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fed-batch bioprocesses for growth functions with two maxima

Térence Bayen* Pedro Gajardo Francis Mairet ¥

December 31, 2011

Abstract

We address the problem of finding an optimal feedback control for feeding a fed-batch bioreactor with
one species and one substrate from a given initial condition to a given target value in a minimal amount
of time. Recently, the optimal synthesis (optimal feeding strategy) has been obtained in systems in which
the microorganisms involved are represented by increasing growth functions or growth functions with one
maxima, with either Monod or Haldane functions, respectively (widely used in bioprocesses modeling). In
the present work, we allow impulsive controls corresponding to instantaneous dilutions, and we assume
that the growth function of the microorganism present in the process has exactly two local maxima. This
problem has been considered from a numerical point of view in [15] without impulsive controls. In this
article, we introduce two singular arc feeding strategies, and we define explicit regions of initial conditions
in which the optimal strategy is either the first singular arc strategy or the second strategy.

Keywords. optimal control, minimal time problem, impulsive control, Pontryagin maximum principle, biore-
actor.

MSC. 49J15, 49K15, 49N25.

1 Introduction

The operation of a fed-batch bioreactor consists of feeding the reactor with a highly concentrated solution
without any removal of liquid before the end of the culture. This operating mode presents many advantages
over batch or chemostat (continuous culture) operations: a high concentration of cells or products can be
obtained, and it allows for the easy control of the operating conditions, in particular the limiting substrate
concentration (see [9]). Therefore, fed-batch bioreactors have been widely used in the food and pharmaceutical
industries, as well as in wastewater treatment. In a fed-batch process, choosing an adequate feeding strategy
is a key feature that can significantly increase productivity. Many authors have proposed feeding strategies
using optimal control theory for various types of problems (different bioprocesses and/or objectives, see for
example [8] and [10]). In this study, we will focus on the minimal time problem: given initial conditions, the
objective is to define a feeding strategy to reach a given substrate concentration in a minimal amount of time
with a given maximal volume (representing a completely full tank). The optimal synthesis for this problem
has been obtained in [13] using Green’s theorem, via the technique introduced in [11], in the following cases:

e For increasing growth functions (e.g., the Monod kinetic, see [12, 17]), the optimal solution is of the
Bang-Bang type: it consists of filling the reactor up to the maximum volume with the maximum input
flow rate and then waiting until the substrate concentration reaches the desired value.

e For nonmonotonic growth functions with one maximum point (e.g., Haldane kinetic, see [1, 17]), the
optimal solution is a singular arc strategy, consisting of regulating the substrate concentration at the
maximum of the specific growth rate.
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These results, obtained for regular controls in [13], have been recently extended to allow for impulsive controls
(corresponding to instantaneous dilutions), in [7], for the following situations :

e for the case of one microbial species with increasing (e.g., Monod) or one maxima (e.g., Haldane) growth
functions,

e for the case in which two microbial species compete for the same substrate with two increasing growth
functions that satisfy additional assumptions.

Several new methods have also been proposed for the practical implementation of these optimal strategies
(see [3]), including alternative approaches such as extremum seeking (see [5]). In this work, we will focus
on the problem of fed-batch operation with growth functions having two local maxima. This type of growth
function is observed when the bacterial population can grow via two possible metabolic pathways (e.g., each
one is related to a different non-limiting substrate). Indeed, for some microbial species, a high substrate
concentration can result in the changing of metabolic pathways (see [6]). A growth function having two local
maxima can also be obtained when we consider a growth function with one maximum point associated with
inhibition by a product. Under some hypotheses, the product concentration can be expressed as a function of
the substrate concentration, and the problem can be rewritten with a growth function with two local maxima
(see [2]).

In [15], the problem of minimal time control for a growth function with two local maxima has been
addressed using a numerical approach. It appears that the singular arcs defined by the two local maxima
are two optimal candidates, but to obtain the optimal synthesis is not easy, because none of the previous
methods applied for Monod or Haldane growth function are applicable here. Given the numerical results
obtained using a regularization method, the authors conjecture that the state space can be divided into two
domains in which each arc strategy is optimal. To solve this problem analytically, we allow impulsive control
(see [7]). In general, an impulsive control indicates that the input flow rate is allowed to take values wu,, > 1
corresponding to instantaneous dilution. We consider two cases, which depend on whether the strict global
maximum of the growth function is the first local maximum (case B) or the second maximum (case A). The
problem is reformulated into a planar affine system with two controls (as was done in [13] without impulsive
control) introducing a constant M defined by the initial conditions (see Section 2). We then use the Pontryagin
maximum principle (see [14]) to derive the necessary conditions on optimal trajectories. Our method relies
on the exclusion of extremal trajectories that have a switching point before reaching one of the two singular
arcs. We then conclude by considering which singular strategy starting from a given initial condition has
the minimal cost. The paper is organized as follows. In Section 2, the problem is stated, and we derive
several general properties about extremal trajectories via the Pontryagin maximum principle. In particular,
we provide an explicite expression of the switching functions corresponding to the controls (see lemmas 2.3
and 2.4), which is the starting point for comparing both strategies. These expressions allow, in particular, the
easy retrieval of a result in [7] on the optimality of the singular arc strategy in the case of one species with a
Haldane growth function. The original proof (see [7]) makes use of the characterization of the value function
by using the Hamilton-Jacobi equation (a sufficient condition). In Section 3, we prove the general comparison
results between extremal trajectories that are valid for cases A and B. Section 4 and 5 are devoted to cases A
and B. The following results are obtained:

e Case A, M > 0: the optimal synthesis is given by theorem 4.1
e Case A, M < 0: the optimal synthesis is obtained under the hypothesis 4.1 (see theorem 4.2).
e Case B, M > 0: we prove that the first singular arc is optimal (see theorem 5.1).

e Case B, M < 0: we prove that the first singular arc is optimal (theorem 5.2) provided that the hypotheses
5.1 and 5.2 are satisfied.

For M > 0, our optimal synthesis proves the conjecture proposed in [15] when impulsive control is allowed.
It appears that the case M < 0 (which corresponds to a low initial concentration of biomass) is slightly more
delicate to handle than the case M > 0. In case B, M < 0, hypothesis 5.1 is satisfied when M is small.
Hypotheses 4.1 and 5.2 have been verified numerically (see Figure 4).



2 Statement of the problem and general results

2.1 Formulation of the problem

In this subsection, we present the model and the optimal control problem. Let us consider the following control
system describing a perfectly mixed reactor operated in fed-batch mode with impulsive control (see [7]):

§= —T[L(S)SC + %(sln - S)a (21)
v =u,
where z is the concentration of biomass, s is the concentration of substrate, and v is the volume of water (with

concentrations x and s) in the tank. We will assume that the growth function p has two local maxima s; < so
and one local minimum s,, € (s1, $2), see Figure 1. We will consider two cases:

o Case A: u(s1) < p(sz2).
e Case B: pu(s1) > u(sa).

We also suppose that u”(s1) # 0, p”(s2) # 0, and p/'(sm) # 0, and we define s € [sy,,s2] such that
w(sh) = p(s1) in case A, and similarly, si € [s1, $;n] such that p(s}) = u(s2) in case B.
The set of admissible controls is defined as follows:

U={u=(ru): 0,00 ({0,1} x [0,1])\ {(0,0)} | meas.}.

Here, u is the input flow rate and r represents an impulse control. An instantaneous addition of volume
vy —v_ (i.e., a jump from volume v_ to volume v, ) is achieved by taking » = 0 on some interval of time
[T—, 74] for system (2.1) and any measurable control u satisfying

/T+ u(t)dt = vy —v_, (2.2)

see [7] for more details. In particular, there is no uniqueness of u as long as integral (2.2) is equal to v; —v_.
An addition of volume vy — v_ corresponds to a dilution of the substrate and the biomass:

v_ v_ v_
Sy =—5_F+ (1 —— | 8in, T4 = —x_,
V4 V4 V4

where s_, x_ are the concentrations before dilution and s;, x4 are the concentrations after dilution. We
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Figure 1: Figure left: example of a growth function (corresponding to case A) that is a sum of two Haldane
growth functions having two local maxima s; < s, such that p(s1) < u(s2). Figure right: sum of two Haldane
growth functions with p(s1) > p(s2) (case B).

denote by £ a triple £ = (z,s,v), and let E = R% X]0, 5;,,[x]0, v,] C R? be the domain of state variables z, s,
and v. The target is defined as follows:

IY-Z{é—Z(xvsvru)EE|0§S§S,«ef7 ’U:vm}’



where s,.7 is a given reference (low) concentration such that 0 < s,ey < $1 < 82 < 8, and vy, is the volume
of the tank. For ¢ € E and a control u € U, let t¢(u) be the first entry time in 7. In the impulsive framework,
the minimum time problem, for an initial condition &y € F, can be gathered into:

tgo(u)
inf / r(7)dr, s.t. (2(0), 5(0),0(0)) = &o; (2.3)
0

ucld

see [7] for more details on the reparametrization of the minimum time problem with impulsive control. If
(z,s,v) is a solution of (2.1), the function M := v(x 4+ s — s;5,) is constant equal to vo(xg + So — Sin); hence,

we have z = % — (8 —8;in), and the system can be gathered into a quasi-affine planar system with two inputs:

{s: = —rp(s) (2 — (s = sin)) + %(sin — 9), (2.4)

Remark 2.1. The sign of the constant M = vo(xo + So — Sin) defined by the initial conditions plays an
important role in the synthesis of the optimal feeding strategy. Note that for repeated fed-batch cultures (i.e.,
at the end of the culture, the reactor is partially drained, and then a new culture begins using the substrate and
biomass concentrations reached at the end of the previous culture), one can easily check that M will tend to 0.

