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Two examples of nonsmooth systems are considered. The first one is a two degrees of freedom
oscillator in the presence of a stop. A discontinuity appears when the system position reaches
a critical value. The second example consists of coupled oscillators excited by dry friction. In
this case, the discontinuity occurs when the system’s velocities take a critical value. For both
examples, the dynamical system can be partitioned into different configurations limited by a set
of boundaries. Within each configuration, the dynamical model is linear and the close form solu-
tion is known. Periodic orbits, including several transitions between the various configurations
of the system, are found in analytical form. The stability of these orbits is investigated by using
the Poincaré map modeling.

Keywords : Systems with impact; dry friction oscillators; analytical investigation.

1. Introduction

Nonsmooth dynamical systems are related to force
or motion characteristics which are noncontinuous.
Nonsmooth phenomena are caused by kinematics
constraints or physical effects like friction, impacts
or backlash. For example, vibrating systems with
clearance between the moving parts are frequently
encountered in technical applications: intermittent
contacts between the rotor and the stator of a turbo
machine, due to unbalance, induce some undesir-
able effects. In many industrial applications like
brake systems, machine tools, or wheel/rail con-
tacts, dry friction leads to several serious problems.
Nonsmooth systems are strongly nonlinear and they
are usually modeled as spring mass oscillators.
Several investigations consider the simple case of
a one-degree of freedom system [Shaw & Holmes,
1983; Himmarsh & Jeffries, 1984; Andreus & Casini,
2001; Liu & Chang, 2002]; the case of multidegrees
of freedom systems [Awrejcewicz, 1991; Aidanpan &
Gupta, 1993; Awrejcewicz et al., 2005], was up to

now only investigated with a numerical approach.
In this work, two examples of nonsmooth sys-
tems, including two degrees of freedom, are consid-
ered. Periodic orbits are found by using analytical
methods.

2. A Model of Systems with
Clearance: Coupled Oscillators
in the Presence of a Stop

The system under consideration is composed of two
masses m1 and m2 connected by linear springs of
stiffness k1 and k2 (Fig. 1). The nonlinearity comes
from the presence of a stop. When the displacement
x1 of the first mass is greater than the clearance, a
contact of the mass with the stop occurs. This con-
tact gives rise to a restoring force associated to a
spring stiffness k3. Two cases are considered. The
first one is obtained when the stop stiffness goes to
infinity (rigid impact). The second case is concerned
by soft impact, with a finite value of k3.
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Fig. 1. Coupled oscillators with a stop.

2.1. Rigid impact

The corresponding dynamical model is given by:

Mẍ + Kx = 0, x =

(
x1

x2

)
if x1 < 1

M =

(
m1 0

0 m2

)
, K =

(
k1 −k1

−k1 k1 + k2

)
.

(1)

If a contact of the first mass with the stop occurs
(x1 = 1), the velocity of m1 reverses according to
Newton’s impact law:

x+
1 = −x−

1 (perfect elastic impact). (2)

The system is a piecewise linear system limited by
the boundary x1 = 1. The analytical solution of
Eq. (1) is given by:

X = H(t)X0, X =

(
x

ẋ

)
, x =

(
x1

x2

)
,

X0 = X(0), H(t) =

(
H1 H2

H3 H1

)
.

(3)

The 2 by 2 matrices Hi(t), (i = 1, 2, 3) are
obtained [Pascal, 2006] from a modal analysis of
the system (1).

2.2. Soft impact

The dynamical model is a piecewise linear sys-
tem with two configurations limited by the bound-
ary x1 = 1. A first configuration (free motion) is
obtained when the displacement of the first mass
is smaller than the clearance (x1 < 1). The cor-
responding dynamical model is given by Eq. (1).
A second configuration (constraint motion) occurs
when x1 > 1. The dynamical model in this case is
given by:

Mẍ + K1x = K3, K3 =

(
k3

0

)

K1 =

(
k1 + k3 −k1

−k1 k1 + k3

) (4)

For a free motion, the related solution is given by
Eq. (3). For a constraint motion, the corresponding
solution is

Z(t) = H̃(t)Z0, Z =

(
x − d0

ẋ

)
, Z0 = Z(0)

(5)

d0 = t (d01, d02) (constant part of the solution),
H̃(t) =

(
H̃1(t) H̃2(t)

H̃3(t) H̃1(t)

)
is obtained [Pascal, 2006] from

a modal analysis of the constraint system (4).

