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Introduction

Since the pioneering work of Torruellas et al. [1], Torner et al. [2,3] and Boardman et al. [4],i ti sw e l l -k n o w nt h a ts e c o n d -o r d e r nonlinearity (χ (2) ) can lead to efficient spatial effects. Quadratic media commonly used for frequency conversion were then demonstrated to allow for soliton propagation (see ref. [5] for a review), in particular in (2 + 1)D configuration [1,3,6] where Kerr solitons are not stable [7].

As expected in a medium where solitons can be generated, modulation instability (MI) [8,[START_REF]Nonlinear Fiber Optics, Optics and Photonics[END_REF] is observable in χ (2) medium [START_REF] Trillo | [END_REF].MI results from the interplay between dispersion (or diffraction) effects and nonlinearity in the case of a field transversely extended in time (or space, respectively). The plane wave solution is no longer stable and breaks up in soliton-like components. This phenomenon widely observed in nonlinear optics is responsible for pulse train generation in optical fibers [11], spatial Kerr filamentation [12] and beam breakup in χ (2) medium [13]. χ (2) MI has been extensively studied in transverse 1D, i.e., planar waveguide [14,15] and stripe beam propagating in a bulk crystal [16,17]. 2DMI studies have been carried successfully in spatio-temporal configuration [18,19], i.e., when the couple of transverse dimensions is space and time but purely spatial 2DMI has only been evocated briefly in the conference report [START_REF] Chinaglia | Nonlinear Guided Waves conference[END_REF] in a parametric amplification scheme and immediately applied to pattern propagation [21].

In this paper, spontaneous spatial 2DMI is demonstrated in a second harmonic generation (SHG) setup as it was made for the stripe beam [13], which ensures in addition accurate measurements of the 2DMI spectrum for the first time to our knowledge in χ (2) medium. Moreover, numerical simulations qualitatively and quantitatively confirm the experimental results. The resulting dynamics can be described by 2 regimes corresponding to amplification of low and high spatial frequency modulations.

Experiments

The experimental setup is depicted in Fig. 1. 1064 nm, 50 ps, mJ pulses emitted by a Nd:YAG Q-switched mode-locked laser are spatially filtered and scaled to a ≈ 500 μm full-width half-maximum (FWHM) 2D Gaussian intensity profile. Power could be tuned thanks to a couple of polarizers and a half-wave plate. Linear polarization is set to 45 ∘ via a second half-wave plate to reach maximum SHG efficiency in a 2 cm-long KTP crystal cut for type II phase matching. The crystal is oriented in the perfect phase-matching angle (no detuning) in all the experiments in order to optimize the nonlinear efficiency. Fundamental and second harmonic fields (FF and SH, respectively) are separated thanks to a dichroic mirror. Two imaging configurations could be used. On the one hand it was possible to measure near and far field of one single pulse at one wavelength (FF or SH only). On the other hand FF and SH of one single pulse could be imaged simultaneously (near or far field only). 2D spatial dynamics will be observable, contrary to what is possible using a stripe beam as in ref. [13] where the instability is limited to one spatial direction (quasi 1D configuration). Our experimental setup gives access to the spatial and spectral features of a 2D spontaneous instability growth. Experimental measurements are presented in Figs. 2345. For the sake of simplicity, we chose not to represent FF fields as their properties are roughly the same as SH ones. Fig. 2(a andb) shows the output near and far fields of SH for a relatively low peak power (400 kW peak power). The FF roughly presents the same 2D Gaussian profile and corresponding spectrum and profile (not shown here). In this case, FF is neither depleted nor deformed, as expected in the weak SHG regime.

For a higher power (1.8 MW peak power, Fig. 2(c andd)), FF and SH undergo large energy exchanges leading to FF and SH successive depletions and this regime will be referred to as the depletion regime in the following. The Gaussian nature of the input beam results in a non-homogeneous SHG efficiency which results in a wide ring shape in the SH profile, as shown on Fig. 2(c). Note that FF exhibits the complementary profile, i.e., where SH is intense on Fig. 2(c) FF is depleted and vice-versa, as described in ref. [19] as a preliminary step of SHG MI in the spatio-temporal domain. 1 This behavior naturally manifests itself through a spectral broadening which is visible in Fig. 2(d) where we observe the formation of a low-frequency ring in the SH spectrum (note that the central peak is saturated in this picture).

Fig. 3(a) reveals that for even higher powers (5 MW peak power), dramatic beam breakup occurs, in a way analog to what is observed in the parametric amplification scheme [START_REF] Chinaglia | Nonlinear Guided Waves conference[END_REF].H i g h frequency modulation results from the spatial modulation instability and leads to the appearance of a soliton pattern in place of the wide ring shape obtained at a lower power. In the following, this regime will be called the MI regime. The bottom inset of Fig. 3(a) shows a spatial profile extracted from the 2D image and corresponds to a typical MI-soliton array. Input power variations in this highpower range results in modification of the soliton array period, as expected for a MI process. Unfortunately, due to large laser power fluctuations we have not been able to perform an accurate and systematic study of the influence of the input intensity on the characteristic period of the MI patterns. The SH spectrum in Fig. 3(b) now exhibits several orders of modulation rings. However, the spatial frequency range of these spectral rings does not correspond to the frequencies that would be expected for the soliton pattern. Indeed, the soliton array plotted for example in the bottom inset of Fig. 3(a) reveals an average period of p ≈ 56 μm corresponding to a transverse wavevector k ⊥ =2π/p ≈ 112 mm -1 . This value is well beyond the ring frequencies that are typically observed below 20 mm -1 . Moreover, a circularly symmetric spectrum cannot account for a disordered spatial pattern without any symmetry. Therefore, a more detailed analysis of the spectral features of the generated SH field has been necessary. This study has been supported by a theoretical analysis as well as numerical simulations.