We claim that for any £, € F, the minimum time to reach 7 is finite. Indeed, one can reach volume v,
from any & € F by an impulse of volume v,,, — vy (that is, 7 = 0). If the concentration of substrate is greater
than syef, we put v = 0 and r = 1 until s(¢t) < s,cr. This strategy steers any & € E to the target 7 in
finite time, which proves that (2.3) is finite. The existence of an optimal solution of (2.3) is not guaranteed
by Filipov’s theorem (see [4]), as the set of admissible controls is not convex (recall that r(-) € {0,1}). Let us
now consider the relaxed problem, that is, the problem (2.3) in which the control (r, u) is allowed to take values
within U := [0, 1] x [0,1]. By the convexity of U and the cost functional, the existence of an optimal control
for the relaxed problem is standard by Filipov’s theorem, see [4]. Without loss of generality, we may consider
trajectories such that (r,u) # 0 (if r = u = 0, the cost is unchanged while the system is stationary). We will
see in the next section that an optimal control of the relaxed problem can be taken such that r(-) € {0,1}.

2.2 Pontryagin maximum principle

In this subsection, we derive the necessary conditions for an optimal control by the Pontryagin maximum
principle (PMP), and we compute the singular arcs. We also prove the existence of an optimal solution of
problem (2.3). Let vy be the curve, in the plane s — v, defined by:

Sin — Sre
Yo(8) = U <zs—s€f) , s €00, 8pef]. (2.5)
In the rest of the paper, we will consider initial conditions for the system (2.4) in the set D defined as follows:

D = {(s0,v0) € R} x RY | s0 € (0,8), 0<vo <min(yo(s0),vm), M+ vo(sim —s) >0} . (2.6)

Note that the last condition guarantees that the initial conditions &y of system (2.1) satisfy xg > 0. We will
prove in the next subsection that for initial conditions (sg,vo) such that yo(sg) < vg < v, the optimal control
is a single impulse from volume vy to volume vy, (see proposition 2.3). Therefore, we will assume throughout
the paper that initial conditions are in D. The Hamiltonian of the system H = H(s, v, As, Ay, Ag, 7, u) is:

H = —rhuls) (Af (s sm)> +u <”‘°’ZS) + )\v) + Aot (2.7)

Let us apply the Pontryagin maximum principle to the relaxed problem. Let (r,u) be an optimal solution and
(s,v) the corresponding solution of (2.4). Then, there exists t; > 0, Ag < 0 and an absolutely continuous map
A= (A5, \o) 1 [0,£7] = R? such that (Ao, A) # 0, \g = =2 A, = —Z2E that is:

{Xs = As(rp (s)z = ruls) + ),
o = 2

(=rp(s)M + u(sin — 5)),

e @

(2.8)

&



and we have the maximality condition:

for a.e. t € [0,tf], H(s(t),v(t), As(t), Au(t), Xo,7(t),u(t)) = max H(s(t),v(t), As(t), Au(t), Ao, 7, 1) = 0.

(7, a)eU
(2.9)
The Hamiltonian in (2.9) is zero, as ty is free. Without loss of generality, we may assume Ao = —1. Next,
define the switching functions ¢1 and ¢ associated with controls r and wu:

{¢1(t) = Aapals) (5 = (s = i) — 1, (2.10)
Pa(t) = A== £ Ay

v

We call an extremal trajectory a quintuplet (s(-),v(-), As(-), A (+), 7(+), u(-)) satisfying (2.4)-(2.8)-(2.9). It fol-
lows that any extremal trajectory satisfies for a.e. ¢t € [0,¢/]:

r(t)g1(t) + u(t)p2(t) = 0. (2.11)

We obtain from (2.9) that any optimal control satisfies the following control law: for a.e. ¢ € [0,%], we have

$1(t) <0, ¢2(t) =0 = r(t) =0, u(t) € (0,1], (Impulse),
2(t) <0, $1(t) =0 = wu(t) =0, r(t) € (0,1], (No feeding), (2.12)
o1(t) =0, ¢2(t) =0 = r(t) € (0,1], u(t) € (0,1],  (Singular arc).

In particular, an extremal trajectory has a singular arc on some time interval I if both switching functions
satisfy ¢1(t) = ¢2(t) = 0 for all ¢t € I. Derivating the switching functions yields:

b1(t) = —ug(t), do(t) = ro(t), (2.13)

where:
Astt' (8)(8in — 8)x
» .

o(t) =

The next lemma will be useful in the following.

(2.14)

Lemma 2.1. If (sg,vo) is in D, then any optimal trajectory satisfies As < 0.

Proof. An optimal trajectory is a concatenation of arcs where u = 0 (no feeding), » = 0 (impulse), or s is
constant with s € {s1, $2, 8, } (singular arc, see lemma 2.2 (i)). If the initial condition is in D, any optimal
trajectory contains an arc u = 0 (otherwise, the trajectory would not reach 7). If \; vanishes at some point
to € [0,1f], then Ay = 0 from (2.8). Hence, when v = 0, we obtain from (2.7) that » = 0, which is not possible
(recall that we assumed (r,u) # (0,0)). Hence, As is always non-zero and of constant sign. Moreover, when
u =0, one has from (2.7) —rA;u(s)z —r = 0; thus, A\; <0. O

From the expression of ¢ and the sign of A,, one can prove the following proposition that will be useful to
perform the optimal synthesis in the two next sections.

Proposition 2.1. (i). Let (so,v0) € D such that so € (Sm, S2] and let us consider an extremal trajectory
satisfying u =0 at time 0. Then, there exists t1 > 0 with s(t1) < 8, such that we have u =0 on [0,%1].

(ii). Let (sg,v0) € D such that so € [$1,8m), Vo < Um, and let us consider an extremal trajectory satisfying
r =0 at time 0. Then, there exists t} > 0 with s(t}) > sm such that we have r =0 on [0,1}].

Proof. Let us prove (i). From (2.14), we have that ¢ is non-negative when s(t) € [s1, s,,], and ¢ is negative
when s(t) € [sm, s2]. It follows that if s(t) € [s1,sm], then ¢o is increasing, whereas if s(t) € [sy, 2], then
@2 is decreasing. When u = 0, the concentration of substrate s(t) is strictly decreasing at time 0; thus, ¢o
remains negative until s(t) = s,,. If ¢, is always negative, then the trajectory does not reach the target (as
vg < Um). Therefore, there exists t; > 0 with s(¢1) < s, such that ¢2(¢;) = 0. The proof of (ii) is similar
using ¢1(0) < 0 and the monotonicity of ¢, for s(t) € [s1, Spm]. O

The previous lemma means that an arc 7 = 0 (resp. an arc v = 0) starting with sg € [s1,Sm) (resp.
S0 € (8m, s2]) always passes though the line s = s,,. Let us now evaluate a singular arc strategy.



Lemma 2.2. Let us consider a trajectory that contains a singular arc on some time interval [to,t1]. Then:
(i). The concentration of substrate is constant on [to,t1], and s € {s1, S2, Sm }

(i). If the singular arc is optimal, then s € {s1,s2}.

