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ASYMPTOTIC INDEPENDENCE OF MULTIPLE WIENER-ITO
INTEGRALS AND THE RESULTING LIMIT LAWS

IVAN NOURDIN AND JAN ROSINSKI

ABSTRACT. We characterize the asymptotic independence of multiple Wiener-It6 inte-
grals. As a consequence of this characterization, we derive the celebrated fourth moment
theorem of Nualart and Peccati and other related results on the multivariate convergence
of multiple Wiener-It6 integrals, that involve Gaussian and non Gaussian limits.

1. INTRODUCTION

Let B = (B;)er, be a standard one-dimensional Brownian motion, ¢ > 1 be an integer,
and let f be a symmetric element of L*(R%). Denote by I,(f) the g-tuple Wiener-Ito
integral of f with respect to B. It is well know that multiple Wiener-It6 integrals of
different orders are uncorrelated but not necessarily independent. In an important paper
[11], Ustiinel and Zakai gave the following characterization of the independence of multiple
Wiener-1t6 integrals.

Theorem 1.1 (Ustiinel-Zakai). Let p,q > 1 be integers and let f € L*(RY) and g € L*(R%)
be symmetric. Then, random variables I,(f) and I,(g) are independent if and only if

s flxe, o xp1,u)9(Xp, .o Tprg2,u)du =0 in L2(Rﬁ+q_2). (1.1)
N

Rosinski and Samorodnitsky [10] observed that multiple Wiener-1t6 integrals are indepen-
dent if and only if their squares are uncorrelated:

L(f) L I,(g) <= Cov(L,(f)*, I,(9)*) =0. (1.2)

This condition can be viewed as a generalization of the usual covariance criterion for the
independence of jointly Gaussian random variables (the case of p = ¢ = 1).

In the seminal paper [6], Nualart and Peccati discovered the following surprising central
limit theorem.

Theorem 1.2 (Nualart-Peccati). Let F,, = I,(f,), where ¢ = 2 is fized and f, € L*(R%)
are symmetric. Assume also that E[F?| =1 for all n. Then convergence in distribution of

AMS classification (2000): 60F05; 60G15; 60H05; 60HO7.
Date: January 2, 2012.
Key words and phrases. Multiple Wiener-It6 integral; Multiplication formula; Limit theorems.
Ivan Nourdin was partially supported by the ANR Grants ANR-09-BLAN-0114 and ANR-10-BLAN-
0121 at Université Nancy 1.
1



2 IVAN NOURDIN AND JAN ROSINSKI

(Fy,) to the standard normal law is equivalent to convergence of the fourth moment. That
18, aS M — 00,

F, ™ N(0,1) < E[F]—>3 (1.3)

Shortly afterwards, Peccati and Tudor [7] established a multidimensional extension of
Theorem 1.2. Since the publication of these two important papers, many improvements
and developments on this theme have been considered. In particular, Nourdin and Peccati
[3] extended Theorem 1.2 to the case when the limit of F,,’s is a centered gamma distributed
random variable. We refer the reader to the forthcoming book [4] for further information
and details of the above results.

In this paper we establish an asymptotic version of Theorem 1.1 from which Theorem
1.2 of Nualart and Peccati follows, as do some other related limit theorems. Heuristic
argument linking Theorem 1.1 and Theorem 1.2 was given by Rosiriski |9, pages 3-4],
while addressing a question of Albert Shiryaev. Namely, let F' and G be two independent
and identically distributed random variables with fourth moment and unit variance. The
link comes via a simple formula

%COV((F +G)* (F—G)*) =E[F'] -3

as well as the celebrated Bernstein’s theorem that asserts that F' and G are Gaussian if
and only if '+ G and F' — G are independent (cf. (1.2)). A rigorous argument to carry
through this idea is based on a characterization of the asymptotic independence of multiple
Wiener-It6 integrals, which is much more difficult to handle than the plain independence,
and may also be of an independent interest. The covariance between the squares of multiple
Wiener-It6 integrals plays again the pivotal role.

Theorem 3.1, characterizing the asymptotic moment-independence of multiple Wiener-
It6 integrals, is the main result of this work. As a consequence of this result, we deduce the
fourth moment theorem of Nualart and Peccati [6] in Theorem 4.1 and its multidimensional
extension due to Peccati and Tudor |7] in Theorem 4.2. Furthermore, we obtain a new
multidimensional extension of a theorem of Nourdin and Peccati [3] in Theorem 4.4, and
give another new result on the bivariate convergence of multiple Wiener-Ité integrals in
Theorem 4.5.

The paper is organized as follows. In Section 2 we list some basic facts on Gaussian
analysis and prove some lemmas that are used in the present work. Section 3 is devoted
to the main result. It includes the proof of the main result and remarks showing that
certain conclusions true in the case of independence cannot be extended to the asymptotic
independence. Applications are given in Section 4.

