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Olivier Dudas*'

December 21, 2011

Abstract

We study the quotient of parabolic Deligne-Lusztig varieties by a finite
unipotent group UF where U is the unipotent radical of a rational parabolic
subgroup P = LU. We show that in some particular cases the cohomology
of this quotient can be expressed in terms of "smaller" parabolic Deligne-
Lusztig varieties associated to the Levi subgroup L.

Introduction

The very first approach to the representation theory of finite reductive groups
is the construction of representations via Harish-Chandra (or parabolic) induc-
tion. If G is a connected reductive group over F = Fp with an F,-structure asso-
ciated to a Frobenius endomorphism F : G — G, and P is an F'-stable parabolic
subgroup with an F-stable Levi complement L, one can define, over any ring A,
the following functors

RE’ : ALF -mod — AG¥-mod
and *RE’ : AGF-mod — ALF-mod
called Harish-Chandra induction and restriction functors. One of the main fea-
ture of these functors is that they satisfy the so-called Mackey formula: if Q is
another F-stable parabolic subgroup with F'-stable Levi complement M then
* L *p*M
RyoRE = Y Rpmo Rpfayoads

where x runs over a explicit finite set associated to L and M. In addition to
being a powerful tool for studying an induced representation, this formula is
also essential for proving that the Harish-Chandra functors depend on L only
and not on the choice of P.

It turns out that not all the representations of G can be obtained by Harish-
Chandra induction (already for G = SLgo(F), many representations are cuspidal).

*Oxford Mathematical Institute.
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To resolve this problem Deligne and Lusztig defined in [6] a generalised induc-
tion in the case where P is no longer F-stable but L still is. They constructed
morphisms between the Grothendieck groups

RE : Ko(ALF -mod) — Ko(AGF-mod)
and *RE : Ko(AGF-mod) — Ko(AL-mod)

still satisfying the Mackey formula. These morphisms come from a virtual char-
acter given by the /-adic cohomology of a quasi-projective variety XL,p, the
parabolic Deligne-Lusztig variety associated to (L,P). Here, A is a finite ex-
tension of Qg, Z, or Fy.

When A is a finite extension of Q, the category AGF-mod is semisimple, and
its Grothendieck group encodes most of the information. However, in the modu-
lar framework, that is when A = Z, or [, the Deligne-Lusztig induction and re-
striction morphisms give only partial information on the category of modules. To
obtain homological properties, one needs to consider the complex RI'.(X, A) rep-
resenting the cohomology of the variety in the derived category D?(AGF -mod).
Using this point of view, Bonnafé and Rouquier defined in [1] triangulated func-
tors

RE , : D°(ALF-mod) — D®(AG-mod)

and *RE_p : DP(AGF-mod) — D°(AL"-mod).

Unlike the previous functors, these are not expected to satisfy a naive Mackey
formula as they highly depend on the choice of P. However, there is a good evi-
dence that the composition *RﬁCQORECP should be somehow related to functors
associated to smaller Levi subgroups. The purpose of this paper is to investi-
gate the case where Q is F-stable. If U denotes its unipotent radical, then the

composition *RﬁCQ o Rch is induced by the cohomology of the quotient variety
U\Xpp.

In the original paper of Deligne and Lusztig [6], the Levi subgroup L is a
torus and Xy, p corresponds to some element w of the Weyl group W of G. The
motivating example is when (L, P) represents a Coxeter torus, that is when w is
a Coxeter element of W. In that case, the variety Xp, p = XL,p/LF is contained in
the maximal Schubert cell and its quotient by U has been computed by Lusztig

in [13]. In the case where A = Q, it is given by the following quasi-isomorphism
of M -modules:

RI(UP\XLp,Q;) = R .(XL~mprm, Q) ® RT(F)Y, Q)

where d is the semisimple [ -index of M in G. Surprisingly, this isomorphism
does not come from a M -equivariant isomorphism of varieties, and we will see
that it is more natural to study the quotient of Xy, p instead of Xp, p.

In general, the variety Xy, p is not contained in only one Schubert cell. The
strategy towards the determination of the cohomology of UF \XL,p will consist in
the following steps:
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* decompose the variety )~(L,p into pieces X, coming from the decomposition
of G/P into Q-orbits (see Section 2);

* in some well-identified cases, express the cohomology of U”\X, in terms of
parabolic Deligne-Lusztig varieties associated to Levi subgroups of M (see
Section 3).

The second step is undoubtedly the most difficult. We are able to provide a sat-
isfactory solution to this problem in presumably very specific situations, namely
when the pair (LN*M,Pn*M) is close to (L, P) (see Theorem 3.11 for more de-
tails). However, it turns out that our main result is general enough to cover most
of the Deligne-Lusztig varieties associated to unipotent ®;-blocks with cyclic
defect group. This should give many new results on the geometric version of
Broué’s abelian defect conjecture. To illustrate this phenomenon, we compute in
Section 3.3 the principal part of the cohomology of the parabolic variety associ-
ated to the principal ®9,,_s-block for a group of type B,, as well as its Alvis-Curtis
dual. In subsequence papers this baby example will be supplemented by the fol-
lowing more involved results:

¢ for exceptional groups, the determination of the cohomology of varieties
associated to principal ®4-blocks when d is the largest regular number
besides the Coxeter number. This should be enriched with predictions for
the corresponding Brauer trees;

¢ for groups of type A,, the determination of the cohomology of varieties
associated to any unipotent block from the knowledge of the cohomology of
the variety X(wg).

1 Parabolic Deligne-Lusztig varieties

Let G be a connected reductive algebraic group, together with an isogeny F,
some power of which is a Frobenius endomorphism. In other words, there exists
a positive integer § such that F° defines a split Fo-structure on G for a certain
power ¢° of the characteristic p (note that ¢ might not be an integer). For all
F-stable algebraic subgroup H of G, we will denote by H the finite group of fixed
points HF .

We fix a Borel subgroup B containing a maximal torus T of G such that
both B and T are F-stable. They define a root sytem ® with basis A, and a set
of positive (resp. negative) roots ®* (resp. ®~). Note that the corresponding
Weyl group W is endowed with an action of F', compatible with the isomorphism
W = Ng(T)/T. The set of simple reflections will be denoted by S. We shall also
consider representatives {w |w € W} of W in Ng(T) compatible with the action of
F (this is possible by [9, Proposition 8.21]).

To any subset I S one can associate a standard parabolic subgroup P; con-
taining B and a standard Levi subgroup L; containing T. If U; denotes the
unipotent radical of P;, the parabolic subgroup can be written as P; = L;Uj.
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Let U (resp. U™) be the unipotent radical of B (resp. the opposite Borel sub-
group B7). Each root a defines a one-parameter subgroup U,, and we will
denote by u, : F — U, an isomorphism of algebraic group. In order to sim-
plify the calculations, we shall choose these isomorphisms so that u,(1)s, =
U_ag A HaY(Wuga(-171). Note that the groups U, might not be F-stable in gen-
eral even though the groups U and U™ are.

Finally, we denote by By, (resp By) the Artin-Tits monoid (resp. Artin-Tits
group) of W, and by S = {s,|a € A} its generating set. The reduced elements of
B‘J;V form a set W which is in bijection with W via the canonical projection By —»
W. We shall also consider the semi-direct product By x (F') where F -b = Fp.F.

