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Vehicle Lane Keeping Control Based on Piecewise Affine Regions

André Benine-Neto!, Stefano Scalzi2, Said Mammar

Abstract— This paper shows the design of a lane keeping
steering control, that considers the nonlinear behavior of the
tire-road lateral forces, by parameterizing its dynamics with
respect to the yaw rate, as it is a low cost measurable variable.
The proposed control strategy uses a piecewise linear (PWL)
proportional double-integral derivative (P1ID;) control based
on the lateral offset, measured by the vision system. The
switches of the PWL controller are triggered by the yaw rate
to take into account the nonlinear behavior of the tire forces.
The stability is proved by a piecewise quadratic Lyapunov
function. Simulation tests, including disturbances rejections and
step references, are carried out on a standard CarSim D-
Class vehicle model to explore the robustness with respect to
unmodelled dynamics. The simulation results confirm that the
proposed PWL control can greatly improve the vehicle stability
and it is advantageous in very demanding maneuvers.

1. INTRODUCTION

It can be noted that earlier work was devoted to au-
tonomous vehicles in highway scenarios in which the ex-
perienced lateral accelerations are generally low [7]. These
scenarios have also been considered in more recent works
for the development of assistance systems which replace
the driver during the lane departure avoidance maneuvers
[14]. Nevertheless, in order to provide more safety to the
drivers, these Lane Keeping Assistance Systems (LKAS)
must be able to operate in the complete domain of tire
forces, including the nonlinear behavior [9] and [6], as many
accidents occur due to the vehicle loss of control when the
tire forces are saturated.

A possibility to take into account the nonlinear behavior
of the lateral tire forces is the design of a parallel distributed
controller based on a Takagi-Sugeno model [13] and [2].

Piecewise affine (PWA) systems also offer a possibility
to model the tire forces saturation and they have been used
in the development of some driver assistance systems. In
[5] the longitudinal tire forces are approximated by PWA
functions for a traction control problem. The lateral tire
forces have also been considered in PWA form to design
yaw rate controllers in [4], [3] and [17].

In [3], the authors proposed a parametrization of the
vehicle dynamics in terms of yaw rate to design a PWL
controller for an active steering system. The parametrization
in terms of this variable is chosen because sensors to measure
it are available in the currently commercialized vehicles.
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In this paper, the same approaches are employed for the
approximation of the lateral tire force and the parametrization
of vehicle dynamics. Nevertheless, the model is extended
with the positioning of the vehicle in the lane in order to
design a lane keeping controller which takes into account
the lateral tire force nonlinear tire behavior and is able to
reject disturbances such as the road curvature.

The paper is organized as follows: Section II presents
the vehicle lateral dynamics. In Section III, the PWA ap-
proximation of the nonlinear model is shown, as well as a
parametrization to describe the partitions in terms of the yaw
rate. The strategy used for the design of the Piecewise Linear
(PWL) control is addressed in Section IV. The proof of
stability for the closed-loop PWA system is presented in Sec-
tion V. The results obtained by simulations are discussed in
Section VI and a conclusion summarizes the improvements
obtained by the proposed lane keeping controller design.

II. NONLINEAR VEHICLE MODEL

A widely used and simplified single track vehicle model,
as illustrated Fig. 1, was introduced by [1] and is considered
to capture the essential vehicle lateral steering dynamics:

fsf COS 6f + fsr
lffsf [¢0)] 5f — lrfsr

m(by +rvg) =

Ji = M

where 7 is the vehicle yaw rate, v, and v,, are the longitudinal
and lateral vehicle speed, 07 is the steering angle, m is the
vehicle mass, [ (I,) is the distance from the front (rear)
axle to the center of gravity (CG), J is the vehicle inertia
with respect to the vertical axis through the CG and fs,,
with x = f,r, are the front and rear lateral forces which are
modeled according to the Pacejka tire model [16].

fsz (az) = Dsin{Catan [(1 — F) Ba,, + Fatan (Ba,)|},

)
ap =0f — il lfr, a, = -7 M, (3)
Vg Vg
where o () is the front (rear) tire sideslip angle.