2. PRELIMINARIES

We will give here some basic elements of Gaussian analysis that are in the foundations
of the present work. The reader is referred to the monograph by Nualart [5] for further
details and ommited proofs.
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Let $) be a real separable Hilbert space. For any ¢ > 1 let $®? be the gth tensor
product of $ and denote by $H®? the associated ¢th symmetric tensor product. We write
X ={X(h),h € H} to indicate an isonormal Gaussian process over §), defined on some
probability space (€2, F, P). This means that X is a centered Gaussian family, whose
covariance is given in terms of the inner product of ) by £ [X(h)X (g)] = (h, g)s. We also
assume that F is generated by X.

For every ¢ > 1, let H, be the ¢gth Wiener chaos of X, that is, the closed linear subspace
of L*(Q, F, P) generated by the random variables of the type { H,(X (h)) h € 53 Al =1},

where H, is the gth Hermite polynomial defined as H,(z) = (—1)% = %( - ) We write
by convention Hy = R. For any ¢ > 1, the mapping I,(h®9) = H,(X (h)) can be extended to
a linear isometry between the symmetric tensor product H®? equipped with the modified
norm /¢! ||| 5z, and the gth Wiener chaos H,. For ¢ = 0 we write Iy(c) = ¢, c € R.

It is well known (Wiener chaos expansion) that L?(€, F, P) can be decomposed into the
infinite orthogonal sum of the spaces H,. Therefore, any square integrable random variable

F € L*(Q, F, P) admits the following chaotic expansion
F = Z Iy(£y), (24)

where fy = E[F], and the f, € H9?, ¢ > 1, are uniquely determined by F. For every ¢ > 0
we denote by J, the orthogonal projection operator on the gth Wiener chaos. In particular,
if e L2(Q,]:, P) is as in (2.4), then J,F' = I,(f,) for every ¢ > 0.

Let {ex, k > 1} be a complete orthonormal system in §). Given f € H®? and g € H9,

for every r = 0,...,pAq, the contraction of f and g of order r is the element of $®P+a=2r)
defined by
f®.g= Z (frei, ®...0€;)50r (9,6, ®...R € )gor. (2.5)

i1 yeenyir=1

Notice that f ®, g is not necessarily symmetric: we denote its symmetrization by f®,g €
HOP+a=21)  Noreover, f ®yg = f ® g equals the tensor product of f and g while, for p = ¢,
f®,9 = (f,g)see. In the particular case where $ = L*(A, A, ), where (4, A) is a measur-
able space and p is a o-finite and non-atomic measure, one has that 9 = L2( A9, A% ;®9)
is the space of symmetric and square integrable functlons on A?. Moreover, for every
f € 9%, I,(f) coincides with the g-tuple Wiener-It6 integral of f. In this case, (2.5) can
be written as

(f ®r g)(tl,...,tp_f_q_gr,‘) = f(tl,.. p r;slu---73r>

X 9( pertls e e oy bprg2ry 815+ -+ Sp)dp(s1) - . du(s).
We have
1f @ glI> = (f ®pr [, ®g—r g) forr=0,....pAq, (2.6)

where (-) (]| - ||, respectively) stands for inner product (the norm, respectively) in an
appropriate tensor product space $®°. Also, the following multiplication formula holds: if
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f € 9% and g € H®, then

L000 = () () o 2l 27)

r
r=0

where f®,¢ denotes the symmetrization of f ®, g.
We conclude these preliminaries by three useful lemmas, that will be needed throughout
the sequel.

Lemma 2.1.

(i) Multiple Wiener-1to integral has all moments satisfying the following hypercontractivity-
type inequality

r T 2
BN < = 0PPELNP) T, r>2. (28)
(i) If a sequence of distributions of {1,(fn)}n>1 is tight, then
sup E|L,(fn)|" < oo for every r > 0. (2.9)

Proof. (i) Inequality (2.8) is well known and corresponds e.g. to [4, Corollary 2.8.14].
(ii) Combining (2.8) for r = 4 with Paley’s inequality we get for every 6 € (0, 1)

, (EIL(f)P)?
ElL,(f)*

By the assumption, there is an M > 0 such that P(|L,(f,)]> > M) < 977! n > 1. By
(2.10) with ¢ = 2/3 and all n, we have

P(I,(fo)] > M) <977 < P(IL(£a)]* > (2/3)EL,(fa) ).
As a consequence, E|L,(f.)]* < (3/2)M. Applying (2.8) we conclude (2.9). O

P(|L(H)I* > 0E|L(f)]*) = (1-0) > (1-0)%07. (2.10)

Lemma 2.2.
(1) Letp,g =1, f € H®P and g € H®1. Then

~ o plgt &\ (g
ol = o2 S (1) () 1s ool 2.11)

(2) Let g = 1 and fi, fa, f3, fa € H®?. Then

q—1
C0MAE S 10 = 3" (1) s 00140 S o 0 )
(2.12)
(3) Let g > 1, f € H°CD and g € H°7. We have
~ ~ 2q!? q"” — q ?
(8980 = Gt o, faoa+ g 3 (1) Genggs 21

r=1
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Proof. Without loss of generality, we suppose throughout the proof that § is equal to
L*(A, A, 1), where (A, A) is a measurable space and p is a o-finite measure without atoms.

