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Estimation of the 3D self-similarity parameter of 

trabecular bone from its 2D projection 

 
 

 

Abstract  

 

It has been shown that the analysis of two dimensional (2D) bone X-ray images based on the fractional 

Brownian motion (fBm) model is a good indicator for quantifying alterations in the three dimensional (3D) bone 

micro-architecture. However, this 2D measurement is not a direct assessment of the 3D bone properties. In this 

paper, we first show that S3D, the self-similarity parameter of 3D fBm, is linked to S2D, that of its 2D projection, 

by S3D = S2D - 0.5. In the light of this theoretical result, we have experimentally examined whether this relation 

holds for trabecular bone. Twenty one specimens of trabecular bone were derived from frozen human femoral 

heads. They were digitized using a high resolution -CT. Their projections were simulated numerically by 

summing the data in the three orthogonal directions and both 3D and 2D self-similarity parameters were 

measured. Results show that the self-similarity of the 3D bone volumes and that of their projections are linked by 

the previous equation. This demonstrates that a simple projection provides 3D information about the bone 

structure. This information can be a valuable adjunct to the bone mineral density for the early diagnosis of 

osteoporosis.  

 

Keywords:  Self-similarity; fractional Brownian motion; fractal; trabecular bone; osteoporosis; X-ray images; 
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1. Introduction 

Osteoporosis is characterized by low bone mass and micro-architectural deteriorations of bone tissue 

(Parfitt, 1992). These modifications lead to enhanced bone fragility, and consequently increase the risk 

of fracture (Consensus Development Conference, 1991). The distribution of mineral content in three 

dimensions, and the loading of the skeleton are additional factors that contribute to bone fragility. 

The diagnosis of osteoporosis is mainly based on dual energy X-ray absorptiometry which amounts 

to measuring bone mass. Characterization of the trabecular structural properties appears to be an 

important adjunct to the measurement of bone mass in determining fracture risk with greater accuracy 

(Goldstein, 1987). Using histological and stereological analysis, it has been shown that, by combining 

structural features with bone density, nearly all of the variability in mechanically measured Young’s 

moduli could be explained (Goulet et al., 1994; Croucher et al., 1996). However, the evaluation of bone 

structure, by non- invasive procedures, remains a difficult issue (Faulkner et al., 1991).  

Bone X-ray radiographs have been suggested as a means of quantifying trabecular changes (Rockoff 

et al., 1986; Aggarwal et al., 1986). This method shows potential as we know that radiographs are 

feasible and are not life threatening. Among many methods that can extract the information from natural 

images, fractals are efficient candidates (Pentland, 1984), and fractional Brownian motions (fBm) 

(Mandelbrot and Van Ness 1968) are widely used. FBm is governed by the single Hurst parameter, H 

(0 < H < 1). It has been shown that H and the intuitive notion of roughness are closely linked: the lower 

H is, the higher is the roughness (Pentland, 1984). Concerning bone radiographs, this idea was used in 

(Lundhal et al., 1986) to characterize the texture roughness. It was shown that H follows the clinically 

expected course of osteoporosis closely, in that a lower H indicates a greater degree of osteoporosis. 

Indeed, during osteoporosis, trabeculae become thinner, perforations occur, and some of the fine 

trabecular structures are broken. Radiographs appear naturally rougher, leading to a decrease in H. 

These results have been confirmed by subsequent studies (Benhamou et al., 1994; Majumdar et al., 

1997; Majumdar et al., 2000; Prouteau, 2004). Clinical results have also pointed out the strong potential 
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of the H parameter of fBm in quantifying osteoporosis on bone X-ray radiographs (Pothuaud et al., 

1998; Lespessailles et al., 1998). 

An X-ray radiograph is a two-dimensional (2D) projection of a three-dimensional (3D) structure. 

The difficulty in using such 2D projections is in determining exactly how the 2D parameters measured 

on radiographs are related to 3D ones. This problem is part of the more general one of using 2D images, 

either slices or projections, to characterize 3D materials. This is a difficult issue, though some results 

are available in the case of fractals. For example, it is well known that a 2D slice of a fractal volume has 

the same H parameter as the volume itself (Mandelbrot, 1982). However, for projections, no equivalent 

link has been established. One way to elucidate the problem is to conduct experimental studies on real 

material (Pothuaud et al., 2000; Jennane et al., 2001; Guggenbuhl et al., 2006). However, this approach 

which consists in estimating 3D properties from 2D projections suffers from the lack of a strong 

theoretical background. Moreover, the relations between 2D and 3D parameters remain unclear.  