2.3. Periodic motions (rigid impact)

A family of periodic solutions including one rigid
impact per period is obtained in analytical form
[Pascal, 2006]. The corresponding initial conditions:
X0 =

(x0

ẋ0

)
, x0 =

(1
y

)
, ẋ0 =

(u

w

)
are defined in terms

of the period T and the initial velocity w of the
nonimpacting mass is zero.

2.4. Periodic motions (soft impact)

A set of periodic orbits including one constraint
phase (0< t < τ) and one free phase (τ < t < τ + τ1)
per period is obtained in analytical form [Pascal,
2006]. The time duration of each part of the motion

Fig. 2. Time history of the first mass.

2



November 3, 2011 14:7 WSPC/S0218-1274 03018

Fig. 3. Time history of the second mass.

is computed. At the end of the constraint phase,
the positions and the velocities of the system are
obtained by the rule: X(τ) =

( x0

−ẋ0

)
.

The corresponding initial conditions X0 =(x0

ẋ0

)
, x0 =

(1
y

)
, ẋ0 =

(u

w

)
are obtained in terms of

the period T = τ + τ1. These periodic orbits tend
to the periodic orbits related to rigid impact when
the stop’s stiffness tends to infinity.

The numerical validation of these analytical
results is performed in [Pascal, 2006]. In the case of
rigid impact, the time history of the masses (during
two periods) is shown in Figs. 2 and 3, for the

Fig. 4. Time history of the first mass.

Fig. 5. Time history of the second mass.

following values of the data:

m1 = 1, m2 = 2, k1 = 1, k2 = 5, T = 2π

In the case of soft impact, the time history of the
system (during one period) is shown in Figs. 4 and 5
for a stop’s stiffness k3 = 1 and the same values of
the other parameters.

3. Coupled Oscillators Excited by
Dry Friction

The system (Fig. 6) consists of two masses m1,m2

connected by linear springs of stiffness k1, k2. These
two masses are in contact with a driving belt moving
at a constant velocity V . Friction forces F1, F2 act
between the masses and the belt.

The motion equations are written in the
following form:

1x

m1 m2

k1 k2

V

2x

Fig. 6. Two degrees of freedom oscillator with dry friction.
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x′′
1 + x1 − χx2 = u1, χ =

k2

k1 + k2
, η =

m1

m2

x′′
2 + χη(x2 − x1) = ηu2, ui =

Fi

k1 + k2
(i = 1, 2)

t = ω3t
′, ω3 =

√
k1 + k2

m1
, (o′) =

d(o)
dt′

The friction forces are obtained from Coulomb’s
laws:

• V − x′
i �= 0, ui = usi sign(V − x′

i) (i = 1, 2) (slip
motion of m1,m2)

• V − x′
1 = 0

u1 =




x1 − χx2 if |x1 − χx2| < ur1

(stick motion of m1)

εus1 if ε(x1 − χx2) > ur1(ε = ±1)

(slip motion of m1)

• V − x′
2 = 0

u2 =




χ(x2 − x1) if |χ(x2 − x1)| < ur2

(stick motion of m2)

εus2 if εχ(x2 −x1)> ur2(ε=±1)

(slip motion of m2)

usi < uri (i = 1, 2)

usi is the slipping friction force, while uri is the
static friction force.

3.1. Prediction of the oscillations
exhibited by the system

The dynamical behavior of this piecewise linear
system is very complex and includes slip or stick
oscillations of the masses. All possible motions are
composed of several phases of slip motion for the
both masses, stick motion of m1 and slip motion of
m2 or vice versa, and finally, stick motion for the
two masses. For each kind of motions, the close form
solution is obtained [Pascal, 2008].