Let I be a subset of S and denote by B the submonoid of By, generated by
I. Following [9], we will denote by 12 Fy any pair (I,b) with b € By, satisfying
the following properties:

* any left divisor of b in By is trivial;

e PFT_1 thatis every s €I satisfies b 1sb e FL
Digne and Michel have constructed in [9] a parabolic Deligne-Lusztig variety
X(I,bF) associated to any such pair. Note that when b = w € W and if w de-
notes its image by the canonical projection By — W, the previous conditions are

equivalent to w being I-reduced and “FI = I. In that case, the variety X(I, wF)
can be written

X(I,wF)={geG|g 1 ge PiwfP;}/Py.

As in the case of tori, we can construct a Galois covering of X(I,wF'). It is well-
defined up to a choice of a representative n of w in Ng(T):

X(I,nF)={geGlg ' FgeUntfu;}/U;.

The natural projection G/U; — G/P; makes X(I ,nF)a L?F -torsor over X(I,wkF).
By using an F'-stable Tits homomorphism ¢ : By — Ng(T) extending w € W —
w, Digne and Michel have generalised in [9] this construction to any element

I-2FL The corresponding variety will be denoted by X(I,bF). It is a Lﬁ(b)F -
torsor over X(I,bF'). When b = w € W we shall simply denote ¢(w) by .

Remark 1.1. When I is empty, we obtain the usual Deligne-Lusztig varieties
X(bF) and X(bF') associated to any element b of the Braid monoid (as defined in
[3] or [1D).

2 Decomposing the quotient of X(/,wF')

Let (I,w) be a pair consisting of an element w of W and a subset I of S such
that w is I-reduced and “¥I = 1. Let J be another subset of S. If J is F-stable,
then so is the corresponding standard parabolic subgroup P and its unipotent
radical U;. In this section we are interested in describing the quotient of the
parabolic Deligne-Lusztig variety
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X(I,wF) ={geGlg ¥ ge PwfP;} /P,

by the finite unipotent group U,;. Our main goal is to express this quotient (or at
least its cohomology) in terms of "smaller parabolic varieties" associated to the
Levi subgroup L.

Throughout this paper, A will be any extension of the ring Z, of /-adic inte-
gers. We shall always assume that ¢ is different from p, so that by cohomology
over A we mean the extension of the étale cohomology of quasi-projective vari-
eties with coefficients in Z,. The properties of RI'.(—,A) that we will use are
either classical or can be found in [14].

2.1 A general method

Recall that the partial flag variety G/P; admits a decomposition into P-
orbits G/P; = [[PsxP; where x runs over any set of representatives of W \W/Wj.
The restriction of this decomposition to X(I,wF') can be written as

X(LwF)= || {pxPrePsxPy/Prlp fpex®PrwfPpfxt}. (2.1
xe[Ws\W/W;]

We will denote by X, = X(I,wF)NPjxP; a piece of this decomposition. It is a
locally closed P.j-subvariety of X(I,wF'). Now, each of these pieces can be lifted
up to P;. More precisely, if we define the variety

Ze ={pePy|pFpex®PrfPpFx1}

then the canonical projection G — G/P; induces a fibration Z, — X, with fiber
isomorphic to P;Nn*P;. Now if we assume that x is J-reduced-I, the intersection
Ps;n*P; can be decomposed as P;n*P; = (Ljsn*Pr)-(U;n*U). Furthermore,
L. n*P; is a standard parabolic subgroup of L (it contains L; nB) and hence
it can be written L;NnPg_ with K, = J N*®;. The cohomology of X, is thus given
by

RI'.(Xy,A) =RI'(Z,/LjNnPg, ,N[2dimU,; n*U]. (2.2)

The advantage of this description is that the quotient of the variety Z, by U, is
easier to compute. If we decompose p € Py as p = ul € UjL; then the quotient
variety can be written (see for example [11, Proposition 1.3])

UNZye = {(@,D) € [Prw P T x )P,y | x Ly | ns(p) = 17171}

where n; : P; — L is the canonical projection.

Our aim is to relate this variety to "smaller" parabolic Deligne-Lusztig vari-
eties. For that purpose, we need to identify the double cosets in which {71 lies,
which amounts to decomposing the intersection (xP;wfP;Fx 1) NP as well as
its image under 77. Let v € W, be a K,-reduced-F K, element. We can decompose
the double coset PvaF Px_ as follows:

Px vfPx, = LsnPk,)Usj0LsnTPg).
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Since LyNPg, = L;sn*Py is a subgroup of “Py, the intersection «PrwfP;Fx )N
(PvaFPKx) is non-empty if and only if «PrwfPFx1v=1)N Uy is. In this case,
the projection 7; : Py — L induces a fibration «PrwfP; Fx_l)ﬂ(PvaFPKx) —
(Ls nPg,)v(Lyn FPg, ) with fiber isomorphic to (xP;wfP;Fx~1v1)nU,;. If we
define Z; to be the variety

2% ={(p,D) e [«PrwFPFx ) nPr vFPk)| xLy|ns(p)=1"1F1}

then we obtain a decomposition of U j\Z, into locally closed subvarieties together
with L j-equivariant maps

70— {leLs Il FleL;nPg o (L NPk, )} (2.3)
with fibers isomorphic to «PrwfPFx v 1H)nU,.

Remark 2.4. In the case where "Y' K, = K, the quotient by Ly n Px,_ of the va-
riety on the right-hand side of 2.3 can be identified with the parabolic Deligne-
Lusztig variety associated to K, . FK.. We shall, by convenient abuse of nota-
tion, denote it by Xp,,(K,,vF') even when vF does not normalise K.

Finally, we set 3% = Z%/LjNPgk,_ . The right action of U;n*U on Z, induces an
action by F-conjugation on 3% and let X% = 3%/U s Nn*Uy be the quotient (equiva-
lently, it is the image of Z%, by the morphism U \Z, — Us\X,). At this point we
have obtained

* A decomposition of U;\X(I,wF) into some locally closed L j-varieties X}.

* A quasi-isomorphism RI'.(X%,A) = RI'.(3%, A)[2dim U, Nn*U] (obtained as
in 2.2).

* A Lj-equivariant morphism 3% — Xp,,(K,,vF) with fiber isomorphic to
@PrwfPFx v HnU;.
Therefore, if we want to express the cohomology of Uj\X(I,wF) in terms of the
different varieties Xz, ;(K,,vF) that can appear we need to refine the description
of the latter morphism. This will be done in Section 2.3 after discussing the case
of parabolic varieties associated to elements of the Braid monoid.

Remark 2.5. When "YK, = K., we can actually be more precise: {"1¥] can be
written uniquely as 11071y with 11 € (Ly NnUg, )N vF(L;n UI_{x) and /g e LynPgk,.
Then for z € xP;wfPrFx v 1) nU; we have (11z0F1s,1) € Z% and all the ele-
ments are obtained that way. In other words, we have the following isomorphism
of varieties

70 = [«PrwfPFx o ) nUy] x {le Ly 117 Fl e Ly n Pk vf Ly nPg,)}.

