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Abstract Considering a family of gradient-enhanced damage models and taking advantage of its variational
formulation, we study the stability of homogeneous states in a full three-dimensional context. We show that
gradient terms have a stabilizing effect, but also how those terms induce structural effects. We emphasize the great
importance of the type of boundary conditions, the size and the shape of the body on the stability properties of
such states.
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1 Introduction

Before their failure, quasi-brittle materials exhibit a softening behavior in their mechanical response under uniaxial
tests. The modeling of this ultimate stage of degradation within the framework of damage theory is a complicated
task. Indeed, the associated boundary-value problem governing the evolution of damage in the sample ceases to
be well-posed with local models. Accordingly, regularization techniques must be introduced as those based on the
gradient of strain (Peerlings et al. 1996b), on the gradient of damage (Comi 1999; Frémond and Nedjar 1996;
Pham and Marigo 2010b; Pham et al. 2011a,b) or on integral laws (Pijaudier-Cabot and Bazant 1987). Additional
non-local terms remove some pathologies of local models such as failure by localization without any dissipated
energy or a part of numerical simulations mesh-dependency. For instance, Pijaudier-Cabot and Benallal (1993)
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and Peerlings et al. (1996a) showed by means of a wave propagation analysis the benefits of their regularized
damage model. However, none of these regularization methods have solved the issue of the non-uniqueness of the
response which turns out to be an intrinsic property of any softening law. For instance, in the case of regularization
by gradient damage terms, it was proved in (Benallal and Marigo 2007) in a simplified one-dimensional context
that there exists a continuum set of branches which are solutions of the damage evolution problem. Therefore,
it has become necessary to introduce additional criteria to select physically realistic solutions. In the spirit of
Nguyen (2000), recent variational approaches (Charlotte et al. 2000; Laverne and Marigo 2004; Mielke 2005;
Charlotte et al. 2006; Bourdin et al. 2008) propose to reinforce usual stationary conditions with a stability
condition. Making a full use of the justification of such an energetic approach given by Marigo (1989, 2000), see
also DeSimone et al. (2001), Pham and Marigo (2010a,b) introduced this stability criterion as one of the three
principles (along with irreversibility and energy balance) that governs the evolution of damage in a body. This
allowed Pham et al. (2011b) to study the stability of the homogeneous responsel of a bar whose displacements
at the ends are controlled by a hard device. The main goal of this paper is to generalize this analysis in a full
three-dimensional setting. For this purpose, we consider three-dimensional bodies under boundary conditions that
are compatible with a homogeneous state. Then, we study whether such a homogeneous state is stable or not.
The results depend on the type of boundary conditions (soft or hard device), on the size of the body and on its
shape. We claim, as already shown in Pham et al. (2011b), that the study of the stability of these states can be
used for identifying the different constitutive functions of the model.

The paper is structured as follows. In Section 2, we set the main ingredients of the gradient damage model and
introduce the stability criterion. In Section 3 we start the study of the stability of homogeneous states. We distin-
guish stress-hardening from stress-softening behaviors, elastic homogeneous states from damaging homogeneous
states and different types of boundary conditions depending on whether those are prescribed by a soft device or a
hard device, including uniaxial test. Then, the stability of any homogeneous state in the case of stress-hardening
materials is obtained. We also prove that elastic homogeneous states are always stable. This allows us to focus on
damaging states for stress-softening materials which is the most common case in real-world applications. We easily
prove that in such a case, any damaging state is always unstable when the boundary is controlled by a soft device.
Section 4 is devoted to the case where the boundary is controlled by a hard device and we show how this leads to
the appearance of size effects. More specifically, we prove that a damaging state is stable provided that the size
of the body is less than a critical value which depends in general both on the state and the shape of the body.
However, it can happen that this critical size becomes infinite which means that the state is stable independently
of the size of the body. Moreover, the finiteness of this critical size is conditional on the state and the damage
model, but not on the shape of the body. This is illustrated by some examples. In Section 5, we consider the case
of uniaxial tensile tests of cylinders and show that both size and shape effects are present. In particular, we study
the asymptotic case of slender cylinders and obtain the closed-form expression of the critical size. The last section
is devoted to a comparison between our stability criterion and the strong ellipticity condition which is generally
used for studying the stability of homogeneous state in softening materials.

Throughout the paper, the following notation is used. The vectors and second order tensors are denoted by
boldface letters, like u for the displacement vector and € for the strain tensor, while their components are denoted
by italic letters, like u; and €;;. The fourth order tensors are represented by sans serif letters, like A and S for
the rigidity and the compliance tensors. In general, intrinsic notation is used: for instance Ae denotes the second
order tensor whose ij component is given by A;;rier; (where here and henceforth the summation convention
is implicitly used). The inner product between vectors or between second order tensors is indicated by a dot.
Accordingly, one reads u-v = u;v;, Ac-e = Ajjiie;j€x. The space of n x n symmetric matrices is denoted by M.
When v is a displacement field, i.e. a vector field of R", its associated strain tensor field £(v) is the symmetric
part of the gradient of v, i.e. 2e(v) = Vv + (VV)T. In terms of components, we get 2¢;;(v) = v; ; +v;; where the
comma denotes the partial derivative with respect to the concerned coordinate. LQ(Q) denotes the Hilbert space

1 the response for which both strain and damage fields are constant in space



of square integrable functions over the open set {2 of R" equipped with its natural norm || - ||o; Hl(.Q) denotes the
Hilbert space of functions f which are in LQ(Q) and whose first weak derivatives f; are also in LZ(Q)7 equipped
with its natural norm || - ||1:

113 = /Q F0%de, I3 = 1713+ S 7l

=1

For vector-valued or tensor-valued fields, the spaces L2(Q7 R™), LQ(Q, MY, H 1((2, R™) are defined in similar way.
For instance, for the vector field v and the tensor field € we set:

IvII3 = /QV(X) v(x)de,  lellf = /Qe(X) ce(x)dz, v = VI + IV VG

2 The gradient damage model
2.1 The non-local form of the strain work

We assume that the damage state at a material point is characterized by a scalar internal variable a growing
from 0 to am < 400, 0 corresponding to the undamaged state and as, to the full damaged state. This scalar
damage variable represents at a macroscale a measure of the presence of defects at a microscale like microvoids or
microcracks. But the precise link between microdefects and the effective behavior of the material goes well beyond
the scope of this paper and we will follow a phenomenological procedure to set the constitutive equations. More
specifically, in our variational approach, we directly postulate the form of the non-local strain work at a material
point. In Pham and Marigo (2010b), it has been shown that for an elastic isotropic material with a scalar damage
variable, up to a change of damage variable, the strain work can be written in the following form:

W(e,o,Va) =wia+ %A(a)e-e + %wlé(a)2Voz-Vo¢. (1)

In (1), w; is a material constant which has the dimension of a pressure (i.e. an energy by volume unit) provided
that o is dimensionless. A(a) denotes the stiffness tensor of the material in the damage state «, € is the strain
tensor and hence %A(a)s%—: is the elastic energy density. Because of the damage process, o — A(«) is a decreasing
function, going from A(0) = Ag to A(am) = 0, Ag being the stiffness tensor of the sound material. We also use the
“damaged” compliance tensor a — S(a) defined as the inverse of A(a), S(a) = A(a) ™ L. The last term in the right
hand side of (1), i.e. %wlﬁ(a)QVowVa, corresponds to the non-local contribution which contains the real-valued
positive function a — £(a), £(a) having the physical dimension of a length. Since the material is isotropic, the
stiffness and the compliance tensors of the material in the damaged state a can read as

v(e)

A(@)ijrr = Ma)dijop, + p(a)(Sixdjr + 6:1djk),  S(@)ijr = _mfsijékl +

1+v(a)

E(a) (03k051 + 0595%)  (2)

where A(a), p(a), v(a) and E(a) are respectively the Lamé coefficients, the Poisson’s ratio and the Young modulus
of the material in the damaged state a.

Throughout the paper we adopt the following assumptions on the constitutive functions

Hypothesis 1 For all a € [0,am), A(a) >0, A'(a) <0, S(a) > 0, S'(a) > 0, £(ar) > 0.