(iii). The cost of a singular arc from a volume vg to a volume vy is:

t 1 M —+ Ul(sin — 51))
r(t)dt = In Li=1,2, 2.15
/tg (¥ (i) (M + vo(Sin — i) (2.15)

and the singular control can be expressed as follows:

s, = p(s;) <v + > ci=1,2. (2.16)

Sin — Si

Proof. By the definition of a singular arc, we have ¢1(t) = ¢2(t) = 0 on [tg,t1]. By derivating, we obtain
¢(t) = 0 for t € [to,t1] as (r,u) # (0,0). In view of (2.14), the only possibility for ¢ to be zero on [tg, 1] is
1 (s) = 0; hence, s must be constant on the interval [tg, 1], that is, s = s1, s = s,,, Or 8§ = so, which proves
(). By using $ = 0 on [to, t1], (2.4) becomes:

M

Sin — S

o —rp(s)o =rp(s)

Solving this equation yields:

)

M s) [t T)dT M
v1—<vo+ )e“()f‘or( ar

Sin — S Sin — S

and we obtain (2.15). By derivating, we obtain (2.16), which proves (iii). From (2.15), we may assume that
r = 1 along a singular arc. Indeed, it is enough to ensure that the L'-norm of 7 on some time interval (where
the volume goes from vy to vy) is equal to the right hand side of (2.15).

Let us now discuss the optimality of a singular arc. By derivating ¢(t) and replacing r(¢) by 1, we obtain:

_ A

¢'(t)

An optimal control v must satisfy the Legendre-Clebsch necessary condition along the trajectory, that is,
2
0 d [, >0, see e.g., [16]. Combining x'(s) = 0 and (2.17) yields:

=2 (" (5) (s = () 4+ = (s = ) + o () = 204 (8) (300 = 5) 4 (s)ar) . (217)

Ju dt?

a9 d? AsZ(8in — 5)2

O A g sy 2stSin = S)7

Ou dt? i) v
Thus, one must have p'(s) < 0 (recall that A\; < 0). Hence, the only possibility for s is s = $1 or s = sg,
which proves (ii). O

Theorem 2.1. There exists an optimal solution of (2.8) such that r € {0, 1}.

Proof. Let (r,u) # (0,0) an optimal solution of the relaxed problem. Notice that (r,u) satisfies (2.12) for a.e.
t € [0,tf]. In the case of an impulse, we have r = 0, whereas in the case of a singular arc, one can take r =1
by the previous lemma. Let us now examine the case where u = 0 (no feeding). If w = 0 on some time interval
[to, t1], the volume v is constant, and we have § = r(¢) f(s(t)), where f(s) = —u(s)(M/v — (s — 8in)). Let us

put
{9 = fti) r(7)dr,
z(0(t)) = s(t).
By derivating, one has %(G(t))r(t) = 5(t) = r(t) f(s(t)); thus, we have:
dz
0] (215)

as r is non-zero. Moreover, z satisfies 2(0) = s(tg) and z(f) = s(t1), where § = f:ﬂl r(7)dr, and the cost

remains unchanged (as the cost of z on the interval [0, 8] is §). We can repeat this argument on any arc u = 0
of the trajectory, which allows us to take » = 1 by (2.18). This concludes the proof. O



Remark 2.2. Theorem 2.1 answers a question raised in [7] on the existence of an optimal solution of (2.3)
with v € {0,1} in the case of one species. The existence of an optimal control of (2.3) with a control r such
that r € {0,1} remains an open question in presence of more than one species.

Definition 2.1. The singular arc strategy SAS;, i = 1,2 (corresponding to s = s1 or s = sg) starting at some
point (so,v0) € D is defined as follows:

(1,us,) if sp = s; and vy < Uy,
(r(s0,v0),u(s0,v0)) = 3 (1,0) if s > s; or vy = Vyy,
(0,a) if s < s; and vg < vy,
where control 4 is any measurable function taking values in [0, 1] such that (2.2) holds in presence of a dilution.

The next proposition is concerned with some restrictions on the parameters of the system in order to obtain
admissible singular arcs.

Proposition 2.2. (i). If M < 0 and pu(s;)vy < 1 for i = 1,2 then both singular strategies are well-defined.
(ii). If M >0 and p(s;) (vm + M ) <1,i=1,2, then both singular strategies are well-defined.

Sin —Si -

Proof. By lemma 2.2, with ¢ = 1,2, the control us, is admissible if and only if:

0 < p(sy) <v(t) + — s) <1, t€lto,t1] (2.19)

As {(so,vo) eRL xRY | 59 € (0,8in), 0 < vy < Uy, M+ v9(sin — 5) > 0} is invariant by the dynamics, and
the left inequality in (2.19) is always satisfied. When M < 0, a sufficient condition to have an admissible
control is p(s;)vm <1, i = 1,2 (to ensure the right inequality of (2.19)). This proves (i). The proof of (ii) is

similar. O

Remark 2.3. From a practical point of view, we assume that the parameters of the system always satisfy the
conditions given by the previous proposition.

2.3 Computations of the switching functions

In this subsection, we compute the switching functions in the case of non-feeding (that is u = 0 and r = 1)
and in the case of an impulse (r = 0) in order to address the global optimality of the singular arc strategies
SAS;, i = 1,2 in the next section. Let us define a function v, by:

Sin — S

Po(s) = M+ (o =5’

Notice that 1, is non-negative by (2.4). In the case where M = 0, one has ¥, (s) = % Moreover, one has

Ph(s) = m, hence, if M < 0, then 1, is increasing, whereas if M > 0, then v, is decreasing.

Lemma 2.3. Let us consider an extremal trajectory starting at (so,vo) € D at time 0 with w = 0 on some
time interval [0,t1]. Then, we have fort € [0,t1]:

. —p o s(t) %0(5)
M) = ST T =@y 0 =20+ [ s (220)
S s(t) (g
(1) = Ay(0) — wﬂzio(;) + / Vo (5) ZQ((S)) ds. (2.21)
The cost associated to this trajectory is:
s(t1) ds
J=— (2.22)
/ p(s) (M + s — s)



Proof. The expression of \; is straightforward from the expression of the Hamiltonian along u = 0. We then
M

obtain A, = m By dividing by $ (which is non-zero as (r,u) # (0,0)), we obtain:

d\, M o (5)

ds () (M +wo(sin— )2 pls)

and we obtain the desired expression of A\, by integrating. Replacing \s into the expression of ¢ yields:

Yo, (s(1))
Pa(t) = Ao(t) — ——=,
! p(s(t))
and we obtain the desired expression for ¢o by integrating by parts the expression of A,. Finally, the cost J
is obtained by integrating the differential equation $ along u = 0. O

Let D' = {(s0,v0) € Ry x R% | v0(s0) < vo < vy }. From the previous lemma, we obtain the optimal
solution for any initial conditions in D’.

Proposition 2.3. (i). If (sg,v0) € D', then the optimal feedback steering (so,vo) to the target is an impulse
of volume v, — vg.

(ii). An extremal trajectory starting at some point (so,v0) € D such that so < $1, v9 < Uy, and satisfying
u=0 on a time interval [0,t1] is not optimal.

Proof. (i). If vg = v, then the initial point is in 7, and the result is proved. Assume vy < v,,. If an optimal
trajectory satisfies w = 0 with volume v < v,, on some time interval [tg,t1], we must have ¢2(tg) < 0, and
there exists a time ¢, > 0 such that ¢2(t,) = 0 (otherwise, the trajectory would not reach 7). We obtain:

s(tg)

$2(to) < da(ty) = 0= ¢a(to) + /(t | wv(s)ﬁ;((ss)) ds;

hence, we obtain:

s(ty) !
/ oo(5) 24 45 5 0

(to) p2(s)
But one has 1,(s) > 0, p/(s) > 0 (recall that s < s1), and s(tg) > s(t(). Consequently, the integral above is
negative, which is a contradiction. We can use the same argument for proving (ii). O

Corollary 2.1. Consider an optimal trajectory starting from a point (sg,v9) € D such that 0 < sg < s9 and
0 < vy < V. Assume that u =0 in the neighborhood of zero.
(i). There exists a time to such that ¢a(to) =0, s(to) < sm, and we have:

oo ()
) Y () 12(3) ds <0 (2.23)
(ii). Moreover, if M < 0, we have:
1(s(to)) > p(so). (2.24)

Proof. We have ¢2(0) < 0; hence, ¢o remains negative for ¢ close to zero. As vy < v, the switching function
must be zero at a certain time, and we obtain the existence of a time ty such that ¢a(tg) = 0. Notice that
s(to) < $m- Indeed, if s < sy, the result is clear, as s is decreasing along u = 0. If sg > s,,,, the result follows
from proposition 2.1. The previous conditions on the switching function can be written:

62(0) < 0 = da(to) = d(0) + / (t b @)/i‘;((‘?)ds o,

hence:

%0 #(s)
— %o (i )
/s(tg) Vun o) u2(s) 520



which proves (i). From this last inequality, we obtain:

o) i)
L, omtoragayte < [, el 229

When M <0, 1, is increasing; therefore:

) e [ B g [ ) " pl(s)
toom) [ s < [ as < [ oS <ot [ SE s

We obtain the inequality:

1 1 1 1
Yo m) (msm) u(s())) < Yo (sm) (msm) B M(S(to))> !
which gives (2.24). O

We now compute the switching functions in the case of an impulse.