(1) Let o be a permutation of {1,...,p+¢} (this fact is written in symbols as 0 € &,,).
If r € {0,...,pAq} denotes the cardinality of {1,...,p}N{c(p+1),...,0(p+q)}, then it
is readily checked that r is also the cardinality of {p+1,....,p+ ¢} N{o(1),...,0(p)} and
that

fts s tp)g (i, tprg) f(to)s - - to@) I (tatpan), - totpr) ) dp(tr) - - dpa(tpiq)

Ap+a

= /A e D@1, Tprgo) () . dp(p o) = ||f @ gl (2.14)

Moreover, for any fixed r € {0,...,pAq}, there are p! (f)q! (g) permutations o € &4, such
that {1,....p}N{o(p+1),...,0(p+q)} = r. (Indeed, such a permutation is completely
determined by the choice of: (a) r distinct elements y,...,y. of {p+1,...,p+ q}; (b)
p — r distinct elements y,41,...,y, of {1,...,p}; (¢) a bijection between {1,...,p} and

{v1,...,yp}; (d) a bijection between {p +1,...,p+ ¢} and {1,....p+ ¢}\{v1,---,¥p}.)
Now, observe that the symmetrization of f ® g is given by

fég(tlv .- tp-i—q Z f )g(ta(erl)a s ata(erq))'
p + q 0€6p1q

Therefore, using (2.14), we can write

If&gll” = (f © g, f©g) = > Flty o t)g(tsts - tosg)

p + q EG, s Apt+a

Xf(tcr(l)a SR 7t0(17))g<t0(p+1)7 R 7to(p+q))d/’b(tl) s d:u(thrq)
1 PAgQ

- il Z |f @, g|’Card{c € G,y : {1,...,p}N{o(p+1),...,0(p+q)} =7}
and (2.11) follows.
(2) We proceed analogously. Indeed, we have

<f1®f2,f3®f4> = (1 ® fo, f3@ fa)
= 2q ‘ Z fl tl?"'7tq)f2(tq+17"'7t2q)

0€B2y A%
Xf3(ta(1), e 7 >f4( (g+1)y - - - ,to—(gq))dpl@l) R d:u(th)
— @ Z<f1 @y f3, f1 @y fo) Card{o € Gy : {a(1),...,0(q)} N{L,...,q} =7},
" r=0

from which we deduce (2.12).
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(3) We have
= 1
(g®g)(t1,... ty) = —(2 I (o), > tatg) 9(to(gr1)s - - - s ta(2q))
q ’ O'GGQq
1 q
(29! > 9(to)s - to@)9(to(grn) - - s to(2g))s
9! =
(1) (@}, g} =r
and

(f®qf)(t1, .. ,th) = f(tl, e ,tq,xl, C. ,l'q)f(l'l, e ,Iq,tq+1, C.e ,tgq)d,u(acl) Ce d,u(xq),
Ad
so that

<f®Qf’g®g> - <f®vag®g>

_ %ZU @r 9,9 @y f)Card{o € &y : {o(1),..,0(@)} N{1,....q} =1}

= Qq,Z()q‘zf&g 9®: f)

B q'2 q!2 1 q—1 q 2 -

= g il ®q 9, g®qf>Jr@<f®g,g®f>+(2—61)!T:1 (T) ¢ (f ®r 9,9 ®r f).
Since (f ®49,9®q f) = (f®9,9® f) = (f ®; f,9 ® g), the desired conclusion (2.13)
follows. O

Lemma 2.3 (Generalized Cauchy-Schwarz Inequality). Assume that $ = L*(A, A, p),
where (A, A) is a measurable space equipped with a o-finite measure . For any integer
M > 1, put [M] = {1,....M}. Also, for every element z = (21, ..., 2n1) € AM and every
nonempty set ¢ C [M], let z. denote the element of Al°l (where |c| is the cardinality of c)
obtained by deleting from z the entries with index not contained in c. (For instance, if
M =5 and ¢ = {1,3,5}, then z. = (z1, 23, 25).) Let

(a) C,q = 2 be integers, and let ¢y, ...,c, be nonempty subsets of [C] such that each
element of [C] appears in exactly two of the ¢;’s (this implies that | J, ¢; = [C] and
> lail =2C);

(B) let hy,...,h, be functions such that h; € L*(plel) := L2(Alel Aledl ylel) for every
i=1,...,q (in particular, each h; is a function of |c;| variables).

Then

q

q
‘/ [T hule) 1€ i) | < H||h||wz (2.15)
ACG
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Moreover, if co :=c; Neg # 0 for some j # k, then

q q
‘/CHhi(ZCi)Nc<dZ[C])‘ < 7y ®c thp(u‘CjA%\) H HhiHL?(mcz'l)u (2.16)
A% =1 i#5k
where
hj @co e (Ze; ner,) = / | hi(2e; ) (e, ) 10 (dze,).-
Aleo
(Notice that hj ®cy hi, = hj ®\eo| b when hj and hy, are symmetric.)