Recently, an isotropic analysis for Gaussian models having stationary increments has been 

suggested (Bonami and Estrade, 2003). This study was applied in (Jennane et al., 2001) where we 

proposed an oriented fractal analysis for anisotropic fractional Brownian motion. The theoretical study 

presented in (Bonami and Estrade, 2003) can also be applied to 3D bone images. In this paper, we first 

establish a formal link between S3D, the self-similarity of a 3D continuous fBm process and S2D, the 

self-similarity of its 2D projection, that is S2D = S3D + 0.5. In the light of this theoretical result, we 

experimentally examine whether or not this formal link holds for trabecular bone. With this aim in view, 

we study high resolution micro computed tomography (-CT) images and simulate their 2D projections 

obtained by summation of the voxels of the 3D structure. Then, 2D and 3D self-similarity parameters 

are measured and compared. If the formal link S2D = S3D + 0.5 holds for trabecular bone, information on 

3D structure can be extracted out of 2D radiographs and can help in the early diagnosis of osteoporosis.  

The paper is organized as follows: In section II, we demonstrate the relation between 3D and 2D 

self-similarity parameters for fBm. Section III presents the preparation and acquisition of the μ-CT bone 

images. The measurement methods for 3D and 2D self-similarity descriptors are explained in 

section IV. Section V presents the results and we conclude with a brief discussion of this work.  
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2. Theory 

It has been shown that the H parameter of the fBm is a good indicator for the alterations of the 3D 

bone micro-architecture seen on 2D bone radiographs (Benhamou et al., 1994; Majumdar et al., 1997). 

However, this 2D measurement is not a direct assessment of the 3D bone properties. Based on a recent 

paper (Bonami and Estrade, 2003), it is possible to establish a formal link between S3D, the self-

similarity of a 3D continuous fBm and S2D, the self-similarity of its 2D projection. The aim of this 

section is to demonstrate this relation.  

Let us first recall a result and the way to obtain it. We are interested in a signal indexed by the 

position in the 3D space domain, given by a fBm, BH : (BH(x); x in R3). One of the characteristics of 

fBm is self-similarity, that is to say:  

 

for all scales  (non-negative),    33    ; )(     ; )(  xxBxxB H
H

H  ,  (1) 

 

where  means equal in distribution. The Hurst parameter H is also the 3D self-similarity index 

denoted, S3D. Thus, S3D = H. 

The self-similarity identity (1) can be obtained as follows. Since BH is a zero mean Gaussian field 

with stationary increments, its distribution is completely defined by the variance of its increments 

BH(x): 

 

32
in  x allfor  ,  ))(( 

H

H xxBVar ,  (2) 

 

where, for a multidimensional lag x at any point x0 in 3, 

 

).()()( 00 xBxxBxB HHH    (3) 

 

x denotes the Euclidian norm in 3: 
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Now, introducing a change of scale xx gives the following: 

 

))((    ))(( 2222
xBVarxxxBVar H

HHHH

H   ,  (5) 

 

which shows (1). 

In the following, the term projection will be used for a simple sum of the planes of the 3D structure.  

To establish the formal link between the self-similarity of a 3D fBm and that of its 2D projection, we 

will now consider the projection along one of the three orthogonal directions. This direction plays a 

special role and we will denote for clarity x = (x1, x2, z), x  3 the 3D position in the space domain 

where z is the projection direction. Identically,  = (1,2,z),   3 is the 3D position in the frequency 

domain. When BH is projected along the z axis, one obtains a 2D Gaussian field YH: 

 




 dzzzxxBxxY HH )(),,(),( 2121  .  (6) 

 

(z) is a window that ensures the convergence of the previous integral. YH is no longer a fBm but still 

has stationary increments as proved in the following. Consider the spectral representation of a 3D fBm 

(Reed et al., 1995): 
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where CH is a non negative constant and dW is a 3D Brownian measure in frequency. The projected 

field can be represented as follows: 
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where ̂  is the Fourier transform of . Computing the variance of YH we obtain 
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This variance does not satisfy any identity such as (5) and therefore the projected field YH is not self-

similar. However, we are going to demonstrate that YH is self-similar for small scales. 