Global Slipping Phase: The motion equations are
written as:

z′′ + K̃z = 0, K̃ =

(
1 −χ

−χη χη

)

z = (z1, z2)t,

zi = xi − d̃0i, z′i < V, (i = 1, 2)

d̃01 =
us1 + us2

1 − χ
, d̃02 =

χus1 + us2

χ(1 − χ)

(6)

The solution is given by:

Z(t) = h(t)Z0, Z =
(

z

z′

)
, Z0 = Z(0)

The 4 by 4 matrix h(t) [Pascal, 2008] is deduced
from a modal analysis of system (6).

Slip-Stick Motion:

z′′ + K̃1z = 0, K̃1 =

(
1 −χ

0 0

)

z′1 < V, z′2 = V,

e2 − 2ur2 < χ(z2 − z1) < e2

(e2 = ur2 − us2)

(7)

The solution is: Z(t) = Γ(t)Z0, where the 4 by
4 matrix Γ(t) results from a modal analysis of
system (7).

Stick-Slip Motion:

z′′ + K̃2z = 0, K̃2 =

(
0 0

−χη χη

)

z′1 = V, z′2 < V,

e1 − 2ur1 < z1 − χz2 < e1,

(e1 = ur1 − us1)

(8)

The solution [Pascal, 2008] is given by a 4 by
4 matrix C(t) related to a modal analysis of
system (8).

Z(t) = C(t)Z0

Global Stick Motion: The motion equations in this
case are:

z′′ = 0, z′1 = z′2 = V

e1 − 2ur1 < z10 − χz20 < e1

e2 − 2ur2 < χ(z20 − z10) < e2

(9)
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The solution is given by:

Z(t) = D(t)Z0, D =

(
I V tI

0 I

)
, I =

(
1 0

0 1

)
.

(10)

A transition from one kind of motion to another
occurs if some switching conditions are fulfilled. One
of the mass switches from slip to stick motion, if at
some instant of time, its velocity reaches the veloc-
ity of the belt and if the restoring force exerted
on this mass is smaller than the related static fric-
tion force. On the other hand, a transition from
stick to slip motion occurs at some instant of time,
if the restoring force applied to the mass reaches
the limiting value (i.e. static friction force). In
the following, two sets of periodic solutions includ-
ing several transitions per period are obtained in
analytical form.

3.2. Symmetrical periodic solution

A first set of periodic motions, including two tran-
sitions per period, is obtained.

Starting from the initial conditions:

x′
10 < V, x′

20 = V, χ(x20 − x10) = ur2

the first part of the motion (0 < t < τ) is a global
slip motion, and the second part (τ < t < τ + τ1)
is a slip motion for the first mass and a stick
motion for the second one. At the end of the global
slip motion, the system positions and velocities are
obtained by the rule:

z(τ) = −z0, z′(τ) = z′0

Fig. 7. Phase portrait of the first mass.

Fig. 8. Phase portrait of the second mass.

A detailed formulation of the numerical validation
of these results can be found in [Pascal, 2008].

For the following values of the data:

χ = 0.4, η = 4, V = 0.6773, us1 = 0.0127,

ur1 = 0.0255, us2 = 0.5, ur2 = 1

we obtain:

τ = 2.65, τ1 = 2.2407

Moreover, the phase portraits of the system (Figs. 7
and 8) are symmetrical with respect to the lines
corresponding to the constant part of the solution.

3.3. Periodic solutions including
a global sticking phase

A new kind of periodic motions including a global
sticking phase and four transitions per period is also
obtained in analytical form. For each period, start-
ing from initial conditions

x′
10 = x′

20 = V,

|x10 − χx20| < ur1, χ|x20 − x10| < ur2

(11)

the solution involves a global stick motion given by
Eq. (10) for 0 < t < ta.