2.2 The hardening and softening properties

Like in plasticity, hardening and softening properties play a keyrole in the well-posedness of the problem. These
properties deal with the local behavior of the material and only involve the local part of the strain work

Wole,a) = wia + %A(a)as. 3)

Following (Marigo 1989), the elastic domain E(«) in which strain is allowed to lie, when damage is spatially locally
uniform (Va = 0) and equal to «, is given by

E(a) = {e eM? —%A/(a)ee < wl} = {s eM? 8612/0 (€,0) > 0} . (4)

This corresponds to a critical elastic energy release rate criterion. The image of the elastic domain in the space
of stresses, namely E*(a), is obtained after introducing the Legendre transform o — W (o, @) of € — Wy(e, a)

W§(o,a) = sup {a~e'—Wo(a/7a)} = lS(a)o"o'—wla. (5)
It follows that
* _ n . 1 / _ n . aW(Sk
E*(a) =0 € My : 55 (v)o-og<w;p=<J0€My: Do (o,0) <0p. (6)

Definition 1 One says that the material behavior is strain-hardening when a +— E(«) is increasing, stress-
hardening when o — E* () is increasing and stress-softening when o — E*(«) is decreasing.

These variations of the elastic domains must be understood in the sense of inclusion between sets. For instance,

the behavior strain hardening means that if o and o’ are such that o < o/ then E(a) C E(a’). These intrinsic

material properties can be deduced from convexity properties of the constitutive function e — A(«) as it can be

seen in the following

Proposition 2 The behavior is strain-hardening when o +— A’(a) is an increasing function with respect to o,
A’ (@) > 0. (7)

The behavior is stress-hardening (resp. stress-softening) when o — S' () is decreasing with respect to a,

S" () < (resp. >)0. (8)

Hypothesis 2 From now on, we only consider brittle materials with a strain-hardening behavior.

2.3 The stability criterion

For rate-independent material behaviors, stability is a state property of a body at a given time and not a property
of the time-evolution problem. Accordingly, this latter is defined by comparing the total energy of a body in the
considered state with the total energy that this body should have after a state perturbation, the loading being



fixed. More specifically, let us consider a homogeneous body whose reference configuration is the open connected
bounded set 2 C R™. This body is made of a non-local damaging material characterized by the state function
(1). We suppose that the set of kinematically admissible displacement is of the form Cy = U + Cy where U is
a given displacement field and Cy is a vectorial space. The body is also subjected to a system of external forces
whose potential is the linear form W, : Cy — R. Considering only damage fields without failure, the convex set
of admissible damage field is given by

D={aecH (2,R):a>0, supa < am},
[0}

and the convex cone of admissible damage direction fields by
Dt = {a e H'(2,R) : a > 0}.

The energy of the body in the admissible state (u, @) € Cy x D reads as

Plu,a) = /Q W(e(u)(x), a(z), Va(z)) de — We(u), 9)

where e(u) stands for the symmetric part of the gradient of u. The stability property is then given by

Definition 1 The state (u,a) € Cy x D is stable with respect to a perturbation in the direction (u*,a*) €
Co x DT, or, shortly, stable in the direction (u*,a*), if there exists h > 0 such that for all & € [0, A]

P(u+ hu®,a + ha™) > P(u,a). (10)

If (u, ) is stable in all directions of Cy x DT, then (u,«) is directionally stable.

Note that the stability criterion only requires to compare the energy of the tested state (u, o) with the energy
of more damaged states. Indded, by virtue of the irreversibility of damage, the structure can only evolve to more
damaged configurations than its actual state.

3 The question of the stability of homogeneous states
3.1 Homogeneous states and the different types of control of the boundary conditions

In order to identify the constitutive function o — A(«) and the material constant w1, one often uses uni- or multi-
axial tests on cylindrical samples by prescribing boundary conditions compatible with a spatially homogeneous
response. Then, the corresponding state of the sample is the homogeneous one (ug, ap) = (gpx, ag) with (eg, ap) €
MY X [0, am). However, the observability of such a state is possible only if this state is directionally stable. The
goal of the present section is to study under which conditions this stability property holds. We first remark that
the stability of the state generally depends on how one controls the boundary conditions: the same homogeneous
state can be stable under displacement controlled (hard device) but unstable under force controlled (soft device).
Accordingly, we will discriminate between several types of boundary conditions:



1. Soft device. The boundary 92 of the body is subjected to homogeneous surfaces forces ogn where oo € MYy
is a given stress tensor. The associated homogeneous state of the body is then given by a(x) = «ag and
u(x) = S(ag)oox. The corresponding stress state is o9 while the set Cy of kinematically admissible directions
of perturbation and the potential We of the given external forces are

Co = H' (12,R™), We(v):/ oon-vdsS. (11)
o2

2. Hard device. The boundary 82 of the body is subjected to displacements egx where €9 € MY is a given
strain tensor. The associated homogeneous state of the body is then given by a(x) = ap and u(x) = gopx.
The corresponding stress state is g = A(ap)eo while the set Cy of kinematically admissible directions of
perturbation and the potential W, of the given external forces read

Co=Hy(2,R"),  We(v)=0 (12)

where H{ (£2) denotes the subspace of H'(£2) made of fields whose trace over 942 vanishes.

3. Uniazial tensile test. The body is the cylinder 2 = (0, L) x X with X its cross-section. The lateral boundary
(0,L) x 90X is free (on = 0). The ends 1 = 0 and 1 = L are under mixed boundary conditions: there is no
shear (o021 = 031 = 0) and the normal displacement is fixed to a uniform value on each end (ul‘zlzo =0,
u1|,, —; = €L). Then, the associated homogeneous state of the body is given by a(x) = ag and u(x) = eox
with eg = ee; ® e1 — v(ap)e(e2 ® e2 + e3 ® e3). The corresponding stress state is g = F(ap)ce; ® e; while
the set Cp of kinematically admissible directions of perturbation and the potential W, of the given external
forces are

Co={ve H'(Q2,R") : vy=00n{0,L} x X},  We(v)=0. (13)

3.2 Non damaging and damaging homogeneous states

Let us consider a homogeneous state (ug, ag) = (o, ag) with (g9, a0) € M2 %[0, am). Let (v, 8) € CoxDT be
an admissible direction and h be a small positive number. Expanding the total energy of the body in the state
(up + hv, ag + hB3) with respect to h up to the second order leads to

2
Plug + hv, a0 + h) =P(u, 00) + AP’ (w0, 20)(v, §) + 5P (u0, a0)(v, ) + o(h) (14)

In (14), the first order derivative is given by

1
P (un.c0)(v.8) = [ ave)ds = W)+ [ (1= 38 (@o)mo) s (15)
(] 2
where we used the identity S'(cg)og-00 = —A’(ag)eo €0 with g = A(ag)eg. In (15) there is no term involving

the non local character of the damage model, i.e. no term containing £(cy) or £'(ap) as the state ag is assumed
to be spatially homogeneous and hence Vag = 0. The second order derivative reads as

P (w0, 0) (v 8) = [

i (A(ao)e(v)~e(v) + wil(ag)>VB- VB + 2A/(a0)eo-e(v)ﬂ) dz

+/ lA”(ao)eo«so B2 da. (16)
02



Note that it contains terms with the gradient of the direction of damage. Then, a necessary condition for (ug, ag)
to be directionally stable is

0< illglo% (P(uo + hv, aq + hB) — P(ug, a0)) = P’ (g, a0) (v, B), V(v,B) € CoxD". (17)

Taking 8 = 0 in (17) and recalling (15) leads to the variational formulation of the mechanical equilibrium
/ op-e(v)dr = We(v), Vv € Cy (18)
107

which is automatically satisfied by virtue of the definitions of W, and Cg and given the fact that the stress field
is uniform. Accordingly, the first order stability condition (17) becomes

P’ (ug, ) (v, B) = (w1 — %S/(ao)a(ya'o) /Qﬁdx >0, (19)

where the inequality must hold for any field 8 > 0. Therefore, the homogeneous state is stable only if the stress
satisfies the damage criterion
S'(ao)oo-oo < 2wi. (20)

This inequality can also be written in terms of the strain tensor and then reads as
—A/(OCO)EO'EO < 2wi. (21)

A state such that the inequality in (20) or (21) is strict should correspond in an evolution problem to a state where
the damage yield criterion is not reached and then for which the damage rate & should vanish. We will call such a
state a non damaging state. On the other hand, a state such that (20) or (21) is an equality should correspond in
an evolution problem to a state where the damage yield criterion is reached. In this case, the damage rate could
be positive. We will call such a state a damaging state. For further references, this terminology is recalled in the
following definition

Definition 2 A homogeneous state (€oX, ag) such that —A’(ag)eg-€9 < 2wy is called a non damaging state,
whereas a homogeneous state such that f/—\'(ao)eofo = 2w is called a damaging state.