Lemma 2.4. Assume that an extremal trajectory starting at (so,vo) € D with 0 < vy < v, satisfies r =0 on
[0,to]. Then, one has:

)\S(t) = o U(t), )\U(t) = )\U(O) + AZ(OO)

As(0) (86 — 50)
Vo

(5 = s0), (2.26)

$1(t) = —As(0)zou(s) — 1, da(t) = Au(0) + =0. (2.27)

Proof. The proof is straightforward from the state-adjoint equation and the Hamiltonian. Notice that the
adjoint vector must satisfy A, (0) + %{)L—SO) = 0 to ensure ¢ = 0 along the impulse. O
Remark 2.4. The cost associated to this trajectory is null.

Lemma 2.5. Assume that an extremal trajectory starting at (so,vo) € D with 0 < vy < v, satisfies r =0 on
[0,%0] and ¢1(to) =0 for to > 0. Then, one has:

1(s(to)) = p(so). (2.28)
Proof. Condition ¢1(0) < 0 gives u(sg) < m, and condition ¢1(tg) = 0 gives —As(0)zou(s(to)) — 1 =0;
hence, u(s(to)) = 5oz = H(50)- O

The previous lemma has simple consequences:

e In case A, any trajectory starting at so > s with an impulse is not optimal, as p is strictly decreasing
on [s2,+00). This remark (combined with proposition 2.3 (ii)) allows us to retrieve the optimality of a
singular strategy for one species and a Haldane growth function in the impulsive case, see [7] (the proof
in [7] makes use of the value function and the Hamilton-Jacobi equation).

e In case A, any extremal trajectory starting at (so,vo) € D, Sg € [$1, $m] With an impulse, is such that ¢;
will vanish between s, and min(sa, s*(so,v9)) where s, € [sm, 2] satisfies pu(sy) = u(so) and s*(so, vo)
is defined by s*(sg,v0) = 50% +(1- 1%)sm Indeed, combining lemma 2.5 and the monotonicity of p
on [s2,400), we have that an extremal trajectory crossing s = s; with an impulse is not optimal.

e In case B, any trajectory starting at s; < sp < s} with an impulse is not optimal by using (2.28).



3 General comparison results for case A and B

In this section, we compare the cost of several extremal trajectories in order to exclude some candidates for
optimality. Let us define:

sy for case A,

. s1 for case A,
so for case B,

57 = and s5 =
! sy for case B, 2 {

and let 73 (s), 72(s), such that:

256 = o (2228 ) =, (2222,
Notice that for s €]0, sa:
Y2(s) < v5(s) for case A, and ~a(s) =5(s) for case B.
Let us now consider Cy and C; defined by:
Ca = {(5,0) € (0,52 X (0,0m] | v =12()}, C3 = {(s,v) € (0,82] x (0,0,] | v =3(s)}

The curves Co and C are dilution curves; hence, if (sg,vg) € Cq, then an impulse of volume v — vy (with
v < vpy,) transforms (sg, vg) into another point of Cy. It is important to see that any set

S

Feim {(5.0) € 0.30) % (0.0m) 02 0 (3222 ) 1

Sin — S

where 5 € (0, s4,), is such that any extremal trajectory starting in Fs will stay in this set for all ¢. In the
following, we make use of the notations:

e I;," denotes a dilution (or impulse) from (s_,v_) to (si,vy) achieved by r = 0 and any admissible
control u such that f:r u(7)dr = vy —v_. For short, we will also make use of the notation I to denote
an impulse.

e NF;%% denotes an arc u = 0 (no feeding) at constant volume vy from a concentration sg to a concen-
tration s; < sg. For short, we will also make use of the notation NF to denote an arc u = 0.

e SA]"" denotes a singular arc s; from volume vy to volume vo, i = 1,2.

We will say that an extremal trajectory has a switching (or switching point) at some time g if it contains

a sequence I, 0T NFJ0, (with sy > s_, 5 < sy) or NFfé’:(fIS?J;* (with s < sg, s+ > () such that the
control (r,u) is non-constant in a neighborhood of t;. We now examine the possibility for an optimal control
to have switching points at some point (s,v) with v < v,,, and s €]s1,s3[, ¢ = 1,2. In the next lemma, we
prove that for certain initial conditions, a trajectory reaching the singular arc s; with one switching point is

not optimal. The proof of this lemma is illustrated on Figure 2.

Lemma 3.1. Let (s9,v9) € D be a point such that s} < so < s2. A sequence NFsy 00" I3>8 with s_ > s},
and vy < v2(s_) is not optimal.

Proof. The cost of the sequence above is:

5o ds
Jl :/ 5
C(8) (2 4 50— 8)

and we have by definition of the dilution sy = 75 + (1 - ;’—i) Sin. As pu(s) < p(s2), we obtain

5> 1 )/:0 ds _ 1 )ln<M—|—vo(sm—s)>.

p(s2 T tsin—s  pls2 M +vo(8in — s0)
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The cost of the sequence I52v2SA>"" is:

$0,V0
Jy = 1 yin (M“’*(Si" — 52)> :

(82 M + va(8in — 82)
where we have sg = 255+ (1 — 22 ) 5;,. Using 20 = din=52 " Y0 — Sin=92 e ghtain:
Vo Vo Vo Sin—580’ V4 Sin—S8—

1 M + vo(sin —s_)> <M+U+(5in —82)>>
Jy— oy > 1 1 —0,
FT Ulse) <H<M+Uo(sm—50) SV p—,

which proves the lemma. O

Corollary 3.1. Any trajectory (s(t),v(t)) starting at some point (so,v0) € D with s7 < sp < S2, Vg < Up,

such that s(t) > s for all t and containing a sequence NFgepv 1520, is not optimal.

Proof. Tt is enough to compare the trajectory with the one that coincides until the point (sp,v3) and contains
the sequence I5. " SA; ™" By lemma 3.1, this trajectory has a lower cost than the initial one, which concludes

the proof. ]
AV AV .
T ) T ) G
Vm Vm
SV (stvh)

(s,,v") k (So’vo)/'/
k(sz,vz) (31’\’0)._/ /

(s7v) i (8,Yp)

Sref S 81‘ Sm Sz Sin Sref S Sm 8'2 82 Sin

Figure 2: Figure left: illustration of the proof of lemma 3.1 for case B. Figure right: illustration of the proof
of lemma 5.1 for case A.

Lemma 3.2. Let (sg,v9) € D be a point such that vo < Vp,, So > s1. Then, any extremal trajectory that

+
. s_,v0 78T v 81,V . . .
contains a sequence N Fyg 50" Is_ vy NFs ol with s; < s_ < sg and sy < s is not optimal.

Proof. Let ts_ < t,, the two instants in which the sequence contains a switch. If the trajectory is optimal,
we must have p(s_) = p(s4) given that ¢y (ts_) = ¢1(ts,) = 0 (see lemmas 2.4 and 2.5). Consequently, one

has s_ < s, < s+. Now, let us choose an € > 0 small enough such that s_ —¢ > s; and sy — & > s,
_ +_
with ¢’ = {=e. We will show that the cost Jf of the sequence NF oo L 2ot NF;if:,7v+ is lower than

the cost Jy of the sequence NFg, 5o’ I ot NFS ot . Indeed, we have u(s) < u(sy) for s € [sT — €', s;] and
w(s) > u(s-) for s € [s_ —¢e,s_] so that:

g0 Je /‘9+ ds /5* ds
2 —dJp = -
sy—¢’ M(S)(% + Sin — S) s_—¢ M(S)(% + Sin — 3)

N 1 /‘“r ds 1 /S* ds
PJ(S-I-) s4—g’ My Sin — 8 ,LL(S_) s My Sin — S

V4 ——€ Vg
1 (M+v+(sm—s++s/)> 1 1n<M+v0(sm—s+5))
1(s+) M + vy (sin — $4) p(s-) M +wo(sin —s-) )

Moreover, the dilution can be written:

>

Vo Sin— 84  Sin— 84 +¢

Vi Sin—S_  Sin—S_+¢&

11



As u(s—) = p(sy), we obtain Jy — J{ > 0, which concludes the proof. O

In the following, we will focus on trajectories containing a sequence NF' SA;. Let us recall that along an
arc u = 0 starting at some point (sg,vg) € D, the switching function ¢ can be expressed by:

s(t) I
alt) = 620)+ [ o) s (31)
and let us define a function F' by:
(s,v) € D+ F(s,v) = /: 1/%(0)5;((?)050 (3.2)

It follows that if ¢o < O until a time t5, such that s(ts,) = s1, then we have ¢a(ts,) = ¢2(0) — F(sg,v9). We
will see in the following sections that the sign of the function F(s,v) is of particular interest.