This motion ends when a restoring force applied
to the masses reaches the limiting value uri. For all
the motion, the restoring force applied to the second
mass is constant (z2 − z1 = z20 − z10). A transition
occurs at t = ta, when the restoring force applied
to the first mass reaches his limiting value. Let us

5
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 define:

Za ≡ Z(ta) = D(ta)Z0, Za =

(
za

z′a

)

z′a = (V, V )t, za = (z1a, z2a)t, z1a − χz2a = e1

(12)

For a new period of time: ta < t < ta + τ,M1 per-
forms a slip motion, while M2 is still in stick motion:

Z(t) = Γ(t − ta)Za (13)

This motion ends at t = ta + τ , when the restoring
force applied to the second mass reaches its limiting
value. Let us define:

Zc ≡ Z(ta + τ) = Γ(τ)Za, Zc =

(
zc

z′c

)

z′c = (z′1c, V )t, zc = (z1c, z2c)t,

χ(z2c − z1c) = e2

(14)

A new phase occurs for ta + τ < t < ta +
τ + τ1, related to a global slip motion of the
system, defined by:

Z(t) = H(t − ta − τ)Zc (15)

This motion ends at t = ta + τ + τ1, if at that time:

z′1d ≡ z′1(ta + τ + τ1) = V,

e1 − 2ur1 < z1d − χz2d < e1

zid = zi(ta + τ + τ1), (i = 1, 2)

(16)

For ta + τ + τ1 < t < ta + τ + τ1 + τ2, the first mass
performs a stick motion (z′1 = V ), while the second
one performs a slip motion:

Z(t) = C(t − ta − τ − τ1)Zd,

Zd = Z(ta + τ + τ1)
(17)

A periodic motion of period ta + τ + τ1 + τ2 is
obtained if:

Z(ta + τ + τ1 + τ2) = Z0 (18)

The obtained periodic motion depends on six
parameters: z10, z20, ta, τ, τ1, τ2 and the switching
conditions (12), (14), (16), together with the peri-
odicity conditions (18) provides six scalar equations
for the determination of these parameters. This new
periodic solution is a generalization of the solution
II obtained in [Pascal, 2008]: the solution II is a

Fig. 9. Time history of the system.

particular case of this new solution corresponding
to ta = 0. A detailed formulation of the numerical
validation of these analytical results are given in the
appendix.

For the following values of the data:

χ = 0.5, η = V = 1, e1 = 3.0195, e2 = 0.4831,

we obtain

ta = 1, τ = 2, τ1 = 1.568, τ2 = 3.28,

z10 = 1.1838, z20 = −2.6715.

The corresponding behavior of the system is shown
in Figs. 9 and 10.

Fig. 10. Phase plot of the system.
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4. Stability of the Periodic
Solutions for Nonsmooth Systems

For nonsmooth systems, due to the presence of dis-
continuities in the motion equations, the stability of
the periodic solutions cannot be investigated by the
classical linearization method. An alternative way
[Natsiavas, 1998] consists of using Poincaré map
modeling. The phase space is partitioned into differ-
ent configurations (Φ1), . . . , (Φn) limited by several
boundaries (Σ0), (Σ1), . . . , (Σn). At the boundary
(Σk) between two adjacent configurations (Fig. 11),
the system switches from one configuration to
another. The time tk of switching is obtained from
the corresponding switching condition. Within each
configuration (Φk), the solution ϕk(t) is known. For
a periodic orbit, the final switching surface (Σn) is
identical to (Σ0). A Poincaré map from (Σ0) to (Σ0)
is defined by P = Pn ◦ · · · ◦ Pk ◦ · · · ◦ P1, where
Pk is a local mapping between (Σk−1) and (Σk)
defined by:

Z(tk) = ϕk(tk − tk−1)Z(tk−1)

The fixed points of the map define the periodic
solutions.

The stability of one fixed point of the map
depends on the eigenvalues of the Jacobian matrix
J of the map. If one (at least) of these eigen-
values lies (in the complex plan) outside of the
unit circle, the fixed point of the map is unstable,
and the corresponding periodic orbit is also unsta-
ble. If all the eigenvalues of J are inside the unit
circle, the fixed point of the map is stable, but
the related periodic solution is only conditionally
stable, with respect to some particular perturba-
tions of the initial conditions leading to the same
kinds of switches that occur in the unperturbed
motion.