Let us first study the stability of non damaging states.

3.3 Stability of the non damaging states

In the case of a non damaging state, since S’'(ag)og-og < 2wy, the first term in the expansion of the perturbed
energy (14) vanishes if and only if the damage direction is 8 = 0 (everywhere in 2). When 3 # 0 (somewhere in
£2), then the first order term is positive and the state is stable in this direction of perturbation. On the other hand,
when 8 = 0, then the first order term vanishes and the stability in this direction depends on the sign of the second
order term. Calculating the second order derivative for 8 = 0, we find P”(ug, ) (v,0) = fg A(ap)e(v)-e(v)dz.
Accordingly, the second order term in the expansion (14) is non negative. Moreover, it vanishes if and only if
e(v) =0, i.e. if and only if the perturbation corresponds to a rigid motion. Therefore, one can conclude

Proposition 1 Any non damaging state is directionally stable, independently of the type of boundary conditions
and the hardening properties of the material.



3.4 Case of a stress-hardening behavior

Let us consider a damaging state. Since —/—\/(ao)eo-eo = 2wj, the first order term in (14) vanishes. Moreover, by
virtue of the strain hardening condition (7), with the strain tensor eg € MY is associated a unique ag € [0, am)
such that (21) holds. In other words, the damage state is given by the strain state. The stability of this homogeneous
state depends on the sign of the second derivative of the energy. Introducing the stress state oy rather than the
strain state eg, P”(ug, ag) can read as

P"(ug, ) (v, B) = /Q A(ap) (s(v) — BS/(ao)aO) . (s(v) — ﬁS/(ao)aO) dr + wlﬂ(ag)Q /Q VB-VBdx

- 1S”(ao)UO'Uo/ 3 dx (22)
2 Q
where we used the identity
S”(ao)o’o-a’o = 2A(040)S/(O¢0)0'0-S/(a0)0'0 — A//(Ozo)EO-E(). (23)

Accordingly, if the material behavior is stress-hardening, then S”(ozo) < 0 and the second order derivative of the
total energy in (22) is the sum of three non negative terms. Moreover, the three terms vanish simultaneously if
and only if # =0 and &(v) = 0. Therefore, we can conclude that

Proposition 3 Any homogeneous state is directionally stable when the material behavior is stress-hardening,
independently of the type of boundary conditions.

It remains to study the stability of damaging states for stress-softening material and hence we adopt the

Hypothesis 3 Throughout the remainder of the paper, the material behavior is with stress softening and the
homogeneous state is a damaging state.

In such a case, the type of boundary conditions becomes essential. Let us first remark that damaging states
are stable in all directions (v,0) where v € Cy. Indeed, for such directions, the second derivative reads as
P" (g, ) (v,0) = Jo A(0)e(v)-e(v) dz and hence is positive for any v which is not a rigid motion. Conse-
quently, we only have to consider directions of perturbation such that 8 # 0. Let us now remark that if the
material behavior is stress-softening, then S”(ag) > 0. Hence, to find the sign of the second order derivative is
equivalent to compare with 1 the infimum of the following Rayleigh ratio over Co x (DT \ {0}):

/Q w1l(0g) >V B-VBdx + /Q A(ag)(e(v) — 8 S’(Oco)o'o) (e(v) -8 sf(ao)a-o)dx
R(v,B) =

(24)
15" (ap)og 00 / 5%dzx
17

More specifically, the state will be directionally stable if (resp. only if) infe . (p+\0}) R > (resp. >)1. It is easy
to conclude when the forces are controlled on the whole boundary, whereas the other cases are more subtle and
require a more detailed analysis.



3.5 Case of a soft device

The surface forces being ogn, the homogeneous state is (S(ap)oox, ag) with ag the unique solution of S'(cg)og-
oo = wi. The set of admissible displacement directions is Cog = H 1(9, R3). Therefore, considering the direction
(v, B8) = (S'(ap)oox, 1) which belongs to Co x D, one immediately obtains that the Rayleigh ratio vanishes:

R(S(ap)o0x,1) = 0. (25)

We can then conclude that

Proposition 4 Any damaging state in the case of a stress-softening material is unstable when the boundary
conditions are prescribed by a soft device.

4 Size effects on the stability of the damaging states in the case of a hard device

4.1 Setting of the problem

At each point x of the boundary 0f2, the displacement is prescribed to egx. The homogeneous state is (eox, ag)
with ag given by (21) and the stress state is o9 = A(wag)eg. Since the displacements at the boundary are
prescribed, the space of perturbation directions of the displacements is H&(Q,R”) and it does not contain the
direction S(«g)oox. Therefore, we can not conclude as easily as in the case of a control by a soft device. In fact,
we show that the stability of the homogeneous state essentially depends on the size of the domain.

For studying these size effects, we consider families of domains such that all the members of a given family
share the same shape and only differ by their size. More precisely, for a given domain {27 we associate the family
of homothetic domains {27, = L{2; }1~o. To compare the Rayleigh ratio of the different members of the family, it
is more convenient to work with spaces of perturbation directions that are independent of the size of the domain.
From this perspective, one performs the change of coordinates x — y = x/L which maps the domain {27, into the
domain 27. In the same way, one transports the directions of perturbation (vL, ﬁL) of H&(QL, R™) x H! (2p,RT)
into (v, 8) of Cg x DT = HY(021,R™) x H'(21,R") by using

vix) =Lv(ly),  B%(x) =B(y). (26)

Accordingly, the Rayleigh ratio associated with the domain 2}, is denoted by R, and is defined on the fixed space
Co x (DF\ {0}) by

EQ
gl [ V85say+ [ Ao(et) - Ben)-(ev) - pen)dy
Ri(v.f) = = o , (27)
3500000 | Fdy
o,
where we have used the condensed notations
Ao = A(Ozo)7 56/ = Sll(ao), o) = A(Oco)&'o ZO = f(ao), ey = S’(ao)a’o. (28)



Note that the size of the domain appears explicitly in the definition of the Rayleigh ratio and that for a given
direction (v, ) the Rayleigh ratio is a decreasing function of L. Let us call

pr(€0, 1) = (29)

inf Rr
Cox(DF\{0})

and let us first prove that the infimum is reached and positive.

It is clear that the infimum is non-negative and finite. Let (vn,Bn) be a minimizing sequence. Owing to
the homogeneity of the ratio, we can choose (, such that f o ﬂ%dm = 1. Since the numerator converges to the

infimum, 3, and vy are bounded in H 1((21). Hence, there exists a subsequence that weakly converges in H 1(91)
and strongly in L?(£21) to (Voo, Boo) in Co x DT (which is weakly closed in H'(£21,R™)x H(£2)). We deduce
that f o B2 dz = 1. Then, by virtue of the weakly lower semi-continuity of the numerator of R, we obtain
Rr(Voo, < lim Rp(vnp, = inf R
L( 00 600)_n%00 L( n ﬂn) Cox (DH\{0}) L
Therefore the infimum is a minimum. If the minimum was 0, Soc should be a positive constant and &(vso) should be

equal to Bxceq. Integrating over 21 and taking into account that veo = 0 on 921 we should get 0 = eg f o Boody
which is impossible since ey # 0 and hence py, (g9, £21) > 0.

For a given domain (2; and a given strain tensor &g, it is clear from (27) that L — pr, (g0, £21) is a decreasing
function of L. Therefore, the homogeneous states have more chance to be stable for small domains than for large
ones. Let us first study the stability for small domains before to consider the full range of sizes.

4.2 Case of small domains

Let us prove the following fundamental result:

A(ag)S (ag)og-S (ag)ag
158" (ag)og a9
thetic domains a positive (possibly infinite) critical size, say Lc(gg, £21), below which the damaging state (9%, ag)

is directionally stable.