Lemma 3.3. We have F(s,,,v) < 0 for any volume v, and for given v, s — F(s,v) is increasing with respect
to s in the interval (s, s2). Moreover, for case A, we have:

(i). If M > 0, then F(sh,v) <O0.

(i1). If M =0, then F(sh,v) =0.

(i11). If M <0, then F(s),v) > 0.

Proof. First, 1,(s) :j;((:)) is negative for s € (s1, $;) and positive for s € (8, s2), which proves that F(s,,,v) <
0 and that s — F(s,v) is increasing with respect to s in the interval (s,,, s2). Let us prove (i). Assume that
the inequality does not hold. Then, we have:

() SO
/51 Uy () ( >ds—|—/sm Uy () ds > 0,

1%(s p3(s)

that is:

o [ st () [ ero

Using that v, is decreasing on [s1, s2], and p(sh) = u(s1), we obtain

Yo (Sm) (1 = 1) < < I < Py(sm) (1 - 1) :

(sm)  pls1) (sm)  pls1)

which is a contradiction. The proof of (iii) is analogous, given that v, (s) is increasing with M < 0. To prove
(ii), notice that s — 1, (s) is constant, so that F(s5,v) = 0 by (3.2). O

Remark 3.1. For case A, one can prove more generally that if s — «(s) is a non-decreasing function (resp.

s — B(s) is a non-increasing function), then f:f a(s) 5;((55)) ds > 0 (resp. fsslé ﬁ(s)::;((‘?) ds <0).

4 Optimal synthesis for case A

In this section, we study the optimality of the singular arcs s; and sy in case A.

4.1 Preliminary results for all M

In the next proposition, we prove that if a trajectory satisfies s(tg) = s1 for a certain time tg, then it is optimal
to stay on the first singular arc until the tank is completely filled.

Proposition 4.1. Let us consider an optimal trajectory such that s(t) = s; on some interval of time [to, t1].
If there exists n > 0 such that s(t) # s1 for t €]t1,t1 + 1|, then v(t1) = vy,

12



Proof. Assume that v(t1) < v,,. From proposition 2.3, we may discard the case u = 0 on the interval
t €]t1,t1 +n]. Therefore, we can assume that » = 0 on |t1,t; + n]. In order to reach the target, there must
exist a switching time ty with ¢1(t1) = ¢1(t2) = 0, so u(s1) = u(s(tz2)) (see lemma 2.5). Because an impulse
cannot cross sa, we obtain s(t2) = s5. Moreover, we can prove that s(t) < s}, by the same argument. It follows
that at time 5, we have two possibilities:

Case 1. The trajectory has a unique arc u = 0 until s;. In this case, the cost of the sequence Iff,’ngE:,; :j
is higher than the cost of SA7™""". Indeed, the cost of the sequence NF' :j is
23

52 ds 1 M + vy (sim — sl)>
Ji = / > In ( ,
! s1 M(S)(% + Sin — 8) M(Sl) M + U—(Sin - 5/2)

using p(s) < p(sy) for s € [s1,sh]. Now the cost Jo of the sequence SA] """ is

Jy— 1 In (M—l—m.(sm - 51)> ’
p(s1) M +v_(8in — 1)

and using the dilution v_(s;, — s1) = v4(8in — 85), we obtain that J; — Jo > 0.
Case 2. The trajectory has an arc v = 0, and it contains at least one more sequence I NF. We obtain a
contradiction by lemma 3.2 (considering the last sequence NF I NF before reaching s1). O

Finally, we prove the existence of a curve such that both strategies SAS; and SASs are equal. Let J;(s,v)
the cost of a singular strategy s;, ¢ = 1,2 starting at point (s,v).

Lemma 4.1. For every vy €]0, v, [, there exists at most a unique s := f(vg) in [s1, s2] such that J1(f(vo), vo) =

Jo(f(vo),vo).

Proof. Let o := f;lef W First, observe that the cost of the strategy SASs is

%0‘50+(1_%Q)3in ds :
S WO e T O if 12(s0) < 0o,

Ja(s0,v0) =

52 ds 1 MA4vm (sin—52) :
fsl w(s) (L +sin—s) + n(s2) In ( M+vo(5m—502) ) +a, i vo < 72(s0),

Um

and that the cost of the strategy SAS; is:

50 ds 1 M + v (84 — 51))
J1(s0,v :/ + ln( + a. 4.2
1(s0, %) s u(s)(% + 8in —58)  p(s1) M + vo(Sin — 51) (4.2)

For a fixed vg, so — J2(S0,v0) is continuous (both expressions of (4.1) coincide on C3), as is sg — J1(s0, Vo );
thus, sg — gu, (S0) := J2(S0,v0) — J1(S0,v0) is also continuous.
If vo < 2(sp), then:

/ o Vo 1 _ 1
9u0(%0) = sl — 0) (M(Sz) M(80)> <0 (4.3)

If v > ~2(s0), then

’ Vo 1 1
v, (S0) M T v (s — 50) (u(8+) u(s()))’ (4.4)
where 54 = 250 + (1 — ) sin.

We consider three subcases:

Subcase 1: vy < 72(s1). From equation (4.3), so — gy, (o) is strictly decreasing on the interval [s1, s2].
Subcase 2: ¥(s1) < vo < 75(s1). We obtain in this case from equation (4.4), g, (s0) < 0 as pu(sy) > p(s1) >
11(s0) for all so € [s1,84], Where s, = 75 ' (vo). Moreover, g, (so) < 0 for all sy € [s4,2) (equation (4.3)).
Consequently, g, (so) is strictly decreasing on [s1, s3]

Subcase 3: vy > 75(s1). One can easily check that g,,(s1) > 0 (see the proof of proposition 4.1 case
1). Moreover, g,,(s) is increasing on an interval [sg,30] where 3o € [s1,75 *(vo)] is such that u(39) =
(=50 + (1 — ) sin), and gy, (s) is decreasing for s > 3.

m

Consequently, there exists at most a unique s := f(vg) such that Ji(f(vo),vo) = Jo(f(vo),vo)- O

13



In the rest of the paper, we consider for (sg,v9) € D:

Guo (S0) = J2(s0,v0) — J1(S0, v0), (4.5)

where J; (50, vo) and J2(sg,vg) are defined by (4.2) and (4.1). We also use C to denote the curve whose graph
is f, and let Ay, Az be the sets defined as follows:

A = {(s0,v0) €D | 50 € [s1,52], guy(50) >0},

Az = {(s0,v0) € D | so € [s1,52], guy(S0) < O0}.

For (sg,vg) € A, the strategy SAS; is better than SAS,, whereas for (sg,vg) € Aj, the strategy SAS, is
better than SAS;. In Figure 3, the costs Ji(so, vo) and J2(80,v0) have been computed using equations (4.1)
and (4.2) in order to determine numerically the curve C.

4.2 Case A with M >0

Lemma 4.2. A sequence Is) 0t NFooE SATT"™ such that (so,v0) € D, so € (s1,82), 0 < vy < vy < Uy,
sy € (so0, 82] is not optimal.

Proof. Let us define J(v;) as the cost of the sequence I57;%7 NF$1:07S AT where s; = s;(vy) is defined

S0,V0 SJ,VJ
by the dilution:
Vg Sin— S0
Vo Sin — SJ(UJ)
To prove this lemma, we show that J(v;) is minimal for v; such that s;(vy) € {sg,$2} or for vy = vy, (if
vo > ¥5(80)). The cost J(vy) can be written:

s1(vs) ds 1 M + vy (85 — 51)
J('UJ):/S N(s)(M + 111( ),

otsim—s)  p(s1)  \MA+vy(sin—s1)

whose derivative is:

R Al Mds (3in — 5) - ($in — 51)
T = /51 ($)(M +vy(sin — 5))? " () (M +vy(sin —57))  p(s1)(M +v1(sin — 51))° (46)

This can be equivalently written:

[ e () s
! (””‘/Sl () S uls) s

)

and by an integration by parts, we obtain:

T (0y) = /J () Z;((‘Z)) ds. (4.7)

Finally, we have:

A T

dvr 12(s)" 02 (s7)
_ G N €t 2D LA CP))
- o wa( ) (S)d '(/)UJ( J) vJM2(SJ) .