Through this isomorphism the group L (resp. Ly NPk, ) acts on [ € L; by left
(resp. right) multiplication. However, it is more difficult to describe the action
of LynPgk,_on «PrwfP;Fx v 1nU,. In particular, 3% is in general not iso-
morphic to [(xPIwFPIFx_lv_l) ﬂUJ] x X, (K, vF). We shall nevertheless give
many examples where the cohomology of these two varieties coincide.
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2.2 Elements of the Braid monoid

By [9, Section 6] any element I P F[canbe decomposed as I =I; —5 Iy —>...
. 1,,1 =FI where w; € W. Using this property one can easily generalize the
previous constructions to X(I,bF): to each tuple x = (x1,...,x,) with x; a J-
reduced-I; element of W one can associate varieties Xy and Zx such that

p pl+1 EszI w; Pr

= (p].""’p )E(PJ)r _ i+1 l+1
X { r PrleleerIrwrFPh xll

and RTo(Xy, A) = RT(Zy/ T[Ly NPk, ,A) 22 dim Uy n*U]
with Ky, = J n %y,

By lookmg at the intersections of x;Pr,w; Py, x; +1 with double cosets of the
form PKxi v,PKxi+1 one can decompose U\Zx into locally closed subvarieties Z3
together with L j-equivariant maps

l._ll' € LJI"‘IPKx, U; LJI"‘IPKx,
z;-»{(ll,...,zr)e(LJ)r i lisel Juil ”1)} (2.6)

l;lFll € (LJ ﬂPer) er(LJ ﬂPle)

with fibers isomorphic to

-1
UJ N (er] wrFP11 xl r ) H UJI"I (le] wlPIz+1 l+1U 1)
=1
In the case where “K,, , = K,, and "FK,, = K, , the quotient by [JL; N Pg,.
of the variety on the right-hand side of 2.6 can be identified with the parabolic
Deligne-Lusztig variety Xy, ,(Ky,,v1---v,.F).

2.3 A further decomposition

We now study the intersection «P;wfP;Fx1v™1)nU; in order to obtain
information on the morphism 3% — X, (K,,vF) defined at the end of Section
2.1. This will be achieved using the Curtis-Deodhar decomposition.

Let x,w,w’ be elements of W, and fix a reduced expression w =s1---s, of w.
Recall that a subexpression of w (with respect to the decomposition w =s1---s;)
is an element of I' = {1,s1} x --- x {1,s,}. Such a subexpression y = (y1,...,Y,) is
said to be x-distinguished if y; = s; whenever xyj---y;i-18; > xy1:--Yi-1. The
main result in [7] and [5] gives a decomposition of the double Schubert cell
BwB N (B)*w'B c G/B in terms of certain x-distinguished subexpressions of w,
as well as an explicit parametrisation of each piece (see [12, Section 2.2] for more
details).

Theorem 2.7 (Deodhar, Curtis). Let w,w’,x be elements of the Weyl group and
w =81---8, be a reduced expression of w. There exists a decomposition of BwBnN
(B)*w'B into locally closed subvarieties
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BuwBNn(B)*w'B = H Qyw’B
yel'

w!

where y runs over the set T, of subexpression of w whose product is w'. Further-
more, the decomposition has the following properties:

(i) Each cell Qyw'B is stable by multiplication by UnU*;
(i) Q, cU* and the restriction of the map B* — (B)*w'B/B to Q, is injective;
(iii) Qy is non-empty if and only if v is x-distinguished,

(iv) If Qy is non-empty, then it is isomorphic to Ap, X (G,,))™ where

ny=#{i=1,...,rlxy1---vi-18; > xy1--Yi-1}

and my=#i=1,...,rly; =1}

Remark 2.8. For convenience, we will always denote by G, the spectrum of the
ring F[¢,¢ 1] although we will not necessarily use its group structure.

In order to use this result, we first write the fiber of 2.3 as
aPw P fx v HnUy; = aBWwBFx v H)nU;.

Let y € Wy, and let y be a x-distinguished subexpression of yw whose product
is w' = x 'vFv. Then the map (z,2) € Q, x U*n¥'U — zz'w’ € BwB n (U)*w’
is well-defined and it is injective by Theorem 2.7.(ii). By taking the union over

such subexpressions, we obtain the following decomposition

UnaBywBwFx) 1= || (*Q,)-(Un**U).
Yerx_lva
Note that we do not need to fix a reduced expression of y: indeed, since x is
reduced-I, the subexpression y will start with any reduced expression of y.

Furthermore, by Theorem 2.7.(i), each coset ny_lvF xB is stable by left-
multiplication by UnU*, and therefore all the varieties occurring in the previous
decomposition are stable by the left action of *“'UNU. Since x is J-reduced, they
are in particular stable by the action of Ly nU. Taking the image by the projec-
tion @y : U — U, associated to the decomposition U =(UnNL;)U; we obtain

UsnaBywBw )™ = || as(°Q,-Un* ) = || Y,.  ©29)

Yerxflva Yerxflva

In many interesting examples, the intersection (xP;wfP;Fx 1v™1)nU,; will al-
ways consist of at most one cell Y, which will be isomorphic to (G,,)" x A, for
some integers r,s. Note that in this case, the cell is automatically stable by the
action of (Ly NPk, )N vF(L;n Px_) by conjugation. If in addition one can find
an equivariant embedding Y, < A, then the cohomology of U \X, can be ob-
tained by shifts of the cohomology of Xy, ;(K,,vF). We shall not make this claim
more precise as we will encounter only the cases where r =0 or 1.
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Remark 2.10. The decomposition 2.9 gives a combinatorial test for the emp-
tyness of a piece X,: it is non-empty if and only if there exist y € W; and an
x-distinguished subexpression y of yw such that the product of the elements of
y lies in x 1W;Fx.

2.4 Examples

In this section we give examples for which the previous method is effective.
Some of them will nevertherless suggest that one should rather work with the
variety X(I,wF') instead of X(I,wF).

2.4.1. Fibers are affine spaces. Let JJ be an F'-stable subset of S. Assume that
there exists a J-reduced-I element x such that xw Fx~1 € W; and let v be the
corresponding Wk _-reduced element. Then we have Uj\Z, = Z] and the map

35— Xy, (K, vF)

has affine fibers. In particular, the cohomology of the varieties U;\X, and
XL, (K,,vF) differ only by a shift.

Let v’ € W;. We start by showing that the intersection xP;wP;Fx 1 nU v’
is empty if v’ and v are not in the same Wg_ -coset of W,;. Since wF normalises
I, the element xw ¥ x 1 F normalises Wx, and so does vF. Thus we can write

*PrwfPFx 10U 0 = xBwfWiBFx 1 nU v = CBf xFWBFx1nU 0 .

By multiplying by ¥xB, we observe that if this set is non-empty, then one of the
following double Bruhat cells

CBWwIxFW;BnBv' FxB

is also non-empty. By Theorem 2.7, this means that there exists an x~!-distin-
guished subexpression y of v’ ¥ x such that the product of the elements of y lies in
the coset v¥xFW;. Since x! is reduced-<J, this subexpression has to start with
a reduced decomposition of v’. The product of its elements is therefore of the
form v'Fx’ with x’ < x for the Bruhat order. But then v'Fx’ € vFx¥W; so that x’
is in the double coset WyxWj. This forces x = x’ since x is the minimal element
of this coset. Now, since Wi, = W,y n(W;)*, the condition v’ Fy e vFxFW; implies
v’ € ¥ Wg, which, with vF-normalising Wk, is equivalent to v’ € Wk, v.