Let us determine the variance of YH(x1, x2). Introducing the change of variable  21 ,   21 ,  

in the integral above, we get:  
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For small scale , i.e.   0, and if H < 0.5: 
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where VH is a constant which does not depend on . In that case, by analogy with identity (5), we say 

that YH is asymptotically self-similar of index H + 0.5. In other words, S2D = H + 0.5. Actually, the 

previous result is only valid for H < 0.5. For H > 0.5, the result still remains true when using the 2-order 

increments of YH, that is to say 

 

H

12H2 V  ))((  xYVar H , (12) 

 

where 

 

),()(2)2()(2 xYxxYxxYxY oo   (13) 

 

with V’H a constant which does not depend on . The latter equation is valid for any point xo in 2. 

Hence, the asymptotical self-similarity index of the projection YH which is a 2D signal process is 

S2D = H + 0.5 while the self-similarity index of the original 3D process is S3D = H. For small scale , we 

can write that: 

 

0.5. -  S  S 2D3D   (14) 

 

Several remarks can be made at this point.  

Remark 1: Although this result has been shown in the 3D case, it is valid for any space dimension above 

one. 

Remark 2: The increase in the self-similarity of the projection is not unexpected since this operation is 

an integration process. This action leads to softer objects, thus increasing the self-similarity index.  

Remark 3: For the main result (14) to be valid, the self-similarity parameter of the projection should be 

estimated for small scales , or in other words for high frequency. The practical estimation of S2D 

should take this fact into consideration.  
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Remark 4: The projected process is not self-similar but asymptotically self-similar at high frequency of 

index H + 0.5 in the interval ]0.5, 1.5[. For the large scale domain, i.e. the low frequency domain, it can 

be shown that the projected process YH is asymptotically self-similar of parameter H (Bonami and 

Estrade, 2003). As a conclusion, YH has 2 different asymptotical self-similar parameters, H at low 

frequency and H + 0.5 at high frequency.  

 

We will now explore if this theoretical result holds for 3D trabecular bones and their 2D projection. 

The next paragraph explains how the bone samples were acquired and digitized.  

3. Preparation and acquisition of bone specimens 

A total of 21 frozen human femoral heads were used to derive 21 specimens of trabecular bone. 

Cylindrical samples were prepared under continuous water irrigation using a precision diamond circular 

saw. The samples were oriented with respect to anatomic axes and cut to a dimension of 6 mm thickness 

and 8 mm diameter. All the samples were defatted chemically (several cycles of submerging in 

dichloromethane). 

Images were obtained using the Skyscan 1072 high-resolution -CT. The X-ray source was set at 

80kV and 100µA, and the magnification was fixed to get a pixel size of 12 µm. A 10241024 12-bit 

digital cooled CCD coupled to a scintillator was used to record the radiographic projections. 209 

projections were acquired over an angular range of 180° (angular step of 0.9°). Due to the cone beam 

the radiographic images were processed with the Feldkamp algorithm. The exposure time for one 

radiographic projection was about 5.9s so that the total scan for each sample lasted 1 hour. All the 

radiographic images were transferred to a personal computer (PIII, 933MHz) and the image slices were 

reconstructed using the conebeam reconstruction software version 2.6.  

We used the central part of each image which is 4.80 mm3, equivalent to 4003 pixels. Fig. 1 shows 

two such cubes having different 3D structures.  
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(a)  (b) 

Fig. 1. two 3D specimens. 

 

The differences between these two samples are obvious: low density and connectivity for Fig. 1a, 

high density and connectivity for Fig. 1b. This is confirmed by the following: 

- BV/TV (the ratio between the volume of trabecular bone (BV) and the total volume (TV)) was 

0.182 for sample (a) and 0.306 for (b) 

- Conn.D (the connectivity density parameter) was -0.0044 for sample (a) and -0.0075 for (b). 

- For the 21 samples, the mean and standard deviation for BV/TV was 0.210  0.066, and               

-0.0111  0.0096 for Conn.D. 

We now wish to compute the projection of these bone volumes. To do so, we used a simple 

projection which consists of summing the data in the three orthogonal directions x1, x2 and z. Fig. 2 

illustrates two projections along the z axis of the two bones presented in Fig. 1.  

 

z 

x1 
x2 
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    (a)      (b) 

Fig. 2. Two projections along the z-axis for the two specimens presented in Fig. 1.  

