X) =1, we have

Cu(9) = 2 Sy n (S0 w00, (9 — Fo, (1)) =5

E(In (Z?;l mig0, (Y2 — Fy, (Yl)))) =

B (S0 1y () (S0, mig0, (Ya = Fy, (1)) =

S0 7] [geIn (Z§:1 790, (Y2 — Fo, (yl))) 9o (92 — Fyo (yl)) Ai (y1) dyrdy2
where A; (y1) is the stationary measure of Y; conditionally to X = i.

Then,
EIn(g) —n(¢%)] = S, P(X =) E [In % | X = Z] -

gU

_ Po 0 1 Z?:l 7396 (y2—Fej(y1)) ( _F ))\ durd
i n( 0, w0, (va g, () 9o (Y2 — Fyo (y1) ) Ai (y1) dyrdyz

and, by Fubini’s theorem,

E [In(g) —In(¢°)] =

St wife, (v2—Fa, (y1)) Po 0 ( )
=[In J z z 0T — F, i dyrd
/ ( f”m?fé)j(yzFSj(yl))) = o (w2 o ) (o) dundy:

The last term can be proven immediately to be negative in either of the following
cases:

e X\ (y1) = A(y1) for all i € {1, ..., po} which leads to autoregressive mixture
models already considered in Section 2.
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e Fy, (y1) and Fypo (y1) are constant functions for j € {1,...,p}, i € {1,...,po},
but this corresi)onds to hidden Markov chains already studied in Gassiat
(2002). Note that Theorem 2 applies in this case and it gives the probability
distribution of the marginal likelihood ratio which is exactly the same as
for mixture models (see Liu and Shao, 2003).

In the general case, however, there is no reason for the last integral to be negative.
Some simulation results are presented for illustrating this last assertion.

Simulation results
Several two-regime models were considered, with transition matrices:

0.5 0.5 0.9 0.1 09 05
My = ( 0.5 0.5 >’ My = < 0.1 0.9 > and Mz = < 01 05 ) The first tran-

sition matrix corresponds to independent regime switches. The regression functions
are either linear, or constant. The latter cases correspond to hidden Markov chains.

The noise was considered normally distributed N (0, (0.5)2) and the likelihood was

penalized according to the BIC criterion. For every model, several sample sizes
were considered (from 200 up to 2000 input values) and for each model and sample
size, twenty different samples were simulated. In each case, Tables 1 and 2 contain
the estimated number of regimes (the maximum was fixed at three).

Simulation results prove that the penalized estimate p diverges when the true model
is, for instance, a two-regime autoregressive Markov-switching model. This means
that the cost function that was considered as a generalization of the “marginal
likelihood” does not have the right properties to be a contrast function and the
problem of estimating py remains open in the general case of autoregressive Markov
switching models.
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My My M;3
n |p=1 p=2 p=3|p=1 p=2 p=3|p=1 p=2 p=3

F)(y)=08y—1 200 0 20 0 0 15 5 0 17 3
F)(y)=03y+1 500 0 20 0 0 17 3 0 8 12
1000 0 20 0 0 6 14 0 4 16

1500 0 20 0 0 19 0 5 15

2000 0 20 0 0 19 0 5 15

F)(y)=-1 200 0 20 0 0 20 0 0 20 0
F(y)=1 500 0 20 0 0 20 0 0 20 0
1000 0 20 0 0 20 0 0 20 0

1500 0 20 0 0 20 0 0 20 0

2000 0 20 0 0 20 0 0 20 0

TABLE 1. Results for the “marginal-loglikelihood” BIC-penalized
cost-function

Moy M,
n |p=1 p=2 p=3|p=1 p=2 p=3
FP(y)=08y—1 200 0 16 4 0 15 5
F)(y)=03y+1 500 0 16 4 0 19 1
1000 0 17 3 0 19 1
1500 0 18 2 0 19 1
2000 0 19 1 0 20 0

TABLE 2. Results for the exact-loglikelihood BIC-penalized cost-function
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APPENDIX

4.1. Proof of theorem 1. Denote by g, the functions g maximizing the likelihood.
Since the set G is Glivenko-Cantelli, for all n > 0 and for n large enough: g, € G,
where G, is defined by equation (3). Now, using Theorem 1 of Doukhan (1995),
under (B)

(7) sup 1 <i5(Yk1;Yk)> = O[pv (1)

. n—1
sES, =2

with S, defined by equation (4). Moreover, S, C Lz (u), thus Sp C Ly (p)

and using the Ls-entropy condition S? = {(5)2 , g€ gn}, with (s) (yg—1,yx) =
min (0, s (Yx—1,Yx)), is Glivenko-Cantelli. Since (Y;—1,Yx) is ergodic and strictly
stationary, we obtain the following uniform convergence in probability:

LY )2 () it () [
s _ —— oo 1IN s
2. k=1, Yk ey s

inf
seSp,n—1

The following lemma is a straightforward adaptation of the inequality 1.1 in Gassiat
(2002).

