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Minimal Scales from an Extended Hilbert Space

Martin Kober∗ and Piero Nicolini†
Frankfurt Institute for Advanced Studies (FIAS),

Institut für Theoretische Physik, Johann Wolfgang Goethe-Universität,
Ruth-Moufang-Strasse 1, 60438 Frankfurt am Main, Germany

(Dated: October 9, 2010)

We consider an extension of the conventional quantum Heisenberg algebra, assuming that coor-
dinates as well as momenta fulfil nontrivial commutation relations. As a consequence, a minimal
length and a minimal mass scale are implemented. Our commutators do not depend on positions and
momenta and we provide an extension of the coordinate coherent state approach to Noncommutative
Geometry. We explore, as toy model, the corresponding quantum field theory in a (2+1)-dimensional
spacetime. Then we investigate the more realistic case of a (3+1)-dimensional spacetime, foliated
into noncommutative planes. As a result, we obtain propagators, which are finite in the ultraviolet
as well as the infrared regime.
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I. INTRODUCTION

In the last years there has been an explosion of interest about physics in the presence of a minimal length. Reviews
about the main approaches where a minimal length appears in the context of quantum gravity are given in [1], with
special reference to noncommutative geometry in [2]. Indeed it is expected that our universe, conventionally described
in terms of a smooth differential manifold endowed with a Riemannian structure, exhibits an uncertainty principle
which prevents one from measuring positions to better accuracies than the Planck length. The reason in support
for this loss of resolution can be found in the fact that the momentum and the energy required to perform such a
measurement will itself dramatically modify the spacetime geometry at these scales [3]. In support of this general
belief, there are all the current formulations of a quantum theory of gravity: String Theory incorporates the concept of
minimal length through the string tension, a fundamental parameter in the theory, while in Loop Quantum Gravity a
minimal length naturally arises after quantizing the gravitational field and formulating an area or a volume operator.
Along this line of thought, one can also implement a minimal length in spacetime by assuming nontrivial coordinate
commutation relations and thus postulating the existence of a Noncommutative Geometry as fundamental property
of nature. While its original formulation is dated back to early times [4], a model of Noncommutative Geometry
has recently been obtained within the theory of open strings, whose end points show a noncommutative behavior
on D-branes [5]. Alternatively one may assume that the conventional uncertainty principle among coordinates and
momenta in Quantum Mechanics can be generalized in order to get a modified dispersion relation at higher momenta
and implement a minimal length in a quantum theory [6]. More recently, the emergence of a minimal length has
been considered in a variety of physical situations. The inclusion of noncommutative effects in General Relativity
has led to singularity free, thermodynamically stable black hole spacetimes [7] [for a review see [8] and the references
therein] and cosmological inflationary scenarios driven by quantum geometry fluctuations rather than by an inflaton
field [9]. A minimal length has been extensively implemented to study black hole thermodynamics [10], to describe
traversable wormholes sustained by noncommutative geometry fluctuations [11] and to address the trans-planckian
problem in particle production mechanisms in accelerated reference frames [12] and expanding universes [? ]. On
the particle phenomenology side, a lot of attention has been devoted to predict some signatures of an hypothetical
production of microscopic regular black holes [7] in particle detectors due to extreme energy hadron collisions at the
LHC [13]. Finally, as a warranty of theoretical consistency of effective models endowed with a minimal length, there
is a recent result about the spectral dimension of spacetime: the actual spacetime dimension D perceived by a random
walker tends to the value D = 2 for scales approaching the minimal length, suggesting the long sought possibility of
improving the renormalization properties of gravity at the Planck scale [14].

Against this background, there is the possibility for spacetime to be endowed not only with a minimal length but
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also with a minimal momentum below which interactions, gravity included, cannot be resolved. This corresponds to
some old ideas about a the introduction of a natural infrared (IR) cutoff [15], vivified by some recent contributions.
Indeed attempts to provide an IR modification of General Relativity have been formulated to describe the present
acceleration of the universe. As a result a new dynamics of the gravitational field has been derived, giving a small
mass to the graviton and keeping unchanged the spacetime manifold [16]. In the framework of semi-classical gravity,
the description of an evaporating black hole is based on high frequency field mode approximations to avoid unpleasant
IR infinite contributions to the quantum stress energy tensor of matter fields [17]. Instead of embarking in ad hoc
approximations, it has been recently advocated the so called Ultra Strong Equivalence Principle, according to which
the vacuum expectation value of the (bare) energy momentum tensor has the same form as in flat space, namely a
quartically divergent term and no spacetime dependent (subleading) terms [18]. If this principle is true, we will need
an IR completion of standard semi-classical gravity to get rid of all spacetime dependent subleading terms. This fact
is connected to the problem of the cosmological constant: even if only the fluctuations of the quantum vacuum energy
actually contribute to the value of the cosmological constant [19], it has been recently underlined that the value will
still come too large without invoking an IR regulator [20].

Recently, the introduction of an ultraviolet (UV) cutoff has been obtained in a clear and transparent way by
averaging noncommutative coordinate operators

[
q̂i, q̂j

]
= iΘij (1)

on coordinate coherent states [21–23]. As a result every point-like structure is smeared out by the presence of the
new quantum of length in the manifold. For instance the Euclidean propagator in coordinate space can be found by
calculating the Fourier transform of the Schwinger representation

e−θ~p2/2

~p2 +m2
= eθm2/2

∫ ∞

θ/2

ds e−s(~p2+m2), (2)

where
√
θ is the minimal length implemented by (1). Coming back to the Lorentzian signature and considering the

massless case, we find that the modified Wightman-Green function is

Gθ(∆x) = − 1
4π2(∆t2 − ∆~x 2)

[
1 − e−(∆t2−∆~x 2)/2θ

]
, (3)

which is finite for any time-like interval ∆x in the coincidence limit [29]. On the other hand, the theory behaves
nicely, as Gθ reduces to its conventional form in the limit θ → 0. We notice that the above smearing effect induced
by the noncommutative character of the coordinates corresponds to a modified integral measure in momentum space
(2), without invoking any deformed product among functions [2]. This new integral measure in momentum space has
a akin in the context of the Generalized Uncertainty Principle (GUP) approaches [6]. Starting from an n dimensional
Euclidean manifold where the commutation relations are

[
q̂i, p̂j

]
= iδi

j

(
1 + f(~̂p2)

)
,

[p̂i, p̂j ] = 0, (4)

one obtains indeed that coordinate operators fulfil the following noncommutative relation

[
q̂i, q̂j

]
= −2i f ′(~̂p2)

(
1 + f(~̂p2)

)
L̂ij , (5)

where L̂ij is the generator of rotations. The integration measure in momentum space

1 =
∫

dnp

(1 + f(~p2))
|p〉 〈p| (6)

becomes suppressed in the UV region, because f(~p2) depends on positive powers of the argument and usually is
f(~p2) = β~p2. As a result the modification to the measure coming from (2) turns out to be even stronger, since it
corresponds to the choice
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f(~p2) = eθ~p2/2 − 1 (7)

exhibiting an exponential suppression. This is in agreement with the fact that coherent states are the states of minimal
uncertainty on the noncommutative manifold, while the delocalization coming from (5) can be arbitrarily large as the
momentum increases. For this reason, even if in the framework of GUP, both the UV and the IR cutoff has been
already obtained [24], we will proceed in this paper towards an extension of the coherent state approach [21] in order
to endow the spacetime of a minimal length as well as a minimal momentum/mass.

The paper is organized as follows: we start presenting the new algebra for the positions and momenta and we briefly
review the employment of coherent state for the case of a noncommutative plane (referring just to coordinates) [21].
In Section IV, we extend the noncommutative plane case to the presence of noncommutative momenta and we obtain
plane waves endowed with damping factors, depending on both the UV and the IR cutoffs. In Section V, we derive
the new form of field functions and we calculate modified propagators, considering the four dimensional spacetime
too (Section VI). In the last section we draw the conclusions.

II. GENERAL ASSUMPTION OF NONCOMMUTING POSITIONS AND MOMENTA

The starting point is the extension of the Heisenberg algebra for the operators describing the spacetime positions
Q̂µ and the corresponding momenta P̂µ

[
Q̂µ, Q̂ν

]
= iΘµν ,

[
Q̂µ, P̂ν

]
= iδµ

ν ,
[
P̂µ, P̂ν

]
= iΣµν , (8)

where Θµν and Σµν are second rank antisymmetric tensors which do not depend on coordinates and momenta. This
means that the commutation relations (8) represent a canonical algebra. Besides the usual uncertainty relation
between position and momenta, ∆Qµ∆Pν ≥ 1

2δ
µ
ν , additional relations descend from (8), i.e.

∆Qµ∆Qν ≥
1
2
|Θµν | , ∆Pµ∆Pν ≥

1
2
|Σµν | . (9)

The relations (9) give rise to the appearance of a smallest scale for positions and momenta. Position and momentum
operators obeying the canonical algebra (8) can be expressed through a couple of four-vector operators, α̂µ and β̂µ,
which fulfil the following commutation relations

[α̂µ, α̂ν ] = iΘµν ,
[
α̂µ, β̂ν

]
= 0 ,

[
β̂µ, β̂ν

]
= iΣµν , (10)

if there are further operators q̂µ and p̂µ which behave like usual position and momentum operators

[q̂µ, q̂ν ] = 0 , [q̂µ, p̂ν ] = iδµ
ν , [p̂µ, p̂ν ] = 0. (11)

According to (10) and (11) the position and momentum operators Q̂µ and P̂µ can be expressed as follows

Q̂µ = q̂µ + α̂µ , P̂µ = p̂µ + β̂µ. (12)

This requires that the following relations have to be satisfied

[α̂µ, q̂ν ] + [q̂µ, α̂ν ] = 0 ,
[
β̂µ, p̂ν

]
+

[
p̂µ, β̂ν

]
= 0 , [α̂µ, p̂ν ] +

[
q̂µ, β̂ν

]
= 0. (13)
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III. THE NONCOMMUTATIVE PLANE AND MODIFICATIONS OF PLANE WAVES

We start recalling the introduction of a UV cutoff due to the noncommutative character of coordinate operators
along the lines of [21]. The core of the treatment lies in the possibility of defining a set of quasi classical coordinates,
averaging the corresponding quantum operators on suitable coherent states. The commutation relations concern the
case of a (2 + 1)-dimensional manifold, with spatial noncommutative coordinates and commutative time, namely

[
Q̂i, Q̂j

]
= iΘij ,

[
Q̂i, P̂j

]
= iδi

j ,
[
P̂i, P̂j

]
= 0, (14)

where

Θ =




0 0 0
0 0 θ
0 −θ 0


 (15)

is a constant antisymmetric matrix. The above relations imply that the operator Q̂0 commutes with the other
coordinate operators. One starts by defining the following ladder operators

Â =
1√
2θ

(Q̂1 + iQ̂2) , Â† =
1√
2θ

(Q̂1 − iQ̂2) (16)

satisfying the commutation relation

[
Â, Â†

]
= 1, (17)

which corresponds to the algebra of usual bosonic creation and annihilation operators. As a result the noncommutative
configuration space is isomorphic to the the Fock space spanned by the states |n〉θ ≡ 1√

n!