 

As can be seen, the projection of the bone volumes generates grey level images. It is also noticed 

that image 2.a is different from image 2.b as is the case for the bone volumes of Fig. 1. It is then 

expected that the 3D self-similar parameter and that of its 2D projection are linked.  

Our aim is to apply to a binary object (trabecular bone) a result concerning the relation between 3D 

and 2D self-similarity demonstrated using a continuous fractal model (fBm). A better approach would 

be to use a 3D binary fractal model indexed by R3 taking values in {0, 1}. At this point of our project, 

such work is under active investigation. We hope that in a near future we will be able to propose such a 

result for some class of binary fractals.  

We will now present the chosen tools to access the self-similarity of these 3D and 2D images. 

4. Measurement of 2D and 3D self-similarity  

A wide variety of computer algorithms for estimating the fractal index of a structure exist. The most 

widely used algorithms in signal and image processing are described in (Barnsley et al., 1988; Jenna ne 

et al., 1996, 2001). 

Let us now describe the two methods used to compute the 2D and 3D self-similarity parameters. 
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4.1. 2D self-similarity: the variance method 

The projections of 3D bones are 2D grey level images as seen on Fig. 2. Thus equation (5) can be 

applied to assess the 2D self-similarity. This method is known as the variance method of Pentland 

(Pentland, 1984). It requires that the increments I(x) of the grey levels I(x) be computed for different 

lags . If self-similar of index S2D, the following relation holds: 

 

))(())(( 22
xIVarxIVar DS

  , (15) 

 

where x is a position index. 

In this case, the Log-Log plot of Var(I(x)) versus  is a straight line of slope 2S2D. Such 

representations for the variance of the grey level increments obtained over images lines presented in 

Fig. 2 are illustrated on Fig. 3. Note that  corresponds in the discrete case to the number of pixels 

considered for the lag’s increment. For example, for the 8 first points the spatial resolution varies 

between 12 μm and 96 μm.  
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 (a)       (b) 

Fig. 3. Log-Log plot of the variance of the increments versus the lag  for the two projections of Fig. 2. 

 

It should be remembered that, even if the 3D structure is self-similar, the projected field is only 

asymptotically self-similar at small lags . This is typically what we observe. For that reason, we 
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choose to estimate S2D over the first eight points of the Log-Log plot which show a fair linearity. This 

area characterizes the bone structure at the trabecular thickness scale (Harba et al., 1994). Knowing that 

the pixel size is about 12 m defines physically a lag whose size is 96 m. This ensures a lag of 

measure lower than the trabecular size (about 100 to 200 m for the bigger trabeculae) and allows an 

examination of what is going on inside the trabecular structure to detect perforation or rupture of the 

trabeculae. S2D was computed as the mean value of the 400 values estimated over 400 lines of each image.  

4.2. 3D self-similarity: the box counting method 

The self-similarity of a continuous object, as for example our 2D images, is easily assessed using 

equation (5). However, concerning our application, it is obvious that 3D trabecular bone is not a 

continuous object, but rather a binary one. Nevertheless, the notion of self-similarity does exist for such 

data. Binary fractals are unusual geometric structures that can be used to analyze many biologic 

structures not amenable to conventional analysis. The full-sized object is composed of elements, these 

elements composed of the same elements even smaller, and so on down to the microscopic level. 

Trabecular bone has a branching pattern, as seen on Fig. 1. One can also see that it exhibits self-

similarity, that is the trabeculae and the narrow spaces between them look very similar no matter what 

their size. 

The notion of self-similarity is linked to the volume of the structure defined by the following: the 

original 3D structure is regularly cut in small cubes, or in boxes, of size ρ. The number N(ρ) of boxes 

containing at least one mineral element is evaluated. The corresponding volume V(ρ) is given by:  

 

3)()(  NV   (16) 

 

If a binary structure is self-similar of index S3D then the following relation holds for any scale index 

 > 0: 

 

)()( 3  VV DS
 . (17) 
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Rewriting V(ρ) from (16) and replacing V(ρ) in equation (17), as a consequence, it easily results 

that N(ρ) is proportional to )3( 3DS . Returning to fractal objects, the relation between N(ρ) and ρ is 

(Falconer, 1987): 

 

DCN  )( . (18) 

 

where D is the fractal or box dimension of the object and C a constant. Thus, by combining this result 

with previous ones, the self-similar parameter S3D is linked to D by: 

 

DS D  33 . (19) 

 

This analysis is called the box counting method. The idea that the fractal dimension of trabecular 

bone might be related to bone architecture and bone strength is an appealing one, since the fractal 

dimension can be assessed from clinical images.  