Proof. In the case ¢ = 2, (2.15) is just the Cauchy-Schwarz inequality and (2.16) is
an equality. Assume that (2.15)—(2.16) hold for at most ¢ — 1 functions and proceed by
induction. Among the sets cy,. .., ¢, at least two, say ¢; and ¢, have nonempty intersection.
Set ¢ := ¢jNcg, as above. Since ¢y does not have common elements with ¢; for all 7 # 7, k,
by Fubini’s theorem

q q

/ [ pitze,) 1€ (dziey) =/ hy @eo bi(Ze;00,) | [ hile) 19N (dzipey). (2.17)

AC T AC—leol ik

Observe that every element of [C] \ ¢ belongs to exactly two of the ¢ — 1 sets: ¢;Acy, ¢,
i # j, k. Therefore, by the induction assumption, (2.15) implies (2.16), provided ¢;Acy, # 0.
When ¢; = ¢, we have h; ®@., hi = (hj, hy) and (2.16) follows from (2.15) applied to the
product of ¢ — 2 functions in (2.17). This proves (2.16), which in turn yields (2.15) by the
Cauchy-Schwarz inequality. The proof is complete. O

3. THE MAIN RESULT

Our main result gives conditions for the asymptotic independence among the components
of random vectors consisting of multiple Wiener-It6 integrals.

Theorem 3.1. Let d > 2, and let qq, ..., qq be positive integers. Consider vectors
(Fl,na - ’Fd,n) = (Iq1(f1,n)a ce 7‘[(1d<fd,n))7 n = 17
with fi, € H9%. Assume that for some random vector (Uy,...,Uy),
(Fim, - Fun) S (Uy,...,Ug)  asn— oo. (3.18)

Then U;’s admit moments of all orders and the following three conditions are equivalent:
(a) E[Uf .. Uk = E[UP] .. E[UY) forall ky,... kg €N;
(b) limp o0 Cov(F7,, F7,) =0 for all i # j;
(¢) limy oo || fin @p finll =0 foralli# j and allr =1,...,¢; A gj;

Moreover, if the distribution of each U; is determined by its moments, then (a) is equivalent
to that

(d) Uy,...,Uy are independent.
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Corollary 3.2. Under the notation of Theorem 3.1, suppose that for eachi=1,...,d,
Fri oy U;, asn — oo,

where U; are independent random variables whose distributions are determined by their
moments. Then the joint convergence (3.18) holds provided one of the equivalent conditions

(b) or (c) of Theorem 3.1 is satisfied.

Proof: Since the sequence {(Fi ;- .., Fyn)}tn>1 is tight, it is relatively compact in law. Let
(Vi,...,Vy) be a random vector such that

law
(Fl,nk7"'7Fd,nk)_>(‘/17"'7‘/d)
) . 1
as ny — oo along a subsequence. Since for each i, V; = U,

Vi, Vo) = Uy, U)
by Theorem 3.1(d). Thus (3.18) holds. O

Remark 3.3.

(1) Recall that a probability distribution having all moments is called determinate if
there is no any other distribution having the same sequence of moments. The
well-known Carleman’s condition provides a useful sufficient criterion for the de-
terminacy of measures on the real line. On the other hand, a relevant fact in our
context is that the cube of a normal distribution is indeterminate, see Berg [1].

(2) A natural question arises, whether condition (a) of Theorem 3.1 may imply (d)
under a weaker condition than that the determinacy of one-dimensional marginals.
The following example, shown to us by Jean Bertoin, demonstrates that in general
such implication is false.

Consider two different probability distributions p and v on R having all moments
finite and equal (thus they are indeterminate). Consider random variables X, X’ ~
i, Y. Y'" ~ v, and s with Bernoulli distribution with parameter 1/2. Assume that
s, X, X')Y,Y" are independent. Set (U;,U;) = (X, X') if s = 0 and (Uy,Us) =
(Y,Y")if s = 1. Tt is easy to check that E[U]"U}| = E[U]"|E[Uy] for all m,n € N.
Moreover, for every u € R we have

1

P(U, > u,Uy > u) = 3 [P(X > u)®+ P(Y > u)?],
1

P(Uy >u)=PUy >u) = 5 [P(X >u)+ P(Y > u)},
and thus
P(Uy > u,Us > u) — P(U; > w)P(Us > u) = i[P(X > u) — P(Y > u)]”.

Since p # v, the last term is positive for some u, showing that Uy, Us are dependent.
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(3) Assume that d = 2 (for simplicity). In this case, (¢) becomes || fi., @y fon| — 0 for
all? =1,...,¢1 Age. In view of Theorem 1.1 of Ustiinel and Zakai, one may expect
that (c) could be replaced by a weaker condition (¢): || fi., ®1 fan| — 0.

However, the latter is false. To see it, consider a sequence f, € $®2 such that

I1fal2 = L and ||f, ®1 ful| = 0. By Theorem 4.1 below, F, := L(f,) =5 U ~

N(0,1). Putting fi, = fon = fn, we observe that (¢’) holds but (a) does not, as

(o 1), Lo fn) ™ (U 0).

