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Abstract

It is proposed here to identify the law of crack length evolution with
a small number of parameters governing a recently presented model [13]
describing the interface behaviour in damaged masonry. Studies on non-
confined medium- and large-sized masonry structures have shown that it is
necessary to obtain a linear increasing crack in the post-peak part of the
”stress-strain or displacement” diagram. In confined masonry structures
showing softening and sliding parts, the results obtained with this crack
evolution failed to match the experimental data. The crack lengths iden-
tified in the post-peak part at several points on the experimental ”stress-
displacement” diagram show that the representative crack length is a bi-
linear or trilinear function describing the increase in the crack length with
respect to the decrease in the shear stress. Numerical studies on medium-
and large-sized masonry structures consisting of the same materials subjected
to various loads were performed to determine the ultimate crack length, and
the results are relatively insensitive to the size of the masonry and the type
of the load applied. The numerical local fields determined in the elementary
and full-scale structures investigated were used to test the validity of the
present model at the local scale, as well as to obtain an additional unilateral
condition in the case of compressed masonry structures in order to prevent
overlapping between the masonry components.

Key words: masonry, laminate, homogenization, law of crack evolution,
asymptotic analysis, interface, identification, unilateral contact
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1. Introduction

Interface models for assessing the safety of civil and historical masonry
constructions have attracted considerable attention, since their resistance de-
pends to a large extent on the brick/mortar interfacial properties. In fact,
mortar joints are usually less strong than masonry units, which explains the
existence of planes of weakness along which cracks can propagate. Several
models have been developed and presented in the literature for studying and
predicting the behavior of masonry structures. Depending on the level of
accuracy and simplicity required, either macro- or micro-modeling strategies
can be used for this purpose.
In continuum structural and macro-models, bricks, mortar and brick-mortar
interfaces are smoothed out into a homogeneous continuum, the average prop-
erties of which are identified at the level of the constituents, taking their
geometric arrangement into account. This approach is applicable when the
dimensions of a structure are sufficiently large for the ratio between the av-
erage stresses and average strains to be acceptable such as the macro-models
(classical no-tension models [1, 2, 3]) have been widely developed in the
past. During the last few decades, several attempts have been made to as-
sess the average properties of masonry panels. The models developed for
this purspose include micropolar Cosserat continuum models [4, 5] as well
as applications of the mathematical theories of homogenization to periodic
[6, 7] and non-periodic media. To describe the inelastic behaviour of struc-
tural masonry, some authors have combined homogenization techniques with
a continuum damage mechanics approach [8, 15, 16]. Other authors such as
Alpa and Monetto [19] and de Buhan and de Felice [17], have defined suit-
ably macroscopic yield failure surfaces. Other applications of homogeniza-
tion theory to estimating the conditions at failure as well as the macroscopic
properties include those presented by Luciano and Sacco [18] and Cluni and
Gusella [20]: the former authors dealt with periodic microstructures, whereas
the latter focused on non-periodic masonry-work. Macro-approaches obvi-
ously require a preliminary mechanical characterization of the model, based
on experimental laboratory or in situ tests [33, 34].
In studies based on micro analysis, two main approaches have been used:
the simplified approach, which is the more refined, and the detailed micro-
modeling approach.
Simplified methods consist in modeling the bricks, mortar and interface sep-
arately by adopting suitable constitutive laws for each component. This ap-
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proach gives highly accurate results, especially at local level, since it involves
specifying the exact joint positions and adopting appropriate constitutive
models for the blocks, mortar and interfaces.
A simplified micro-model is an intermediate approach, where the properties
of the mortar and the mortar interface unit are lumped into a common ele-
ment, while expanded elements are used to model the brick units. Although
this model reduces the computational cost of the analysis, some accuracy is
obviously lost.
Several authors [21, 22, 23, 24] have established that the interface elements
reflect the main interactions occuring between bricks and mortar. Several
methods have been presented for modeling the behavior of interfaces with
zero thickness and predicting their failure modes. Giambanco et al. [10], for
examples expressed the constitutive law at the interface in terms of contact
traction and the relative displacements of the two surfaces interacting at the
joint. The fracture of the joint and the subsequent sliding are associated
with the interface yield condition, which contains internal variables describ-
ing the joint evolution and induces hardening and softening behavior, usually
accompanied by dilatancy. Method based on limit analysis combined with
a homogenization technique was recently shown to be a powerful structural
analysis tool, giving accurate collapse predictions: de Buhan and de Felice
[17], for example, have presented a homogenized model of this kind which
can be used for the limit analysis of masonry walls. The units are assumed in
this model to be infinitely resistant and the joints are taken to be interfaces
with zero thickness having a friction failure surface. In addition, the brittle
damage model developed in [18, 23] involves an elementary cell composed of
units, mortar and a finite number of fractures at the interfaces.
This work aims to identify the crack length evolution laws governing a re-
cently proposed constitutive equation [13] with small number parameters for
micro-cracked interfaces of masonry structures. It objects also to study the
effect of the masonry structure size and of the load type on these identified
parameters. Experimental tests [34, 35] on small and large masonry panels
have been used to estimate the small number of parameters describing the
micro-crack evolution law and leading to the best fit between the numerical
and experimental tests. Moreover, this paper study the effect of the load
type and the masonry structure size on the estimated nonlinear micro-crack
evolution law governing the interface constitutive equation. In the case of
a masonry structure under a compression load, the evaluation of the local
numerical fields incites us to add a unilateral contact condition in order to
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ovoid the overlap between the bricks and the joints constituents.
This paper is organized as follows: in section 2, the principles underlying the
previously presented constitutive equation for micro-cracked masonry inter-
faces is briefly described. Section 3 describes with numerical studies on non-
confined masonries panels at various sizes, which a linearly increasing crack
length evolution gives a satisfactory fit with the experimental diagrams. At
the end of this section, we identify the interface stiffnesses after adopting
an additional unilateral condition in order to prevent overlapping between
masonry components subjected to compression loads. Section 4 deals with
the case of medium-sized confined masonry panels tested under shear load-
ing conditions and subjected to various confining pressures. These structures
undergo softening and sliding processes after the peak in the load. To fit the
experimental results, the identification performed at several points on the
experimental diagrams showed that the effective crack length must obey at
least a bilinear function after the peak in the load.