Now, if we assume that v’ is K,-reduced, we must have v’ = v. In this
case, the intersection xP;wfP;Fx 1 nU v is just xBx lvFxBFx 1 n U v. The
Curtis-Deodhar cell 2, associated to the unique x-distinguished subexpression
of x 1v¥x giving x 1v¥x is contained in UnU*. Since the product xQ,,-(Uﬂ”FxU)
is stable by left multiplication by Un*U, we deduce that

xBx 1wFxBF x~1p-1 AU = (Un*U)-(Un* *U).

Finally, we can write Un ofay = UnLyn ”FxU) -(Uygn ”FxU) and use the fact
that UnLj; c Un*U to obtain

PrwFP Fx v AUy = (Usn*0)-(Uy 0P *0).
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This proves that the fibers of Uj\Z,/(Ls NPk, ) — X,,(K,,vF) are affine spaces
of same dimension.

Remark 2.11. Note that the previous statement remains true if we replace ¥ x

by x' with £(x') = ¢(x). More precisely, if I = I' and xwx'~! =v € Wy is such that
(K,)’ =K, then xP;jwPp x' 1v'"1 n Uy is empty unless v’ and v are in the same
Wk, -coset and in that case

*PrwPpx v 1nU; = (U;n*U)-(Uyn"*'0).

The condition ¢(x) = ¢(x') is essential, as several Wk, -cosets of W, might be in-
volved otherwise.

2.4.2. Coxeter elements for split groups. Let {¢1,...,¢,} be the set of simple
reflections associated to the basis A of the root system. Let w =t1---t, be a
Coxeter element. We claim that all the pieces of X(w) but one are empty: by
Remark 2.10 applied to J = &, the quotient U\X, is non-empty if and only if
there exists an x-distinguished subexpression of w whose product is trivial. But
the only subexpression of w whose product is trivial is (1,1,...,1), and it is x-
distinguished for x = w only.

Now let o/ be a subset of S and let x = w jwq be the element of minimal length
in Wywy. Let v € W be such that there exists an x-distinguished subexpression
of w whose product is v* € (W,;)%°. Denote by J = {t,,...,tj,} the conjugate of
J by wo. Then y; =t; forces ¢; € J; furthermore, since Y is x-distinguished then
y; = 1 forces ¢; ¢ J. We deduce that such a subexpression is unique and that
v="(tj,---t;,) is a Coxeter element of W,.

For this subexpression, the cell 2, is the ordered product of the groups U; =
Uyyy(—a;)(?) where ? =F is y; # 1 and ? = " otherwise. Note that when i < j,
and ¢; ¢ J, the groups U; and U, commute. Indeed, a positive combination of
yi--vil=a) =t -t (-a;) and y1---y;,(-az,) = ¢, ---tj, ,(ap) is never a root
since a positive combination of —a; € S\ J and ¢;,,,---t;, ,(ap) € CD} never is.
Furthermore, UNn"*U =L;NnUN"U and it is not difficult to show that this group
commutes with the groups *U; whenever ¢; ¢ J. As a consequence

Y, =o;(Q-Un"U) = [] wi).
tieS~J
We deduce that the morphism Uj\Z, = Uj\X(w) — Xp,,;(v) has fibers isomor-
phic to (G,,)!S'7!. In [13], Lusztig actually constructs an isomorphism between
U \X(w) and Xp,;(v) x (G,,)'SI71 but which is not compatible with the action of
L. However, he proves that the cohomology groups of these two varieties are
isomorphic as L -modules [13, Corollary 2.10].

2.4.3. n-th roots of & for groups of type A,. Assume that (G,F) is a split
group of type A,. We denote by ¢1,...,t, the simple reflections of W with the
convention that there exists an isomorphism W = &,,;1 sending the reflection ¢;
to the transposition (i,7 +1). Let J = {t1,...,t,-1} and w = t1tg - tp_1tntn—1 be
a n-regular element. The J-reduced elements are of the form x; = ¢,¢,-1...¢;
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fori=1,...,n+1. If i #1,n, then x; < x;t1 <x;t1t2 < --- < x;w and therefore the
only x;-distinguished subexpression of w is (¢1,%9,...,t,,t5—1). Since “w ¢ W,
we deduce from Remark 2.10 that the pieces X, are empty.

If i = n, then there are two x,-distinguished subexpressions of w, namely
(t1,t9,...,tn,tn—1) and (¢1,t9,...,t,,1). But only one will give an element of W,
since **(t1---t,) ¢ Wy whereas *»w = t1ty---t,_1. By the example 2.4.1, the coho-
mology of U\X, is then, up to shift, isomorphic to the cohomology of the Coxeter
variety Xy, (£1-+-2,-1).

If i =1 then x1 = wjwp. In that case there are many distinguished subex-
pressions of w. However, only one has a product in (W;)* = Wy, ;. Indeed,
that condition forces y; to be 1 and therefore y = (1,t9,...,t,,t,—1) is the only
x1-distinguished subexpression of w whose product lies in (W;)*. For that subex-
pression, the Curtis-Deodhar cell *(2,) is the product of u 4, +...+4,,(Gy,) With some
affine subspace of LyNU. Since a1 +---+ a, is the longest root, the group L;nU
acts trivially on Uy, 1.1, and we obtain Yy =t 4, +...4a,(Gr) =Gy

As in the Coxeter case, the varieties Uj\X,, and Xy, ,(t1t2--tp_2tp—1tpn—2) X
G, can be shown to have the same cohomology (see [8, Proposition 8.17]) but are
non-isomorphic as L j-varieties. However, there is a good evidence that such an
isomorphism should hold for some Galois coverings of X and G,,. We shall make
this statement precise in the next section (see Section 3.3 for an application to
this example).

3 Lifting the decomposition to X(I,uF)

Recall that one can associate to I—=FT a variety X(I,bF) together with a
Galois covering 7, : X(I,bF) — X(I,bF) with Galois group L;(b)F . Using this
map one can pullback the previous constructions. More precisely, one can define
the varieties Xy = T 1(Xy) in order to obtain a partition of X(I,bF) into locally
closed Py x Li(b)F -subvarieties. Furthermore, we can lift the definition of Zx by

considering the following cartesian diagram:
/L;(b)F

7y —> 74

t(b)F
/L 7

XX X, 3.1)

For example, when b = w € W, we can identify P;/U; with L; to construct Zx
explicitly by

Z = {(p m)e Py x*Lj | (pm) ¥ (pm)e x(UIwFUI)Fx—l}.
where the action of Ly n*P; is given by (p,m)-1 = (pl,1~'m) with the convention

that Lyn*Uy acts trivially on m. With this description, the map Z, — X, is then
given by (p,m) — pmxUj. Unlike the case of Xy, it is unclear whether there
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always exists a precise relation between quotients of Xy and smaller parabolic
Deligne-Lusztig varieties. We shall therefore restrict ourselves to the following
particular cases:

Case 1. Ifv = xw®x~1 lies in the parabolic subgroup W then, as in the example
2.4.1, the cohomology of U j\X, is related to the cohomology of X7, ,(K,0F).
In this situation~LlI){Ii ~(L;nN Lﬁ)wF is a split Levi subgroup of L?’F so that
one can modify Xy, ,(K,,0F) in order to obtain an action of L’I"F by Harish-
Chandra restriction.