For M > 0, s — 1),,(s) is decreasing, so J'(vy) = 0 implies that:

/1p 8@7/ 02, SMH» ¢(>“Ms

(s) 13 (s) 13 (s)
Sm ,U/(S) S .
< ’(/}U.I(sm) o 1/]1).1 (8) ,LLQ(S) ds + wvl / UJUJ S - 0»
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consequently, J"”(v;) < 0. Hence, the minimum of J(v;) is obtained for v; such that sy € {sg, s2} or v; = vy,
(if vo > 73 (s0))-
Now for M =0, J'(vy) = 0 is achieved if and only if s;(v;) = s4 (by lemma 3.3). Thus, we have:

Sin — 55) 1 (s5)
J"(vg) = =y, (s (5in — 5)i(s3) _
( ) 'U.I( 2) UJHQ(SlQ)
Thus, we can conclude as for M > 0.
Finally, let us prove that we can exclude the case in which v, is such that s; = so. If a sequence 3207 N FJ1:07
SA]7"™ is optimal, we have necessarily
52 /
1 (s)
T = [ w6 s =0
o T pA(s)
using that ¢, vanishes at the two switching points (see proof of corollary 2.1). For M = 0, this conclusion is
not possible (lemma 3.3). For M > 0, we obtain J"”(v;) < 0, so the trajectory is not optimal.
To conclude, the minimum of J(vy) is obtained for v; = vy or vy = vy (if vo > Y5(s0)). Given that
vy < vy < U, the sequence 5 ot NF;iZi SA]T"™ is not optimal. O

Corollary 4.1. A sequence Iﬁ&b%mNFSSifj,g such that (so,v0) € D, so € (s1,85), V3(s0) < vo < Vp, is not
optimal.

Proof. Following the same sketch as for the proof of the lemma above, we obtain:

12 (s)

Given that s; < s5, we have J'(v,,) > 0 (see lemma 3.3), so the trajectory is not optimal. O

Tm) = [ = 65 s = s )

Lemma 4.3. A sequence SAy" " NF. W SAT"™ such that (sg,v0) € D, 0 < vy < vy < Vpy,, is not optimal.

Proof. The proof is similar to the proof of lemma 4.2. Let us define J(v;) as the cost of the sequence

SA NFZPISAT" ™. We will show that vy — J(vs) reaches its minimum for v; € {vo,vm}. The cost

J(vy) can be written:

52 ds 1 M—l—vm(sm—sl)) 1 (M+UJ(8in_82)>
J(vy) = + In + In ,
(vs) /s1 ,u(s)(% +8in — ) p(s1) <M + v (Sin — $1) w(s2) M + vo(Sin — S2)

whose derivative is:

52 /
1 (s)
O
)= [ =)
By derivating with respect to vy, we obtain:
52 /
J// — 2 I (S) d .
i) = [ o) s

For M > 0, if J'(vy) = 0, then one can easily check that J”(v;) < 0. Consequently, the minimum of J(v;) is
obtained for v; € {vg, vy} (see proof of lemma 4.2).
For M = 0, we have J'(vs) < 0 (lemma 3.3), so the minimum is obtained for v; = v,,. O

Proposition 4.2. For any initial condition (sg,vo) € D such that s € [s1,82] and 0 < vy < vy, the optimal
feedback is either SAS] or SASs.

Proof. First, from proposition 4.1, lemma 2.5 and lemma 4.3, we know that an extremal trajectory is not
optimal if it leaves a singular arc s; before v,,. Let us now assume that there exists an optimal trajectory
starting from (sg,v9) € D and that does not coincide with one of the two singular arc strategies. This
trajectory necessarily contains at least one switching point at some point s*. We have three cases depending
on whether the trajectory first reaches so, vy, or s;

Case 1: The trajectory reaches so. In this case, it contains a sequence NF' I S As before reaching the singular
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arc so. We then conclude that the trajectory is not optimal by lemma 3.1.
Case 2: The trajectory reaches vy, (before s9). In this case, it contains a sequence NF' [N Fsivm and

does not reach the singular arc s;. Using lemma 3.2, we conclude that the trajectory is not optlmal
Case 3: The trajectory reaches s;. In this case, it contains a sequence I NF SA; reaching the singular arc

s1. We then conclude that the trajectory is not optimal by lemma 4.2.
L]
Case A, M>0 Case A, M<0
Vm|l Vm[
L —
: :
K= K]
= =
0% S Sm s} s, 0 Sret s Sm s, s,
Substrate Substrate
Case B, M>0 Case B, M<0
v, L Mk
. :
= G
= =
R |
0 0 L I ]
Sref S8 Sm S2 Sref Sy S m S
Substrate Substrate

-05 -04 -03 -02 -0.1 0 0.1 02 03 04 05

Figure 3: Comparison of the two singular arc strategies SAS; (of cost J;). Top panels: case A, bottom panels:

case B; on the left: M > 0, on the right: M < 0. The curve C such that Ji(s,v) = Ja(s,v) (see lemma 4.1)
and the dilution curves in red. The background color represents AJ(s,v) = mail((zq(]s);;] QJ(;(’:)U)).

In this case, it remains to compare the cost of the two singular arc strategies SAS; and SAS,, which are
the only candidates for optimality. From lemma 4.1, the set D can be divided into two regions for which the
optimal strategy is either SAS; or SASsy. Therefore, we can conclude case A with M > 0 using the following

theorem:
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Theorem 4.1. Let (sg,v0) € D.
(i). If so < s1, then:

o If (s1,v052=32) € Ay, then the optimal feedback is SAS;.

Sin —S81

o If (sl,voijz;so) € As, then the optimal feedback is SASs.

—s1

o If f (’UOM) = 81, then the optimal feedback is either SAS| or SASs.

Sin—s1
(i). If so € [s1,52], then:

e If (so,v0) € A1, then the optimal feedback is SAS;.

o If (s0,v9) € Az, then the optimal feedback is SASs.

e If so = f(vg), then the optimal feedback is either SAS, or SAS,.
(ii). If so > sa, then:

o If (s2,v9) € A1, then the optimal feedback is SAS].

o If (s2,v9) € As, then the optimal feedback is SASs.

o If f(vg) = s2, then the optimal feedback is either SAS, or SAS,.

Proof. Statement (ii) is a consequence of proposition 4.2 and lemma 4.1. Let us prove (i). From proposition
2.3, we have that » = 0 until the concentration s reaches s = s;. Then, we can apply (ii). Similarly, for (iii),
the optimal trajectory starts with « = 0 until s = so (see lemma 2.5). O

Remark 4.1. Our optimal synthesis in this case shows that an extremal trajectory that has a switching point
before reaching one singular arc is not optimal. In [15], the authors obtain a numerical form of the problem
in this case. Extremal trajectories that contain a switching point before reaching a singular arc are depicted.
We believe that the numerical approach, which is presented in [15], is very sensitive to the presence of singular
arcs. Another possible explanation is that, contrary to [15], we allow impulsive control. Nevertheless, given
the set of parameter values used in [15] (in particular, u > p,), the impulsive problem should not differ
from the numerical computations of [15] without impulse. On the other hand, in the aforementioned paper,
the authors do not consider these trajectories, and they conjecture that the optimal control is either SASy or
SASs. Theorem 4.1 proves this conjecture when impulsive control is allowed.

4.3 Case A with M <0

In this section, we will consider the case A with M < 0.

Lemma 4.4. Let (sg,v9) € D such that sy < sg < $in and vo < vy,. Then, the optimal control steering
(so0,v0) to the target T is SASs.

Proof. Let us take sh, < sg < so. If we have u = 0 at time 0, then ¢ must switch at a certain time ty (because
vo < Upy) such that u(s(to)) > p(se) (corollary 2.1). We obtain a contradiction because u(s(to)) < p(s1) and
w(so) > p(sh) = pu(s1). Hence, we must have r = 0 at time 0. The same argument shows that the trajectory
cannot switch to u = 0 before reaching s = so. If 59 > s5 and r = 0 at the initial time, then the trajectory
must switch at a certain time tg such that ¢1(tg) = 0. We obtain u(s(tg)) > u(so) (lemma 2.5), which is not
possible as p is decreasing on [sg, +00). Hence, we must have u = 0 at time zero, and the same argument
shows that the trajectory cannot switch before reaching s = s5. Finally, when s = so, the arguments above
shows that the trajectory reaches the maximum of volume v,,, which concludes the proof. O

Proposition 4.3. For any volume v € (0,v,,), there exists a unique s = §(v) € (8, s4) such that F(5(v),v) =
0.