(
A†)n |0〉θ

Hθ = Span{|n〉θ}∞n=0, (18)

where the ground state |0〉θ is the state annihilated by A. To distinguish the conventional quantum phase space from
the above Fock space, we will introduce the notation

H~ = Span{|n〉~}∞n=0, (19)

where the states |n〉~ are built starting from the commutation relation [q̂µ, p̂ν ] = iδµ
ν between coordinates and momenta.

As stressed in [23] Quantum Mechanics works on H~, while Noncommutative Geometry works on Hθ. In both cases
observables are defined as self-adjoint operators acting respectively on H~ and Hθ and they form algebras denoted as
A(H~) and A(Hθ). In analogy to Quantum Mechanics one can introduce an “Hamiltonian” Ĥθ ∈ A(Hθ) as

Ĥθ ≡ (Q̂1)2

2
+

(Q̂2)2

2
= θ

(
N̂θ +

1
2

)
, (20)

where the corresponding “number operator N̂θ = A†A identifies the raising and lowering operators

[
N̂θ, Â

]
= −Â ,

[
N̂θ, Â

†
]

= +Â†. (21)

It is straightforward to define coherent states |a〉θ as eigenstates of A according to

Â|a〉θ = a|a〉θ, (22)
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where

|a〉θ = e−
|a|2
2

∞∑

n=0

an

√
n!
|n〉θ = e−

|a|2
2 eaÂ†

|0〉θ. (23)

To calculate the modification to the plane waves due to the presence of noncommutative coordinate operators we need
to recall that eip1q1+ip2q2

is a representation of the eigenstates of the momentum operator p̂i, namely

p̂i |pi〉 = pi |pi〉 , (24)

with

ψ~ ≡
〈
qi|pi

〉
= eipiq

i

. (25)

This is true only if we work in the framework of conventional Quantum Mechanics. Indeed pi and qi appear as usual
numbers within the expressions for the plane waves and represent the corresponding eigenvalues of the states. In the
Noncommutative Geometry case the quantities appearing in the expression of the plane waves which correspond to
Q̂i, are still operators, since we have an additional Fock space Hθ. They behave like usual numbers with respect to
the usual Hilbert space of Quantum Mechanics H~, but they are operators with respect to the additional Hilbert
space Hθ. Therefore it is necessary to define a set of classical coordinates, which are usual numbers with respect to
the complete Hilbert space H = H~ ⊗Hθ. This can be done by averaging coordinate operators on the above coherent
states, which turn out to be the states of minimal uncertainty on the noncommutative plane

Q1 ≡ θ〈a|Q̂1|a〉θ =
√

2θ Re a , Q2 ≡ θ〈a|Q̂2|a〉θ =
√

2θ Im a. (26)

According to (12) we can represent the coordinate operators as

Q̂i = q̂i + α̂i. (27)

It is important to emphasize that conventional coordinate operators q̂i have no influence on the Fock space Hθ because
they fulfil the relation [α̂i, q̂j ] + [q̂i, α̂j ] = 0 of equation (13). Since in the usual expressions for plane waves (25) there
are eigenvalues qi and pi of the usual operators q̂i and p̂i and not the operators themselves, in the generalized case
of this paper it is necessary to define quantities Qi which are eigenvalues with respect to the Hilbert space of usual
quantum mechanics H~ but operators with respect to the additional Hilbert space Hθ

Qi = qi1̂ + α̂i, (28)

where qi is no longer an operator. Therefore the Fock space Hθ refers to the noncommutative character of α̂µ only.
Now we have that the coordinates (26)

Q1 = q1 + θ〈a|α̂1|a〉θ =
√

2θ Re a , Q2 = q2 + θ〈a|α̂2|a〉θ =
√

2θ Im a (29)

turn out to be the sum of the conventional classical coordinates qi and the mean values of the noncommutative
fluctuations 〈a|α̂i|a〉. Since we are not yet considering the complete algebra (8) but the simpler case of (14), the
momenta P̂i are still assumed to commute with each other and of course they act as usual numbers on Hθ. This
implies that the corresponding quantities appearing in the expression for the extended plane waves, using an analogue
representation to Qi have the form Pi = Pi1̂. Therefore for the operator

Â =
1√
2θ

[(q1 + iq2)1̂ + α̂1 + iα̂2], (30)

we have the relations
[
Pi, Â

]
= 0 meaning that
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P1 = θ〈a|P1|a〉θ, P2 = θ〈a|P2|a〉θ. (31)

Thus if we consider as new expression for plane waves

θ〈a|eiP1Q1+iP2Q2
|a〉θ, (32)

where now the symbol “ˆ” indicates an operator acting only on Hθ, we will have

θ〈a|eiP1Q1+iP2Q2
|a〉θ = θ〈a|eiP1Q1+iP2Q2

|a〉θ = θ〈a|ei
√

θÂ†P++i
√

θÂP− |a〉θ (33)

with P± = 1√
2
(P1 ± iP2). By means of the Baker Campbell Hausdorff formula one obtains

θ〈a|ei
√

θÂ†P++i
√

θÂP− |a〉θ = θ〈a|ei
√

θÂ†P+ei
√

θÂP−e−(1/2)θP+P−[Â,Â†]|a〉θ = eiP1Q1+iP2Q2
e−

θ
4 (P 2

1 +P 2
2 ). (34)

As a result, we have that according to [21] the plane wave is damped by an exponential factor coming from the
noncommutativity of coordinate operators, which means that the plane wave expression is modified according to

ψ~ = ei~p·~q −→ ψ~θ = ei~p·~qe−
θ
4 ~p2

. (35)

This corresponds to having a response from the noncommutative manifold which provides a natural UV cutoff for
higher momenta modes as a consequence of the loss of space resolution at short distances.

IV. INCORPORATION OF NONCOMMUTATIVE MOMENTA

We proceed now with the extension of the above procedure for a (2 + 1)-dimensional manifold to the case in which
momentum operators do not commute anymore as well as the position operators, i.e.

[
Q̂i, Q̂j

]
= iΘij ,

[
Q̂i, P̂j

]
= iδi

j ,
[
P̂i, P̂j

]
= iΣij , (36)

where Θij and Σij are antisymmetric matrices which do not depend on the coordinates or the momenta. For later
convenience we assume the following form of nonvanishing commutators

[Q̂1, Q̂2] = iθ , [P̂2, P̂1] = iσ, (37)

where we have set

Θ =




0 0 0
0 0 θ
0 −θ 0


 , Σ =




0 0 0
0 0 −σ
0 σ 0


 . (38)

Along the line of reasoning followed for the noncommutative plane, we introduce

Â =
1√
2θ

(Q̂1 + iQ̂2) , Â† =
1√
2θ

(Q̂1 − iQ̂2), , B̂ =
1√
2σ

(P̂2 + iP̂1) , B̂† =
1√
2σ

(P̂2 − iP̂1), (39)

satisfying the commutation relations

[
Â, Â†

]
= 1 ,

[
B̂, B̂†

]
= 1.

(40)
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Again both, Â and B̂, define “Hamiltonian” operators as

Ĥθ ≡
(Q̂1)2

2
+

(Q̂2)2

2
= θ

(
N̂q +

1
2

)
, Ĥσ ≡

P̂ 2
1

2
+
P̂ 2

2

2
= σ

(
N̂p +

1
2

)
, (41)

where the corresponding “number” operators N̂θ = A†A and N̂σ = B†B identify raising and lowering operators

[
N̂θ, Â

]
= −Â ,

[
N̂θ, Â

†
]

= Â† ,
[
N̂σ, B̂

]
= −B̂

[
N̂σ, B̂

†
]

= B̂†. (42)

Since now we are endowed not only with a quantum of action ~ and a quantum of length
√
θ but also with a quantum

of momentum
√
σ, we have three corresponding Fock spaces H~, Hθ and

Hσ = Span{|n〉σ}∞n=0, (43)

where |n〉σ ≡ 1√
n!
B†|0〉σ. We can follow the same procedure as above and consider the following representation of the

operators Qi ∈ Hθ

Qi = qi1̂ + α̂i (44)

and Pi ∈ Hσ

Pi = pi1̂ + β̂i. (45)

provided that [α̂i, q̂j ]+ [q̂i, α̂j ] = [β̂i, p̂j ]+ [p̂i, β̂j ] = 0 as in (13). This means that the Qi are operators with respect to
the additional Hilbert space Hθ and the Pi are operators with respect to the additional Hilbert space Hσ. However
both, the Qi and the Pi, as they appear in the plane wave expression, act as usual numbers on H~. Therefore the
coordinates (26) read

Q1 = q1 + θ〈a|α̂1|a〉θ =
√

2θ Re a , Q2 = q2 + θ〈a|α̂2|a〉θ =
√

2θ Im a (46)

and the momenta read

P1 = p1 + σ〈b|β̂1|b〉σ =
√

2σ Im b, , P2 = p2 + σ〈b|β̂2|b〉σ =
√

2σ Re b, (47)

where the coherent states |a〉θ and |b〉σ are eigenstates of the operators

Â =
1√
2θ

[(q1 + iq2)1̂ + α̂1 + iα̂2] , B̂ =
1√
2σ

[(p1 + ip2)1̂ + β̂1 + iβ̂2]. (48)

Since
[
α̂µ, β̂ν

]
= 0, we can conclude that Hθ

∼= Hσ are isomorphic, being
[
Â, B̂

]
= 0 and admit common eigenstates

|a b〉θσ . We are now ready to compute the modifications to plane waves due to the presence of both, noncommutative
positions and momenta, corresponding to the parameters

√
θ and

√
σ.

θσ〈a b| exp
[
iP1Q1 + iP2Q2

]
|a b〉θσ = θσ〈a b| exp

[
−tÂ†B̂† + tÂB̂

]
|a b〉θσ, (49)

where the dimensionless parameter t =
√
θσ is the product of the quantum of length and the quantum of momentum.