Lemma 2.
Under (B)
0 n
9—9 Dien 89 (Yim1,Y2)

(8) sup || 0 H2 <2 sup nt 2 92 Y, Y,

9€Gy:In(g9)—In(g°)>0 Y 9€Gy Zt:Q(Sg)_( t—1 t)
One may apply this inequality to obtain

_ 0
(9) sup ([Tl = 0 (n717?)
9€Gy,:In(g)—=In(g%)>0 9

Taylor expansion gives that In(1 +u) = u — % + u?R(u), with lim,. ¢ R(u) = 0.
Thus, for any g,
_0 n —q0 n 2
In(g) —In(g%) = | 5812 307 59 (Yim1, Y2) — 51 5585113 200, (54 (Yeo1, Y2))
—g° n 2 —g° n
IS 1B S0 (59 (Yt Vo)) B (1582 2 00y 5 (Y1, Y2) )
By (B), ﬁ E?:z (sg (Yi-1, Yt))2 = Op(1).

Now, we have the following lemma:

Lemma 3
Let (F(X1),---,F(X,)) be stationnary sequence of real random variables in L2
then

max_(F(X,)) = op(v/n)

i€{l,--,n}
Proof of lemma 3
Let us show that

Ve >0, lim P(| max (F(X;))|>evn)=0

n— oo ie{l,---,n}

We have

Plmaxicp,... ny (F(Xi))| > ey/n) <
PIF(X1)] > evn}U---U{[F(Xyn)| > ev/n}) <nP (|F(X1)] > ey/n)
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Now, since FI(X;) € L2,

%) evn

lim F(x)*dP(x) +/ F(2)*dP(z) =0

n—00 ev/n oo
Hence
. N N A P V2
lim nxP(|F(X1)| >eyn) < lim — F(z)“dP(z) + F(z)°dP(z) | =0
n— o0 n—oo & ev/n —00
|

Furthermore, since S,, admits a square integrable envelop function F' and using (9)
we have:

n n

_ 40 0
sup 192135 (s (Ytl,mfRQggog 2> s, (Ytl,xft)) = op(1).

9€Gnin(g)—n(g>0  9° p
Thus,
SUPgeg, (1n(g) 0— ln(go)) = 0 2
SUPgeg, {Hg}? 2 3os s (Vo1 ¥2) — 51195813 220, (s¢ (Yi-1, Y2)) } +op(1),

which implies that

n 2
(max { PIHEPL) Sei/(%/f*—l’yt) ; 0})

sup (In(g) —In(¢%)) < sup — S + op(1).
9€G, (in( @) 9€Gn:In(g)—1In(g°)>0 —Ztﬂ(sg(:f*l*yf)) (
Since S, is Glivenko-Cantelli:
n Y. 1Y 2
sup Dot (59 (Vi—1,1%)) — 1| = 0p(1),
9€Gn n
and
n 2
Y:i-1,Y,
2 sup (In(g) —In(g")) < sup (maX{Zt_2 59 (Y1, t);O}) +op(1).
9€0, 9€GyIn(g)~In(g°) >0 Vi

Let G, = {g €Gy: ||g;—090|| < n_1/4}. Using (9), we obtain that

2 sup (In(g) — In(g°)) < sup <maX{Z?_28‘q (Y“’Yt);o}>2+oﬂm(1).

g€y 9€Gn,, \/ﬁ

Now, supgeg, llsg —D|l2 —— 0, thus for a sequence u,, decreasing to 0, and with
n n—oo

Ap={sqy—d: g€G,,, deD,|sg—dl2<un},
we obtain that

28up,eg, (ln(g) - ln(go)) <

" n 2
(max {supdep W + SUpsen., M; 0}) + op(1).

n

Under (B), thanks to Theorem 3 of Doukhan (1995) the empirical process indexed
by &, has the property of asymptotic stochastic equicontinuity, so:

" oY 1Y,
sup 2= (V-1 Y1) = op(1),
S€AR Vvn

and

2 sup (In(g) — In(g°)) < sup (max { Dizs d(yt‘l’y‘f);o})2 + op(1).