2. A brief outline of the model

Masonry units have generally been discretized using continuum elements,
whereas joints have been modeled in the form of weakness planes, using in-
terface elements. The main limitation of this approach is the fact that it is
not suitable for describing the interactions between joints and brick units.
The most original feature of the model proposed here is that it includes a
third material inserted between the units and mortar, which accounts for the
noticeable differences generally existing between the mechanical properties
of bricks and mortar, which were classically assumed to be isotropic. The
properties of this third material are obtained by performing an exact linear
homogenization procedure on a brick/mortar lamina (with the same volume
fraction). This newly defined homogeneous material is then assumed to ac-
curately account for the mechanical interactions between mortar joints and
brick units. In a second step, assuming the existence of micro-cracks with a
parallel pattern of distribution, forming an angle φ with the e1 direction (see
Fig. (2)) in the newly defined homogeneous material, the effective proper-
ties of the damaged material are determined using a micro-mechanical model
available in the literature. As explained above, the 3-D material is located
between brick units and mortar joints; its thickness must therefore be zero.
For this purpose, asymptotic limit analysis is performed to shift from the 3-D
to 2-D framework and thus express the normal and tangential stiffness of the
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brick/mortar interface thus defined. The local fields of a three-phase loaded
masonry structure are then simulated using the CAST3M FE code [51]. Fur-
ther details about the steps required to model the brick-mortar interface will
be given below.