(4) Taking into account that assumptions () and (§) of forthcoming Theorems 4.1 and
4.3 are equivalent, it is natural to wonder whether assumption (c¢) of Theorem 3.1
is equivalent to its symmetrized version

() lim ||fin @, finl|=0foralli#jandallr=1,... ¢ Ag,.
n—oo
The answer is actually negative in general, as is shown by the following simple
counterexample. Indeed, let fi, fo : [0,1]> — R be symmetric functions given by

-1 ste]0,1/2] -1 ste(1/2,1]
fils,t) = { 1 elsewhere and  fofs, 1) = { 1 elsewhere.

Then (f1, f2) = 0 and

-1 ifse0,1/2] and t € (1/2,1]
(f1®1 f2)(s,t) = 1 if t €[0,1/2] and s € (1/2,1]
0 elsewhere,

so that f1 @1 fo = 0 and || f; ®1 fol| = V2.

Proof of Theorem 3.1. From the assumption (3.18) and Lemma 2.1 we infer that for every
1=1,....,dand r >0
sup E|F;,|" < oc. (3.19)

It follows that U,’s have moments of all orders.

Step 1: (a) — (b). This is immediate because from (a) and (3.19) we have
Cov(F?,, F?,) = E[F.,F} | — E[F} |E[F},] — E[UU?| = E[U?]E[U}] = 0

i,n) e jn

as n — 0.

Step 2: (b) — (c). Fix i,7 € {1,. d} and n > 1. By (2.7) we have

q )
Fiﬂ‘Fj,n = < ) ( ) qi+q;—2r fz n®rfj n)
r=0

which yields
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Moreover,
E[FZ)EFL) = aila;! | finlPP1 finll.

Applying (2.11) to the second equality below, we evaluate Cov(F7,, F7,) as follows:

Z’ﬂ’

Cov(FZ,, F) = (g + ¢ fin®@ Finll® — ailai |l finl*1 50117 (3.20)

qiNg;j

2 2
2 (i 4 g — 2V R |2
w3 (1) (1) a2
qiNg; a a0 qiNG; 4 2 4 2
~alg! () () im0 gl 32 (%) (V) ot = 200l
r=1

> _max ||fm<}z>rfjn|\2 (3.21)

This bound ylelds the desired conclusion.

Step 3: (c) — (a). It is easy to check that (a) is equivalent to: for every ky, ..., kg € N\{0}
and J C {1,...,d}
E][ (UF - E[UF]) = 0. (3.22)
icJ
To show (3.22) it suffices to consider only J = {1, ..., d} (taking smaller sets J correspond
to lowering the order d). Therefore, it is enough to prove that (c) implies

d
E][ (UF - EUf]) =0
i=1
or, equivalently, that
d
. VR VR —
lim EH (14 (fin)" = Elly,(fin)*]) = 0. (3.23)
When k > 2 is a given integer, a suitable iteration of the product formula (2.7) leads to
Iq(f>k = Z a(q, k? r)qu—QM (( s ((fémf)érzf) s ')éﬁchf)v (324)
I‘Ec%k
where r = (ry,...,76_1), [t| =71 + -+ 1rp_1, alq, k, r) are positive constants, and
Cok = {I‘E {O,...,q}k Ve <2¢—2r1, ..., 11 < (k’—l)q—2r1—...—2rk_2}.
Since the expectation of a Wiener-It6 integral of positive order is 0, from (3.24) we get
LA =EL(H =D alg k) gopw (- (f@r, )@ f) . )@ f),  (3.25)
I‘GDq’k
where

Dy = {reC’%k: kq—2ry —...—2rg_ >0}.
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Therefore,

d
q1 fzn —E[Iql(fz,n)kl]) - Z Z HCE szkz,r qu 2|rl‘(h )

z:l rleDg r, rideD =1

::g

agkq "

with h;, = (... ((fi,n®r§fi,n)®r;fi,n) .. ')ér};,_lfim‘ To prove (3.23) it is enough to show
that the expectation of each product of stochastic integrals given above tends to 0. Every
such product of integrals has a form

d
15 (hin) = (0, d. ) Ipp—2is/ (- - (h10@ 5, ho) Rsshs ) - ) By ha),  (3.26)

seS
where p; = k;q;—2|r'| > 0 and h;,, € HP are as above, p = (p1,...,pa), s = (51,...,84_1) €
H;i;ll{()’ s 7pi+1}7
S={s:55<p1—2s1,...,84-1 < (p1+ - +pa-1) —2(s1+ -+ 54-2)},

b(p, d,s) are constants, and |p|, |s| denote the sums of components in the respective vectors.
Since the expectation of a Wiener-It6 integral of positive order is 0, we get from (3.26)

E]] Li(hin) =D 0. d.s){(- . (h1n®s hon)@ashizn) --) s han),

=1 sESy

where
So={s € S:2|s| = |pl|}.

Notice that Sy = () when |p| is odd, in which case the above sum is 0 by convention.
Therefore, to prove (3.23) it is enough to show that for each s € S

(- (M2, h2n) Ry - . )@y sha—1) s han) = 0 asn — oo, (3.27)

where |p| is even, p; > 0 for i = 1....,d, and h;,, € H®P are given above.