The vehicle parameters for the simplified single track
vehicle model (1), and the parameters from the Pacejka tire
model (B, C, D and FE) (2) are presented in Table I. Their
numerical values have been identified from the CarSim D-
Class vehicle model equipped with 225/65R17 front and rear
tires.

The Pacejka tire model is depicted by the solid line of the
left plot in Fig. 2.

The simple nonlinear model (1) shows, as well known in
literature (see for example [15]), a limited stability region
containing two unstable equilibrium points and a stable one
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Fig. 1. Single track vehicle model
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Fig. 2. Pacejka model for CarSim D-Class vehicle model equipped with
225/65R17 front and rear tires (solid line) and PWA approximations (dashed
line)

TABLE I
VEHICLE PARAMETERS FOR THE LINEAR MODEL (5):

m 2023 [kg] || J 6286 [kg m?]
ly 126 [m] || Ir 1.90 [m]
a 1.5 [m] || Is 6 [m]
By, | 114592 Ctr 1.4
Dy 6628 D, 4557
Ey 0.5 E, 0.7

(bifurcation analysis). which also depends on the driver
steering wheel angle, The causes of the instability, which also
depends on the driver steering angle, are due to the nonlinear
tire behavior of the tire-road forces which are taken into
account in the design of the lane keeping controller by the
piecewise affine (PWA) model described in the next section.

III. PIECEWISE AFFINE VEHICLE MODEL

In order to approximate system (1) by a PWA system, the
lateral tire forces domain, which are function of oy and o,
can be partitioned in polyhedral sets, which are indicated by
the index ¢, and for each of them an affine system is used to
describe the corresponding linearized dynamics.

Considering that the front and rear tire forces described

by (2) are approximated by the following PWA functions:
fsplag) = epi+dyiay
fsr (ar) = e+ driar

where dy;, d, ey; and e,; depend on the front and rear tire
forces for each region (7).

System (1) is linearized around uniform rectilinear motion
(constant v, = v, r = 0, vy = 0, §y = 0) taking into account
the PWA functions (4) adopted to approximate the nonlinear
tire forces. The vehicle dynamics can be represented by the
PWA system:

“)

il = Afzx? + Bdu + o, 5)

and the corresponding dynamics are:

dgitdr; dgils—dpily
d -2 f;rJLrv —-1-2 = 1fnv2
A¢ = (6)
g o drilr—dysly _2df1:lfc+dnli ’
J Jv

2dyg; 2€fi+eri
B;i _ [ muv 1 7 a,ij _ [ muv 1 . (7)
J

M 28 rily—erily
where the control input is the front wheel steering angle
u = 07, while the vehicle sideslip angle S (which replaces v,
since v, = vsin ) and the yaw rate r are the state variables
zd =[3,r]T.

The partitions, indicated in the left subplot of Fig. 2 by
the values of front (rear) sideslip angle a;i.ﬁ(r) (only front tire
is depicted for sake of clarity), must be chosen adequately
in order to take into account the linear and the nonlinear tire
behavior of the tire forces.

Usually the partitions of PWA systems are expressed in
terms of the state-space variables, therefore in [5] and [4]
system (5) is rewritten in terms of ay and «,. However,
these variables are not measurable and for that estimation
algorithms and expensive optical sensors are required.

In order to circumvent this drawback, the procedure pro-
posed in [3] is employed in this work to parametrize the
vehicles dynamics, so that the partitions of the PWA system
are defined only in terms of the vehicle yaw rate, which is
available for measurement at low cost. The parametrization
is obtained from a steady-state analysis in which (1) is solved
for different values of steering angles, and the steady-state
values of v, and r are used in equations (3) to compute the
front (rear) wheel sideslip angle, oy () in steady-state tire
behavior.