2.1. Effective properties of the brick-mortar lamina

Non-reinforced masonry is a heterogeneous material consisting classically
of a regular or irregular arrangement of brick units. The mortar binding the
brick units together is classically taken to constitute the plane of weakness
of the masonry structure. Due to the fact that damage occurs mostly at
the interface between brick and mortar materials, we assume the existence
of an extremely thin layer of material between each brick unit and its mor-
tar joint. The mechanical properties of this layer are obtained by applying
an asymptotic limit analysis procedure [41, 42, 43, 47]. For this purpose,
it is proposed first to obtain the mechanical properties of the 3-D material
obtained by homogenizing those of brick and mortar. Assuming brick and
mortar to be isotropic and linear elastic materials, the homogenization of
the brick/mortar lamina can be carried out exactly using an analytical ho-
mogenization formulation, as described in [13]. The homogeneous equivalent
undamaged material, denoted hereafter by HEMu, is transversally isotropic
and characterized by the effective compliance tensor S̃u written in the form
(1) with respect to the classical Voigt notation. In what follows, exponents
h and v correspond to bed and head joints, respectively. e3 and e1, represent
the HEMuh and HEMuv revolution axis, respectively, as shown in figure
(1).

[Figure 1 about here.]
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S̃uh =
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Ẽ0
1

1

Ẽ0
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

(1)

For further details about the method of obtaining the S̃uh components, see
[13].

2.2. Effective properties of the micro-cracked material HEMc

In the previous step, in the case of bed joints, an uncracked homogeneous
material HEMuh was defined, based on the known properties of brick and
mortar. Now assuming the presence of parallel micro-cracks to the e1 axis
in this material, it is necessary to determine its effective properties. Many
studies have dealt with assessing the effective elastic properties of damaged
materials with defects of various kinds (holes and/or cracks). The choice of
modeling method depends here mainly on the interactions between cracks.
The earliest studies focused on sparsely distributed cracks and on the in-
teractions between them. The most widely used models of this kind are
those based on the self-consistent (SC) method [26, 27] and the Mori-Tanaka
(MT) method [28]. When the cracks are closely spaced, i.e., crack densities
are higher, the interactions cannot be ignored. Determining the effective
properties is significantly more complex in this case. Several approaches can
be used here, depending on the kind of interactions to be modeled. In the
pioneering study by Kachanov et al. [36] on these lines, the behaviour of
a material including arbitrarily distributed holes with various aspect ratios
was described. Other authors have developed schemes accounting approxi-
mately for the interactions between the matrix and the defect as well as the
effects of cracks between them, such as the differential scheme [30, 31], the
SC model [29] and the Ponte-Castañeda and Willis (PCW) homogenization
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scheme [32].
For the sake of simplicity, we started to model the degradation of the brick-
mortar interface taking only the interactions between micro-cracks into ac-
count and neglecting the interactions with the matrix of the HEMu material.
Problems involving penny-shaped cracks and 3-D shapes are generally com-
plex and must be solved in a 3-D setting. In this paper, for the sake of
simplicity, we assume the existence of a small number of rectilinear cracks
2l(k) in length. To solve this 2-D problem it is proposed to apply the method
proposed by Kachanov et al. [36] to determine the equivalent properties of
the damaged HEMu material. The accuracy of this model, which generally
depends on the density of the cracks, is satisfactory up to quite small dis-
tances between cracks (distances much smaller than the crack width).
Rectilinear cracks are assumed to be located on the plane (e1, e3) in a repre-
sentative area A = L0e, where L0 is the brick length and e is the thickness of
the micro-cracked HEMu material. In the case of the present 2-D problem,
the Kachanov model includes a global parameter called the crack density,
which is defined by the number and the length of all the cracks given by

ρ = 1
A

∑
k

(
l(k)

)2
.

[Figure 2 about here.]

The main result obtained with the Kachanov model is that the average value
of the crack opening displacement (COD) vector ”b” is colinear with the
average stress σ̄ as follows:

< b >= n.σ̄.B

where n is a vector normal to the crack. The components of the symmetric B
second order tensor depend on those of the uncracked homogeneous HEMu

material, i.e. on the components of S̃u and on the orientation of the crack
with respect to the matrix anisotropy

[Figure 3 about here.]