Fig. 4 shows a bone volume specimen with different boxes’ edges and the corresponding Log-Log 

plot of N(ρ) versus ρ. The fractal dimension is easily estimated from this figure and S3D results from the 

last equation. 

To avoid the phenomenon of length described in (Tricot et al., 1988; Feder, 1988), the size of the 

boxes varies by a power of 2. To be consistent with the measure of S2D, the slope was measured on the 

fourth first points of each Log-Log plot which corresponds to a spatial resolution between 12 μm and 

96 μm. 
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   (a)      (b) 

Fig. 4. (a) A 3D bone volume with several grids placed over the bone structure, and (b) the Log-Log 

plot of N(ρ) versus ρ for the bone volume specimen. 

 

For both 2D and 3D analysis, the image files were processed with custom designed software 

developed at our institution using Microsoft Visual C++ language.  

5. Results  

Both 2D and 3D self-similarity indices were estimated on the 21 bone volumes and on their 

projections using the above methods. We examined experimentally if these parameters are linked by 

S3D = S2D - 0.5 as is the case for continuous fBm. Fig. 5 shows as an example the evolution of S2D along 

the z axis versus S3D for the 21 bone samples as well as the straight line S2D = S3D + 0.5. 
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Fig. 5. Representation of S2D along the z-axis versus S3D for the 21 bone samples, as well as the straight 

S2D = S3D + 0.5. 

 

We notice that S2D and S3D are not far from being related by S2D = S3D + 0.5. To confirm this 

tendency, the mean offset, S2D - S3D, and its standard deviation are presented for the three orthogonal 

directions x1, x2 and z in Table 1. 

 

Table 1 

Mean and standard deviation for S2D - S3D along the three orthogonal directions computed on the 21 

bone cubes. 

 
S2D - S3D along the 

x1-axis 

S2D - S3D along the 

x2-axis 

S2D - S3D along the 

z-axis 

mean 0.551 0.533 0.518 

Standard deviation 0.043 0.039 0.034 
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This confirms that the above relation is true for trabecular bone. It provides an interesting tool to 

quantify the 3D architecture from its two dimensional projection. The main advantage is that 2D bone 

radiographs are not life threatening, cheap and easily obtainable.  

6. Conclusion 

In the light of a new theoretical result shown in this paper, this study on high resolution μ-CT bone 

images has aimed to establish the possible links between the self-similarity of 3D bone volumes and that 

of their 2D projections. Results show that it is feasible to access the self-similarity of 3D bone volumes 

solely from their projections computed numerically by summing the original data in the three 

orthogonal directions. The object of such investigations is a crucial issue to assess changes in bone 

structure only from 2D X-ray bone radiographs which is cheap and not life threatening. This evaluation 

of bone micro-architecture may be a useful indicator in a variety of tasks of clinical interest, especially 

in the prediction of diseases such as osteoporosis. Beyond its application to bone, this result may be 

interesting for other porous materials. This study opens the way to further theoretical and practical 

developments. 

First, the relation between the three and two-dimensional self-similarity has not been shown for 

binary fractals. Moreover, it will be interesting to establish a formal link between the self-similarity and 

the connectivity of the bone which is one of the most useful parameters to assess bone strength. To 

address these two theoretical issues, we are considering binary self-similar models that can be used for 

such investigations. 

Second, we have shown that the 2D projection of 3D fBm of H parameter in ]0, 1[ is asymptotically 

self-similar of parameter H at low frequency and asymptotically self-similar of parameter H + 0.5 at 

high frequency. Hence, the 2D projection of a 3D fBm is a natural example of the generalized model 

proposed in (Kaplan and Kuo, 1994; Perrin et al., 2005) taking into account this piecewise behavior. 

This theoretical background justifies a local measurement of the H parameter as well as a value of the 

self-similarity index that takes values above 1. This new approach could be used for a better assessment 

of the H parameter of bone radiographs.  
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Finally, from a practical point of view, we are actively developing a high resolution digital X-ray 

bone prototype at a pixel size of 50 μm which will be used for the clinical evaluation of bone micro-

architecture. By associating these theoretical and practical advances, and combining both micro-

architecture and density parameters of the bone, we believe that the early and efficient diagnosis of 

osteoporosis will be achieved within the next few years.  
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