Without loss of generality we may and do assume that § is equal to L*(u) := L*(A, A, i),
where (A, A) is a measurable space and p is a o-finite measure without atoms. We begin
with some general observations for which we need to recall notation of Lemma 2.3.

For every integer M > 1, put [M] = {1,..., M }. Also, for every element z = (z1, ..., z2ps) €
AM and every nonempty set ¢ C [M], we denote by z. the element of Al (where |c| is
the cardinality of ¢) obtained by deleting from z the entries with index not contained in c.
(For instance, if M =5 and ¢ = {1, 3,5}, then z. = (21, 23, 25).)

We begin with a general observation on the structure of symmetrized contractions. Let
gi € L?(p%) be symmetric functions, I; > 1,i=1,...,m. Let

G = ( e ((glétng)éh o ‘)étmflgm—l)étmflgm (328)

where tq,...,t,,_1 are nonnegative integers such that the contractions are well defined; put
=04+ +l,and t =t; +---+t,_1. Then G is a linear combination of functions ¢
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given up to a fixed permutation of its of |1 — 2|t| variables by

o(z,) = /Ale 91(2b,) -+ G (23,,) 11 (dz 1) (3.29)

where for M = [l| — [t|, the sets b; C [M] satisfy the following conditions: |b;| = [,
b; VU b = tj1, and b Nb; Ny =0 for 1 < i < j <k < m. It follows that
Ui, bi = [M], so that each element of [M] belongs exactly to one or two sets b;’s. In (3.29)
we have
Jp ={j € [M] : j is in exactly k sets b, },
[M] = J,U Js.
We will now show that forall 1 <¢ < j<dand1<s <p; Ap;

It is enough to consider i = 1, j = 2. From (3.29) we infer that hy, ®; ha,, is a linear

combination of functions ¢ given up to a fixed permutation of its of p; + ps — 2s variables
by

Y(zu,) = Fron(@o) -+ Fro(2u,) fon (2o, 00) -+ Fon (2, o, ) 17 (d2usy), (3.31)

AlU2|

where, for i = 1,...,ky, the sets b; C [M;] are constructed as in (3.29) for ¢; = fi,
and M; = p; + |[r!|. Thus each | € [M;] belongs to exactly one or two sets b;, which
results in a partition [M;] = J; U Jy, as above. Fix S C J; with |S| = s and let K =
SU{M;+1,...,My+ My—s}. Fori=ky+1,...,k + ko, the sets b; C K are constructed
analogously to (3.29) for the case g; = fo,, and M = M, := py + |r?|. This yields a
partition K = K; U K, where Kj is the set of elements of K belonging to exactly j of
bi’s, k1 +1 < i < ki + ko. It is required that S C Ky, so that S C J; N K;. Finally, put
UQZJQUSUKQ and Ul = [M1—|—M2—S]\U2.

We may now apply Lemma 2.3 to the right hand side of (3.31). Indeed, each element of
U, belongs to exactly two sets ¢; ;== b; NUsy, 1 =1,..., k1 + ko. Since S is nonempty, there
exist ¢ < ky < j such that ¢ := ¢; N ¢; # (. Therefore, by (2.15) we have

|1/’(ZU1)| |f1n®|co| f2n Zy, Ab H /,4ch fln Zb |Cl|(dZ )

1<ky, I
T Ut i an)
Ik oty ¥ Al
Since b;Ab;, b\ ¢;, 1 <1 < ky + ko, | # 4,7 form a partition of Uy, additional integration

gives

/AU I W}(ZU )l ‘c”(dz ) < Hfln ®\co| f2nHL2(u\b Abj | ||f1 n||i]§1u421)Hf2 n||2L]g2Mt122
1

By assumption (c) of the theorem and (3.19), ||¢(zu, )l 12,011y — 0 as n — oo, which
concludes the proof of (3.30).
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Finally, we will show (3.27). We can write the inner product in (3.27) as
H = ( . ((hl,nésl h2,n>®32 .- -)ésd,ghdfl,nygsd,l hd,n~

Therefore, by (3.29) H is a linear combination of integrals of the form

/ hin(Zp,) - - han(zo,) 1 (dzy),
J

where b; C [M], with M = |p|—|s| > 0, |b;| = p; > 0. Since |p| = 2|s|, each element of [M]
belongs to exactly two b;’s. That is, J; = () and J, = J in the notation of (3.29). Since
s| > 0, there must be ¢ < j such that by := b; N b; # (. By Lemma 2.3, (3.19) and (3.30)

| [ ) hatan,) 1)) < i @t binlzgnoty T] Wil =0
J k#i,j

as n — o0o. This concludes the proof of the implication (c) — (a).

Step 4: (a) <> (d). If the distribution of each U; is determinate, then by [8], the distribution
of the random vector U = (Uy, ..., Uy) is determined by its joint moments. Assuming (a),
these joint moments of U are the same as if the U;’s were independent. The determinacy
implies (d). The converse implication is obvious.