Proposition 2 Since limy,_,g pr,(€0,$21) = > 1, there exists for each family of homo-

Proof To simplify the notation, we do not make explicit the dependence on gy and {2; of any quantity. Let us
call (vz,Br) the minimizer of Ry, and let us use the condensed notation (28). Then the following relations hold

pr =Rr(vr,BL), (30)

1= B2 dy, (31)
(251

0= /!2 Ao(e(vi) — Breo)-e(v)dy, v € Co, (32)

where the last equation is the stationary condition: R, (vy, 81, )(v,0) = 0, ¥v € Cp. Taking v = v, in (32) and
inserting into (30) leads to

2

VBL-VBrdy + Ageg-ep — BrAoeo-e(vy)dy. (33)

1
1Sp00-00 p1L = wlﬁ
Ql Ql
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By virtue of the minimality of pr, we have for any L > 0

Aogeq-eq

0<pr <RL(0,1) = (34)

%580'0 g ’
hence the sequence L — pj, is bounded. Since py, is a decreasing function of L, we deduce that the sequence
L — py, converges to some pg > 0 when L goes to 0. From (34), we deduce that the sequences L — vy, and
L — (1, are bounded in Hl(()l). Therefore, (up to extracting a subsequence) B, converges weakly in Hl((h),
strongly in L2(.Ql) and almost everywhere to some 3. Similarly, v, converges weakly in H 1(.(21, R™) and strongly
in L2(£21,R") to some vq. Passing to the limit in (31) and (32) gives

1= [ Bidy, (35)
21

0= / Ao(e(vo) — Boeo)-e(v)dy, Vv € Cp. (36)
o

Moreover, since for any L > 0, 81, is non negative a.e., its limit Sg is also non-negative a.e.. The inequality (34)
shows in addition that [|VBL | 12(o,) < CL where C is a positive constant (independent of L). By virtue of the
lower semi-continuity of the norm, we get ||V o||12(,) = 0 which means that 3y is a positive constant over (2;.
Accordingly, (36) reads

/ Aoe(vp)-e(v)dy = BOAQe(y/ e(v)dy =0, Vv e (. (37)
Ql -Ql

Taking v = v and using the positivity of Ag, we deduce that €(vp) = 0 and hence vg = 0. Using (33) and (34)
gives the following bounds for py,

Aoeg-eg */ BrAveo-e(vy)dy < 1Sgoo-oo pr < Ageq-ep. (38)
2

Since e(vy,) is bounded in L?(£2;), e(vy,) converges weakly to e(vg) = 0 in L?(£2;) and (7, converges strongly to
Bo in L?(£21). Hence, we have

lim/ BrAoceo-e(vy)dy = 0.
L—0 (e}

Inserting into (38) gives the desired result
lim = pp 1= —0€0-€0
L—)O'DL =Po= %Sgao-oo’

Note that this limit is independent of the shape of the family of domains. Now, making use of the identity (23) we
deduce from the strain hardening assumption 1A” (cg)eg-ep > 0 that pg > 1. As L+ py, is a decreasing function,
we conclude that there exists a critical size L. > 0 such that the state is stable if L < L. and unstable if L > L.
Of course, if L. = 400, then the state is stable independently of the size of the domain. O

4.3 Case of large domains

We have shown in the previous subsection that a damaging state is directionally stable for sufficiently “small”
structures. It remains to see whether this stability property holds for the full range of sizes or whether there
exists a finite critical length beyond which the homogeneous state is no more stable. To answer this question it is
sufficient to determine the limit of p;, when L goes to co. Indeed, by virtue of Proposition 2, we have

11



Corollary 1 Depending on whether limy,_,o. pr, (€0, $21) is less or greater than 1, we are in one of the two
following situations:

1. Ifimp_, pr (0, $21) > 1, then the damaging homogeneous state is directionally stable, independently of the
size of the domain;

2. If im0 pr (g0, £21) < 1, then the damaging homogeneous state is directionally stable when the size of the
domain 1is less than a (positive and finite) critical value Le(go, £21) and unstable otherwise.

Let us determine the asymptotic behavior of the Rayleigh ratio when the characteristic size L of the structure
goes to +oo. Note first that the limit exists because pr, is a decreasing function of L bounded from below by 0.
By definition, we have

pr <RL(V,B), V(v,B) €CoxD". (39)
For a fixed direction (v, 3), passing to the limit when L — 400, we obtain

poo < Roo(v,f), V(v,B) €Cox DT (40)
where R is defined as the “limit” Rayleigh ratio

B f(h Ao (s(v) — Beo) . (s(v) — Beo)dy

R = 41

which involves no more gradient damage term. By taking the infimum over Co x D7 in (40), we deduce that
poo < infe p+ Roo. Moreover, since the contribution of gradient damage terms to the Rayleigh ratio is non
negative, we have conversely

prL =Rr(vL,BL) > Roo(ve,Br) > inf Reo (42)
CO xD+
and hence finally
= inf Re. 43
Poo C01>1;1D+ oo ( )

Note that we are no more ensured that the infimum is reached and we have to consider minimizing sequences.
The value of pso can be derived by following the method proposed by (Kohn 1991) to calculate the relaxation of
a double-well elastic potential. This requires to introduce some preliminary definitions.

Let S™ be the unit sphere of R", i.e. S” = {k € R" : |k| = 1}. With k € S we associate the n-dimension
subspace V (k) of My by
Vk)={k@v+vek : ve R"}. (44)

Let d(eg) be the real number defined by

d(eg) = x I}‘lﬁil} Apg(k)-£(k) (45)

where £(k) € V (k) is obtained by solving the following minimization problem (which depends only on &g):

&(k) = argmin Ap(ep — &)-(eo — &). (46)
gevi(k)

Following the method proposed by Kohn (1991), let us prove the

12



Lemma 1 The infimum of Reo over Co x (DT \ {0}) is independent of 21 and is given by

_ A(x0)S' (ap)o-S' () oo — d(e0)
poele0) = 35" (a0)o0 00 "

Proof By homogeneity, we can assume that § is such that ffh ﬁzdy = 1. Accordingly, setting

A(v, ) = /Q (Aoe(v)-€(v) — 28Age0-¢(v) ) dy

one has to prove that

—5(e0) = inf { min A(v,ﬁ)}. (48)

550 VEH (21 R")
Ja, B2dy=1
It is possible to prove directly that the infimum does not depend on 2; and hence to take for 21 the cube (0, 27)".
Moreover, the Dirichlet conditions for v can be replaced by periodic conditions without changing the infimum,

see (Kohn 1991, Lemma 2.1). By density, it is sufficient to consider piecewise constant damage fields, i.e. 8 such
that

N
Y) =D Bixi(y), Bi=0, xi(y) €{0,1}, xi(y)xj(y) =0if j #1, sz )=1
with

/ Xidy = 0; meas(£2;), Zﬁl 0; meas({21) =
& i=1

Then A(v, 3) becomes
N
a8 = [ (Ros(v)-e(v) =2 3" visioer-e(v) )y
1 i=1

and the problem is equivalent to find the relaxation of an elastic potential which contains N wells located at
&, = Bieo. Since all the wells are proportional to eg we can follow the procedure proposed in (Kohn 1991,
Proposition 8.1) and based on Fourier analysis. Taking the Fourier transform of the N periodic characteristic
functions x;, i.e.

Xi(y) = D Xuk) exp™?,

kezm

and minimizing A(v, Zi:l Bixi) over all the periodic v, one gets

N
min A(v Zﬂle =— > BiBRuk)R; (k) Aok (k)-£(K)

kezn\{0} i,j=1
where Z denotes the complex conjugate of z and &£(k) is given by (46). Since

2

1 2
> Zﬁzﬁm /(Z;ﬂ (aly —9)> dy=1—m< Qlﬁ(y)dy) :

kezn\{0} i,j=1
one immediately obtains

infmin A(v, 8) >~ max | Aog()-¢(K) = ~d(eo).

13



To obtain the converse inequality, one first chooses k as a maximizer of Ag€(k)-£(k) over S™ and one then
approaches k by k/| k|| with k € Z". For 8 we construct a minimizing sequence {8m }men such that

vm ; 2n
Bm(y) = fm(ky) with fm(0) = {(zw)nm o<, .

0 otherwise
Accordingly, le B2, (y)dy =1 and limm—co f(h Bm(y)dy = 0. We finally obtain
lim min A(v, Bm) = —d(g0)
m—oo VvV
which completes the proof. O
Since poo does not depend on the shape of the reference domain {27 but only on &g, we get that, if peo(e0) > 1,
then Le(eq, £21) = 400, V §21. Note, however, that if po(€g) < 1, then the critical length (is finite and) depends

in general both on €9 and §2;. The following Proposition gives the cases where ps(€¢) = 0 and hence cases where
the damaging state is necessarily unstable for sufficiently large structures:

Proposition 3 When the damaging homogeneous state is such that one of the two following properties holds

(i) eo :=S'(ap)A(ap)eq is a rank one tensor of MY,
(ii) ey :=S'(ag)A(ap)eg is a rank two tensor of MY and its nonzero eigenvalues have opposite signs,

then peo(g9) = 0 and hence 0 < L¢(go, $21) < +oo for all 21. Conversely, poo(€0) = 0 only if eg satisfies (i) or
Proof Tt is clear from (45)—(47) that poo(e0) = 0 if and only if eg belongs to V' (k) for some k.