Case 2. If w = sw’ and v = xw'Fx! lies in Wy, one can relate the varieties

UJ\Xx and X, ;(Kx,0F) (under some extra conditions on s and x). The
presence of s is reflected by a Galois covering of G, which explains the
geometry of the fiber in the examples 2.4.2 and 2.4.3. This covering car-
ries actions of L?’F and L}”’F giving rise to a natural isomorphism L}”F /N =

L}‘”F /N' as in [1] in the case of tori.

It turns out that this two rather specific cases are sufficient to study a large
number of interesting Deligne-Lusztig varieties, namely the ones that are asso-
ciated in [3] and [9] to principal ®;-blocks when 2d is strictly bigger than the
Coxeter number. We shall give some examples in the Appendix for exceptional
groups. The case of classical groups will be treated in a subsequent paper.

3.1 Case 1 - Fibers are affine spaces

We start under the assumptions of the example 2.4.1. We assume that x and
w satisfy xw¥x~1 € W;. For simplicity, we shall also assume that this element is

Wk, -reduced, as it will always be the case in the examples.

Proposition 3.2. Assume that v = xwFxlisa Wk, -reduced element of W,;. Let

e =dim(U; Nn*“UNU"). Then there exists a group isomorphism L?’F = (*Lp)’F
such that we have the following isomorphism in D°(AL j x (L?’F X (F'))-mod):

~ ~ L .
RT.(Us\Xs, A)[2e)(~e) = RTo(Xr,, (K, 0F), A) ® yp, ep, o ALET

Proof. Since v = xw¥x~!, one can use Lang’s Theorem to find an element n €

Ng(T) such that v = nwFn1. Then the conjugation by n induces an isomor-
phism L“’F ~ (*L)*¥. Moreover, the map (p,m) € Z, — (p,min"') induces an
1somorph1sm

Z. ={(p,m)e Py x*Lr|(pm) ¥ (pm) € n(Uso 7 U;) F 1}

so that we can work with n instead of x. We shall relate the cohomology of this
variety to the cohomology of Xy, (K, 0F). For that purpose, we shall construct a
morphism ¥ : Z, — X, (K, 0F) Xp <1, yF L which will factor through Z, —

Uj\Z,/L;N*P; and then study its fibers.
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Let (p,m) € Zy. Since p~1¥ p lies in xP;w P;Fx~1 one can proceed as in the
example 2.4.1 to show that it also lies in the double coset PvaF Pg_ . If we write
p =ul € UyLy, we deduce that 1] € (Ly n*P)v ¥ (Ls Nn*P;). Therefore, there
exists !’ € Lx = Ly Nn*L;, unique up to multiplication on the right by L’I"{F such
that (11111 € Ly n*UpnoF(Lsn*U;). As a consequence, any element of
Z/Lj n*P; can be written [p;m] where p = ul is such that [ yields an element
of iLI (K,,0F). For such a representative, we have

p 1 Fp =" Fu)I1F)) € (Ly n*U)) - Uy oF (Ly n*U)).
We can actually be more precise on the contribution of U in this decomposition.
Indeed, we have seen in the example 2.4.1 that *PrwfPFx v 1nU;=(UyN
*V)-(Ugn ”FxU) and hence

p 1 p e (Lyn*UpD-(Uysn*0)-(Uy 0 * U)o F (Ly n*U)).
Now, the condition (p,m) € Zx can be written p_le e mFm~1¢Upovf (*U;) and
we deduce that

m¥Fm=1 € *U;-(Uyn*U)-(Usn? *U)-v" = ;.
We want to show that m*"m~! € P;. For that purpose, we can decompose the
intersection U;n?" *U into (UJn”F"F L;n0)) (U;n*"*FU;) and we observe that
Usn o< (L; nU) c*U. Indeed, x 'vF(x) = w and by assumption wF stablizes
L;nU. We deduce that
m'Fm=1 e *U;-(U; n*0)-*" Uy,

Note that *U; - (U; n*U) is contained in *P;. In particular, the contribution
of v *F U; in the decomposition of m*"m™1 should also lie in *P;. Since wF

normalises L;, the intersection *" ** U; n*P; is contained in *U;. Finally, since
L; normalises U; we deduce that m**m~1 € Uy n*Ly;.

Therefore there exists u’' € Uy Nn*L;, unique up to multiplication by Uy n
(*Lp)F on the right, such that u/~1m € (*L;)’F. To summarize, we have shown
that to any pair (p,m) € Z, one can associate a pair (p’,m’) such that

* (p,m) and (p’,m’) are in the same P Nn*Lj-orbit, that is there exists g €

P n*L; such that p’ = pg and m' = ¢~ 1p;

e the image of p’ by the composition P; — P;/U; =~ L; — Lj/(Ljn*Uy)

lies in Xy, ,(K,0F);

* m' €*L; is invariant by vF.

Moreover, if (p”,m") is any other pair satisfying the same conditions, then there
exists ¢’ € Py n (LT such that (p”,m") = (p'q’,q'"'m’) which means that
(p',m) is well defined in Py xp_~up,or ("Ly)’F. Let us define now the morphism
VY by

¥ : (p,m) € Zy — [m7(p" )Ly n*Up);m'| € X(K,0F) xp, ngep,yr CLy)T

where the action of P N (*L;)*F on )~(L ;(Kx,0F) is just the inflation of the action
of LE{I:: =Ly n(*Ly)°F. Tt is clearly surjective and equivariant for the actions of
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P on the left and (*L;)*F on the right. Furthermore, if (p1,m1) and (p2,m9) are
in the same orbit under Lyn*Py, then (p),m)) and (p;, m;) are in the same orbit
under P;n*P;. Let ¢ € P;N*Pr be such that (p;,m,) = (p’lq,q_lm’l) and write
q=ulePy;n*Ur)-(P;n*Ly). Thenl = m’lm’z_1 € *Lp)F so that W(p1,m1) =
WY(p2,ms9). In other words, ¥ induces a morphism

Ze/Lyn*P; — Xy, (K,0F) xp,op,yor CLg)°F
which, in turn, yields a surjective equivariant morphism
Us\Zy /Ly n*Pp — X, (K,0F) xp, ey, yor CLg)F.

To conclude, it remains to study the fibers of this morphism. Since (*Lj)*¥
acts freely on both varieties, we can rather look at the fibers of the map induced
on the quotient varieties. Using the diagram 3.1, we can check that the latter
coincides with the map 3% = Uj\Z,/Ljn*P; — Xy, (K,,vF) which has affine
fibers of dimension r + dimU; Nn*U (see Example 2.4.1). O

3.2 Case 2 - Minimal degenerations

In this section we address the problem of computing the cohomology of the
piece Xx of X(I ,WwF) when xwfx7! is close to be an element of W;. Namely, we
shall consider the following situation: w = sw’ > w’ wherese€ S andv =xwfx1e
W,. Under some assumption on s and w’ we will prove that the cohomology of
Uj\X, and G,, x Xy,,(K,,vF) coincide. As we have seen in the examples, these
two varieties are non-isomorphic in general. However, at the level of the vari-
eties X we shall construct a Galois covering G,, — G,, and a quasi-vector bundle

UN\X; ~ X(K,0F) xp ey Gm

such that @m/L?’F =~ G,,. As a byproduct, we will relate the cohomology of U s \f(x
and G,, x X(K,,vF') with coefficients in any unipotent local system.