Btt = C(1−Dcos2φ)l
Bnn = C(1 + Dcos2φ)l
Btn = CD(sin2φ)l

(2)

where l is the length of the half representative rectilinear micro-crack in the
HEMu material, as shown in Fig. (2). We recall that φ is the angle between
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the vector t tangential to the crack and the principal axis e1, as illustrated in
figure (3). C and D are scalars which are independent of the representative
micro-crack half length parameter l, and are given by




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π

4

√
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1 +
√

Ẽuh
3√

Ẽuh
1 Ẽuh

3


 1

G̃uh
13

− 2
ν̃uh

13

Ẽuh
1

+
2√

Ẽuh
1 Ẽuh

3




1
2

Dh =

√
Ẽuh

1 −
√

Ẽuh
3√

Ẽuh
1 +

√
Ẽuh

3

(3)

Ẽuh
1 , Ẽuh

3 , ν̃uh
13 and G̃uh

13 are the elastic engineering constants of the crack-free
HEMuh material. On the principal axes, the effective engineering moduli of
HEMc denoting the homogeneous material equivalent to the damaged HEMu

are given by





Ẽc
1

Ẽu
1

=
1

1 + 2ρsin2φ(Bttcos2φ + Bnnsin2φ−Bntsin2φ)Ẽu
1

Ẽc
3

Ẽu
3

=
1

1 + 2ρcos2φ(Bttsin2φ + Bnncos2φ + Bntsin2φ)Ẽu
3

G̃c
13

G̃u
13

=
1

1 + ρ(Bnnsin22φ + Bttcos22φ−Bntsin4φ)G̃u
13

ν̃c
13

Ẽc
1

=
ν̃u

13

Ẽu
1

(4)

In the bed masonry joints, the cracks are assumed to run parallel to the
principal axis e1, i.e. with the crack orientation φ = 0. Under plane stress
conditions, the components of the compliance tensor S̃c in the (e1, e3) plane
read

S̃ch = S̃c(0) =




1

Ẽuh
1

− ν̃uh
13

Ẽuh
1

0

− ν̃uh
13

Ẽuh
1

(
1

Ẽuh
3

+ 2ρBnn(0)) 0

0 0 (
1

G̃uh
13

+ ρBtt(0))




(5)
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where 



Btt(0) = Ch(1−Dh)l
Bnn(0) = Ch(1 + Dh)l
Btn(0) = 0

(6)

As shown in relations (5), the effective properties of the cracked lamina
are sensitive to the effective properties of the uncracked lamina HEMuh

and to the representative crack length. Inverting the compliance tensor S̃ch

gives the corresponding stiffness tensor C̃ch associated with the properties of
HEMch.

2.3. Interface constitutive law

It has been assumed that cracks exist only in the plane (e1, e3) parallel
to either the principal axis e1 (in the case of bed joints) or to the e3 vector
(in the case of head joints). We have therefore focused only on the pair of
components (C̃ch

3333, C̃ch
3131) and (C̃cv

1111, C̃cv
1313) corresponding to the bed and

head interface stiffness, respectively. Now focusing on the head interface
stiffnesses, the inversion of the compliance tensor S̃ch leads to expressing the
components (C̃ch

3333, C̃ch
3131) as a function of the micro-crack density parameter

ρ, and the angle φ is null.

C̃ch
3333 =

αh
33 + βh

33ρ

α0h
33 + β0h

33 ρ + γ0h
33 ρ2

C̃ch
3131 =

1

2

αh
13 + βh

13ρ

α0h
13 + β0h

13 ρ + γ0h
13 ρ2

(7)

αh
ij, βh

ij, α0h
ij , β0h

ij and γ0h
ij are scalars which are independent of the crack den-

sity parameter ρ. As established in [13], the normal and tangential stiffness
of the bed interfaces are determined as follows:

Ch
N =

C̃ch
3333

e
(e → 0)

Ch
T =

C̃ch
3131

e
(e → 0)

(8)

Replacing ρ by the term
l2

eLh
0

in expressions (7), we obtain

Ch
N =

βh
33L

h
0

γ0h
33 l2

=
Lh

0

2Bnn(0)l2

Ch
T =

β13L
h
0

γ0
13l

2
=

Lh
0

4Btt(0)l2

(9)
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As the components Bnn and Btt depend on the half crack length l (see
relation (2), the expressions for the interface stiffness CN and CT at the bed
position read as follows:

Ch
N =

Lh
0

2C(1 + D)l3

Ch
T =

Lh
0

4C(1−D)l3

(10)