Therefore we can safely assume that t � 1. Again we stress that now the symbol “ˆ” indicates an operator only
with respect to Hσ and Hθ, spanned by {|a b〉θσ}. To evaluate the expression (49), we can use the Baker Campbell
Hausdorff formula
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etXetY = etX+tY + t2
2 [X,Y ]+ t3

12 [X,[X,Y ]]− t3
12 [Y,[X,Y ]]+... (50)

with X = −Â†B̂† and Y = ÂB̂. The above formula can be written in terms of the following combinatoric expansion

et(X+Y ) = etX etY e−
t2
2 [X,Y ] e

t3
6 (2[Y,[X,Y ]]+[X,[X,Y ]]) e

−t4
24 ([[[X,Y ],X],X]+3[[[X,Y ],X],Y ]+3[[[X,Y ],Y ],Y ]) · · · (51)

provided t� 1. We notice that

[X,Y ] = Â†Â+ B̂†B̂, [X, [X,Y ]] = −2X, [Y, [X,Y ]] = 2Y (52)

and thus we can see that any odd term will be a linear combination of t2n+1X and t2n+1Y and every even term will
be ∼ t2n[X,Y ]. Applying recursively the Baker Campbell Hausdorff formula to each term, we get

et(X+Y ) = e(t+O(t3))X e(t+O(t3))Y e−( t2
2 +O(t4))[X,Y ]. (53)

As a result, we can safely keep just the leading order in the expansion

et(X+Y ) ' etXetY e−
t2
2 [X,Y ] (54)

and write the plane wave as

θσ〈a b| exp
[
iP1Q1 + iP2Q2

]
|a b〉θσ = θσ〈a b| exp

[
−tÂ†B̂† + tÂB̂

]
|a b〉θσ =

= θσ〈a b| exp
[
−tÂ†B̂†

]
exp

[
tÂB̂

]
exp

[
−(t2/2)(Â†Â+ B̂†B̂)

]
|a b〉θσ =

= exp [−ta∗b∗] exp [tab] exp
[
−t2(|a|2 + |b|2)/2

]
=

= exp
[
iP1Q1 + iP2Q2

]
exp

{
−t2

[
σ(Q1)2 + σ(Q2)2 + θP 2

1 + θP 2
2

]
/4

}
(55)

In summary the modifications to the conventional plane waves are of the form

ψ~ = ei~p·~q −→ ψ~θσ = ei~p·~q−(σ/4)~q2−(θ/4)~p2
(56)

exhibiting both UV and IR damping terms. This result is in agreement with what has been found within the framework
of a the Generalized Uncertainty Principle, once a relation like

[
q̂i, p̂j

]
= iδi

j

(
1 + f(~̂p2) + g(~̂q2)

)
(57)

is assumed as in [24]. As a comment we have to remember that the above result has been obtained up to subleading
terms ∼ eiσθ~q·~p, which are responsible of a modified dispersion relation and are extremely suppressed in the regime
θσ � 1.

V. DERIVATION OF THE PROPAGATOR OF A QUANTUM FIELD IN A (2+1)-DIMENSIONAL
SPACETIME

We are now ready to define a quantum field. As shown in [21], the modifications to plane waves due to the
employment of coherent state mean coordinates do not affect the conventional algebra of creation and annihilation
operators of quantum fields, since the modification of commutation relations (8) refers to the Hilbert space of single
particles which is extended according to the above transition H~ → H~ ⊗ Hθ ⊗ Hσ . Therefore the construction
of a Fock space of many particles follows the conventional procedure. Therefore by introducing the notation xµ =
(t, x1, x2) = (t,x) and kµ = (ωk, k1, k2) = (ωk,k), we can express a scalar field as follows
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φ(x, t) =
∫

d2k

(2π)2 2ωk

[
a(k)θσ〈a b|eik̂x̂−iωkt|a b〉θσ + a†(k)θσ〈a b|e−ik̂x̂+iωkt|a b〉θσ

]
(58)

whose quantization is achieved in the usual way by postulating

[
a(k), a†(k)

]
= δ2 (k − k′) . (59)

Again the symbol “ˆ” in (58) indicates operators acting on the Fock space Hθ
∼= Hσ . If the expectation values are

calculated, we get

φ(x, t) =
∫

d2k

(2π)2 2ωk

[
a(k)eikx−iωkt + a†(k)e−ikx+iωkt

]
exp

[
−1

4
θk2

]
exp

[
−1

4
σx2

]
. (60)

The propagator is obtained in the usual way by considering the expectation value of the time ordered product of the
quantum field operator at two different positions with respect to the vacuum |0〉 state of the quantum field

G(x − x′) = i∆F (x− x′) = 〈0|T [φ(x)φ(x′)]|0〉, (61)

where T denotes the time ordering operator. Without loss of generality the coordinate system can always be chosen
in such a way that one of the coordinates between x and x′ lies at the origin. As a result, the expression of the
propagator only depends on the difference of the variables z = x − x′ if the coordinates are accordingly chosen as
x = z and x′ = 0. Thus the propagator can be formulated in such a way that it only depends on the difference of the
coordinates

〈0|T [φ(z)φ(0)]|0〉 =
∫

d2k

(2π)22ωk

[
eikz−iωktzθ(tz) + e−ikz+iωktzθ(−tz)

]
exp

[
−1

2
θk2

]
exp

[
−1

4
σz2

]
. (62)

From now on, we can follow the usual procedure of the derivation of a propagator. By using

θ(t)e−iωkt =
1

2πi

∫ ∞

−∞
dE

e−iEt

ωk −E − iε
, (63)

equation (62) can be transformed to

〈0|T [φ(z)φ(0)]|0〉 = G(z) = i

∫
d3k

(2π)3
e−ikz

k2 −m2 + iε
exp

[
−1

2
θk2

]
exp

[
−1

4
σz2

]
(64)

which is the propagator for a scalar field in the case of a (2+1) dimensional spacetime with the special manifestation
(37) and (38) of (8). The propagator in momentum space is obtained by a Fourier transformation as usual, since the
above expression is already expressed in terms of expectation values. As a result, the propagator in momentum space
reads

G(k) =
∫

d2k′

(2π)2
ρσ(k,k′) e−

1
2 θk′2

ω2
k − k′2 −m2 + iε

, (65)

where

ρσ(k,k′) =
1
πσ

e−
(k−k′)2

σ . (66)

We notice that the IR behavior of the propagator is now controlled by the function ρσ(k,k′), which in the limit σ → 0
becomes a delta function, leading to the result

G(k) =
e−

1
2 θk2

ω2
k − k2 −m2 + iε

(67)

for the UV finite propagator [21]. Conversely, for σ 6= 0, (65) provides a Gaussian modulation of the propagator,
preventing the resolution of momenta smaller that

√
σ. In other words the distribution of k′ has a bell shape of width√

σ and it is no longer peaked on the value k due to the intrinsic uncertainty we have introduced in the formulation.
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VI. THE CASE OF A (3+1)-DIMENSIONAL SPACETIME

The (2+1)-dimensional case can be extended to the more realistic case of a (3+1)-dimensional Minkowski spacetime.
Let us start from the algebra (8). As a first remark, we proceed along the line of [21] recalling that our matrices
describing the noncommutativity are Lorentz tensors. For later convenience, we are initially working with an Euclidean
signature without loss of generality. Then one can exploit the property for which any antisymmetric tensor can be
written in a block diagonal form as

Θ =




0 θ1 0 0
−θ1 0 0 0
0 0 0 θ2
0 0 −θ2 0


 , Σ =




0 −σ1 0 0
σ1 0 0 0
0 0 0 −σ2

0 0 σ2 0


 . (68)

In a more compact form this can be written as

Θ = diag
(
θ̂1, θ̂2

)
, Σ = diag ( σ̂1, σ̂2 ) , (69)

where

θ̂i = θi

(
0 1
−1 0

)
, σ̂j = −σj

(
0 1
−1 0

)
(70)

with i, j = 1, 2. As a result the noncommutative relations actually foliate the spacetime in two planes. Lorentz covari-
ance implies that different observers get different noncommutativity due to different projections of noncommutative
plane in their reference frames. Conversely what is invariant, namely a fact recognized by any observer, is the presence
of these two planes which foliate the spacetime. Thus the problem is reduced to an effective two-dimensional problem

Âi =
1√
2θi

(
Q̂1

i + iQ̂2
i

)
, Â†

i =
1√
2θi

(
Q̂1

i − iQ̂2
i

)
, B̂j =

1√
2θj

(
P̂j2 + iP̂j1

)
, B̂†

j =
1√
2θj

(
P̂j2 − iP̂j1

)
,

(71)
where (Q̂1

i , Q̂
2
i ) are coordinate operators in the i-th plane, while (P̂j1, P̂j2) are the corresponding ones in momentum

space. These operators fulfil the following commutation relations

[
Âi, Â

†
j

]
= δij ,

[
B̂i, B̂

†
j

]
= δij . (72)

Coherent states can be defined as

|a〉θ =
∏

i

e−
|ai|

2

2

∞∑

n=0

an
i√
n!
|n〉θi =

∏

i

e−
|ai|

2

2 eaiÂ
†
i |0〉θi , (73)

with

Âi|a〉θ = ai|a〉θ (74)

and

|b〉σ =
∏

j

e−
|bj |2

2

∞∑

n=0

bnj√
n!
|n〉σj =

∏

j

e−
|bj |2

2 ebjB̂†
j |0〉σj , (75)

with

B̂i|b〉σ = bi|b〉σ . (76)
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With the help of these states, we can define expectation values for the positions and momenta according to

θ〈a|Q̂1
i |a〉θ = Q1

i , θ〈a|Q̂2
i |a〉θ = Q2

i , σ〈b|P̂j1|b〉σ = Pj1 , σ〈b|P̂j2|b〉σ = Pj2. (77)

As a result, the expectation values of the plane wave have the following shape

θσ〈a b| exp

[
i
∑

i

Qi · Pi

]
|a b〉θσ = exp

[
i
∑

i

~Pi · ~Qi

]
exp

[
−1

4

∑

i

(
θi
~P 2

i + σi
~Q2

i

)]
. (78)

The above expression clearly depends on the orientations of the noncommutative plane due to the presence of different
parameters θi and σi. To restore a Lorentz covariant formalism, we follow the lines in [21] and we set θi = θ and
σi = σ. Given this point and in analogy to the (2+1)-dimensional scenario we are ready to calculate the scalar field
propagator. We will use the following notation for the position xµ = (t, x1, x2, x3) = (t,x) = (Q1

1, Q
2
1, Q

1
2, Q

2
2) and

the momentum kµ = (k0, k1, k2, k3) = (k0,k) = (P11, P12, P21, P22). Starting from the scalar field written as

φ(x, t) =
∫

d3k

(2π)3 2k0

[
a(k)θσ〈a b|eik̂µx̂µ

|a b〉θσ + a†(k)θσ〈a b|e−ik̂µx̂µ

|a b〉θσ

]
, (79)

with

[
a(k), a†(k)