Throughout this section, we will assume that [G, G] is simply connected. This
is not a strong assumption since it has no effect on the unipotent part of the
cohomology of a Deligne-Lusztig variety (see for example [1, Section 5.3]).

3.2.1. Galois coverings of tori. Let 12 F I, decomposed as I =11 ~5 Ty 2 ...
2 1,,1 =FL Let us consider an element ¢ € B* obtained by minimal degenera-
tions of the wgs: we assume that ¢ = z; ---z, where z; = y;w; with y; e SU{1} and
l(y;w;) < ¢(w). We will also assume that each y; commutes with I; so that cF
normalises I. Following [1, Section 4], we set apc; = a if y; =sq or ape,; =0 if

Yi =1 and we define the following algebraic variety

7Y ®il) eImay . ifl<i<r-1

Sipe = {1, ) €Ly x---xLy, | ‘o0 be.i :
Lbe {(1 P €Ly xLy, P L) eTmay

Note that the assumption on y; ensures that the torus Im ag o is central in Ly,
and therefore Sy, ¢ is an algebraic group.
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Recall that Lé(C)F can be identified with L'°" where L = Ly, x---x Ly and
cF': (11, 1) — (*lg,...,*11,,%T1;). The condition 171 (%ili41) € Imay , is
equivalent to li_l(zil i+1) € Im “ﬁ,c,i so that we can replace w; by z; in the d;ei’ini-
tion of Syp c. In particular, the variety Sy, defines two Galois coverings of the
torus [[Im “l\;,c,i’ namely 7y : ] — [71PF'] and 7©: ] — ("F,l)l_l, with respective
Galois groups Li(b)F and Lé(C)F . We will denote by d = ¢(b)—¢(c) the dimension of
this torus. Note that the induced action of Li(b)F and Lé(C)F on Sy p ¢ is explicitely
given by

(m,m")-(Uy,...,1;) = (mlym/~t,(m¥P1) o (m/~ 1)1, ... (m@1@r-1) ], (m/~1)212-1)

t(b)F t(c)F
L L,

for me and m' €

Let Sy, . be the identity component of Sypc. Since Sgp,c =T NSyp,c is an d-
dimensional closed subvariety of Sy (it is also a Galois covering of [[Imay . )
it must contain the identity component Sy, . This forces the stabilizer N (resp.
N') of 87, . in Lg(b)F (resp. Lé(C)F ) to be contained in T. In particular, we can
readily extend the results in [1, Section 4.4.3] to obtain an explicit description
of N and N’ in terms of sublattices of Y (T). For example one can check that W;
acts trivially on these lattices so that N are N’ are normal subgroups of L;.

It turns out that the covering Sy ¢ will naturally appear in the quotient of
the parabolic Deligne-Lusztig varieties that we will consider. The action of L;(b)F
and LY yields canonical isomorphisms Li(b)F /N = L{F/N' = Stb,c/Sty, .- Let
us write Syp ¢ = Lﬁ(b)F XN Sy} .- The quotient of this variety by the action of N
(by left multiplication) is given by

N\Sipe = LIPF/N x ([[Im ay ;) = Sibe/Siy o x (MMImay ).

On this quotient, Li(b)F /N acts on the first factor only but the action of L;(C)F

is more complicated: an element m € Lé(C)F acts on [[Ima, . by mulitplication

by (m("tm™1),(m*1) " ((m=1)%1),...,(m?1#-1) 1" ((m~1)?1~#-1)). This action can be
extended to the connected group L;. Consequently, if the order of Lﬁ(C)F is invert-
ible in A, then the cohomology of N\Syp ¢ can be represented by a complex with
a trivial action of N’ and we have

L
RTc(N\SLp,e, A) = RIc(N\Stp,e/N', A) = ASpp,e/Sip, o ®ART((Gm)?, A)  (3.3)

in DY (AL!PF/N x LEOF/N'-mod).

3.2.2. The model w = sw’. We start with the case r =1, that is when b=weW.
Let x be a J-reduced-I element of W and s € S be such that w’ = sw < w and
v =xswfx"1 € Wy. Recall from the previous section that if s acts trivially on
®;, then there exists normal subgroups N of L’I‘"F and N’ of L’I‘",F together with
a canonical isomorphism L?’F /N = L?’,F /N'. Using these small finite groups one
can relate the cohomology of U,y \)~(x to the cohomology of )~(L (K, 0F):
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Proposition 3.4. Let w be an I-reduced element of W such that “F1 =1. Assume
that w can be decomposed into w = sw' such that

Q) v=aw'FxeW;and ¢(v) = ¢(w")
(i1) s €S acts trivially on @f
(iil) *(Wrs)nWy=1
Then there exists a group isomorphism L’I‘"F /N = L’I‘",F /N’ such that, if the order
of L?’,F is invertible in A, we have

~ =~ L ol
R (Us\X/N,A) = RT¢(Gp x Xy, (K, 0F), A) 8 pp,, e, yor ALEF/N'
in DY(AL j x (LYF/N x (F))-mod).

Proof. Letv =xw'¥*x~1 € W; and let n be a representative of x in Ng(T) such that
v =nw'Fx1. As is the proof of Proposition 3.2, we shall work with n instead of

% and identify the variety Z, with
{(p,m) ePy x*Ly | (pm) ¥ (pm)e n(UIwFUI)Fn_l}.

In order to compute the quotient by U, we need a precise condition on u €
U, [ € Ly and m for (ul,m) to belong to this variety. We start by proving the
following:

Lemma 3.5. Under the assumptions of Proposition 3.4, if (p,m) belongs to Z,
then m*Y*m=1 lies in P.

Proof of the Lemma. Since sw' is I-reduced, s ¢ I and Uys c Uy sUjs. Therefore
we can write

Ursw'FU; c U, sUw'FU;.
Note that this inclusion is actually an equality: indeed, w'~1(a;) € ®* since

sw' >w' and w' N a,) ¢ FCD; otherwise —a; = sw'(w' (a;)) would be in @7 by
assumption on sw’.

The double coset Ui’ FU; can also be simplified: for a € W we denote N(a) =
{a e Dt a1 (a) e D). If l(ab) = (a) + ¢(b) then N(ab) = N(a)llaN(b). Using
assumption (i) we can apply this to xw’ = vF x in order to obtain

xNw') = Nxw")\ N(x) = (N@)UvNFx)) < N(x).

Since v € W and x is J-reduced, the sets N(v) and N(x) are disjoint. Moreover,
N(x) and N(¥x) have the same number of elements and hence xN(w') = N(v).
This proves that Un w'y- =(UN*U Y c L. Since w'F (like wF by assumption
(i1)) normalises I we deduce that

Upw' U7 = U nL)w' " (U7 nL))- (U7 n(U7)) - (UrnT0)).  (3.6)

Now let p € P; be an element of mnUzsiw'FUF (mn)~L. There exists I, € U,,s
such that p € mnl; Uy W' FUF(mn)L. Since L; normalises U, we have pE€
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(m"Fm HnUw' FUFn~t. Now, by 3.6, the class nU;uw' U/ n! is con-
tained in P -P; and therefore m"/ SFmlePy -P;. We claim that this forces
ls ¢ Ts. Otherwise *(Lj;sLj) = *(L;s) would have a non-trivial intersection with
P, -P;, which is impossible by the Bruhat decomposition since *(W;s) and Wy
are disjoint.