It is worth noting that the properties of the material HEM cv, which is
transversally isotropic with e1 as the revolution axis, are deduced from those
of the material HEM ch by making a simple 90-degree rotation. Therefore,
the normal and tangential stiffness of the head joints read:

Cv
N =

C̃cv
1111

e
(e → 0) =

Lv
0

Lh
0

Ch
N

Cv
T =

C̃cv
1313

e
(e → 0) =

Lv
0

Lh
0

Ch
T

(11)

These defined stiffnesses can be clearly seen to decrease as the applied
load F (stress τ), increases up to failure. In addition, they are closely related
to the law of micro-crack evolution l = f(F or τ) which will be identified in
the case of masonry structures of various sizes under loads of various kinds
in the following section. The crack length evolution is assumed to show a
similar tendency at the head and bed interfaces.

3. Estimation of the representative law of micro-crack evolution
based on experimental tests

In view of expressions (10), one of the most important steps consists in
defining, testing and validating a law governing the crack length evolution.
An alternative solution consists in defining directly by choosing crack lengths
at several points on experimental diagrams. Hereafter, it is necessary to
distinguish between the case of quasi-brittle failures, with which the ”stress-
strain” diagram shows a ”plateau” in the post-peak load part and those
showing a softening and sliding parts after the peak in the load. In fact,
numerical tests carried out on non-confined and confined masonry panels
have shown that the laws of crack length evolution available so far in the
case of non-confined masonry are not able to reproduce the softening and
sliding parts seen in the case of the confined masonries.
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3.1. Simulation of non-confined loaded masonry panels of various sizes

In order to model as accurately as possible the ”load-displacement” re-
sponse of a quasi-brittle non-confined masonry structure subjected to a shear
load (in the case of a seven brick panel (Fig. (16))) or a diagonal compres-
sion load (in the case of a wall (Fig. (11)), it is assumed that under the
maximum load (or stress), denoted F c (or τc), the representative micro-crack
is inactive (i.e., its length remains constant and equal to the critical length
lc) and that it propagates from the maximum load up to the failure of the
interface i.e. up to the ultimate load F u or stress τu (as seen in Fig. (4))
reached at the ultimate crack length lu. The values of the load parameters
F c and F u (or stresses τ c and τu) are determined from the experimental
”load-displacement” curves [33, 34, 35]. The values of the lengths lc and lu
are chosen so that the numerical global response matches the experimental
”stress-strain” (or ”stress-displacement”) diagram satisfactorily. Figure (4)
gives the evolution of the representative half crack length predicted, based on
experimental data available in [13] on elementary walls consisting of triplet
bricks, seven bricks (figure (8)) and a large wall as shown in figure (13), as
described in the following sections.

[Figure 4 about here.]

[Figure 5 about here.]

In order to test the validity of the law of crack length evolution described
in Fig. (4) and to identify the parameters involved (F c, F u, lc and lu), the
experimental data obtained by Gabor et al. [33] on elementary masonry walls
consisting of 7 bricks under shear loading and on a wall subjected to diagonal
compression were used. The geometry and boundary conditions are given in
Fig. (16) (without the confining pressure σ) and Fig. (11) in the case of 7
bricks and the wall, respectively. Table (1) lists the mechanical properties of
the bricks and mortar constituting the prism and the wall [34]. Because of
the symmetry of the prism problem, only half-structures will be used in the
computations.

[Table 1 about here.]

11



3.1.1. Simulation of a non-confined medium-sized masonry panel under shear
loading

The masonry specimen studied in this part consists of seven hollow bricks
subjected to a shear load without any confining pressure. To calculate the
global and local mechanical fields, it is necessary to determine the charac-
teristics and the parameters of bed interfaces, 50 mm in length, denoted by
h. The stiffness of head interfaces, 210 mm and 100 mm in length, denoted
by v1 and v2, respectively, is deduced from that of h, using the following
relations:

Cv1
N = (210/50) Ch

N and Cv1
T = (210/50) Ch

T

Cv2
N = (100/50) Ch

N and Cv2
T = (100/50) Ch

T

[Figure 6 about here.]

[Figure 7 about here.]

[Figure 8 about here.]