The proof of Theorem 3.1 is complete. U

Remark 3.4. Condition (a) of Theorem 3.1 can also be stated in terms of cumulants.
Recall that the joint cumulant of random variables X, ..., X, is defined by

7

(X1, .., X)) = (—i)" t log EeitXit+taXa)]

Oty ---0t, ‘tlzo ,,,,, tn=0’

provided E|X; --- X,,| < co. When all X; are equal to X, x(X,...,X) = k,(X), the usual
nth cumulant of X. Using [2] it is easy to deduce that condition (a) of Theorem 3.1 is
equivalent to

(&%) for all integers 1 < j3 < -+ < jp <d, k> 2, and my,...,my > 1
B(Usss - Uso U Us) = 0, (3.32)

sy Yk
NS NS

VvV NV
mi mg

4. APPLICATIONS

4.1. The fourth moment theorem of Nualart-Peccati.

We can give a short proof of the difficult and surprising part (implication () — («)) of the
fourth moment theorem of Nualart and Peccati [6], that we restate here for a convenience.

Theorem 4.1 (Nualart-Peccati). Let (F,,) be a sequence of the form F,, = I,(f,), where
q > 2 is fived and f, € H®1. Assume moreover that E[F?| = q!||f.||*> = 1 for all n. Then,
as n — 00, the following four conditions are equivalent:
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law

() F,, = N(0,1);

(8) E[F)] — 3;

Y) | fo @r full = 0 forallr=1,...,q—1;
(6) [Ifn Ry foll = 0 forallr=1,...,qg—1.

Proof of (B) — (). Since the sequence (F,) is bounded in L?*(2) by the assumption, it
is tight, and so, is relatively compact in law. Hence, in order to show («) it suffices to prove
that the limit of any converging subsequence is N(0,1). Suppose that, for a subsequence
(ng), we have that F,,, — Y in law as k& — oo, and let G,, be an independent copy of
F,, of the form G,, = I,(g,) with f, ®; g, = 0. This can easily be done by extending the
underlying isonormal process to the direct sum $ & . Then have

law
(Foy + Gy Foy = Goy) = (L (Foe + 9n) s Ip (Foe — 9n)) = (Y + Z,Y = Z)
as k — 0o, where Z stands for an independent copy of Y. Since
Cov[(Fy, + G, )?, (B — G, )% = 2E[Fﬁk] —6—0,
(B) implies condition (b) of Theorem 3.1. Consequently, from condition (a’) given in (3.32)
kY +Z,....Y+Z2,Y—-Z,...)Y —Z)=0 for all my,my > 1.

Vv Vv
mi m2

Taking n > 3 we get
0=xk(Y+Z,....Y+ZY—-ZY —-27)

.

~~

n—2
=k(Y,....Y)+k(Z,...,Z) =2K,(Y),
—— ——’

where we used the multilinearity of x and the fact that ¥ and Z are independent. Since
k(YY) = EY =0, ko(Y) = Var(Y) = 1, and k,(Y) = 0 when n > 3, Y has a standard
normal distribution. O

4.2. Recovering a result by Peccati and Tudor.

By combining Theorems 3.1 and 4.1 we immediately obtain the following multidimensional
extension of Theorem 4.1 proved by Peccati and Tudor [7].

Theorem 4.2 (Peccati-Tudor). Let d > 2, and let ¢, . .., qq be positive integers. Consider
vectors

(Finy - Fun) = (I (fin), - Lo (fan)), n>1,
with fi, € H°%. Assume moreover that, for all 1,5 =1,...,d,

E[F;,F;n] — 6i;  (Kronecker symbol). (4.33)

Then, as n — oo, the following two conditions are equivalent:
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(i) Fin y N(0,1) for eachi=1,...,d;
(i) (Fin, .., Fiun) 2 Ny(0, I,).

Proof. Of course, only (i) — (i7) has to be shown. If (i) holds, then Theorem 4.1()
implies that ||fi, @, finl| = 0forallr=1,...,¢; — 1l and all i = 1,...,d. Observe that

”fz,n X fj,n”2 = <fz,n ®q¢fr fi,m fj,n ®qur fj,n> )

see (2.6). By Cauchy-Schwarz inequality this implies condition (¢) of Theorem 3.1 for all
T,qi, qj, except when r = ¢; = ¢;. But in the latter case,

%‘Hfz,n O fj,n” = Q1"<fz7n7 fj,n)‘ = |E[E7nﬂ7n]‘ — 0

by our assumption (4.33). Thus condition (¢) of Theorem 3.1 holds and Corollary 3.2
concludes the proof. O

4.3. A multivariate version of the convergence towards y>.

Here we will prove a multivariate extension of a result of Nourdin and Peccati [3]. Such an
extension was an open problem as far as we know.

Throughout this paper G(v) will denote a random variable distributed according to the
centered x? distribution with v > 0 degrees of freedom. When v > 0 is an integer, then
G(v) law S (N2 —1), where Ny,..., N, are independent N(0,1) random variables. In
general, G(v) is a centered gamma random variable with a shape parameter v/2 and scale
parameter 2. Using the well-known Carleman’s condition, it is a routine exercise to check
that the law of G(v) is determinate (in the sense of Remark 3.4(1)) for any v > 0.