]
= δ3 (k − k′) . (80)

we get

φ(x, t) =
∫

d3k

(2π)3 2k0

[
a(k)eikµxµ

+ a†(k)e−ikµxµ
]
exp

[
−1

4
θkµk

µ

]
exp

[
−1

4
σxµx

µ

]
. (81)

The related expression of the propagator reads

G(z) = 〈0|T [φ(z)φ(0)]|0〉 (82)

=
∫

d3k

(2π)32k0

[
eikµzµ

θ(z0) + e−ikµzµ

θ(−z0)
]
exp

[
−1

2
θkµk

µ

]
exp

[
−1

4
σzµz

µ

]

where, without loss of generality, we have again chosen the coordinate system in such a way that one of the coordinates
lies at the origin. This means that we assume that x = z and x′ = 0 and therefore the propagator turns out to depend
only on the variable z = x− x′. By using (63) and following the usual procedure, one can write

G(z) = 〈0|T [φ(z)φ(0)]|0〉 = i

∫
d4k

(2π)4
e−ikz

k2 +m2 + iε
exp

[
−1

2
θk2 − 1

4
σz2

]
. (83)

As a result the corresponding propagator in momentum space reads

G(k) =
∫

d4k′

(2π)4
ρσ(k, k′)

k′2 +m2 + iε
e−

1
2 θk′2

, (84)

where the modulation function

ρσ(k, k′) =
1

π2σ2
e−

(k−k′)2
σ (85)

accounts for the uncertainty of the momentum. In the limit σ → 0, there is no longer any uncertainty of momentum,
which is exactly peaked on the value k. The modulation function ρσ(k, k′) becomes a Dirac delta ρσ(k, k′) → δ(k, k′)
and the propagator reads
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G(k) =
e−

1
2 θk2

k2 +m2 + iε
, (86)

reproducing the UV finite propagator as in [21]. Conversely for σ 6= 0, the modulation function ρ(k, k′) prevents
better resolutions in momentum space than

√
σ. The integral (84) is actually endowed with a IR cutoff. As a result,

if we consider the limit m → 0, the propagator converges even for vanishing values of k. As shown in the appendix
we have

G(0) ≈ 1
σ

(87)

for m→ 0. As a conclusion, the propagator is finite both in the UV and IR regime. In support of this claim, we also
provide the following integral representation for the Green’s function

G(x− x′) =
eθm2/2

16π2

∫ 1/σ

θ/(2+σθ)

ds

s2
e−m2s/(1−σs) e−(x−x′)2/4s (88)

that after manipulations can be cast in the more familiar form

G(x − x′) =
∫ ∞

0

ds e−m2s e−(σ+ 1
s+θ/2 )(x−x′)2/4

[4π(s+ θ/2)]2
. (89)

In the massless case, we obtain after integration

G(x− x′) =
e−

1
4 σ(x−x′)2

4π2(x− x′)2
(
1 − e−(x−x′)2/2θ

)
. (90)

In addition, if the coordinates are Wick rotated back to Minkowski signature, we can express the momentum space
propagator as [30]

G(k) =
i

π2σ2

∫
d4k′

(2π)4
e−

(k−k′)2
σ

k′2 −m2 + iε
e−

1
2 θk′2

. (91)

For completeness we study also the case of a fermionic field. Since the deformation we are introducing concerns the
shape of the Fourier modes only, a fermionic field can be treated in analogy to a scalar field (81) and reads

ψ(x, x0) =
∑

±s

∫
d3k

(2π)3

√
m

k0

[
bs(k)us(k)eikµxµ

+ d†s(k)vs(k)e−ikµxµ
]
exp

[
−1

4
θkµk

µ

]
exp

[
−1

4
σxµx

µ

]
,

ψ†(x, x0) =
∑

±s

∫
d3k

(2π)3

√
m

k0

[
b†s(k)u†s(k)e−ikµxµ

+ ds(k)v†s(k)eikµxµ
]
exp

[
−

1
4
θkµk

µ

]
exp

[
−

1
4
σxµx

µ

]
,

(92)

where the coefficients of the quantized fields fulfil as usual the anti-commutation relations

{bs (k) , b†s′ (k′)} = δ3 (k − k′) δs,s′ , {ds (k) , d†s′ (k′)} = δ3 (k − k′) δs,s′ . (93)

As usual there is a factor [k/+m] with respect the calculation for the scalar field

G(z) = 〈0|T [ψ(z)ψ̄(0)]|0〉 = i

∫
d4k

(2π)3
e−ikz [k/+m]
k2 +m2 + iε

exp
[
−1

2
θk2 − 1

4
σz2

]
, (94)



13

where ψ̄(x) = ψ†(x)γ0 and k/ = γµkµ. The corresponding propagator in momentum space reads

G(k) =
i

π2σ2

∫
d4k′

(2π)4
e−

(k−k′)2
σ

k/′ +m+ iε
e−

1
2 θk′2

. (95)

If the coordinates are now Wick rotated back, the propagator in Minkowski space reads

G(k) =
i

π2σ2

∫
d4k′

(2π)4
e−

(k−k′)2
σ

k/′ −m+ iε
e−

1
2 θk′2

. (96)

Here the IR finiteness can be shown in an analogous way of the scalar field case. Since momentum vectors of particles
are time-like or light-like, assuming the signature (1,-1,-1,-1) for the Minkowski metric, we maintain the damping
behaviour of our new factors within the integral of the expression for the propagator in momentum space (96).
However even if it is nice to display formulas in Minkowski space, our general prescription is to perform virtual
momentum integrations in Euclidean spacetime, where the exponential terms have unambiguous sign. Only the final
results are, then, continued into Minkowski spacetime and the physical implications are discussed.

VII. SUMMARY AND DISCUSSION

In this paper, we considered an extension of the usual Heisenberg algebra, assuming nontrivial commutation re-
lations for position as well as for momentum operators. As a result we have introduced a minimal length and a
minimum momentum as the smallest scales of resolution in coordinate and momentum space. To define suitable
coordinates and momenta, we have extended the approach in [21], calculating expectation values of operators on
coherent states referring to two Fock spaces, one built starting from coordinate operators and the other from mo-
mentum operators. As a result we obtained that conventional plane waves are modulated by two factors, e−

1
4 θp2

and
e−

1
4 σx2

, corresponding to damping terms in position and momentum space. This result is in agreement with the one
which was found in [24]. As a remark we stress that these modulations are physically consistent, since the modified
plane waves become square integrable functions and reliably describe physical states. After this investigation, we have
considered the consequences for quantum field theory, which now is endowed with two cutoffs, an UV cutoff and an
IR one. We derived the propagator, which shows regularity at higher momenta and at lower momenta in the massless
case, too. Finally we showed that this property holds both, for the scalar and the fermionic field. In the case of a
(3+1)-dimensional space-time, Lorentz invariance of the plane waves can be maintained only, if the noncommutativity
parameters referring to the two planes are assumed to be equal: θ1 = θ2 and σ1 = σ2. With respect to this, we think
that the appearance of UV as well as IR cutoffs will deserve further investigations to make compelling predictions for
current research activities in phenomenological and experimental frameworks. For instance, IR Effects on Quantum
Mechanics are currently under investigation [25]. It would also be very interesting to study within our approach the
phenomenological consequences which are so far just explored in other formulations of noncommutative geometry like
that based on the use of the star product [26].
In contrast to the star product approach to noncommutative geometry the coherent state approach implies no mod-
ification of the interaction structure between fields. Therefore it changes the kinematics of quantum mechanics and
thus of quantum field theory, but not the dynamics. This is related to the fact that the extended algebra has to be
interpreted as a modification of the properties of the operators q̂i and p̂i referring to the state of a particle. In such
a way we can still define in a quasi-classical way the concept of coordinate and momentum. On the contrary, in the
star product approach the noncommutative coordinates modify the structure of the product among functions, a fact
that has an influence on interaction terms (see [27] for example). Since this is not the case in the coherent state
approach, we have that within the Feynman rules just the propagator changes but the vertices remain completely
unchanged. Because of this, we conclude that no UV/IR mixing occurs in the sense of [28] according to our scenario.
This conclusion is supported by analogous arguments in [21] for the specific case of noncommutative coordinates and
commuting momenta.

Acknowledgement : M. K. would like to thank the Messer Stiftung for financial support. P.N. is supported by
the Helmholtz International Center for FAIR within the framework of the LOEWE program (Landesoffensive zur
Entwicklung Wissenschaftlich-Ökonomischer Exzellenz) launched by the State of Hesse.
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APPENDIX

We start from the propagator (84), to show its IR regularity. We assume without loss of generality that the UV
parameter is vanishing θ = 0 and we end up with

G(k) =
1

π2σ2

∫
d4k′

(2π)4
e(k−k′)2/σ

(k′)2 +m2
. (A.1)

We want to show that G(k) is finite in the limit m→ 0 for k = 0. Thus we write

G(0) =
1

π2σ2

∫
d4k′

(2π)4
e−(k′)2/σ

(k′)2 +m2
, (A.2)

which reads

G(0) =
1

π2σ2

∫ ∞

−∞

d(k0)′

2π
e−[(k0)′]2/σ

∫ ∞

0

d|~k′||~k′|2

2π2

e−(k′)2/σ

|~k′|2 + [(k0)′]2 +m2
, (A.3)

where we have used the Euclidean relation (k′)2 = |~k′|2 + [(k0)′]2. Now calling α2 ≡ [(k0)′]2 +m2, y ≡ (k0)′/
√
σ and

σx ≡ |~k′|2 + α2 we end up with

G(0) =
1

2π2σ

∫ ∞

−∞

dy

2π
eα2/σe−y2

∫ ∞

α2/σ

dx

2π2
(x− α2/σ)1/2 e

−x

x
. (A.4)

For σ 6= 0, the above integral is defined for every α. More specifically in the limit m → 0 we have that α2 = [(k0)′]2
and we can define a function F

F (y) =
∫ ∞

y2
dx(x − y2)1/2 e

−x

x
(A.5)

which goes to 0 as y2 → ∞, while it is a constant for y2 → 0, i.e.