Values of yaw rate at steady-state, which yields the wheel
sideslip angle corresponding to the partitioning of the tire
force domain (represented by % in the right plot of Fig. 2),
can be used to define the partitions of the PWA system (5) in
term of state-space variables. These parametrized partitions,
represented by the two hyperplanes at » = —r* and r =
r*, define the operating regions denoted by X;, with ¢ =
{1,2, 3} of the PWA system (5), as shown in Fig.2.

For the region that includes the origin (denoted by i =
1), the commonly used linear tire forces approximation is
obtained by setting ;1 =0, ¢,1 = 0,ds1 = ¢y and d,1 = ¢,



where ¢y and ¢, are related to the parameters in the Pacejka’s
formula as follows:

Cf = BfOfo, Cp = BTCTDT. (8)

Even though the approximation of the tire force (and
corresponding yaw rate parametrization) can be refined, it is
shown in the simulation section that improved performance
can be obtained by using this partitioning.

A. Additional Dynamics for Lane Keeping

For lane keeping purposes, the model (5) has to be
expanded with the dynamics of the relative yaw angle and
the lateral displacement with respect to the lane centerline.
These measurements are provided by a video sensor. Let
¥ = ¢ — 1 be the yaw angle error which is the angle
between the vehicle longitudinal axis and the tangent to
the road. The road reference curvature p,.; is defined by
(s = vprey), and the following equality can be derived:

VL =1 — Vprey. )

Denoting by I, the look-ahead distance, the equation
giving the evolution of the measurement of the lateral offset
yr, from the centerline at sensor location is obtained by

yr = v(B + L) + lsr.

Equations (9) and (10) are included in system (5) and the
PWA system describing the vehicle dynamics and positioning
is described by:

(10)

i = APaP + BPu+ BPp,es + b (1)
where 2P = [3, 7,7, yr]? and
A¢ 02y
AP = 01 0 0],
v lg v O
BP = [(BdT 0o 0], (12)
B2 = [0 —v O]
2= [ o o)

The controller to ensure zero lateral offset for model (11),
despite the road curvature is presented in the sequel.

IV. CONTROL STRATEGY

In order to steer the vehicle to a zero lateral-offset con-
dition, it is necessary to model the dynamics of the road
curvature p,..y considering it as a disturbance on the lateral-
offset. According to [18], the road curvature can be modeled
as straight, circular and clothoid sections. Clothoids ensure
a smooth transition between different road curvature values
(e.g. straight to circular roads) and they may cover large
distances on the road. For a vehicle traveling at a constant
speed, the road curvature is constant in circular sections,
therefore an integral term (denoted ;) is needed to reject
this disturbance. In section represented by a clothoid, p.
is considered as increasing linearly with respect to time (as

YL
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Fig. 3. Piecewise linear control schema.

a ramp function), thus an additional integral term (denoted
I5;) is required to obtain zero lateral-offset. The dynamics
due to the integral terms and an additional derivative term
(denoted D;) are defined as follows:

dl = YL,
G = i, (13)
d3 = —laz+uyr,
where 7 is the filter time constant. Defining:
Yyra = —Zosz+lyr, (14)

the PI1D; regulator becomes:

t v

0 = —PFyr — Ly fot yrdv — I [ [yrdndv — Diyrq
00

= —PFyr— I — Iyjao — Diyrg, fori=1,2,3.

(15)

Replacing (15) in (11), considering that u = ¢, and

including the dynamics (13) the closed loop PWA system
becomes:

T = Aix + Bypres + a; (16)

where z = [ﬂara vayLaalaonO@]T and

a9 —byik; —bily —buly byl
0 —bok; —boily; —boils; boiZ$
L_lo1 o o 0 0 0
‘ v o ly w 0 0 0 0 ’
0 0 O 1 0 0 0
0 0 O 0 1 0 0
L0 0 0 1 0 0 -1 ]
B,=[(Bn)T 0 0 0],
a;i=[@)™ 0 0 o,
(17)
where b1; = 2m—v, bo; = 2df;lf nd k; = (P, + DT)

Fig. 3 shows the schema for the PWL control structure.
The Simulink Response Optimization toolbox was used to
tune the design parameters through numerical optimization;



the design requirements are expressed in terms of rise time,
settling time and overshoot. The gains from each PIID; are
obtained from a Sequential Quadratic Programming method
as described in [8]. They are computed such that each
subsystem is stable, however the stability of the whole
systems considering the switches between each subsystem is
done by means of the PWA systems theory ([10] and [11]),
as described in the next section.