We begin by recalling the Nourdin and Peccati [3| theorem.

Theorem 4.3 (Nourdin-Peccati). Fiz v > 0 and let G(v) be as above. Let ¢ > 2 be an
even integer, and let 1,(f,) be such that E[I,(f,)*] = E|[G(v)?] = 2v. Set

1 4

@255 @25

Then, the following four assertions are equivalent, as n — oo:
(@) 1,(f2) ¥ Gv);
(8) ElL,(f)") — 12B[1,(£,)?] > EIG()'] — 12E(G()?] = 1207 — 48;
(V) 1f2@q2fn — cq X full = 0, and ||f, @, full = 0 for every r =1,...,q — 1 such that
r#q/2;
(0) [[fa®qp2fn — cq X full = 0, and || fa®; full = 0 for every r =1,...,q — 1 such that
r#q/2.

Cq:

Our multivariate extension is in the spirit of Theorem 4.2.
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Theorem 4.4. Let d > 2, let vy, ...,v, be positive integers, and let qi,...,qq = 2 be even
integers. Consider vectors

(Finy - Fun) = (I (fin), - Lo (fan)), n>1,
with fin € H9%, and assume that lim,, E[F2 | = 2u; for every i. Assume further that:
(i) lim,, 0o Cov(F? . F2 ) = 0 whenever ¢; = q; and i # j;
(ii) limp o0 E[F7, Fjn] = 0 whenever q; = 2q;.
Let G(vy), . ..,G(vq) be independent random variables having centered x* distributions with

vy, ...,V degrees of freedom, respectively. Then, as n — oo, the following two conditions
are equivalent:

(a) Fi, y G(v;) foreachi=1,...,d;
() (Fim, -, Fun) = (Gw),...,G(wa).

Proof. We only need to prove that (a) — (b). Since the distribution of each G(v;) is
determined by its moments, by Corollary 3.2 it is enough to show that condition (c¢) of
Theorem 3.1 holds.

Fix 1 <i#j<daswellas 1 <r < ¢ Ag;. Switching 7 and j if necessary, assume that
¢; < ¢;. From Theorem 4.3(v) we get that fi, ®, fr, — 0 for each 1 < k < d and every
1 <r < qp—1, except when r = ¢;/2. Using the identity

1 fin @r finll® = (fin @gmr fim: Fim Bg,=r fim) (4.34)

(see (2.6)) together with the Cauchy-Schwarz inequality we infer that condition (c¢) of
Theorem 3.1 holds for all values of r, i and j, except of the cases: r = ¢, = ¢, r =¢;/2 =
¢;/2, and r = ¢; = ¢;/2. Assumption () together with (3.21) show that f;, ®, fj, — 0
for all 1 < r < ¢; = ¢;. Thus, it remains to verify condition (¢) of Theorem 3.1 when
r=¢; = q;/2. Lemma 2.2 (identity (2.13) therein) yields

<fjn éqi fj,n7 fi,n é fi,n>
2¢;!” i (@
= q <fjn®qz f]nafzn®fzn ' Z( ) f],n®s fi,nafi,n@)s .fj,n)-

J:

Using (4.34) and Theorem 4.3 and a reasoning as above, it is straightforward to show that

the sum 3 %' (qsi)2<fj,n ®s fins fin®s fin) tends to zero as n — co. On the other hand, the
condition on the g;-th contraction in Theorem 4.3(6) yields that f;, ®q, fin — g, fin — 0

as n — 0o. Moreover, we have

~ 1
<fj,n7 fi,n ® fz,n) = FE[F],ann]a
5!
which tends to zero by assumption (iz). All these facts together imply that
(fin ®q fims fin ® fin) — 0 as n — oo. Using (4.34) for r = ¢; we get fin Qg fin — 0,
showing that condition (¢) of Theorem 3.1 holds true in the last remaining case. The proof
of the theorem is complete. O
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4.4. Bivariate convergence.

Theorem 4.5. Let p > q be positive integers. Consider (F,,G,) = (Ip(fn), ]q(gn)), n>1,
with f, € HP and g, € H®1. Suppose that as n — oo

law

E,SN and G, =SV, (4.35)
where N ~ N(0,1), V is determinate, and N,V are independent. If E[F,G,] — 0 (which
trivially holds when p # q), then

(Fn, Gn) =5 (N, V) (4.36)

jointly, as n — 0.

Proof. We will show that condition (c¢) of Theorem 3.1 holds. By (2.9) we may and do
assume that E[F?] = 1 for all n. By Theorem 4.1(7), ||/, @, fu| = Oforallr =1,...,p—1.
Observe that

||fn Qr gn||2 = <.fn ®p—7" fnagn ®q—7’ gn>
so that || f, ®, gn|| = 0 for 1 < r < pAq = q, except possibly when = p = ¢. But in this
latter case,

P fn @ gull = D!|{frs gn) | = | E[FuGal| — 0
by the assumption. Corollary 3.2 concludes the proof. ]
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