9€Gy deD vn
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Moreover, using classical normal asymptotic properties along the parametric paths,
one obtains that, for a sequence of finite subsets Dy, increasing to D,

2 sup (In(g) — In(f)) > sup (max{§332d(”‘“y”;o}>2+OP0»

9€Gy deDy \/ﬁ

for any k. Therefore, Theorem 1 is true. l

4.2. Proof of Theorem 2. Let > 0 be a real number. Consider Gn # () the set
of functions which maximize the log-likelihood. Since, under H-1, G is Glivenko-
Cantelli, for n large enough, |g — gOHLz(M) <nforgeGnsoG, C Gy. Let us
remark that, under assumption H-2, the score function s, € S, is well defined in a
compact neighborhood of the true density function ¢°.

Proving that for an n > 0, a parametric family like S,; is Donsker is not so easy. The
problems arise when g — ¢° and the limits of s, in L? (u) have to be computed.
To achieve our proof, let us split S into two classes of functions.

For a sufficiently small € > 0, we consider Fy C G,,, a neighborhood of q°,

Fo = {g € G7
and 877 \ So.
On S, \ So, it can be easily seen that

51

o) <e g# go}. S is splitted into Sy = {sg4, g € Fo}

o _q @ _q |5 - 2
g° B g0 <ol T NL2(m
9 _ 92 _ B a_q
q° 2 q° 2 q° 2
L2 () L2 () 11 L2 () L2 (p)

for every g1, 92 € G, \ Fo and, moreover, by the definition of S,

5 -1 %5 -1 2

Q
Q

g1 92
g’ g°

I3 L2(n)

|

On the other hand, by the assumption H-3, Z]% has square-integrable partial-

g1
9—0—1\

% -1

L2 () } L2() W L2 (p)

derivatives of order one and, using the result 19.7 on parametric classes of functions
in Van der Vaart (2000), we get:

1\ 2
NS\ Sl =0 (%)
where D is the number of parameters in the model.

It remains to prove that the bracketing number is a polynom of (%) for Sy. The idea
is to reparameterize the model in a convenient manner which will allow a Taylor
expansion around the identifiable part of the true value of the parameters.

Let us recall that it is assumed that py < p.

When g% — 1 = 0, by the linear independence of the functions gg,, a vector of
positive integers t = (ti)0<i<p0 , to = 0 exists so that:

ti

Gti71+1 =..= Hti = 9?, Z T = 7T?, 1 € {1, ...,po}

j=ti—1+1
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With this remark, one can define in the general case s

= (8i)1<icy, and ¢ =
(¢j)1<j<, so that, for every i € {1,...,po} , j € {ti=1 +1,...,t:},

ti

-
_ . 0 o= "5
Si = E T T 4 = =,

j=ti—1+1 Zl:ti,lJrl M

and a new parameterization will be

Or = (¢1, Y1), ¢r = ((Gj)1§jgtp0 a(Si)lgiSpofl J (Fj)é‘):tpo-i-l) ’
Y = ((qy')1§j§p ’ (9j>§:tp0+1)

with ¢; containing all the identifiable parameters of the model and v; the non-
identifiable ones. Then, for g = ¢°, we will have:

P = (69,...60 .., 60,60, 0,.,0 0,.,0)"
N—— —_— Y~ Y=
t1 lpy —lpo—1 Po—1 p—tp,

This reparameterization allows to write a second-order Taylor expansion of g% -1
at ¢?.

With the notations introduced in assumptions H, the density ratio becomes:

Po t; P
g
8-S Y w3
9 i—1 j=ti1+1 j=tpy+1
and since sp, = — S 77 sy,
9 1 t; 1 t
q° = X% (si+m) ZJ —t; 141 95l0; ( gy ) Zypotp 415l

+ Zj:tpo-i-l mjlo; —

By remarking that when ¢, = ¢?, ?]% does not vary with ¢;, we will study the
variation of this ratio in a neighborhood of ¢9 and for fixed ;.

We can state the following result:

Proposition 3

Let us denote D (¢, 1) = Hg“’f se) IH "’ With the notations of assumptions
L2(p
H-8 and H-4, for any fized 1;, the second-order Taylor expansion at ¢ ewists such

as

%— = (0= ¢) Uiy + 5 Lo —60) 71 o ) (@1 = 80) =1+ 0(D (61, 4r))
with

T
ti

Ppo
(0 =) g9 0) Z”O D4t =0 L+ sl
1=1

Jj=ti—1+1
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p
+ Z Tj le]

J=tpg+1
and
T Po t; r
(¢ ¢t) EI¢O ) (¢t - ¢?) = Z 2s; Z Qjej - 91'0 l;JF
=1 Jj=ti—1+1
t;
S a0 - 00) 1 (05— 07)
j=ti—1+1