Let Ts be the image of a;. By a simple calculation in Gs = (U, ,U_,,), we
deduce that [, e U_, T;U,,. Since s acts trivially on ®;, the group the group L;
normalises Uy, and Ts =Imay. Moreover, *U,, U and therefore mFm-1le
P;-P;. If we decompose Ly into (B;,B;)-orbits, we have, as x is reduced-I

Lpn®Py-P))= H xB;v’xB; =(L;nPy)-"L;nU)).
U’EWKx

F 1

We want to prove that the contribution of U on m®*'m™! is trivial. Write
mFm=1 = m'm” with m’' e *L;nP; and m" € *L; NU;. Using 3.6 and the fact
that I; € Uy, TsU_,,, we see that there exists I’ € (*U; NnL)oF U nLy) such
that p € ¥(U_g, Ts) m'm" Uya,yI'F (FUr NnU;)-(*UrnUy)). In this decomposition,
Y(U_y,Ts), m', I' and F(*UrnUy)) lie in P, whereas m”, Uy(q,) and *F (*U;nU,)
lie in U}. Since P;nUj is trivial, we deduce that m" € 'F (v NU;) Uy, Fi-
nally, since “UrnLy normalises “P;nU; and both m' and Uy(q,) are contained in
this group, we can conclude if we can show that *P;nU;)n vFryg;n U))c*Uy.

But *P; n?F (*U;) = *(P; nw,FUI) =*(Ug nw,FUI) since w'F normalises Lj. O

Lemma 3.7. Under the assumptions of Proposition 3.4, let m € *Ljand [ € *Un
L,)oF(*U;nLy). For u € Uy, the element ul lies in mnUrsw ¥ U (mn)~1 if and
only if there exist A€ F*, m1e*LinUy and ui € F@EU;nUy) such that

Fm=l=mq-"aY ()

* u=""y_qg (1) -mq Ly

.mv

Proof of the Lemma. We have already seen in the course of the proof of the pre-
vious lemma (see 3.6) that ul can be written ul = (""1)(m* " m=1)1'usu; with
ls € ug,(F)$, I' € CUrnLy)oF (U nLy), ug € U NU;) and uq € F(U N
U,y). By a simple calculation in G; = (U,,,U_,,) we can decompose /; into
Is=u_q,AM)ay(A Huy,(-1) where A € F* is uniquely determined (note that we
have chosen specific u,’s in Section 1). By the previous Lemma m* m™1 = m1m
with m; € *Lyn Uy and mg € *Ly NnLy. From the expression of ul/ we obtain

m7 " u_g (A ulugt = 0 (@Y (A Du g, (~)mal' T Vs,

Since Ly (resp. L;) normalises Uy (resp. Uy, and U_,,) and Uy_q,) < Uy, the
left hand-side of this equality lies in U; whereas the right-hand side lies in P7.
Therefore it must be trivial and we obtain

° u= m”u_as(/l)mllul;

. milm”(a;’(/l_l))mgl’l_l =1 and therefore ! =’ and mg = mflm”(a;’(/l)) =
"a)(A);
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o my'mnai(A7N(y, (—71)) M2y, = 1 and hence ug = l_lmflm”(uas(—/l))-

Conversaly, one can readily check that if these relations are satisfied then ul €
mnUrswf U ¥ (mn)~L. O

As a consequence of the lemmas, we can proceed as in the proof of Proposition
3.2 to show that any element of Z, is in the P, n*L;-orbit of a element (p,m) =
(ul,m) satisfying the following properties:

o [71F] e *U;nLy)vF(*U;nLy)
 m"Fmt="ay(Q)
o (@ Fu) = (" u_a,) (T Mua)

for some A € F* and u; € F(*U; nUy) both uniquely determined. Moreover, the
elements of this form in the class of (p,m) form a single (Ps Nn*L;)"F -orbit.

1-1F]

Recall from the previous section that to w and w’ one can associated an alge-
braic group Sty w above G,, defined by Sy w ={m € L] m 19y e T,}. Using
the special representatives of Z./P;N*L; mentioned above, we can define the
following map

¥ : [p;ml € Z/Pyn*L; — [L(Lyn*Up);m 1] € XKy, 0F) xp, nopor "Stw,w

where the action of Py N (*L;)*F on XL (K, 0F) is just the inflation of the action
of L%Ii =Ly n(*Ly)°F. Tt is clearly surjective and equivariant for the actions of

P and ”(L’I‘"F ). The quotient by U, (which acts trivially on X, (K, 0F)) gives
rise to a surjective L j x ”(L’I‘"F )-equivariant morphism

Us\Ze/Py 0 Ly — XKy, 0F) xp, a1y " Stww'- (3.8)

Furthermore, any element [Ujull’;m] in the fiber of [l (Ly Nn*U;);m 1] is uni-
quely determined by an element I’ € *U;nLy) and u ¥ u. Since the latter is
determined by u; € F*U;nUy), we deduce that the fibers are affine spaces of
dimension dim(*U;NP,y). By comparing the dimensions, we obtain the following
isomorphism in D?(L ;-mod-"(L¥F)):

~ ~ L
RT(U\Kx, A) = RT(X(Ky, 0F), A) ® s, <1,y RTe(* St wis A).

and we conclude using 3.3, which gives the cohomology of N\Syy y with the
action of L?’F /N and L?’,F /IN'. O

Remark 3.9. In many cases we will use this Lemma under the assumption that
either I = @ or x = wow,y. This extra condition makes the previous proof much
simpler.

Remark 3.10. When [G,G] is not simply connected, the coroot a; might not
be injective. In that case, the fibers of the morphism 3.8 are not necessarily
affine spaces. To obtain an analogous statement, we need to change slightly the
definition of Sy v and consider instead {(m,1) € Ly x Gy, Im ™19 m = a¥ (1)}
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3.2.3. The main result. More generally, one can combine Proposition 3.2 and
3.4 in order to obtain the following result for elements in the Braid monoid:

Theorem 3.11. Let ILFI decomposed as I = Ilﬂ Igﬂ---&lrﬂ =FI and

c = z1---Z, obtained by minimal degenrations of the w;’s. More precisely, we
assume that z; = y;w; with z; <w; and y; € SU{1}. Let x = (x1,...,x,) be a r-tuple
of J-reduced-I; elements of W of same length and set x,.1 =¥ x1. We assume that

-1

* if yi=1then v; =x;jw;x;

is a K, -reduced element of W;
* ify; €S then the following properties are satisfied:

(i) v;= xizix;}l e Wy and ¢(v;)=¥(z;)

(i1) v; acts trivially on @,

(iii) *(Wr,s)n Wy =1,

Let us denote by
* e=Y dim(U} n*UNU");
e d=#{i=1,...,r|ly; €S} =dimSyp¢;
. v:v1---vr€B‘“,LVJ;
® N (resp. N') the stabiliser of S;,b, o in Lé(b)F (resp. Li(C) ).
If the order of Lé(C)F is invertible in A, then there exists a natural isomorphism

Li(b)F /N = Lé(C)F /N such that the cohomology of the piece Xx of the Deligne-
Lusztig variety X(I,bF) satisfies

- ~ L

RL.(Us\Xx/N, A)[2el(~e) = RTc((6,,)? x X, Ky, VF)) € pp, o1, o ALLOF /N
in DO(AL 7 x (LX™F /N x (F))-mod).