0Σ 1Σ 2Σ 0Σ

1ϕ 2ϕ Mϕ t

Fig. 11. Poincaré map.

5. Application of the Poincaré Map
Modeling: Stability of Periodic
Solutions in the Case of Dry
Friction Oscillators

An example of the investigation of the stability of
periodic solutions for nonsmooth systems is pre-
sented in the following. We consider the periodic
orbit including a global stick phase, which was
obtained in the case of the coupled oscillators
with dry friction. This solution involves four con-
figurations (global stick motion, slip-stick motion,
global slip motion, stick-slip one), limited by five
boundaries:

(Σ0) : x′
1 = x′

2 = V

(Σ1) : x′
1 = x′

2 = V, x1 − χx2 = ur1

(Σ2) : x′
2 = V, χ(x2 − x1) = ur2

(Σ3) : x′
1 = V,

(Σ4) ≡ (Σ0)

The stability of the periodic solution is determined
by the eigenvalues of the matrix J given the cor-
respondence between the initial perturbations in
(Σ0) : dZ0 = t(x, y, 0, 0) and the final ones (also
in (Σ0) : dZf = t(xf , yf , 0, 0)):(

xf

yf

)
= J

(
x

y

)

Due to the degeneracy of the phase space during the
global stick motion (in this case, the phase space
dimension is only two instead of four during global
slip motion), the Jacobian matrix J is a 2 by 2 sin-
gular matrix and the periodic solution is condition-
ally stable if |trace(J)| < 1. Several other results
on the stability of the periodic solutions obtained
in the examples of nonsmooth systems considered
in this paper can be found in [Pascal, 2006, 2008].

6. Concluding Remarks

A unified approach for two models of nonsmooth
systems is considered in this paper. The dynami-
cal behavior of nonlinear oscillators in the presence
of discontinuities of forces or of motions is inves-
tigated. For systems with clearance, the disconti-
nuities appear when the system’s position reaches
some critical value. For systems with dry friction,
a discontinuity holds when the velocities reach a

7
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critical value. The corresponding dynamical model
is strongly nonlinear. However, the system can
be partitioned into different configurations. Within
each configuration, the dynamical model is linear
and the closed form solution of the motion equations
is available. It results that, even in the case of multi-
degrees of freedom systems, it is possible to obtain
the solution of these nonlinear systems by patch-
ing the solutions obtained in the successive config-
urations. Several periodic solutions are obtained in
analytical form for a two degrees of freedom systems
with clearance or in the presence of dry friction. The
stability of these particular solutions is also inves-
tigated. This paper extends the results obtained by
the author in two previous papers.
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Appendix

The periodicity conditions (18) give the following
equations:

(Ñ1 − I)z0 + Ñ2z
′
0 = 0

Ñ3z0 + (Ñ4 − I)z′0 = 0

Ñ = C(T )H(τ1)Γ(τ)D(ta) = ND(ta)

N =

(
N1 N2

N2 N4

)
, Ñ =

(
Ñ1 Ñ2

Ñ2 Ñ4

)

z′0 = (V, V )t

(A.1)

These periodicity conditions include the last switch-
ing condition (16).

From (A.1), we deduce two compatibility
conditions

M̃11 + M̃12 = 0

M̃21 + M̃22 = 0

M̃ = (M̃ij)i,j=1.2

M̃ = (Ñ1 − I)−1Ñ2 − (Ñ3)−1(Ñ4 − I)

(A.2)

The relation (A.2) provides two equations liking
the time duration (ta, τ, τ1, T ) of each parts of the
motion; from (A.1), we deduce the value of z0

z0 = −(Ñ1 − I)−1Ñ2z
′
0 (A.3)

Inserting this result in the switching conditions (12)
and (14), we obtain two new relations for the
determination of the parameters ta, τ, τ1, T . Several
conditions about the results obtained by this
numerical method must be fulfilled: for example,
the computed values of the time duration ta, τ, τ1, T
must be positive numbers.
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