If eg is a rank one tensor of MY, then it can be written eg = vk ® k with k € S and hence eg € V (k).

If eg is a rank-two tensor of M7 with its two non zero eigenvalues of opposite signs, then ey can read as
eg = 11k1 ® k1 — oke ® ko with 41 > 0, 72 > 0, k1 and ko € S”, k1 -ko = 0. Setting

vV V2
k= Ny + 2, V=m< b k2)7
71+ 72 71+ 72 2 2

one easily checks that eg = k® v+ v ® k.

Ifeg =k®v+v®kwith k € S” and v € R" \ {0}, then ej is a rank one or a rank two tensor according
to whether or not v is parallel to k. When v is not parallel to k, then v can read as v = vk 4+ viks« with v« # 0
and k« € S”, k - ks = 0. Therefore, eg can be represented by the following matrix in the basis (k, k+):

e <2v Vs >
0= .
v 0 (k,k*)
The product of its two eigenvalues being —v2, these eigenvalues have opposite signs. O

When the damaging state does not satisfy one of the two cases above, one cannot conclude without giving more
detailed information on the model. As an illustrative example, we will consider in the next subsection the case of
spherical homogeneous states with a particular class of isotropic brittle materials.
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4.4 Stability of spherical homogeneous states for a class of isotropic brittle materials

Let us consider the following damage law

Ala) = a(a)A with ADjy = X6;j61 + p (805 + 0udjs) (49)
. 1
S(a) = s(a)S? with Sy = —% 330kt + % (0ix0j1 + d31d) (50)

where a : [0,am) — RT, a + a(a) is a decreasing twice differentiable dimensionless function such that a(0) = 1,
a(am) = 0 and o’ < 0. In (50), s denotes the compliance factor, i.e. s = 1/a. Accordingly, parameters (), j1)
are the Lamé coefficients, v the Poisson’s ratio and E the Young modulus of the sound material. Moreover, the
Poisson’s ratio does not change when damage grows. We will only consider cases with spatial dimension n = 2 or
3. Hence, the positivity of stiffness and compliance tensors is equivalent to

1
w>0, nA+2u > 0, E >0, _1<”<ﬁ' (51)

Relations between stiffness and compliance coefficients read as

E vE
2“:1+u’ AZ(l—&—V)(l—(n—l)y)’ (52)

while the strain-hardening and stress-softening conditions are equivalent to a”’ > 0 and s > 0.

Displacements are prescribed at the boundary of the body so that the homogeneous strain and stress states
are spherical tensors:

go = eI, oo = (nA 4+ 2p)a(ag)el (53)

where n is the spatial dimension, ¢ is a given real number such that the homogeneous state be a damaging state,
i.e. € > €. with

2w

“nx + 20 (0)° (54)

€c =
The damage state ag depends only on € and is given by
€2
ap = (a/)! (a'(O)E—;) . (55)
The relation between spherical stress o and the spherical strain ¢ is then
o= (nA+2palap)e. (56)

Providing this choice of loading and damage law, a direct calculation gives

A(ap)eq-eg = n(nA + 2u)s' (ap)?a(ao)’e?,

2
d(eg) = %s’(040)2(1(040)3{-:27 (57)

35" (a0)o0-00 = Fn(nX + 2)s” (a0)alag)e”.
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o strongly brittle o weakly brittle
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Fig. 1 Spherical stress versus spherical strain response in the case of a strongly brittle material (left) or a weakly brittle
material (right) .

The unique calculation which is not straightforward is that of d(eg). To obtain the expression above, one starts
from (45)-(46) and uses the special form (49) of Ag. Then, introducing v(k) as the optimal vector of R", i.e. such
that £(k) =k ® v(k) + v(k) ® k, we get

v(k) = argmin (()\ + 1) (v-K)? + pvev — (nA + QM)sl(ao)a(ao)ev-k) .
veER™

2
A direct calculation gives v(k) = Hs/(ao)a(ao)ak, then it turns out that Ap€(k)-&(k) is independent of

k and one finally gets the expression (57) for d(ep).

We deduce from (47) and (57) that poo(€) reads

(n=1)(1-(n—-1r) 25(ag)?
n(l —(n— 2)1/) s(ap)s” (ao)

Poo (50) = (58)

and the fact that it is greater or less than 1 depends on the strain state €, the spatial dimension n, the Poisson’s
ratio v and the compliance function s. Let us study these dependencies on two examples.

Example 1 Let us first consider a family of strongly brittle materials in the sense of (Pham et al. 2011b) such that
the maximal damage value oy, and the stiffness function « — a(«) are given by

am =1, ale)=(1-a)?, ¢>1 (59)

where the exponent ¢ must be greater than 1 so that the strain hardening condition is satisfied. The condition of
stress softening is then automatically satisfied. Relations (55) and (56) between o, o and ¢ for a damaging state
read as

_2 a+1
a=1- ()7, o=0c(Z)T oo=(mA+2z,

see Figure 1(left). To compare poo(g0) with 1, let us discriminate according to the spatial dimension 7.

For dimension n = 2, we find that
(1-v)q
qg+1

and hence L¢(gg, £21) < +00 when vq + 1 > 0. This situation corresponds to the gray area in Figure 2(left).

poo(€0) =
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Fig. 2 For a strongly brittle material, the gray area depicts the range of exponent g and Poisson’s ratio v for which
L¢(g0,£21) < +00, i.e. the critical size of the domain below which the damaging homogeneous spherical state is directionally
stable is finite. Left: n = 2; Right: n = 3.

For dimension n = 3, we find that
4(1 - 2v)q

%“%):3ufuxq+n

and hence L¢(eg, 21) < +oo when (1 — 5v)g < 3(1 — v). This situation corresponds to the gray area in Fig-
ure 2(right).

Ezample 2 Let us now consider a family of weakly brittle materials in the sense of (Pham et al. 2011b):

am = 400, a(a) = p> 1. (60)

A+ ap’

where the maximal damage value is infinite and the exponent p must be greater than 1 so that the behavior be
with softening. The relations (55) and (56) between ag, o and e for a damaging state read as

2 p—1
= ()" =1 o=0e(T)T o=t ame,
Ec €

see Figure 1(right). To compare poo(gg) with 1, we discriminate again according to the spatial dimension.

For dimension n = 2, we find that

_(@=vp
poo(€0) = b1
and thus L¢(gg, £21) < 400 when vp > 1. This situation corresponds to the gray area in Figure 3(left).

For dimension n = 3, we find that
4(1 —2v)p
31-v)(p—1)

and thus Le¢(ep, $21) < 400 when (1 — 5v)p + 3(1 — v) < 0. This situation corresponds to the gray area in
Figure 3(right).

poo(€0) =
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Fig. 3 For a weakly brittle material, the gray area depicts the range of exponent ¢ and Poisson’s ratio v for which
Lc(e0, £21) < 400, i.e. the critical size of the domain below which the damaging homogeneous spherical state is directionally
stable is finite. Left: n = 2; Right: n = 3.

5 Size and shape effects in the stability of the homogeneous damaging states in the case of a
uniaxial tensile test

5.1 Setting of the problem

We consider now the third type of boundary conditions i.e. those which corresopnds to a uniaxial tensile test
(the most common experimental test), see Section 3. The reference domain 2; is the three dimensional cylinder
of length 1 and cross-section X7, i.e. 21 = (0,1) x Y. Other domains are obtained by homothety, 25, = L{21,
L > 0. Using the change of coordinates x — y = x/L and the mappings (26), we can consider that all perturbation
fields are defined on (27 and that the sets of kinematically admissible displacement perturbations and admissible
damage perturbations are independent of L and given by

Co={veH'(2,,R®) : vy=00n{0,1} x X1}, D ={BeH' () : B>0}.