Sketch of proof. Recall that the piece Xx can be lifted up to a variety Zyx defined

as the set of 2r-tuples (p,m) = (p1,...,pr,m1,...,m;) € Py) x*1Ly x--- x*Lp,
such that

(pimi)pisimis € xi(UliwiUi‘*'l)xi_-f:-ll
and (prm)  F(p1my) € & (U, 707,) Fagt.

As in the proofs of Proposition 3.2 and 3.4 (see also Remark 2.11), we can find
good representatives in the [[ PN Lj;-orbit of (p,m), giving rise to a morphism

¥ 1 Zy — Xp, Ky, VF) X (p, i, yoF St
which will factor via the quotient of Zx by Uy and [[PsN*L;, into a morphism
whose fibers are affine spaces. Note that one can find n; € Ng(T) such that
nit(e)¥ nIl = #(v). The action of (*1L;)!VF on Sip,c is then given by the right
action of L;(C)F = ((leI)t(V)F )" on Sypc. We conclude using 3.3. d
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Remark 3.12. By definition, any unipotent character of G appears in the co-
homology of some Deligne-Lusztig variety. If H is a normal subgroup of G con-
tained in 7', then H acts trivially on G/B and therefore any unipotent char-
acter of G is trivial on H. This applies in particular to the subgroups N and
N’ of Li(b)F and Lé(C)F so that they have the same unipotent characters. Now,
the group (Ps)*! nL; is a parabolic subgroup of L;j, stable by t(¢)F, and it has
le NnL; = (Lle )*! as a rational Levi complement. Therefore any unipotent char-

acter y of L;(C)F (or equivalently of Li(b)F ) has a Harish-Chandra restriction
*ng x to L;éV)F (after a suitable conjugation). With this notation, we obtain
X1 X1

RI.(Xy,Q [))ICJJ = R ((G)? x XLJ(le,vF),@[)*Rf{ [=2r1).
X1
In particular, if y is the trivial character then

R (Xx, Q)" = R ((G)? x Xy, Ky, VF), Q) [-2r1(r)

as expected.

3.3 Examples

We conclude by showing how Proposition 3.4 can solve the problems encoun-
tered in Section 2.4. As a new application, we determine the contribution of the
principal series to the cohomology of a parabolic Deligne-Lusztig variety for a
group of type B,,. Many other cases will be studied in a subsequent paper.

3.3.1. n-th roots of & for groups of type A,. Recall from 2.4.3 that for w =
titg---tptp—1t, one could decompose the variety X(w) into two pieces X, and
Xy, with x, =t, and x; = ¢,---t; . However, one could not direcly express the
cohomology of the latter. Since x(tw)x L =t1- - tp_otn_1tn—o € Wy one can now
apply Proposition 3.4 to obtain

RI', (UJ\Xxp@[) = RI', (Gm x XLJ(t]. T tn—2tn—ltn—2),@[)
in D®(Q,Ly x (F)-mod).

3.3.2. A new example in type B,. Let G be a group of type B,. We denote by
t1,...,t, the simple reflections of W, with the convention that ¢o,...,¢, generate
a parabolic subgroup of type A, _1. We will restrict our attention to the principal
series of Irr G, which is parametrised by the representations of the Weyl group
W. Following [4], we will denote by [1;u] the unipotent character associated to
the bipartition (A, u) of n, with the convention that Idg = [n;—] and Stg =[—;1"].

For n = 2, we consider w,, = t,---tat1ts. It is an I-reduced element which
normalises I for I ={t1}. Then one can use the previous method to determine the
principal part of the cohomology of X(I,w,), with coefficients in the trivial local

systen} Q. or in the local system St associated to the Steinberg representation
of LY
I
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Proposition 3.13. For n =2, the contribution of the principal series to the coho-
mology of X(I,w,) with coefficients in Q, or St, together with the eigenvalues of
F, is given by
gklk-1;21"% 1 if1<k<n-1
H* (X(LLwn), Q) = 4 ¢" -1 ifk=n+2

0 otherwise

[—;1"] ifk=1
and HF (X(L,wn),8t),, = 4 ¢F[(k=1,1;1" " if2<k<n

0 otherwise.

Proof. We proceed by induction. When n = 2, [9, Corollary 8.27] applied to
v = 1 forces H;(X(I,Wz),@[) and H}(X(I,w2),St) to be G x (F')-submodules of
H;(X(wg),@[). By [10, Theorem 4.3.4], the latter is multiplicity-free and hence
the theorem can be deduced from [9, Corollary 8.41].

Assume that n > 2 and let J = {¢4,...,t,-1}. We want to compute the coho-
mology of Uj\X(I,w,). We first observe that any /-reduced-I element of W is
either x; =¢,---¢; or y; =t ---tat1ta---t; for i > 1. We claim that X, and ij are
empty if i #2 and j # n. Indeed, if i > 2 then

Wi =Wy = (t1,ta,... b, ti 1titi 1,ti41,. .., tn).

If v is an x;-distinguished subexpression of an element of Wyw (that is, either
tiw or w) then the product of y is never in Wji. Otherwise y would contain
neither ¢;_1 nor ¢; which is impossible since vy is distinguished. The case of y;_;
is similar. We deduce that X(I,w,) = X,, 11X, . Let us examine each of these two
varieties:

e we have DCanxgl =ty-1---tat1 € Wy and K, = JN*2(®7) = &. We can
therefore apply Proposition 3.2 and Remark 3.12 to obtain
RI (U \Xxy, Q) = RTe(X, (£n-1 -+ t2t1), Q)11
and RI(Us\Xy,,St) = RT(Xy,, (t1 -+ tat1), Q1]
since the Harish-Chandra restriction of StL;vnF to Tw~F ig just the trivial

character.

* vy, = wowy acts trivially on W; and yn(tnwn)y;1 = w,_1. We have also
K, =dJn(®7)=1. The assumptions of Proposition 3.4 are clearly satis-
fied and we obtain

RFC(UJ\Xyn,@[) = ch(Gm X XLJ(I,wn—l),@Z)

and RI.(Us\X,,,St) = Rl (G, x XL,,(I,wp-1), St).
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The cohomology of Xj,,(¢,-1---t2¢1) has been computed in [13]. By induction,
one can assume that the cohomology of X, ,(I,w,-1) is given by the Theorem
(since the unipotent part of the cohomology depends only on the isogeny class
of the group). We observe that a character in the principal series different from
Id or St cannot appear in both H;(XLJ(tn_]_"'tQtl),@g) and H;(XLJ(I,wn_l,@[)
(resp. H; (X, (tp-1--- tztl),@[) and H;(Xy,,(I,w,-1,St)). Using the long exact se-
quences given by the decomposition of U j\X(I,w,) and [9, Corollary 8.28.(v)],
we can deduce explicitely each cohomology group of Uj\X(I,w,). To conclude,
we observe that each of these cohomology groups is the Harish-Chandra restric-
tion of the groups given in the theorem, corresponding to the characters of the
principal series in the @9, _o-blocks of Idg and Stg. Finally, we know by [2] that
these characters actually appear in the cohomology of X(I,w,,) since they already
appear in the alternating sum. O

Remark 3.14. In order to deal with the series corresponding to the cuspidal
unipotent character of By we need extra information on the degree in which
Bg 14 and By gt can appear.
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