F (0) =
∫ ∞

0

dxx−1/2e−x = Γ(1/2) =
√
π. (A.6)

Since it is difficult to estimate the integral (A.4) directly, we make use of the following inequality

F (y) ≤
∫ ∞

y2
dxx−1/2e−x ≡ Γ(1/2; y2) (A.7)

with Γ(1/2; y2) the incomplete upper Gamma function. Therefore the integral (A.4) turns out to be limited

G(0) ≤ 1
4π5σ

∫ ∞

−∞
dyΓ(1/2; y2) (A.8)

and being

∫ ∞

−∞
dyΓ(1/2; y2) = 2 (A.9)

we conclude that
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G(0) ≤ 1
2π5σ

, (A.10)

showing the IR cutoff 1/σ at work in curing IR divergences of the propagator.
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We consider an extension of the conventional quantum Heisenberg algebra, assuming that coor-
dinates as well as momenta fulfil nontrivial commutation relations. As a consequence, a minimal
length and a minimal mass scale are implemented. Our commutators do not depend on positions and
momenta and we provide an extension of the coordinate coherent state approach to Noncommutative
Geometry. We explore, as toy model, the corresponding quantum field theory in a (2+1)-dimensional
spacetime. Then we investigate the more realistic case of a (3+1)-dimensional spacetime, foliated
into noncommutative planes. As a result, we obtain propagators, which are finite in the ultraviolet
as well as the infrared regime.
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I. INTRODUCTION

In the last years there has been an explosion of interest about physics in the presence of a minimal length. Reviews
about the main approaches where a minimal length appears in the context of quantum gravity are
given in [1], with special reference to noncommutative geometry in [2]. Indeed it is expected that our
universe, conventionally described in terms of a smooth differential manifold endowed with a Riemannian structure,
exhibits an uncertainty principle which prevents one from measuring positions to better accuracies than the Planck
length. The reason in support for this loss of resolution can be found in the fact that the momentum and the
energy required to perform such a measurement will itself dramatically modify the spacetime geometry at these
scales [3]. In support of this general belief, there are all the current formulations of a quantum theory of gravity:
String Theory incorporates the concept of minimal length through the string tension, a fundamental
parameter in the theory, while in Loop Quantum Gravity a minimal length naturally arises after
quantizing the gravitational field and formulating an area or a volume operator. Along this line of
thought, one can also implement a minimal length in spacetime by assuming nontrivial coordinate commutation
relations and thus postulating the existence of a Noncommutative Geometry as fundamental property of nature.
While its original formulation is dated back to early times [4], a model of Noncommutative Geometry has recently
been obtained within the theory of open strings, whose end points show a noncommutative behavior on D-branes
[5]. Alternatively one may assume that the conventional uncertainty principle among coordinates and momenta
in Quantum Mechanics can be generalized in order to get a modified dispersion relation at higher momenta and
implement a minimal length in a quantum theory [6]. More recently, the emergence of a minimal length has been
considered in a variety of physical situations. The inclusion of noncommutative effects in General Relativity has led
to singularity free, thermodynamically stable black hole spacetimes [7] [for a review see [8] and the references therein]
and cosmological inflationary scenarios driven by quantum geometry fluctuations rather than by an inflaton field [9].
A minimal length has been extensively implemented to study black hole thermodynamics [10], to describe traversable
wormholes sustained by noncommutative geometry fluctuations [11] and to address the trans-planckian problem in
particle production mechanisms in accelerated reference frames [12] and expanding universes [? ]. On the particle
phenomenology side, a lot of attention has been devoted to predict some signatures of an hypothetical production
of microscopic regular black holes [7] in particle detectors due to extreme energy hadron collisions at the LHC [13].
Finally, as a warranty of theoretical consistency of effective models endowed with a minimal length, there is a recent
result about the spectral dimension of spacetime: the actual spacetime dimension D perceived by a random walker
tends to the value D = 2 for scales approaching the minimal length, suggesting the long sought possibility of improving
the renormalization properties of gravity at the Planck scale [14].
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Against this background, there is the possibility for spacetime to be endowed not only with a minimal length but
also with a minimal momentum below which interactions, gravity included, cannot be resolved. This corresponds to
some old ideas about a the introduction of a natural infrared (IR) cutoff [15], vivified by some recent contributions.
Indeed attempts to provide an IR modification of General Relativity have been formulated to describe the present
acceleration of the universe. As a result a new dynamics of the gravitational field has been derived, giving a small
mass to the graviton and keeping unchanged the spacetime manifold [16]. In the framework of semi-classical gravity,
the description of an evaporating black hole is based on high frequency field mode approximations to avoid unpleasant
IR infinite contributions to the quantum stress energy tensor of matter fields [17]. Instead of embarking in ad hoc
approximations, it has been recently advocated the so called Ultra Strong Equivalence Principle, according to which
the vacuum expectation value of the (bare) energy momentum tensor has the same form as in flat space, namely a
quartically divergent term and no spacetime dependent (subleading) terms [18]. If this principle is true, we will need
an IR completion of standard semi-classical gravity to get rid of all spacetime dependent subleading terms. This fact
is connected to the problem of the cosmological constant: even if only the fluctuations of the quantum vacuum energy
actually contribute to the value of the cosmological constant [19], it has been recently underlined that the value will
still come too large without invoking an IR regulator [20].

Recently, the introduction of an ultraviolet (UV) cutoff has been obtained in a clear and transparent way by
averaging noncommutative coordinate operators

[
q̂i, q̂j

]
= iΘij (1)

on coordinate coherent states [21–23]. As a result every point-like structure is smeared out by the presence of the
new quantum of length in the manifold. For instance the Euclidean propagator in coordinate space can be found by
calculating the Fourier transform of the Schwinger representation

e−θ~p2/2

~p2 +m2
= eθm2/2

∫ ∞

θ/2

ds e−s(~p2+m2), (2)

where
√
θ is the minimal length implemented by (1). Coming back to the Lorentzian signature and considering the

massless case, we find that the modified Wightman-Green function is

Gθ(∆x) = −
1

4π2(∆t2 − ∆~x 2)

[
1 − e−(∆t2−∆~x 2)/2θ

]
, (3)

which is finite for any time-like interval ∆x in the coincidence limit [29]. On the other hand, the theory behaves
nicely, as Gθ reduces to its conventional form in the limit θ → 0. We notice that the above smearing effect induced
by the noncommutative character of the coordinates corresponds to a modified integral measure in momentum space
(2), without invoking any deformed product among functions [2]. This new integral measure in momentum space has
a akin in the context of the Generalized Uncertainty Principle (GUP) approaches [6]. Starting from an n dimensional
Euclidean manifold where the commutation relations are

[
q̂i, p̂j

]
= iδi

j

(
1 + f(~̂p2)

)
,

[p̂i, p̂j ] = 0, (4)

one obtains indeed that coordinate operators fulfil the following noncommutative relation

[
q̂i, q̂j

]
= −2i f ′(~̂p2)

(
1 + f(~̂p2)

)
L̂ij , (5)

where L̂ij is the generator of rotations. The integration measure in momentum space

1 =
∫

dnp

(1 + f(~p2))
|p〉 〈p| (6)

becomes suppressed in the UV region, because f(~p2) depends on positive powers of the argument and usually is
f(~p2) = β~p2. As a result the modification to the measure coming from (2) turns out to be even stronger, since it
corresponds to the choice
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f(~p2) = eθ~p2/2 − 1 (7)

exhibiting an exponential suppression. This is in agreement with the fact that coherent states are the states of minimal
uncertainty on the noncommutative manifold, while the delocalization coming from (5) can be arbitrarily large as the
momentum increases. For this reason, even if in the framework of GUP, both the UV and the IR cutoff has been
already obtained [24], we will proceed in this paper towards an extension of the coherent state approach [21] in order
to endow the spacetime of a minimal length as well as a minimal momentum/mass.

The paper is organized as follows: we start presenting the new algebra for the positions and momenta and we briefly
review the employment of coherent state for the case of a noncommutative plane (referring just to coordinates) [21].
In Section IV, we extend the noncommutative plane case to the presence of noncommutative momenta and we obtain
plane waves endowed with damping factors, depending on both the UV and the IR cutoffs. In Section V, we derive
the new form of field functions and we calculate modified propagators, considering the four dimensional spacetime
too (Section VI). In the last section we draw the conclusions.

II. GENERAL ASSUMPTION OF NONCOMMUTING POSITIONS AND MOMENTA

The starting point is the extension of the Heisenberg algebra for the operators describing the spacetime positions
Q̂µ and the corresponding momenta P̂µ

[
Q̂µ, Q̂ν

]
= iΘµν ,

[
Q̂µ, P̂ν

]
= iδµ

ν ,
[
P̂µ, P̂ν

]
= iΣµν , (8)

where Θµν and Σµν are second rank antisymmetric tensors which do not depend on coordinates and momenta. This
means that the commutation relations (8) represent a canonical algebra. Besides the usual uncertainty relation
between position and momenta, ∆Qµ∆Pν ≥ 1

2δ
µ
ν , additional relations descend from (8), i.e.

∆Qµ∆Qν ≥
1
2
|Θµν | , ∆Pµ∆Pν ≥

1
2
|Σµν | . (9)

The relations (9) give rise to the appearance of a smallest scale for positions and momenta. Position and momentum
operators obeying the canonical algebra (8) can be expressed through a couple of four-vector operators, α̂µ and β̂µ,
which fulfil the following commutation relations

[α̂µ, α̂ν ] = iΘµν ,
[
α̂µ, β̂ν

]
= 0 ,

[
β̂µ, β̂ν

]
= iΣµν , (10)

if there are further operators q̂µ and p̂µ which behave like usual position and momentum operators

[q̂µ, q̂ν ] = 0 , [q̂µ, p̂ν ] = iδµ
ν , [p̂µ, p̂ν ] = 0. (11)

According to (10) and (11) the position and momentum operators Q̂µ and P̂µ can be expressed as follows

Q̂µ = q̂µ + α̂µ , P̂µ = p̂µ + β̂µ. (12)

This requires that the following relations have to be satisfied

[α̂µ, q̂ν ] + [q̂µ, α̂ν ] = 0 ,
[
β̂µ, p̂ν

]
+

[
p̂µ, β̂ν

]
= 0 , [α̂µ, p̂ν ] +

[
q̂µ, β̂ν

]
= 0. (13)
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III. THE NONCOMMUTATIVE PLANE AND MODIFICATIONS OF PLANE WAVES

We start recalling the introduction of a UV cutoff due to the noncommutative character of coordinate operators
along the lines of [21]. The core of the treatment lies in the possibility of defining a set of quasi classical coordinates,
averaging the corresponding quantum operators on suitable coherent states. The commutation relations concern the
case of a (2 + 1)-dimensional manifold, with spatial noncommutative coordinates and commutative time, namely

[
Q̂i, Q̂j

]
= iΘij ,

[
Q̂i, P̂j

]
= iδi

j ,
[
P̂i, P̂j

]
= 0, (14)

where

Θ =




0 0 0
0 0 θ
0 −θ 0


 (15)

is a constant antisymmetric matrix. The above relations imply that the operator Q̂0 commutes with the other
coordinate operators. One starts by defining the following ladder operators

Â =
1√
2θ

(Q̂1 + iQ̂2) , Â† =
1√
2θ

(Q̂1 − iQ̂2) (16)

satisfying the commutation relation

[
Â, Â†

]
= 1, (17)

which corresponds to the algebra of usual bosonic creation and annihilation operators. As a result the noncommutative
configuration space is isomorphic to the the Fock space spanned by the states |n〉θ ≡ 1√

n!