Moreover,

1
(¢ — ¢t) ¢0¢t)+§(¢ ¢t) (¢0¢t (¢r — ¢7) =0 & ¢ = ¢}

Proof of Proposition 3

The first term in the development can be computed easily by remarking that the
gradient of % — 1 at (09, 9) is:

9
o forie{l,...,po} and j € {t;—1 + 1,....t;}, ( ) (¢t,1/1t) mlq;l!
o forie {1,...,p0— 1},

o t
<651 ) (¢t’wt) = Z] tio1+1 qu9° - Zjll)tpo,1+1 leego = leg - lego

o for j € {tp, +1,...,p}, ( )((bt’wt)_l

The term of second order can be obtained by direct computations once the Hessian
is computed at (qbto, ’L/Jt)Z

(—71

692 ) ((btth) = l// ) 1, ...» PO and j = ti,1 —+ 1, --';tz
41
° a<9ael)(¢ﬂ/)t): 0,j4,l=1,..,pand j #1
1
(Sslaék) (¢ 7"/)t) == 'L k—l ,pofl
A
* 05i98; (gbt”l/)t) y -y PO anda j tzfl + 7-.-7t1

8? . .
ESSIW (¢t77/)t) = —qjl po yi=1,..,po—land j =t _1+1,...,tp
o the other crossed derivatives of s; and §; are zero

It still has to be proven that the rest is o (Hqﬁt — ) H) As it can be easily seen that
the third derivative of % — 1 can be expressed in terms of partial derivatives of
order two and three of 10]07 7 =1,...,pg, the result follows from the assumption H-3
and the linear independence in H-4. B

Using the Taylor expansion above, we can now show that Sp \ { go} is a Donsker
class, using the next result:
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Proposition 4

Let d be the dimension of the parameter indexing the functions gg. The number of
e-brackets i) (2,8, ) covering So is O (1) V.

Proof of Proposition 4

The idea of this proof is to bound N (e, So, [|-]|,) by the number of e-brackets
covering a wider class of functions. For every g € Fy, we will consider the reparam-
eterization ® = (¢, ;) which allows to write a second-order development of the
density ratio:

T//

1
g(¢§5wt)_1:(¢t‘¢?) (@00 T35 (0= &) 1 y,) (@0 = &) +0(D (61, 91))

Then, by remarking that the first two terms in the Taylor expansion are linear
combinations of l@O, I, 1f,i=1,..,p0 and lg,,j = tp, +1,--- , p, the density ratio

) Vi

can be written also as:

g(d)'“wt _ Z azléo + Z Oé_]lg + Z BTZI + Z’YTZI,’% + 0 (¢ta Q/Jt))

G=tpy+1
where (a;)1<i<p € R, (Bi)1<i<p and (7i)1<i<p, € RY.
Now, using the linear independence, I3m > 0 ,so that, for every
(ajuj=1,+,p, By i=1,,po)

of norm 1,

Zazl90+ Z ly, —l—Zﬁle +ZVTZ” > m.

S L2(0)

At the same time, since

(¢,
to ) 1 .

9(bs,9¢)
s 1]

L2(w) L2 ()

we will obtain th%‘&tl}pe) Euclidean norm of the coefficients in the second-order de-
tvo t -1

velopment of H is upper bounded by % This fact implies that Sy

g
9I(pt,0) ||
) 9° L2(w)
can be included in

2 — ﬂ (Ozzl‘go + 8T+ ngf%,) + Z?:tpoﬂ ajlg, +0(1),
‘(Oé_],j— P0+1) apaﬁza%%Ta@:LaPO)HS#}
and then obviously A} (g, H, |-|l,) = O ()77 m

Since the set S, was proved to be Donsker, it remains to identify the asymptotic
index set of score functions.
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Asymptotic index set. The set of limit score functions F is defined as the set
of functions d so that one can find a sequence g, satisfying Hg"f_f l2 — 0 and

ld = g,/ = 0.

Let us define the two principal behaviors for the sequences g, which influence the
form of functions d :

o If the second order term is negligible with respect to the first one :

9n
e (0= ) T+ (D ).

e If the second order term is not negligible with respect to the first one :

n p— T
G —1= (B — ) U go , \+
0.5(®y — @°) g0y, ) (P — %) + 0(D(Pp, b))

In the first case, a set t = (to,--- ,tp,) exists so that the limit function of s,, will
be in the set:

Di = {Q (S0 Tlog + X0, 10 CFlos + 02, ATE)
)\17"' a>\p0 GRd;Cla"' anGR
9tp0+1’“. ’9176@_{9(1)"“ ’920}}

In the second case, an index 7 exists so that :

ti

> g0, -6 =0,

Jj=ti—1+1

Otherwise, the second order term will be negligible compared to the first one, so

i V@ X /3505 — 67) = 0.