Constitutive material is assumed to be isotropic and damage law is such that the Poisson’s ratio remains constant
and equal to v € (—1,1/2). Thus stiffness and compliance tensors are given by (49)-(50):

Ala) = a(a)AO, S(a) = s()S?  with a>0,a’ <0,a” >0,5s=1/a,s" > 0.

Accordingly, the damaging homogeneous state is (e9y, ap) where the strain tensor €9 and the damage state ag
are given by

2
15 2w
ep =ce] ®e] —rveex ® eg — vees R es, a'(ao) = a’(O)—gg, E>ec = —a’(Ol)E

The associated homogeneous stress tensor is uniaxial and reads as
oo =a(ap)Ece; Q@ e;.

The Rayleigh ratio Ry, associated with the domain 27, and defined on the fixed space Cop x (D1 \ {0}) is still
given by (27) if we use the condensed notations (28). By virtue of the particular forms of the damage law and of
the specific properties of the uniaxial test, some quantities can be easily calculated. Indeed, we have

g0, Aoeg = —d'(ag)Fee; ®e1, Ageg-eg = aa(iEEz, Shoo-00 = s (ag)alag)’ Ee®. (61)
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The minimum of Ry, over Co x (D1 \ {0}) depends a priori on L, € and ¥7. Thus, let us set

) = i RL.
pr(e, X1) cox(%fl\{()}> L

The homogeneous state is directionally stable depending on whether py (g, X1) is less or greater than 1. Since
only a part of the displacements are controlled on the boundary, we are in an intermediate situation between a
soft device and a hard device. However, it turns out that the present case is quite similar to a hard device as it
is proved in the following Proposition.

5.2 Size effects

Proposition 4 The minimum pr,(e, X1) of the Rayleigh ratio is a decreasing function of L such that

1
li o) = > 1 62
Jlim pr (e, Z1) el (o) (62)

2a’(ag)?

Therefore, the damaging homogeneous state is directionally stable provided that the size of the cylinder is small
enough.

Proof The proof is essentially the same as the one of Proposition 2 and we simply emphasize the differences. The
notations are unchanged, we still call (v, 8z ) the minimizer of Ry, which still satisfy (30)—(32). Note that in this
case vy, is not unique, but is determined up to a rigid motion compatible with the boundary conditions, ¢.e. up
to a transversal translation and a rotation around the xj-axis. This indeterminacy can be fixed by considering
the quotient of Cy by these rigid motions. Then, we deduce that the sequences L — py, L — vy and L — Sp,
are bounded and converge (for the relevant topology) respectively to pg > 0, vg € Cg and a positive constant Sy.
Passing to the limit in (32) gives

/ Ape(vp)-e(v)dy = Bvoeo-/ e(v)dy, Vv eC. (63)
Ql Ql

Since Ageg-e(v) = —a’(ap) Eevy 1, we still have Aoeo-fQl e(v)dy =0, Vv € Cp, and hence e(vg) = 0. The end of
the proof is unchanged, one obtains

Apep-ep
PO= Tam -
1Sioo-og

By using (61), one finally gets (62). O

To know if the stability of the homogeneous state holds for any size of the cylinder, one must compare poo (e, X1) :=
limy, oo pr (€, X1) with 1. Following the same procedure as in the previous section, one easily obtains

(€, X1) = inf Roo
poo(&21) = Ao op

where Roo is still given by (41) (provided that one uses (61) for the definition of the state dependent quantities).
However, since Cop D H{ (£2,R3), one has merely inf 10 g3y x (D+\{0}) Roo = infegy (p+\{0}) Roo and one can
only use Lemma 1 to obtain an upper bound for pc (g, X1). More specifically, one gets
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Lemma 2 When the size L of the domain tends to oo, the limit value po (e, X1) of the minimum of the Rayleigh
ratio is bounded from above as follows

1_ (I+v)(1-2v)
1-v . v .
poo(e, X1) < L a(ao)a” (o) if v <0, poo(e, X1) < L a(ag)a” (ao) if v>0. (64)
2a’(a)? 2d/(ap)?

Proof By virtue of Lemma 1, one has

Aoeo-ep — maxyegss Aoé (k) -£(k)
< .
poo(e, 1) < 1Sjo0 00
It remains to determine maxygs Ag&(k)-&(k). Let us first determine &(k) for k € S3. By its definition (46), £(k)
is the element of V (k) which minimizes Ag(eg — &)-(eg — &) over all the £ of V' (k). Accordingly, £(k) can read as
£(k) = k@ v(k) + v(k) ® k with v(k) € R? given by

a'(ap)

a(ap)

v(k) = argmin {()\ + u)(v~k)2 + uv-v + Ee k1v1} .

vERS

We immediately deduce that the condition of optimality for v(k) reads as

O+ )v (k) -k k + pv(K) + ;;((ZZ)) Fe krer =0

from which one easily obtains v(k):

Therefore, one gets the expression of Ag€(k)-&(k):

/ 2 2
Aot (k) -£(k) = QZL((T“OO))EQQ + ki <1 - %)

which is a strictly concave function of k% that one has to maximize over the closed interval [0, 1]. The maximum
is reached for k% =1lor k% = 1 —v depending on whether v is negative or positive. After elementary calculations,
one finally obtains (64). O

Note that, when v = 0, Lemma 2 gives poo(e, X1) = 0, which a result is in agreement with Proposition 3, eg
being then of rank one. Accordingly, when the Poisson’s ratio vanishes, the homogeneous state is stable if and
only if the size of the cylinder is small enough, the critical length L¢(e, X1) depending a priori on the damage
state and on the shape of the cross section. Since poo depends continuously on the Poisson’s ratio, this property
holds true in some interval of v = 0. The fact that poo(e, 1) < 1 (and hence that there exists a finite critical
size beyond which the homogeneous state is unstable) for any v € (—1,+1/2) can depend on the damage model.
Let us consider for instance the case of the family of strongly brittle materials of the example 1 above, see (59).
Inserting into (64) gives

Poo(E,El)S if v <0, Poo(E,El)

IN
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Fig. 4 For a strongly brittle material, the gray area depicts the range of exponent g and Poisson’s ratio v for which the
critical size of the domain below which the damaging homogeneous uniazial state is directionally stable is necessarily finite

Accordingly, one necessarily has L¢(g, X1) < 400 (and that for every € > e. and every 1) when the constitutive
parameters ¢ and v satisfy the following inequalities

((1—1/—41/2)q+1—1/20 and 1/<0> or v >0.

This corresponds to the gray area in Figure 4. It appears that the above estimate of peo (g, X1) is not sufficient to
ensure that L¢(e, X1) < 400 in the full range of material parameters. It turns out that this property can depend
on the shape of the cross-section as it is explained in the next subsection.

5.3 Shape effects
5.3.1 General estimates

Throughout this subsection, Greek indices run from 2 to 3 whereas Latin indices run from 1 to 3. We propose here
to study the influence of the slenderness of the family of cylinders on the stability of the homogeneous state. The
slenderness parameter 7 is defined as the ratio of the diameter of the cross-section by the length of the cylinder,
the diameter being defined as the smallest disk which contains the cross-section. The inverse 1/7 of the slenderness
is the thinness. The cylinder of unit length and slenderness 7 is denoted by (2717 and its cross-section by 2{' instead
of 21 and X as it was made in the previous sections. Accordingly, 917 = (0,1) x 217 and .Qz = L.Q?.

To study the influence of  we use the mapping y = (y1,¥2,y3) — z = (y1,y2/7,y3/n) which transforms the
cross-section X7 into its homothetic one 21 of diameter 1, and the cylinder 2] onto 2} =(0,1) x X1. The origin
of the coordinates is chosen so that (0,0) is the center of E%. The area of 211 and its geometrical second moments
will be denoted by | X1 | and I)4:

‘E%‘ :/ dzodzs, / zadzadzz = 0, Ié/g:/ zazgdzadzs. (65)
1 o 1

1
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Moreover, with the displacement field ¥ defined on .Qf we associate the “rescaled” displacement field v defined
on .Q% by
~ ld(ap)
n aao)
Accordingly, the Rayleigh ratio which governs the stability of the homogeneous state of Qz can be seen as the
following functional Rz defined on the fixed set C; X Df‘ by

)= @), )

a(ao) va(z), € {2,3}.

n
Ry (v, ) = — VD) (56)
1 _ @lag)a”(ao)
2a/(a0)?
with
2
N(v,B) =1 +/ (%ﬁi 42 4;32/1811(‘,)2 + 25511(v)) dz
o2
2
+ 7% /Q% (%/B,aﬁ,a + %Ell(v)eaa(v) + %&yl(v)é(ﬂ(V)) dz
+ ni‘* /Q% <%E“"‘(")555 (v)+ %Eaﬁ(")aaﬁ(‘/)) dz (67)
" (20)(a0)?
2 _ wia(ao)f(ao)”
do = Ee2al ()2 (68)

In the set C; of admissible displacements, we introduce three integral constraints so that the transversal translation
and the axial rotation of the cylinder are fixed:

Ci=<ve Hl(Q%,Rg) : v1 =0o0n {0,1} x 2%7 / vodz :/ vadz :/ (z3v2 — 29v3)dz =0 ¢ .
foX! 21 foX!