V. STABILITY OF PIID; CONTROLLER

The proof of stability is based on the search of a con-
tinuous piecewise quadratic Lyapunov function by means
of a convex optimization problem in terms of linear matrix
inequalities (LMI). As described in [10], for the convenient
treatment of the affine terms, the extended state vector T is
defined as:

=1z 1. (18)

Similarly, a bar over a matrix indicates that it has been
modified to be compatible with the extended state vector.
Therefore the system (16) becomes:

T = Aii'"i_-épprefv (19)
in which
1T Az a; oo Bp
=l v wm[ %]

A. Piecewise Quadratic Lyapunov Functions

(20)

A compact matrix parametrization of continuous piecewise
quadratic functions on polyhedral partitions, named Continu-
ity matrices, F; = [F;  fi], is defined in [11] as:

Fz(t) = F;z(t) for z(t) e X;NX;,
in which X; and X are two neighbor regions of the state
space.

Then the format of the continuous piecewise quadratic
Lyapunov function candidate becomes:

V(z) =27 Pz, for x(t) € X;

2L

(22)

where P; = FI'TF;, and T is a symmetric matrix.

In order to express the restriction that z € X; via a linear
form in z, as required in the computations, Cell Bounding
matrices, E; = [E; e;], are defined in [11], as follows:

Ez>0 if z(t)eX; (23)

The stability of the PWA model (16) can be proved using
the theorem proposed in [10], as follows:

Consider symmetric matrices T, U; and W; such that U,
and W; have non negative entries, while

P, =FI'TF;,, P;=F'TF;, (24)
satisfy:
AlTPi + P A + EZ-TUiEi <0 (25)
IDZ'—EZTWZ'Ei>O fOT"izl
ATR+I}2 71+ 7TUZ 71' <0
ALP + PA: + . 26)
P —-E W;E; >0 fori=2,3

then, every trajectory x(t) of the PWA model (16) with
pres = 0 tends to zero exponentially.

Solving the LMI problem ((25) and (26)) a piecewise
quadratic Lyapunov function (22) has been computed prov-
ing the stability of (16), which ensures that zero lateral offset
in steady state is obtained with the proposed PWL controller.

The performance of the lane keeping controller (15) is
evaluated by simulations on the Carsim environment, as
shown in the next section.

VI. SIMULATION RESULTS

Simulations have been carried out to validate the proposed
control system with respect to nonlinear combined lateral
and longitudinal tire forces and additional dynamics, such as
pitch, roll and driver dynamics, which were neglected at the
control design stage. The standard CarSim D-Class vehicle,
used to analyze the responses of the controlled vehicles, has a
nonlinear second order speed depending rack and pinion ratio
steering system; for the active steering a realistic actuator
with a bandwidth of 10Hz is considered (see [12]). The
simulations were performed at v = 30.6 [m/s].

The same vehicle in two different configurations has been
used in the simulations. The first configuration consisted of
the vehicle equipped with the designed controller in the linear
region only (equation (15) with ¢ = 1), named lin.-ctrl; The
second configuration consisted of the vehicle equipped with
the proposed PWL control strategy (PI1D;) (equation (15)
with ¢ = 1,2, 3), named PWL-ctrl. Two different scenarios
are presented in the sequel: response to sudden disturbances
as external lateral force and yaw moment, and response to
sudden direction changes (in dry and wet pavement).