Numerical and analytical investigation

To get better insight into these 2DMI dynamics, (2 + 1)D split-step Fourier numerical simulations of light propagation in KTP were performed. The propagation equations corresponding to type II phase matching are those of ref. [1]. Input profiles are 500 μm-wide 2D Gaussian (intensity FWHM) with 1% intensity noise with a random phase for FF and quantum noise for SH. Input power is equally divided between ordinary and extraordinary FF components. Type II-cut KTP effective nonlinearity is d eff = 3.6 pm/V (from EKSMA optics).

Fig. 3(c andd) shows the numerical results in the high-power MI regime. The soliton pattern is perfectly observable in Fig. 3(c) as well as the expected low-frequency rings in the spectrum in Fig. 3(d). These results are in excellent agreement with the experimental observations. Note that the experimental soliton pattern is roughly Grayscale color map will be the same for every spectral image in the article, corresponding to our experimental detection dynamics slightly above 20 dB. 1 These rings would not be present if the input condition was the plane wave solution including both FF and SH components (with correct phase and amplitude) and not the fundamental pump only as in our experimental SHG configuration. spatially stationary from one laser shot to another, which can be explained by the presence of slight permanent defects in the laser beam.

As observed in the experimental results, the low-frequency rings cannot account for the typical size of spatial fluctuations in the soliton pattern as well as for its lack of circular symmetry. To observe the spectral features inherent to the 2DMI regime, we had to look at larger frequencies in the region of the spectrum where the intensity seems to be dominated by noise. In order to observe experimentally this region strongly saturated images of the spatial spectra have been measured. These are shown in Fig. 4(a) and (b) for powers below and above the MI regime, respectively. Corresponding numerical simulations are shown in Fig. 4(c andd). One can now distinguish non symmetrical structure for the high frequencies. The agreement between numerics and experiment is satisfactory although simulations reveal that the high frequency features inherent to MI may expand further than what could be measured experimentally given the imaging system. Indeed the measure dynamics of the CCDs limits the dynamics of experimental measurements.

The spectra shown in Fig. 5(a) represent the intensity as a function of transverse wavevector modulus. They are extracted from 2D data by averaging the spatial spectra over the polar coordinate of the transverse wavevector plane. The resulting spectra are shown for several propagation steps along the 2 cm simulated propagation. This representation is used to be able to compare the 2D results a simple analytical 1D model derived from ref. [START_REF] Trillo | [END_REF]. Assuming a circularly symmetry this theoretical stability analysis allows for a quasi 1D derivation, the single dimension being the radial coordinate. The analytical derivation of ref. [START_REF] Trillo | [END_REF] considers the instability spectrum of a stationary plane wave solution, i.e. a propagation eigenmode including both fundamental and harmonic fields with a locked relative phase. Even if the corresponding initial conditions are not the same as those of the experiment, we chose to use this simple analytical approach because it provides us with a simple means to predict the characteristic MI spectrum. Spectrum (2) on Fig. 5(a) confirms the initial growth of one limited band starting from the noise background of spectrum (1). Thanks to the analytical model we are able to compute the theoretical band (bold gray curve on Fig. 5) corresponding to the same power level (10 MW total power). The band is characterized by a cut-off frequency around 120 mm -1 which is also observable on spectrum (2) with reasonable agreement. The main difference between the analytical curve and the numerical one is the low-frequency plateau exhibited by the latter one. This plateau corresponds to the previously discussed low-frequency rings. Spectrum (3) on Fig. 5(a) shows the second-order MI amplification demonstrating the classical cascaded MI process leading to soliton (non-sinusoidal) modulation. Spectrum (4) obtained for full-length propagation shows an even wider spectrum finally corresponding to the soliton pattern. On Fig. 5(b) one can see the experimental output spectra below and above the MI regime extracted from Fig. 4(d) confirming the appearance of the high frequency band in the MI regime only. The agreement with the analytical MI spectral band is of course poorer than that of numerical results. This can be attributed to the pulsed regime of the experiment. The nonlinear propagation at high power introduces temporal dynamics lowering the global measurement quality. However, despite these difficulties, the experimental spectrum clearly exhibits a frequency band in the region predicted by theory.

Conclusion

In conclusion, spontaneous spatial 2DMI has been experimentally demonstrated in the SHG scheme for the first time to our knowledge and confirmed by (2 + 1)D numerical simulations. Spectral features have been observed and interpreted. In particular a non-circularly symmetric structure in the high frequency range has been measured. It was shown to correspond to the breakup of the beam in a soliton pattern and identifies the 2DMI band. 
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 1 Fig. 1. Experimental setup. l 1 and l 2 focal lengths equal 1 m. (L 1 , and L 2 ) couple results in a collimated ≈ 500 μm-wide beam. The KTP crystal was chosen uncoated to avoid damage. No KTP damage has been observed.
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 2 Fig. 2. SH profiles (top) and spatial spectra (bottom, log scale), experiments: (a, b) low power (400 kW peak power) and (c, d) depletion regime (1.8 MW peak power).Grayscale color map will be the same for every spectral image in the article, corresponding to our experimental detection dynamics slightly above 20 dB.
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 3 Fig. 3. Experiments: high power (≈5 MW peak power), modulation instability regime, SH profile (a) and spectrum (b). Bottom inset in (a): profile extracted from the region defined by the couple of black lines. Corresponding simulations (10 MW peak power) in (c) and (d).
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 45 Fig. 4. Highly saturated spatial spectra. Experiments: (a) mid power (1.8 MW peak power), depletion regime and (b) high power (5 MW peak power), modulation instability regime. (c, d): corresponding simulations (2 MW and 10 MW peak power).
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