(
A†)n |0〉θ

Hθ = Span{|n〉θ}∞n=0, (18)

where the ground state |0〉θ is the state annihilated by A. To distinguish the conventional quantum phase space from
the above Fock space, we will introduce the notation

H~ = Span{|n〉~}∞n=0, (19)

where the states |n〉~ are built starting from the commutation relation [q̂µ, p̂ν ] = iδµ
ν between coordinates and momenta.

As stressed in [23] Quantum Mechanics works on H~, while Noncommutative Geometry works on Hθ. In both cases
observables are defined as self-adjoint operators acting respectively on H~ and Hθ and they form algebras denoted as
A(H~) and A(Hθ). In analogy to Quantum Mechanics one can introduce an “Hamiltonian” Ĥθ ∈ A(Hθ) as

Ĥθ ≡ (Q̂1)2

2
+

(Q̂2)2

2
= θ

(
N̂θ +

1
2

)
, (20)

where the corresponding “number operator N̂θ = A†A identifies the raising and lowering operators

[
N̂θ, Â

]
= −Â ,

[
N̂θ, Â

†
]

= +Â†. (21)

It is straightforward to define coherent states |a〉θ as eigenstates of A according to

Â|a〉θ = a|a〉θ, (22)



5

where

|a〉θ = e−
|a|2
2

∞∑

n=0

an

√
n!
|n〉θ = e−

|a|2
2 eaÂ†

|0〉θ. (23)

To calculate the modification to the plane waves due to the presence of noncommutative coordinate operators we need
to recall that eip1q1+ip2q2

is a representation of the eigenstates of the momentum operator p̂i, namely

p̂i |pi〉 = pi |pi〉 , (24)

with

ψ~ ≡
〈
qi|pi

〉
= eipiq

i

. (25)

This is true only if we work in the framework of conventional Quantum Mechanics. Indeed pi and qi appear as usual
numbers within the expressions for the plane waves and represent the corresponding eigenvalues of the states. In
the Noncommutative Geometry case the quantities appearing in the expression of the plane waves which
correspond to Q̂i, are still operators, since we have an additional Fock space Hθ. They behave like usual
numbers with respect to the usual Hilbert space of Quantum Mechanics H~, but they are operators
with respect to the additional Hilbert space Hθ. Therefore it is necessary to define a set of classical
coordinates, which are usual numbers with respect to the complete Hilbert space H = H~⊗Hθ. This can
be done by averaging coordinate operators on the above coherent states, which turn out to be the states of minimal
uncertainty on the noncommutative plane

Q1 ≡ θ〈a|Q̂1|a〉θ =
√

2θ Re a , Q2 ≡ θ〈a|Q̂2|a〉θ =
√

2θ Im a. (26)

According to (12) we can represent the coordinate operators as

Q̂i = q̂i + α̂i. (27)

It is important to emphasize that conventional coordinate operators q̂i have no influence on the Fock space
Hθ because they fulfil the relation [α̂i, q̂j ] + [q̂i, α̂j ] = 0 of equation (13). Since in the usual expressions
for plane waves (25) there are eigenvalues qi and pi of the usual operators q̂i and p̂i and not the
operators themselves, in the generalized case of this paper it is necessary to define quantities Qi which
are eigenvalues with respect to the Hilbert space of usual quantum mechanics H~ but operators with
respect to the additional Hilbert space Hθ

Qi = qi1̂ + α̂i, (28)

where qi is no longer an operator. Therefore the Fock space Hθ refers to the noncommutative character of α̂µ

only. Now we have that the coordinates (26)

Q1 = q1 + θ〈a|α̂1|a〉θ =
√

2θ Re a , Q2 = q2 + θ〈a|α̂2|a〉θ =
√

2θ Im a (29)

turn out to be the sum of the conventional classical coordinates qi and the mean values of the noncommutative
fluctuations 〈a|α̂i|a〉. Since we are not yet considering the complete algebra (8) but the simpler case of (14), the
momenta P̂i are still assumed to commute with each other and of course they act as usual numbers on
Hθ. This implies that the corresponding quantities appearing in the expression for the extended plane
waves, using an analogue representation to Qi have the form Pi = Pi1̂. Therefore for the operator

Â =
1√
2θ

[(q1 + iq2)1̂ + α̂1 + iα̂2], (30)

we have the relations
[
Pi, Â

]
= 0 meaning that
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P1 = θ〈a|P1|a〉θ, P2 = θ〈a|P2|a〉θ. (31)

Thus if we consider as new expression for plane waves

θ〈a|eiP1Q1+iP2Q2
|a〉θ, (32)

where now the symbol “ˆ” indicates an operator acting only on Hθ, we will have

θ〈a|eiP1Q1+iP2Q2
|a〉θ = θ〈a|eiP1Q1+iP2Q2

|a〉θ = θ〈a|ei
√

θÂ†P++i
√

θÂP− |a〉θ (33)

with P± = 1√
2
(P1 ± iP2). By means of the Baker Campbell Hausdorff formula one obtains

θ〈a|ei
√

θÂ†P++i
√

θÂP− |a〉θ = θ〈a|ei
√

θÂ†P+ei
√

θÂP−e−(1/2)θP+P−[Â,Â†]|a〉θ = eiP1Q1+iP2Q2
e−

θ
4 (P 2

1 +P 2
2 ). (34)

As a result, we have that according to [21] the plane wave is damped by an exponential factor coming from the
noncommutativity of coordinate operators, which means that the plane wave expression is modified according
to

ψ~ = ei~p·~q −→ ψ~θ = ei~p·~qe−
θ
4 ~p2

. (35)

This corresponds to having a response from the noncommutative manifold which provides a natural UV cutoff for
higher momenta modes as a consequence of the loss of space resolution at short distances.

IV. INCORPORATION OF NONCOMMUTATIVE MOMENTA

We proceed now with the extension of the above procedure for a (2 + 1)-dimensional manifold to the case in which
momentum operators do not commute anymore as well as the position operators, i.e.

[
Q̂i, Q̂j

]
= iΘij ,

[
Q̂i, P̂j

]
= iδi

j ,
[
P̂i, P̂j

]
= iΣij , (36)

where Θij and Σij are antisymmetric matrices which do not depend on the coordinates or the momenta. For later
convenience we assume the following form of nonvanishing commutators

[Q̂1, Q̂2] = iθ , [P̂2, P̂1] = iσ, (37)

where we have set

Θ =




0 0 0
0 0 θ
0 −θ 0


 , Σ =




0 0 0
0 0 −σ
0 σ 0


 . (38)

Along the line of reasoning followed for the noncommutative plane, we introduce

Â =
1√
2θ

(Q̂1 + iQ̂2) , Â† =
1√
2θ

(Q̂1 − iQ̂2), , B̂ =
1√
2σ

(P̂2 + iP̂1) , B̂† =
1√
2σ

(P̂2 − iP̂1), (39)

satisfying the commutation relations

[
Â, Â†

]
= 1 ,

[
B̂, B̂†

]
= 1.

(40)
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Again both, Â and B̂, define “Hamiltonian” operators as

Ĥθ ≡
(Q̂1)2

2
+

(Q̂2)2

2
= θ

(
N̂q +

1
2

)
, Ĥσ ≡

P̂ 2
1

2
+
P̂ 2

2

2
= σ

(
N̂p +

1
2

)
, (41)

where the corresponding “number” operators N̂θ = A†A and N̂σ = B†B identify raising and lowering operators

[
N̂θ, Â

]
= −Â ,

[
N̂θ, Â

†
]

= Â† ,
[
N̂σ, B̂

]
= −B̂

[
N̂σ, B̂

†
]

= B̂†. (42)

Since now we are endowed not only with a quantum of action ~ and a quantum of length
√
θ but also with a quantum

of momentum
√
σ, we have three corresponding Fock spaces H~, Hθ and

Hσ = Span{|n〉σ}∞n=0, (43)

where |n〉σ ≡ 1√
n!
B†|0〉σ. We can follow the same procedure as above and consider the following repre-

sentation of the operators Qi ∈ Hθ

Qi = qi1̂ + α̂i (44)

and Pi ∈ Hσ

Pi = pi1̂ + β̂i. (45)

provided that [α̂i, q̂j ] + [q̂i, α̂j ] = [β̂i, p̂j ] + [p̂i, β̂j ] = 0 as in (13). This means that the Qi are operators with
respect to the additional Hilbert space Hθ and the Pi are operators with respect to the additional
Hilbert space Hσ. However both, the Qi and the Pi, as they appear in the plane wave expression, act
as usual numbers on H~. Therefore the coordinates (26) read

Q1 = q1 + θ〈a|α̂1|a〉θ =
√

2θ Re a , Q2 = q2 + θ〈a|α̂2|a〉θ =
√

2θ Im a (46)

and the momenta read

P1 = p1 + σ〈b|β̂1|b〉σ =
√

2σ Im b, , P2 = p2 + σ〈b|β̂2|b〉σ =
√

2σ Re b, (47)

where the coherent states |a〉θ and |b〉σ are eigenstates of the operators

Â =
1√
2θ

[(q1 + iq2)1̂ + α̂1 + iα̂2] , B̂ =
1√
2σ

[(p1 + ip2)1̂ + β̂1 + iβ̂2]. (48)

Since
[
α̂µ, β̂ν

]
= 0, we can conclude that Hθ

∼= Hσ are isomorphic, being
[
Â, B̂

]
= 0 and admit common eigenstates

|a b〉θσ . We are now ready to compute the modifications to plane waves due to the presence of both, noncommutative
positions and momenta, corresponding to the parameters

√
θ and

√
σ.

θσ〈a b| exp
[
iP1Q1 + iP2Q2

]
|a b〉θσ = θσ〈a b| exp

[
−tÂ†B̂† + tÂB̂

]
|a b〉θσ, (49)

where the dimensionless parameter t =
√
θσ is the product of the quantum of length and the quantum of momentum.