A. Sudden Disturbances

To analyze the improved performance, the vehicle has been
subjected to a sudden disturbances on lateral force and yaw
moment as shown in the upper-left subplot of Fig. 4. The
disturbances are strong enough to make the vehicle lateral
dynamics enter the nonlinear region during the lane departure
avoidance maneuver, as it can be seen in the bottom-left
subplot of Fig. 5, showing the active regions of the PWL-
ctrl vehicle. It is important to note that the control input of
the PWL controller is reduced when the vehicle yaw rate
exits the linear region (i = 1), as shown in the bottom-
right subplot of Fig. 5. Consequently the tire sideslip angles,
depicted on the upper-right subplot of Fig. 5 do not increase
as much as for the vehicle lin.-ctrl. In the upper-left subplots
of Fig. 4 and Fig. 5 it is shown the vehicles trajectories and
the lateral-offset respectively, The reduction in about 50%
of the overshot in lateral-offset for the PWL-ctrl confirms its
improved performance for lane keeping purposes.

B. Sudden Change in Direction

Several maneuvers have been performed to analyze the
response of the lane keeping controller with respect to
change in directions. The results presented correspond to
a demanding lane change maneuver, in which the vehicles
reach a lateral acceleration of 8.9 [m/s?], in two different
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road adherence conditions, while no external disturbances
are applied.

Considering firstly good adherence conditions, charac-
terized by the road adhesion coefficient (u = 1), the
enhanced performance of the proposed control strategy for
lake keeping is clear when compared to the response of /in.-
ctrl, for the maneuver shown in the upper-left subplot of
Fig. 6. Analyzing Fig 7, it can be seen that by the switch
of PWL-ctrl between the regions ¢ = 1,2, in the bottom-
left subplot, the control action depicted on the bottom-right,
is reduced when the vehicle yaw rate reaches the partition
limits. Consequently the vehicle remains in a controllable
condition avoiding the saturation of tire forces which can be
seen by the smaller values of front wheel sideslip angle in the
upper-right subplot. Moreover the lateral-offset is steered to
zero faster than for the lin.-ctrl vehicle. The vehicle lateral

Fig. 7. Response to a lane change on vehicles lin.-ctrl (dashed line) and
PWL-ctrl (continuous line) at v = 30.6 [m/s] on dry road.

dynamics (vehicle sideslip angle and yaw rate) are shown
in the bottom subplots of Fig. 6. In order to evaluate
the robustness with respect to different road adherence
coefficients, the same maneuver has been performed for a
deteriorated road adherence (u = 0.7), corresponding to
wet pavement. The results are shown in Fig. 8 and 9. Even
though the lateral-offset reaches more significant values, as
the maneuver is very demanding, it can be seen that, also
in this case, the proposed PWL controller performance is
improved with respect to the lin.-ctrl, which is not able to
follow the maneuver.

VII. CONCLUSIONS

In this paper it has been shown that a lane keeping
steering control can be designed taking into account the
nonlinear behavior of the tire forces. The vehicle dynamics
has been parametrized with respect to the measurable yaw
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rate, considering the steady state behavior of the vehicle.
This parametrization avoids the use of the tire sideslip angles
which are not directly measurable, requiring estimation algo-
rithms or high cost optical sensors. The use of the proposed
PIID; controller, with gains depending on the parametrized
vehicle dynamics, is able to track the lane despite affine
disturbances and parameters uncertainties. The stability of
the controlled system is proved by the quadratic piecewise
Lyapunov function, computed from a LMI problem. Sim-
ulation results including disturbances rejections and step
references, carried out on a standard CarSim D-Class vehicle
model, were presented to show the system enhanced per-
formance and robustness. The simulations also confirm that
the proposed PWL control, can greatly improve the vehicle
stability and is advantageous in very demanding maneuvers,
when compared to the linear controller, consisting in the use
of the single controller as designed for the linear region only.

Moreover, the simulations showed that the switching between
the PWL controllers based on a yaw rate threshold value is
satisfactory and that it is able to enhance the performance,
avoiding refinements of the proposed partitioning. Since
this controller was designed for a constant speed, a gain
scheduling scheme should be proposed in order to allow
larger longitudinal speed variations. Among future work, it
is also envisaged to implement the system on a prototype
vehicle for perform practical evaluation.
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