1

The admissible damage fields are normalized and Df reads as
Df ={BeH' () : B> 0,/ Bdz =1}.
L

Let (v}, B7) be a minimizer of R’ and hence of N} over C; x Di" (we know that such a minimizer exists). The
optimality condition (32) becomes

A+2
0:/ ( EM511(V7L7)+ﬁZ) e11(v)dz
2f
4

5 A 7 A n i n
+ /Q% (Efll(VL)Eaa(V) + EEaa(VL)EH(V) + 5 Eal(VL)Sal(V) dz

,,72

1 A " 2 n
+ 7 Jos (EEW(VL)EBB(V) + E%B("L)%BW) dz. (69)

After introducing the symmetric tensor field ez and the vector field gz as follows
1
enn(vy) ge1p(vy) BLa

1 1 1
7€al(V]) 7reap(Vy) 7PL o
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the minimum N of N}/ can read as

A0 2
N =N, 8]) =1 +/ (feg.eg + fggg .gz> dz + 2/ Blel  dz (71)
ok 2
where AY is the stiffness tensor of the sound material. Since N}Z(v =0,8= |211 |) =1, we have NZ < 1. Owing

to the positivity of A, there exists a positive constant x (which depends only on v) such that Alc.e > kFe-e.
By Cauchy-Schwarz inequality and using the normalization of BZ, we get

| Bhetnds = <187 loldullo = ~ltul
1

Therefore, we have the inequalities

2
2, dg 2
14l B+ B g7 3 — 2l llo < Nf <1
from which we deduce the following estimates

2
lert(vPllo < C, llear(Vi)llo < Cny lleap(Vi)llo < Cn7, I8 1llo < CL, 1B} llo < CnL  (72)

where C' stands for a generic positive constant which depends only on v. Since these estimates hold in the whole
range of L and 7, they are useful to study the asymptotic cases of very slender or very thin cylinders. However,
we will consider here only slender cylinders.

5.3.2 Case of slender cylinders: n < 1

The length L is fixed and we study the behavior of (Vz, 52) when 7 goes to 0. Once this asymptotic behavior will
be found for any given L, we will study the dependence on L and in particular the asymptotic behavior when L
goes to infinity. Note that this procedure is different from the one followed to study the size effects. Indeed, in
this latter case, the slenderness n was fixed and we studied the dependence of (vz, ,BZ) on L.

Let us prove the following

Proposition 5 For a given L, when n goes to 0, the minimum of the Rayleigh ratio pz tends to a limit given by

do (1 51002 1 2
- 0 Ny 0 B B2+ ( f B
lim p} =pp=——"—=5—-,  Np= _ min i (73)
=0 1 — @l@o)a”(ao) Be(DF\{0}) L 8(0)2dc
24/ (a)?

where DT = {f € H'(0,1) : 8> 0}.
Proof The proof is divided into several steps.

1. Asymptotic behavior of 8] . We deduce from (72) that 8] is bounded in H'(£21) and hence (up to extracting
a subsequence) weakly converges in H'(£2]) and strongly in in L?(£2}) to some % Dy . Furthermore, since
||B2 oo < CnL, ﬁz o, converges strongly to 0 in LQ(Q%) and hence ﬁ% is a non-negative function of only 21

which can be seen as an element of DV such that its L?(0,1) norm is equal to 1/ ‘Z} |
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2. Asymptotic behavior of v’L’. To a large extent, this step roots at the basis of the construction of the asymptotic
theory of linearly elastic beams. Since this procedure is now well known, we merely recall the main lines of the
proofs and the interested reader is invited to refer to Geymonat et al. (1987a,b); Marigo and Meunier (2006)
for more details.

We deduce from (72) that v} is bounded in H L2}, R3). Hence, one can extract a subsequence which weakly

converges to some v? € Cj. Furthermore, since lear(vD)llo < Cn and [leqg(v])llo < Cn?, v§ satisfies

eal(VOL) =E€ap (v%) = 0 and hence is a Bernoulli-Navier displacement field. Accordingly, V% can read as

v (2) = (Vi1(21) = 2aVia(21))e1 + Via(21)ea. (74)

Moreover, in order that vOL be in Cy, the fields V7; must satisfy

1
Via € Hy(0,1), Vi € H*(0,1) with VZa(0)=Via(1) =0, / Via(Qd¢=0.  (75)
0
2 weakly converges in L2(£2]) to €ap(vy) where v does not

1)), i.e. the space of functions f which are in L?(£21) and
. Accordingly, v} does not satisfy in general the boundary

From the estimates, we also get that e4g(v7})/n
belong in general to C1 but merely to L2((0, 1),H
whose tangential derivatives f o are also in L?(£2
conditions at z1 = 0 and z; = 1.

3. Determination of v% and v . Multiplying (69) by 172 and passing to the limit as n — 0 leads to

-/
2

This equation is nothing but the variational formulation of the de Saint Venant’s problems of stretching and
bending which give v in terms of VOL. More specifically, one obtains that the plane components of the stress

o
1)

()\(511(VOL) + eaa(v))ess(v) + Z;LSQB(VZ)aag(V))d@ Vv € Cy. (76)

1
1

must vanish, i.e.
Ae11 (VD) + €y (VD))0ap + 2ueap(vi) =0 in 0]

which gives in particular

enn(vl) in 1. (77)

€aa(Vl) = — A
aa\V]L) = N+ L
Taking for v in (69) a Bernoulli-Navier displacement field, i.e.

v(z) = (Vi(21) = zaVa(z1))er + Va(z1)ea, (78)

and passing to the limit as n — 0 leads to

/ ()\ -FEQMEH(V%) + %Eaa(vz) + ﬂ%) e11(v)dz = 0. (79)
o

Inserting (77) into (79) and remarking that A + 2 — A2/(A 4 1) = E, one finally obtains the problem which
gives v% in terms of ﬁ%:

/Ql (an(vg) + 52) e11(v)dz =0, (80)

where the equality holds for any Bernoulli-Navier displacement in C;. Using (65), (74), (78) and the fact that
ﬁ% depends only on z1, (80) becomes

1 1
| 128 (i + s e0) Vi + [ iavEa(anVs (s =0
0 0

24



and holds for any V; € HE(0,1) and any Vo, € H?(0,1) such that VZ(0) = V4(1) = 0 and fol Va(¢)d¢ = 0.

One immediately deduces that V7, = 0 (no bending) and that VLO; (21) + BY(21) = constant = fol BY(¢)d¢.
Finally one gets

Vi@ = (= A0 - [ stac)er (s1)

. Lower bound of liminf, .o pz. By virtue of (69), the minimum of ./\/'27 can read as
d3 d3
N =1+ 35 [ anaades 0 [ o gar [ gentDas 62
0} n 0} ok

Let us examine the limit of each term in the right hand side of (82). By lower semi-continuity of the L?(£2})
norm, one has

1
i [ 9760 0de = [ s =]t [ o (R
2} 2} 0

n—0
By the positivity of the norm, one has

1 7 7
72/ ﬂL,aﬂL,adZ > 0.
2]

lim
n—0mn

By virtue of the weak convergence of 11(v} ) and of the strong convergence of 3} in L%(£2]), after using (81)
and recalling that ‘EH fol BY(¢)%d¢ =1, one gets

n—0

1 2
lim | flen(v])dz = / Bhen(v)dz = || ( / ﬂ%(@dc) -1
0} ol 0
Since all these estimates hold for any convergent subsequence, one has obtained
1|3 o e 1 Yo ’
limint N7 (], 8) > 21 75 [ Y ©%ac+ || ([ Ah©ac)
n—0 L 0 0