Therefore we can safely assume that t � 1. Again we stress that now the symbol “ˆ” indicates an operator only
with respect to Hσ and Hθ, spanned by {|a b〉θσ}. To evaluate the expression (49), we can use the Baker Campbell
Hausdorff formula
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etXetY = etX+tY + t2
2 [X,Y ]+ t3

12 [X,[X,Y ]]− t3
12 [Y,[X,Y ]]+... (50)

with X = −Â†B̂† and Y = ÂB̂. The above formula can be written in terms of the following combinatoric expansion

et(X+Y ) = etX etY e−
t2
2 [X,Y ] e

t3
6 (2[Y,[X,Y ]]+[X,[X,Y ]]) e

−t4
24 ([[[X,Y ],X],X]+3[[[X,Y ],X],Y ]+3[[[X,Y ],Y ],Y ]) · · · (51)

provided t� 1. We notice that

[X,Y ] = Â†Â+ B̂†B̂, [X, [X,Y ]] = −2X, [Y, [X,Y ]] = 2Y (52)

and thus we can see that any odd term will be a linear combination of t2n+1X and t2n+1Y and every even term will
be ∼ t2n[X,Y ]. Applying recursively the Baker Campbell Hausdorff formula to each term, we get

et(X+Y ) = e(t+O(t3))X e(t+O(t3))Y e−( t2
2 +O(t4))[X,Y ]. (53)

As a result, we can safely keep just the leading order in the expansion

et(X+Y ) ' etXetY e−
t2
2 [X,Y ] (54)

and write the plane wave as

θσ〈a b| exp
[
iP1Q1 + iP2Q2

]
|a b〉θσ = θσ〈a b| exp

[
−tÂ†B̂† + tÂB̂

]
|a b〉θσ =

= θσ〈a b| exp
[
−tÂ†B̂†

]
exp

[
tÂB̂

]
exp

[
−(t2/2)(Â†Â+ B̂†B̂)

]
|a b〉θσ =

= exp [−ta∗b∗] exp [tab] exp
[
−t2(|a|2 + |b|2)/2

]
=

= exp
[
iP1Q1 + iP2Q2

]
exp

{
−t2

[
σ(Q1)2 + σ(Q2)2 + θP 2

1 + θP 2
2

]
/4

}
(55)

In summary the modifications to the conventional plane waves are of the form

ψ~ = ei~p·~q −→ ψ~θσ = ei~p·~q−(σ/4)~q2−(θ/4)~p2
(56)

exhibiting both UV and IR damping terms. This result is in agreement with what has been found within the framework
of a the Generalized Uncertainty Principle, once a relation like

[
q̂i, p̂j

]
= iδi

j

(
1 + f(~̂p2) + g(~̂q2)

)
(57)

is assumed as in [24]. As a comment we have to remember that the above result has been obtained up to subleading
terms ∼ eiσθ~q·~p, which are responsible of a modified dispersion relation and are extremely suppressed in the regime
θσ � 1.

V. DERIVATION OF THE PROPAGATOR OF A QUANTUM FIELD IN A (2+1)-DIMENSIONAL
SPACETIME

We are now ready to define a quantum field. As shown in [21], the modifications to plane waves due to
the employment of coherent state mean coordinates do not affect the conventional algebra of creation
and annihilation operators of quantum fields, since the modification of commutation relations (8)
refers to the Hilbert space of single particles which is extended according to the above transition
H~ → H~⊗Hθ⊗Hσ. Therefore the construction of a Fock space of many particles follows the conventional
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procedure. Therefore by introducing the notation xµ = (t, x1, x2) = (t,x) and kµ = (ωk, k1, k2) = (ωk,k), we can
express a scalar field as follows

φ(x, t) =
∫

d2k

(2π)2 2ωk

[
a(k)θσ〈a b|eik̂x̂−iωkt|a b〉θσ + a†(k)θσ〈a b|e−ik̂x̂+iωkt|a b〉θσ

]
(58)

whose quantization is achieved in the usual way by postulating

[
a(k), a†(k)

]
= δ2 (k − k′) . (59)

Again the symbol “ˆ” in (58) indicates operators acting on the Fock space Hθ
∼= Hσ . If the expectation values are

calculated, we get

φ(x, t) =
∫

d2k

(2π)2 2ωk

[
a(k)eikx−iωkt + a†(k)e−ikx+iωkt

]
exp

[
−1

4
θk2

]
exp

[
−1

4
σx2

]
. (60)

The propagator is obtained in the usual way by considering the expectation value of the time ordered product of the
quantum field operator at two different positions with respect to the vacuum |0〉 state of the quantum field

G(x − x′) = i∆F (x− x′) = 〈0|T [φ(x)φ(x′)]|0〉, (61)

where T denotes the time ordering operator. Without loss of generality the coordinate system can always be chosen
in such a way that one of the coordinates between x and x′ lies at the origin. As a result, the expression of the
propagator only depends on the difference of the variables z = x − x′ if the coordinates are accordingly chosen as
x = z and x′ = 0. Thus the propagator can be formulated in such a way that it only depends on the difference of the
coordinates

〈0|T [φ(z)φ(0)]|0〉 =
∫

d2k

(2π)22ωk

[
eikz−iωktzθ(tz) + e−ikz+iωktzθ(−tz)

]
exp

[
−1

2
θk2

]
exp

[
−1

4
σz2

]
. (62)

From now on, we can follow the usual procedure of the derivation of a propagator. By using

θ(t)e−iωkt =
1

2πi

∫ ∞

−∞
dE

e−iEt

ωk −E − iε
, (63)

equation (62) can be transformed to

〈0|T [φ(z)φ(0)]|0〉 = G(z) = i

∫
d3k

(2π)3
e−ikz

k2 −m2 + iε
exp

[
−1

2
θk2

]
exp

[
−1

4
σz2

]
(64)

which is the propagator for a scalar field in the case of a (2+1) dimensional spacetime with the special manifestation
(37) and (38) of (8). The propagator in momentum space is obtained by a Fourier transformation as usual, since the
above expression is already expressed in terms of expectation values. As a result, the propagator in momentum space
reads

G(k) =
∫

d2k′

(2π)2
ρσ(k,k′) e−

1
2 θk′2

ω2
k − k′2 −m2 + iε

, (65)

where

ρσ(k,k′) =
1
πσ

e−
(k−k′)2

σ . (66)
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We notice that the IR behavior of the propagator is now controlled by the function ρσ(k,k′), which in the limit σ → 0
becomes a delta function, leading to the result

G(k) =
e−

1
2 θk2

ω2
k − k2 −m2 + iε

(67)

for the UV finite propagator [21]. Conversely, for σ 6= 0, (65) provides a Gaussian modulation of the propagator,
preventing the resolution of momenta smaller that

√
σ. In other words the distribution of k′ has a bell shape of width√

σ and it is no longer peaked on the value k due to the intrinsic uncertainty we have introduced in the formulation.

VI. THE CASE OF A (3+1)-DIMENSIONAL SPACETIME

The (2+1)-dimensional case can be extended to the more realistic case of a (3+1)-dimensional Minkowski spacetime.
Let us start from the algebra (8). As a first remark, we proceed along the line of [21] recalling that our matrices
describing the noncommutativity are Lorentz tensors. For later convenience, we are initially working with an Euclidean
signature without loss of generality. Then one can exploit the property for which any antisymmetric tensor can be
written in a block diagonal form as

Θ =




0 θ1 0 0
−θ1 0 0 0
0 0 0 θ2
0 0 −θ2 0


 , Σ =




0 −σ1 0 0
σ1 0 0 0
0 0 0 −σ2

0 0 σ2 0


 . (68)

In a more compact form this can be written as

Θ = diag
(
θ̂1, θ̂2

)
, Σ = diag ( σ̂1, σ̂2 ) , (69)

where

θ̂i = θi

(
0 1
−1 0

)
, σ̂j = −σj

(
0 1
−1 0

)
(70)

with i, j = 1, 2. As a result the noncommutative relations actually foliate the spacetime in two planes. Lorentz covari-
ance implies that different observers get different noncommutativity due to different projections of noncommutative
plane in their reference frames. Conversely what is invariant, namely a fact recognized by any observer, is the presence
of these two planes which foliate the spacetime. Thus the problem is reduced to an effective two-dimensional problem

Âi =
1√
2θi

(
Q̂1

i + iQ̂2
i

)
, Â†

i =
1√
2θi

(
Q̂1

i − iQ̂2
i

)
, B̂j =

1√
2θj

(
P̂j2 + iP̂j1

)
, B̂†

j =
1√
2θj

(
P̂j2 − iP̂j1

)
,

(71)
where (Q̂1

i , Q̂
2
i ) are coordinate operators in the i-th plane, while (P̂j1, P̂j2) are the corresponding ones in momentum

space. These operators fulfil the following commutation relations

[
Âi, Â

†
j

]
= δij ,

[
B̂i, B̂

†
j

]
= δij . (72)

Coherent states can be defined as

|a〉θ =
∏

i

e−
|ai|

2

2

∞∑

n=0

an
i√
n!
|n〉θi =

∏

i

e−
|ai|

2

2 eaiÂ
†
i |0〉θi , (73)

with

Âi|a〉θ = ai|a〉θ (74)
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and

|b〉σ =
∏

j

e−
|bj |2

2

∞∑

n=0

bnj√
n!
|n〉σj =

∏

j

e−
|bj |2

2 ebjB̂†
j |0〉σj , (75)

with

B̂i|b〉σ = bi|b〉σ . (76)

With the help of these states, we can define expectation values for the positions and momenta according to

θ〈a|Q̂1
i |a〉θ = Q1

i , θ〈a|Q̂2
i |a〉θ = Q2

i , σ〈b|P̂j1|b〉σ = Pj1 , σ〈b|P̂j2|b〉σ = Pj2. (77)

As a result, the expectation values of the plane wave have the following shape

θσ〈a b| exp

[
i
∑

i

Qi · Pi

]
|a b〉θσ = exp

[
i
∑

i

~Pi · ~Qi

]
exp

[
−1

4

∑

i

(
θi
~P 2

i + σi
~Q2

i

)]
. (78)

The above expression clearly depends on the orientations of the noncommutative plane due to the presence of different
parameters θi and σi. To restore a Lorentz covariant formalism, we follow the lines in [21] and we set θi = θ and
σi = σ. Given this point and in analogy to the (2+1)-dimensional scenario we are ready to calculate the scalar field
propagator. We will use the following notation for the position xµ = (t, x1, x2, x3) = (t,x) = (Q1

1, Q
2
1, Q

1
2, Q

2
2) and

the momentum kµ = (k0, k1, k2, k3) = (k0,k) = (P11, P12, P21, P22). Starting from the scalar field written as

φ(x, t) =
∫

d3k

(2π)3 2k0

[
a(k)θσ〈a b|eik̂µx̂µ

|a b〉θσ + a†(k)θσ〈a b|e−ik̂µx̂µ

|a b〉θσ

]
, (79)

with

[
a(k), a†(k)

]
= δ3 (k − k′) . (80)

we get

φ(x, t) =
∫

d3k

(2π)3 2k0

[
a(k)eikµxµ

+ a†(k)e−ikµxµ
]
exp

[
−1

4
θkµk

µ

]
exp

[
−1

4
σxµx

µ

]
. (81)