Proof. From lemma 3.3, the function F(s,v) is continuous and increasing with respect to s on (s, s5).
Moreover, we have F(s,,,v) < 0 and F(s5,v) > 0, which concludes the proof. O
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In the remainder of this subsection, we will consider that the following hypothesis holds true:
Hypothesis 4.1. For any volume v € (0,v,,), we have:
3(v) / Iz
1 (s) <oy (Sin — 8(v))p/ (5(v))
¥i(s) ds — 1y (3(v)) - <0.
/s1 12(s) vp?(5(v))

Remark 4.2. From a geometric point of view, for a given v, this hypothesis holds if and only if the slope of
the dilution curve passing through the point $(v) is lower than the slope of the curve §(v). According to various
numerical simulations, this assumption seems to be always true (see figure 4).

Case A, M<0
L / /
g L / /
//
_—-—'—/ | "] —]
/—) .
075 ] s, S s, s

Substrate

Figure 4: Verification of hypothesis 4.1. At the intersections, the slope of the dilution curves (in red) is lower
than the slope of the curve 3(v) (in blue) determined numerically by solving F(5(v),v) = 0 (see proposition
4.3). The green line delimits the domain D.

Lemma 4.5. A sequence Io) ot NFolot SATT"™ such that (so,v0) € D, so € (s1,82), 0 < vg < vy < Uy,
S+ € (8m, sh] s not optimal.

Proof. As for the proof of lemma 4.2, we define J(v;) the cost of the sequence I37.V7 NF:1v7SAT” ™. We
have:

o) = / s

and:

J" (v / 1/11,] Z))d5¢UJ(SJ)W'

Given hypothesis 4.1, if J'(vy) = 0, then J"”(vs) < 0. Consequently, the minimum of J(v;) is obtained for
sy € {50, 85} or vg = vy, (if vo > v3(s0)). Finally, we can exclude s; = s, from lemma 4.4. O

Proposition 4.4. proposition 4.2 applies for case A with M < 0.
Proof. We can follow the same proof as for proposition 4.2 with these modifications:
e It is not optimal to leave the singular arc S Ay before v, from lemma 4.4.

e In case 3, replace lemma 4.2 with lemma 4.5
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We now discuss the position of the curve C in the plane (s,v) (see fig. 3). Recall that g,(s) is defined by
gv(8) = Ja(s,v) — Ji(s,v), where J; and Jy are given by (4.1)-(4.2). From lemma 4.4, we have g,,(s5) < 0.
Moreover, one can easily check that g,,(s1) is continuous and strictly increasing with respect to vg in the

interval ]0,75(s1)]. For M < 0, we can also show that lim, , _—wm_ gy,(s1) = —oo, while g,s(s,)(s1) > 0.
Sin —S1
Consequently, there exists a unique v, € S;ﬁ/fsl , 'y;(sl)[ such that Ji(s1,v.) = Jo(s1,v.). Hence, C starts at

(s1,v+). We can now conclude case A with M < 0.

Theorem 4.2. Let (sg,vg) € D.
(i). If so < s1, then:

o If Uo% > vy, then the optimal feedback is SAS;.

o If voﬂ = vy, then the optimal feedback is either SAS, or SAS;.

o If Uoz::%z(l’ < vy, then the optimal feedback is SASs.
(i1) If s € [s1, 5], then:

e If (so,v0) € A1, then the optimal feedback is SAS;.

o If (sp,v0) € Az, then the optimal feedback is SASs.

e Ifsg= f(vo), then the optimal feedback is either SAS, or SASs.
(iii). If so > sh, then the optimal feedback is SASs.

Proof. Statement (ii) is a consequence of proposition 4.2 and lemma 4.1 and statement (iii) of lemma 4.4. Let
us prove (i). From proposition 2.3, we have that 7 = 0 until the concentration s reaches s = s;. Then, we can

apply (ii). O

5 Optimal synthesis for case B

In this section, we prove that SAS; is optimal in case B.

5.1 Case B with M >0

The proof of lemma 5.1 is illustrated on Figure 2.

Lemma 5.1. A sequence It NFlwt such that (so,v0) € D, sg € [s1,82), 0 < vg < U, 54 € (S0, 82] is
not optimal.

Proof. We will show that the cost of the sequence N F51,%0SAT"* denoted Ja, is lower than the cost of the

50,0

sequence above, denoted J; (see Figure 2). Let us write J; = J¢ + J? and Jo = J$ + J} with:

Jf:/o Mds ,Jf:/+ Mds |
s M)+ sin = 5) w0 1(8)(35 + sin — )

and

5o ds 1 M + vy (8in — S1)
J§ = / , Jb = In ( .
> S w4 sin—s)" "7 uls)) \ M +vo(sin — s1)
As sT < 55, we obtain:

Jf . 1 /S+ _ ds _ 1 n <M + U+($in — 50) >
ps1) Jsg yr+sim—s  ps1)  \ M+ 0 (sin = 54)

and, with the dilution Z—Jg = Sin=50

Sin—584"

1 M +vy(sim — so)>
Jo > In ( ) 5.1
YT p(s1) M + vo(sin — s0) (5.1)
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Now, let us compare Ji* and J§. We have:

s ] 1 1
Jf—ng/ (M - )ds.
S1 I'L(S) E"—Sin_s E"‘V_Szn_s

1
M
E*Fsinfs

As M > 0, we have ﬂé_ — — > 0 for all s € [s1, sg]. Therefore, we obtain:
o Fsin

ga_ o s 1 /SO 1 1 d
- J§ > _ S
! /U‘(Sl) s1 % + Sin — S % + Sin — S

_ 1 In <[M + U+(Sm — 81)] [M + UO(Sin — 80)]>
(1) [M + vy (sin — 50)] [M +vo(sin — 51)] )~

Combining this inequality, the expression of Jé’ above, and (5.1), we obtain J; — Jo > 0, which proves the
result. O

Corollary 5.1. Any trajectory (s(t),v(t)) starting at some point (so,vo) € D such that s1 < sg < S2, Vo < Uy,
that is a finite concatenation of arcs I3 and NFgew, and such that for all time t, s; < s(t) < sz, is not
optimal.

Proof. As s,y < s1, there exists a time ¢y > 0 such that the trajectory reaches s; that is s(tp) = s1.
Before reaching s1, the trajectory necessarily contains a sequence: ISV NF51:U%  with v, < vy < vy, and

SasVa Sb,Up

s1 < 5q < 8p < S9. By the lemma above, the trajectory that coincides with the initial one until the point
(8a,vq) and that is then equal to NF?1:0* SAT" has a lower cost. O

In the next corollary, we provide a region where the singular arc strategy SASs is not optimal.

Corollary 5.2. Let (so,v0) € D such that sp < s9 and 0 < vg < vp,. If vg > Y2(s0), then the singular arc
strateqy SASy is not optimal.

Proof. Given that vy > 72(s0), the singular arc strategy SAS, corresponds to the sequence I5f " NEFS1:0m

50,V0 S4,Um
with s(t) < sg for all . This corollary is therefore a direct consequence of lemma 5.1 using v = wv,. O

Lemma 5.2. A sequence SAy"" " NFg T such that (so,v0) € D, 0 < vg < vy, and vg < v4 < vy, is not
optimal.

Proof. Let us compare the cost of the sequence NF21:v0S A" (denoted J;) with the cost of the sequence

$2,V0

SAY"TNES T (denoted J). We have J; = J¢ + J? and Jo = J§ + J§ with:
1 M + vy (Sin —51)> b /52 ds
JP = In , Ji = )
YT u(st) (M +vo(8in — 51) ! 51 u(s)(% + Sin — )

1 M+U+(3m—82)> b /52 ds
Jg = In L Jb = .
t= i (o) 4= /) pls) (B + 51— 5)

Let us compare J? and J§:

sz 1 1
Jb—Jb:/ - ds.
2 )\ M, - Moy s i

v V0

and

Given that M > 0, we have M-s-iv - - M+: - > 0 for all s € [s1, s2]. Therefore, we obtain:
vy Sin ¢ E Sin ¢

1 52 1 1
Jb—Jb > / - d
? ' () Sy (ﬁ-l—sm—S Jv\;[—i-sm—s) s
1, ([M + V4 (Sin — $1)] [M + vo(sin — 52)])
n .
p(s1) [M ~+ vy (8in — 52)] [M + vo(Sin — 51)]
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Using this inequality, we obtain:

1 1 M+U+(Sin —82)>
Jo—J1 > — 1 > 0,
? 1Qwa u@0>n<M+%@m—@)

which proves the lemma. O

Corollary 5.3. Let (sg,v9) € D such that vo < Y2(so). The singular arc strategy SASs starting from the
point (8g,vo) is not optimal.