Jj=ti—1+1

Hence, a set a set t = (to, - - ,tp,) exists so that the set of functions d will be:

{9 (02 Gilap + 201 Gilo, + 02 AT

t;
+0 fil Zj:ti—l"rl ,YJTl;I,Yj)
)\17"' a)‘poaf}/lv"' 7775170 E]Rd ;Clv"' 7Cp eR
oy e @ it )

where § = 1 if there exists a vector q exists so that:

G <0, X 10 =1 XS /@ = 0 fori =1 po; and § = 0
otherwise.

So, the limit functions will belong to F. Conversely, let d be an element of F, as

functions d belong to the Hilbert sphere, one of their components is not equal to 0.

Let us assume that this component is (1, but the proof would be similar with any

other cgomponent. The norm of d is 1, so any component of d is determined by the
2

ior &2 ... L
ratio: & s & Vo

Then, by assumption H-1, the set of possible parameters contains a neighborhood
of the parameters realizing the true conditional density function ¢°, we can chose
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the parameters of g,, so that:

t; n 0
Z] i1 +1 T T

. . i n—oo (;
Vi € {2’ AN ’po} : —231:1 7‘_;7#? — ITE

. thtlf 1145 (07 =07) nooo
Vie{l,-- ,po} : = 25171 F;_ﬂil) — C%)\ia

. qn n—oo 1
Ve Lt} g (07— 00) T g
viedpo L oph s gy T A

Proof of Proposition 1

Since the noise is Gaussian and ‘a?’ < 1 forevery i € {1,...,po}, by Yao and Attali
(2000), there exists a unique strictly stationary and geometrically ergodic solution,
which in particular will be geometrically G-mixing.

On the other hand, the Gaussian noise implies the existence of moments of any
order. Now let us prove the existence of an exponential moment for Y;. By denoting
0 = MaxX;—1,. p, 02 , p = MaX;=1, . po ‘a?| <1,b=max;=1 . p, |b?‘ and for s € N*,
one has :

< (p|Yir| +b+oled])™

IN

2s
I = [FSy, (Yie1) + oy, (1)

00 2s 00 2s
< <b+o|et| 30 (b+0|€tkl)> = (Zpk (b+0|€tk|)>
k=0

k=1

By taking the expectation,

-

2s 0o

E(Wf*)" <E (kz_opk (b+a|stk|>> <> <b+ oE (|stk|25)“)

k=0

Since p < 1 and E (|e¢|**) > E (¢7) = 1, we finally obtain

1
AR %
E |}/t|25 S S +O—E |€t|25
1—p 1-—

The exponential moment can be computed then by

5 b+o)\?
I—p
The last term being the moment generating function of a x? (1)-distribution, it will

2
be finite for any & such that 0 < § < % (;Jr;g) )

E (™) :ZEM 5" <ZE|€t|
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Proof of Proposition 2

The norm of the generalized score function is

2
‘ 1 = /deu (1) — 1=
L2(p)

9° (y1,92)
_ / (0 mifo, (2 — Fo, (1))
?0:1 ”?fgj (?/2 - ng (yl))

9

gO

dyz2dX (y1) — 1

and by the inequality (Y0, i fo, (2 — Fo, (11))° < S0 mifg (y2 — Fo, (1)), the
integral will be finite if

/ fa (y2 — Fy, (11))
v w219 (v — F9, ()

dy2d) (y1) < 00
T

for all i € {1,..,p}. On the other hand, since }1*, ﬂ?fgj (y2 — Feoj (yl)) >

ngeok (y2 — F(,Ok (yl)) for every k € {1,...,po}, the generalized score function is well
defined if for every i € {1, ..., p}, there exists k € {1, ...,po} such that

3, (y2 = Fo, (1))
1o, (2 = Fg. (1))

dya2d (y1) < 00

Next, replace fp, and fgk by centered Gaussian densities with standard errors oy,

o9, respectively, and consider also Fp, (y) = a;y + b; and F(S)k (y) = ady +bY.

Then, each of the integrals above becomes:

£3, (2 — Fo, (11)) B < o?
feok. (y2 — Feok (yl)) duzd) (1) = / 2mo?

1 1 )
exp {— (O__ZQ - W) (y2 —m (y1)) }dy2>

2
2(of) Fo,(y1)—0iFy (y1)

where m (y1) = 2(0)" o
o) —o;

To have a sufficient condition, the integral in ys is finite if o7 < 2 (02)2, and the

integral in y; is finite if 2(02)2705

< 6.
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