The related expression of the propagator reads

G(z) = 〈0|T [φ(z)φ(0)]|0〉 (82)

=
∫

d3k

(2π)32k0

[
eikµzµ

θ(z0) + e−ikµzµ

θ(−z0)
]
exp

[
−

1
2
θkµk

µ

]
exp

[
−

1
4
σzµz

µ

]

where, without loss of generality, we have again chosen the coordinate system in such a way that one of the coordinates
lies at the origin. This means that we assume that x = z and x′ = 0 and therefore the propagator turns out to depend
only on the variable z = x− x′. By using (63) and following the usual procedure, one can write

G(z) = 〈0|T [φ(z)φ(0)]|0〉 = i

∫
d4k

(2π)4
e−ikz

k2 +m2 + iε
exp

[
−1

2
θk2 − 1

4
σz2

]
. (83)

As a result the corresponding propagator in momentum space reads

G(k) =
∫

d4k′

(2π)4
ρσ(k, k′)

k′2 +m2 + iε
e−

1
2 θk′2

, (84)
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where the modulation function

ρσ(k, k′) =
1

π2σ2
e−

(k−k′)2
σ (85)

accounts for the uncertainty of the momentum. In the limit σ → 0, there is no longer any uncertainty of momentum,
which is exactly peaked on the value k. The modulation function ρσ(k, k′) becomes a Dirac delta ρσ(k, k′) → δ(k, k′)
and the propagator reads

G(k) =
e−

1
2 θk2

k2 +m2 + iε
, (86)

reproducing the UV finite propagator as in [21]. Conversely for σ 6= 0, the modulation function ρ(k, k′) prevents
better resolutions in momentum space than

√
σ. The integral (84) is actually endowed with a IR cutoff. As a result,

if we consider the limit m → 0, the propagator converges even for vanishing values of k. As shown in the appendix
we have

G(0) ≈ 1
σ

(87)

for m→ 0. As a conclusion, the propagator is finite both in the UV and IR regime. In support of this claim, we also
provide the following integral representation for the Green’s function

G(x− x′) =
eθm2/2

16π2

∫ 1/σ

θ/(2+σθ)

ds

s2
e−m2s/(1−σs) e−(x−x′)2/4s (88)

that after manipulations can be cast in the more familiar form

G(x − x′) =
∫ ∞

0

ds e−m2s e−(σ+ 1
s+θ/2 )(x−x′)2/4

[4π(s+ θ/2)]2
. (89)

In the massless case, we obtain after integration

G(x− x′) =
e−

1
4 σ(x−x′)2

4π2(x− x′)2
(
1 − e−(x−x′)2/2θ

)
. (90)

In addition, if the coordinates are Wick rotated back to Minkowski signature, we can express the momentum space
propagator as [30]

G(k) =
i

π2σ2

∫
d4k′

(2π)4
e−

(k−k′)2
σ

k′2 −m2 + iε
e−

1
2 θk′2

. (91)

For completeness we study also the case of a fermionic field. Since the deformation we are introducing concerns the
shape of the Fourier modes only, a fermionic field can be treated in analogy to a scalar field (81) and reads

ψ(x, x0) =
∑

±s

∫
d3k

(2π)3

√
m

k0

[
bs(k)us(k)eikµxµ

+ d†s(k)vs(k)e−ikµxµ
]
exp

[
−1

4
θkµk

µ

]
exp

[
−1

4
σxµx

µ

]
,

ψ†(x, x0) =
∑

±s

∫
d3k

(2π)3

√
m

k0

[
b†s(k)u†s(k)e−ikµxµ

+ ds(k)v†s(k)eikµxµ
]
exp

[
−1

4
θkµk

µ

]
exp

[
−1

4
σxµx

µ

]
,

(92)

where the coefficients of the quantized fields fulfil as usual the anti-commutation relations
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{bs (k) , b†s′ (k′)} = δ3 (k − k′) δs,s′ , {ds (k) , d†s′ (k′)} = δ3 (k − k′) δs,s′ . (93)

As usual there is a factor [k/+m] with respect the calculation for the scalar field

G(z) = 〈0|T [ψ(z)ψ̄(0)]|0〉 = i

∫
d4k

(2π)3
e−ikz [k/+m]
k2 +m2 + iε

exp
[
−1

2
θk2 − 1

4
σz2

]
, (94)

where ψ̄(x) = ψ†(x)γ0 and k/ = γµkµ. The corresponding propagator in momentum space reads

G(k) =
i

π2σ2

∫
d4k′

(2π)4
e−

(k−k′)2
σ

k/′ +m+ iε
e−

1
2 θk′2

. (95)

If the coordinates are now Wick rotated back, the propagator in Minkowski space reads

G(k) =
i

π2σ2

∫
d4k′

(2π)4
e−

(k−k′)2
σ

k/′ −m+ iε
e−

1
2 θk′2

. (96)

Here the IR finiteness can be shown in an analogous way of the scalar field case. Since momentum vectors
of particles are time-like or light-like, assuming the signature (1,-1,-1,-1) for the Minkowski metric,
we maintain the damping behaviour of our new factors within the integral of the expression for the
propagator in momentum space (96). However even if it is nice to display formulas in Minkowski
space, our general prescription is to perform virtual momentum integrations in Euclidean spacetime,
where the exponential terms have unambiguous sign. Only the final results are, then, continued into
Minkowski spacetime and the physical implications are discussed.

VII. SUMMARY AND DISCUSSION

In this paper, we considered an extension of the usual Heisenberg algebra, assuming nontrivial commutation relations
for position as well as for momentum operators. As a result we have introduced a minimal length and a minimum
momentum as the smallest scales of resolution in coordinate and momentum space. To define suitable coordinates
and momenta, we have extended the approach in [21], calculating expectation values of operators on coherent states
referring to two Fock spaces, one built starting from coordinate operators and the other from momentum operators. As
a result we obtained that conventional plane waves are modulated by two factors, e−

1
4 θp2

and e−
1
4 σx2

, corresponding
to damping terms in position and momentum space. This result is in agreement with the one which was found
in [24]. As a remark we stress that these modulations are physically consistent, since the modified plane waves
become square integrable functions and reliably describe physical states. After this investigation, we have considered
the consequences for quantum field theory, which now is endowed with two cutoffs, an UV cutoff and an IR one.
We derived the propagator, which shows regularity at higher momenta and at lower momenta in the massless case,
too. Finally we showed that this property holds both, for the scalar and the fermionic field. In the case of a
(3+1)-dimensional space-time, Lorentz invariance of the plane waves can be maintained only, if the
noncommutativity parameters referring to the two planes are assumed to be equal: θ1 = θ2 and σ1 = σ2.
With respect to this, we think that the appearance of UV as well as IR cutoffs will deserve further investigations to
make compelling predictions for current research activities in phenomenological and experimental frameworks. For
instance, IR Effects on Quantum Mechanics are currently under investigation [25]. It would also be
very interesting to study within our approach the phenomenological consequences which are so far
just explored in other formulations of noncommutative geometry like that based on the use of the star
product [26].
In contrast to the star product approach to noncommutative geometry the coherent state approach
implies no modification of the interaction structure between fields. Therefore it changes the kinematics
of quantum mechanics and thus of quantum field theory, but not the dynamics. This is related to the
fact that the extended algebra has to be interpreted as a modification of the properties of the operators
q̂i and p̂i referring to the state of a particle. In such a way we can still define in a quasi-classical
way the concept of coordinate and momentum. On the contrary, in the star product approach the
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noncommutative coordinates modify the structure of the product among functions, a fact that has an
influence on interaction terms (see [27] for example). Since this is not the case in the coherent state
approach, we have that within the Feynman rules just the propagator changes but the vertices remain
completely unchanged. Because of this, we conclude that no UV/IR mixing occurs in the sense of [28]
according to our scenario. This conclusion is supported by analogous arguments in [21] for the specific
case of noncommutative coordinates and commuting momenta.

Acknowledgement : M. K. would like to thank the Messer Stiftung for financial support. P.N. is supported by
the Helmholtz International Center for FAIR within the framework of the LOEWE program (Landesoffensive zur
Entwicklung Wissenschaftlich-Ökonomischer Exzellenz) launched by the State of Hesse.

APPENDIX

We start from the propagator (84), to show its IR regularity. We assume without loss of generality that the UV
parameter is vanishing θ = 0 and we end up with

G(k) =
1

π2σ2

∫
d4k′

(2π)4
e(k−k′)2/σ

(k′)2 +m2
. (A.1)

We want to show that G(k) is finite in the limit m→ 0 for k = 0. Thus we write

G(0) =
1

π2σ2

∫
d4k′

(2π)4
e−(k′)2/σ

(k′)2 +m2
, (A.2)

which reads

G(0) =
1

π2σ2

∫ ∞

−∞

d(k0)′

2π
e−[(k0)′]2/σ

∫ ∞

0

d|~k′||~k′|2

2π2

e−(k′)2/σ

|~k′|2 + [(k0)′]2 +m2
, (A.3)

where we have used the Euclidean relation (k′)2 = |~k′|2 + [(k0)′]2. Now calling α2 ≡ [(k0)′]2 +m2, y ≡ (k0)′/
√
σ and

σx ≡ |~k′|2 + α2 we end up with

G(0) =
1

2π2σ

∫ ∞

−∞

dy

2π
eα2/σe−y2

∫ ∞

α2/σ

dx

2π2
(x− α2/σ)1/2 e

−x

x
. (A.4)

For σ 6= 0, the above integral is defined for every α. More specifically in the limit m → 0 we have that α2 = [(k0)′]2
and we can define a function F

F (y) =
∫ ∞

y2
dx(x − y2)1/2 e

−x

x
(A.5)

which goes to 0 as y2 → ∞, while it is a constant for y2 → 0, i.e.

F (0) =
∫ ∞

0

dxx−1/2e−x = Γ(1/2) =
√
π. (A.6)

Since it is difficult to estimate the integral (A.4) directly, we make use of the following inequality

F (y) ≤
∫ ∞

y2
dxx−1/2e−x ≡ Γ(1/2; y2) (A.7)

with Γ(1/2; y2) the incomplete upper Gamma function. Therefore the integral (A.4) turns out to be limited
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G(0) ≤ 1
4π5σ

∫ ∞

−∞
dyΓ(1/2; y2) (A.8)

and being

∫ ∞

−∞
dyΓ(1/2; y2) = 2 (A.9)

we conclude that

G(0) ≤
1

2π5σ
, (A.10)

showing the IR cutoff 1/σ at work in curing IR divergences of the propagator.
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