Proof. Because vy < 72(so), the trajectory given by the singular arc strategy SASs necessarily contains a
sequence SAy"""" NF aiym, where 0 < vy < vy,. Therefore, from the lemma above, the strategy SAS> is not
optimal. ]

In the next theorem, we use the previous results to conclude that the optimal feedback is the singular arc
S1.

Theorem 5.1. Let (sg,v) € D. For case B with M > 0, the optimal strategy steering (so,vo) to the target is
the singular arc strategy S AS.

Proof. First, if sy < s1, from proposition 2.3, we have that » = 0 until the concentration s reaches s = s;.
Now consider sy > s1. From corollary 5.2 and corollary 5.3, the singular arc strategy SASs is not optimal. For
the same reason, we can also eliminate all of the extremal trajectories that have at least one switching point
and then reach s, or v, with a concentration s > s;. The condition with an extremal trajectory containing
a sequence of dilutions and no feeding until s; with v < v, remains to be considered. This trajectory is not
optimal from lemma 5.1 and corollary 5.1. Finally, we can also exclude the case in which the trajectory leaves
the singular arc s; with v < vy, (consequence of lemma 2.5 and proposition 2.3(ii)). It follows that the only
candidate for optimality is SAS;. O

Remark 5.1. If M > 0, theorem 5.1 applies also for the limit case p(s1) = u(s2). If M =0, lemma 5.2 no
longer holds in this limit case. However, we can prove the following optimal synthesis:

o (i). If so < sa, the optimal strategy is the singular arc strategy SA;.

o (ii). If so > sz, the optimal strategy is either SAy, SAay or any strategy NFg2,0 SAYT NE T
SATT™ NFT™ with vy € (vo, vm)-

Sketch of the proof. Let us prove (i). The result is clear if sg < s1 from proposition 2.3 and lemma 2.5. Now,

assume that sg € [s1,52). The cost of a sequence NFSSfr’ﬁg is Jp = fs() W and does not depend on vg.

Moreover, the two sequences SATV" and SA5""* have the same cost Jo = ( 5 In(32). Finally, notice that for

any (so,vo) € D, we have fs; M(<)(O§S — 2 #(gl)ln ( ), where s; = (1— H)SO + ﬁsm This last inequality
shows that lemmas 3.1 and 5.1 hold when M = 0. Combz’m'ng these remarks yields the desired conclusion for
S0 € [s1,52).

Let us prove (ii). When so > sa, the cost associated with SASy, SAS> and NF52:20 SA " NFy yFSATT™

S0,V0
s U . . .
NF ™™ are the same using the previous case. The conclusion follows.

5.2 Case B with M <0
For the study of this case, the following assumption will be required.

Hypothesis 5.1. For a given vy such that 0 < vy < v,,,, we have:

(o~ iy ) o0 > (s = s ) v

for all v € [vy, vpm).
Remark 5.2. One can easily check that this hypothesis holds when M — 0~ (as th,(s) — ).
Lemma 5.3. Under hypothesis 5.1, lemma 5.2 and corollary 5.3 hold for M < 0.
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Proof. We show that one can find a volume v_ € [vg, v [ such that the cost of the trajectory NFs,~ SA]~"*
is lower than the cost of the sequence SAS"er NF;;;;J;“. Consider € = vy —v_ > 0. Notice that v, is fixed,
and v_ = v_(e) is a function of ; therefore, we denote by Ji(g) the cost of NF5, )~ SA]™""" and Jz(e) the
cost of SAy T NFg . Let us write Jy(e) = Ji(e) + JP () and Ja(e) = J¢(e) + JS(g) with:

b1 M + vy (Sin — $1) _ [T ds
Jl (6) B M(51> 8 (M + ’Uf(sin - 51)) ’ Jf(s) a /81 M(S)(% + Sin — 8)7

and

156 = oy (e o) 40 = [ s

w(s2) M 4+ v_(8in — s2) % Fp—

Given that for 1 =1, 2:
M + vy (sin — 8i)
M+ v_(Sin — si)

=1+ va, (Si)a
we obtain J$ () — J{ () ~ ae when & goes to zero, where

_ wv+(82) . ¢v+(31)
(s2) pu(s1)

Clearly J(¢) — JP(¢) — 0 when € goes to zero. By a Taylor expansion, we obtain when € goes to zero:
J3(e) — JP(e) ~ be, with:

o M e
b= / (S L+ vy (5om — 92" ‘/sl u(s)

As M < 0, we obtain the inequality:
1
b> M(wu (51) = Yo, (52)).

Combining these expansions yields

liminf(J2(e) — Ji(g)) > liminf(a + b)e > 0,

e—0t e—0t

the last inequality above is a consequence of hypothesis 5.1 with v = v;. This concludes the proof for lemma
5.2. The corollary is a direct consequence of the lemma. O

Proposition 5.1. For any volume v € (0,vy,), there exists at most a unique s = §(v) € (S, sh) such that
F(5(v),v) =0.

Proof. For fixed v, the function s — F(s,v) is continuous and increasing with respect to s on (s, s5).
Moreover, we have F(s,,,v) < 0, which concludes the proof. O

As for case A with M < 0, we have to introduce the following hypothesis:
Hypothesis 5.2. For any volume v € (0,vy,), if 3(v) exists, then we have:

(v

D ) i S0 G)
R T EO)

Lemma 5.4. Under hypothesis 5.2, a sequence I:J,}é*NFfiﬁ SATT"™ such that (so,v0) € D, so € (81,52),
0 <wvg < vy <V, S+ € (Sm, S2] is not optimal.

< 0.

Proof. The proof is the same as the proof of lemma 4.5. O
Lemma 5.5. The singular arc strategy SASs is not optimal.

Proof. Recall that
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o i€ 2 92(s0), then g, (50) = stz (s — ity ) Where s = oo + (1= 2

o if vy < 72(s0), then g, (s0) = Frrote—s0 (u(iz) - u(io))

Hence, for a given volume vy > y2(s}), § — gy, (s) is a continuous function that is increasing on the interval
(81, 30] where g € [s7, s2] is such that pu(30) = pu(730 + (1 — 7>)sin); and is decreasing for s > 3.

Now, let us assume sg < s}. The result is then a direct consequence of lemma 2.5. Assume now that so > s}.
If vg < ¥2(s0), SAs is not optimal from lemma 5.3. The case for which vg > ¥2(so) remains to be considered.
One has g,,(s}) > 0 as the singular arc strategy and that SAS; is optimal in this case (lemma 2.5), and we
also have g,,(s2) > 0 from lemma 5.3. Consequently, given that g,,(s) is increasing on [s}, 59] and decreasing
on [5g, 2], we have g,,(s) > 0, Vs € [s], s2], and the singular arc strategy SASs is not optimal. O

Finally, we can conclude the case B with M < 0 as follows.

Theorem 5.2. Let (sg,v9) € D. For case B with M < 0, under hypotheses 5.1 and 5.2, the optimal strategy
steering (so,vg) to the target is the singular arc strategy SAS;.

Proof. The proof is similar to the proof of theorem 5.1, eliminating the singular arc strategy SAS> (lemma
5.5) and all of the trajectories containing a sequence of dilution and no feeding until s; with v < v,. (lemma
5.4). O

Remark 5.3. In contrast to what was stated in the previous theorem, we can see in Figure 3 a region where
SASs is better than SASy. Indeed, hypothesis 5.2 does not hold in this region. Moreover, this area has no
practical interest because it corresponds to very low levels of x.

6 Conclusion

In this work, the problem of the minimal time control of a fed-batch bioreactor has been considered for a growth
function with two local maxima defining two competitive singular arc strategies. Using a numerical approach,
Rapaport and Dochain [15] have conjectured that the state space can be divided in two domains in which each
arc strategy is optimal. In the present work, we provide the optimal synthesis for this problem allowing for
impulsive controls to provide an answer to the question stated in [15]. These results are obtained using the
Pontryagin maximum principle to derive the necessary conditions on optimal trajectories. In particular, our
method relies on the analysis of the switching functions and on the cost comparison of extremal trajectories
in order to exclude certain strategies.
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