Since ﬂ% is an element of DT with a L2(0, 1) norm equals to 1/4/ |Z’% , one concludes that
liminf p? > pJ

iminfp} > pr

with p$ given by (73).
. Upper bound of limsup, _,o pz. Let 81, be a minimizer (such a minimizer exists because one can prove that
the infimum is reached in the same way as for Nz’) giving Ng in (73). By homogeneity, for every k > 0, kB, is

also a minimizer and hence we can choose k so that the L2(07 1) norm of Rz is equal to 1/ ’E% } Therefore,

B, can be seen as an element of Di". Let \72 be the unique element of C; which minimizes ./\/'2(, Br) over Cy.
It is easy to check that {’711 satisfies the same estimates (72) as Vz. Following the same steps as for vz, one
obtains that \72 weakly converges to the Bernoulli-Navier displacement \7% given by

vi(z) = <Zl /01 Br(¢)d¢ — /0’ZI BL(C)dC) er. (83)

Moreover, since the limit is unique (for a given minimizer 5r,), all the sequence \72 converges to \7%. By virtue

of the optimality of \_’z, ./\/'2 (\72, Br) can read as

2 1
NE(VZ,BL)=1+‘E% %/0 B/L(C)QdCJr/Q] Bren (v})dz.
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Passing to the limit in the last term in the right hand side above, one obtains

1 2
lim Bren(vy)dz :/ Brenn(vy)dz = ‘2%‘ (/ ﬁL(OdC) -1
n—0 /01 o} 0
and hence
. n/=N 7 _ a0
%%NL(VL: BL) = Nr.
Since N7 (v, 87) < N (¥}, BL), by passing to the limit one gets limy, o N7 (v}, 8]) < N for any convergent
subsequence. Therefore, one has
li 7 0
imsup p} < py.
n—0

Comparing with the lower bound, we obtain the desired result, lim, o pz = pOL. The proof is complete. O

Equipped with this characterization of the asymptotic behavior of the Rayleigh ratio, it becomes easy to conclude
on the stability of damaging states for slender cylinders.

Proposition 6 For very slender cylinders, the damaging state characterized by the azial strain € in a uniazial
tensile test is directionally stable if and only if the length L of the cylinder is less than the critical value Le(g).
This latter depends only on € and is given by

s/(a0)5/2

S(a0)s" (a0) 2nl(ag)  with d(ag) = — . (84)

Le(e) = 3/2

Proof 1t suffices to calculate p% and to compare it with 1. To obtain p%, we use (Pham et al. 2011b, Proposi-
tion A.2) where the minimization of the Rayleigh ratio involved in (73) is made. One gets

1 if 0 < L < 7dg
NY = 2/3 . (85)
v ( @> if I > mdg
L
Then, using (68) and (73), the critical length is obtained by equaling pOL to 1. a

Remark 1 This result is consistent with the one obtained in (Pham et al. 2011b, Proposition 3.4) in the one
dimensional setting. This means that, as expected, slender cylinders behave like one-dimensional bars. Note
however that we have obtained (73) and hence (84) by passing to the limit as n goes to 0, at given L. Therefore,
from the practical viewpoint, this result is relevant only when the diameter of the cylinder is (much) smaller than
the characteristic length £(ag) of the material.

6 Comparison of directional stability with strong ellipticity

In this last section, we investigate the link between our definition of directional stability and the strong ellipticity
condition (Ball 1980). By essence, this latter one, which requires a strict positivity condition for the second order
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derivative of the total strain work, makes sense only for the underlying local damage model, i.e. for the model
without the gradient damage terms. More specifically, since the underlying local model is defined by

Wo(e,a) = wia+ %A(a)e-e, (86)
the condition of strong ellipticity is satisfied at the given state (eg, ag) if and only if the following inequality holds
W (€0, 00)(k©v,8) >0,  VkeS"V(v,8) €R" xR\ {(0,0)} (SE)

where k ® v =k ® v + v ®@ k. Using the condensed notation (28), the second order derivative reads
Wi (€0, 20) (&, 8) = Ao (€ — Beo)-(€ — Beo) — §SGo0-0”, (87)

Therefore, we first deduce that if the material has a stress-hardening behavior, then the strong ellipticity condition
is automatically fulfilled for any state, because Ag > 0 and S{j < 0. Now let us consider a stress-softening behavior,
i.e. the case S{j > 0. Since by virtue of the positivity of Ag, the inequality (SE) is satisfied when 8 = 0, we can
consider only the cases § # 0 and hence, by homogeneity, the cases 8 = 1. Accordingly, the strong ellipticity
condition (SE) is satisfied if and only if

min AogkO v —ep) (kO V—ey) > LSiog-op. (88)
(k,v)eSm xR™

Note that the minimization above admits a solution since it is performed over a compact set. For a given k, let
v(k) be the minimizer over v € R™. By virtue of the strict convexity of v — Ag(k @ v —ep)-(k © v — eg), there
exists a unique minimizer. The optimality condition reads

Agkov(k)—ep)(kov)=0, VveR" (89)
Then, introducing £€(k) = k ® v(k) and setting v = v(k) in (89) lead to

Ag(&(k) —ep)-(&(k) — en) = Apep-eg — Apé(k)-£(k).

Therefore, (88) becomes
Apeg-eg — Inax Ao€(k)-£(k) > LSgog-0p. (90)
csn

Comparing with Corollary 1 and Lemma 1, we have thus proved

Proposition 5 For a stress-softening behavior, a damaging state is directionally stable under displacement con-
trolled and independently of the size and the shape of the domain if and only the strong ellipticity condition holds
at this state.

It appears that the strong ellipticity condition (SE) is a particular case of directional stability. (SE) is made
to study the stability of homogeneous states only in the cases where the size of the domain is much larger
than the characteristic length of the material. (SE) is, by nature, unable to give the critical size under which the
homogeneous is stable (except, of course, in the case where this critical size is infinite). Moreover, (SE) is unable to
discriminate between the different types of boundary conditions. In conclusion, we can affirm that our directional
stability criterion is more general and richer.
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7 Concluding remarks

A stability analysis based on the selection of unilateral local minima of the total energy has been carried out for
a class of gradient damage models. We have studied in which situations a homogeneous state can be stable and
hence can be observed in experimental tests. Let us see how such homogeneous tests can be useful in practice to
identify the damage law of a stress-softening material. Note that the measurement of homogeneous states gives
only access to a part of the damage law. Indeed, these states depend only on the parameter w; and on the stiffness
function a — A(a), but not on the state function « — ¢() involved in the gradient damage terms. On the other
hand, non-homogeneous states such as localized damage response depend on all the damage law and are only
accessible by numerical computations.

We now first summarize how one can observe homogeneous responses. It turns out for a stress-softening
material that the stability of a damaging homogeneous state depends essentially on how the boundary is controlled.
When the surface forces are prescribed on the whole boundary by a soft device, the state is necessarily unstable.
Accordingly, to observe such a state, one must control the displacements on all or a part of the boundary. It
appears that the more the displacements are controlled, the more the state has a chance to be stable. In the case
where the displacements are controlled on the whole boundary by a hard device, the state is necessarily stable for
small enough samples. Moreover, the fact that the stability holds for any size is independent of the shape of the
sample and depends only on the material (and on the state). As shown in the examples of Section 4, Poisson’s
ratio seems to have a significant influence on the stability. It also appears that spherical strain or stress states
have more chance to be stable than uniaxial ones, even though this property has to be confirmed by a more
thorough analysis. Regarding the shape effects, those latter play an important role in uniaxial tests, but a better
understanding of this dependency needs also further investigations.

Finally, let us give more insights on how one can have access to the state function a — £(a). As explained
in Pham et al. (2011b) in a one-dimensional setting, detecting the stability loss of the homogeneous state when
one changes the size of the sample gives information on the state function « — £(a). More specifically, as shown
in Section 5 for very slender cylinders, the critical size beyond which the homogeneous state becomes unstable
involves all the damage law and is proportional to £(«). Accordingly, the measurement of this critical size provides
the expected complementary information. In fact, it was shown in Pham et al. (2011b) that this measurement,
together with the homogeneous stress-strain response, is sufficient to identify all the constitutive functions and
parameters, at least in a one-dimensional setting. However, to extend this result to the three-dimensional case for
which the critical size L¢(eg, £21) cannot be obtained in a closed form, such detection experiments of the stability
loss of homogeneous states should be coupled with numerical computations.
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