In the case of bed interfaces, the compliance tensor S̃uh of the effective
undamaged material HEMuh reads

S̃uh = 10−4




1.190 −0.357 −0.357 0 0 0
−0.357 1.190 −0.357 0 0 0
−0.357 −0.357 1.525 0 0 0

0 0 0 4.265 0 0
0 0 0 0 4.265 0
0 0 0 0 0 3.095




(12)

The associated engineering constants are:

Ẽuh
1 = Ẽuh

2 = 8400 MPa, G̃uh
12 = 3230.7 MPa, ν̃uh

12 = 0.3,

Ẽuh
3 = 6557.93 MPa, G̃uh

13 = 2344.32 MPa and ν̃uh
13 = 0.3

The constants C and D (3) used to evaluate the components of the COD
tensor B(0) are:

C = 0.000456 and D = 0.061810 (13)
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The normal and tangential stiffness of the bed interfaces are then given by
the following expressions:

Ch
N = 51570.5/l3 (N/mm2) and Ch

T = 29182.9/l3 (N/mm2)

At head interfaces v1 and v2, these expressions are:

Cv1
N = 216596/l3(N/mm2) and Cv1

T = 122568/l3(N/mm2)
Cv2

N = 103141/l3(N/mm2) and Cv2
T = 58365.8/l3 (N/mm2)

(14)

The mesh for the half in-plane structure of this specimen consists of 4872 Q4
finite elements. Similar loading and boundary conditions (see Figure (6) with
no confinement pressure σ) to those used by Gabor et al [33] were adopted
here.

[Figure 9 about here.]

The predictions of the model for an elementary masonry panel based on
the crack length law shown in Figure (4) with the identified crack parameters
lu = 1.3 µm and lc = 1.51 µm at the critical and ultimate stresses τc =
1.75 MPa and τu = 1.9 MPa identified on the basis of experimental data
showed good agreement with the experimental results (see Figure (8)). In the
case of this elementary masonry structure, it was concluded that failure will
occur when the interface stiffnesses, per mm.l, reach the following values:

CN = 3 1011(N/mm3) and CT = 1.74 1011(N/mm3)

Figure (6) shows the final geometrical configuration of the prism when the
crack length reaches its ultimate value lu. In the case of local fields observed
during the failure phase shown in Figure (9) confirm that this crack length
law with the suitable parameters values can be used to accurately predict
the localization of the shear stress concentration where failure occurs, as in
the experimented specimen (see figure (20)).
The crack lengths identified at two supplementary points on the experimental
prism as shown in figure (7) confirms that the crack length increased linearly
in the post-peak part.

3.1.2. Case of a wall under diagonal compression without unilateral contact
condition

The accuracy of the present model based on the crack length law (Fig.
(4)) and suitable couplets of parameters (τc, lc) and (τu, lu) will be checked
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below in the case of the masonry with large in-plane dimensions (870 mm x
830 mm) previously tested by Gabor et al. [33]. In this specimen, the head
and bed interface lengths were 50 mm and 210 mm, respectively. In the
examples described below, the material parameters of the bricks and mortar
were identical to those of the medium-sized wall described in Table (1). The
compliance tensor of horizontal uncracked brick/mortar lamina is given by
expressions (12). The values of the associated constants C and D are given
by (13). The normal and tangential stiffness of the bed and head interfaces
are therefore identical to the stiffnesses h and v1 of the seven brick panel.
The identification of crack lengths at the critical and ultimate loads Fc and
Fu yielded respectively to the values: lc = 1.6 µm and lu = 1.61µm. Good
agreement was therefore obtained between the numerical and experimental
data, as can be seen in Figure (12). Note that in this experimental test,
Fu = Fc = 251.77 kN, and the crack length evolution (Fig. (4)) therefore
reduces to the function (Fig. (10)).
In the case of the wall, per mm.l, the interface stiffnesses at the failure phase
is therefore given by the values:

CN = 2.47 1011 (N/mm3) and CT = 1.4 1011 (N/mm3)

Comparisons between the ultimate crack length identified for the wall and
the non-confined masonry panels showed the existence of relative error of
about 6.4%.

[Figure 10 about here.]

[Figure 11 about here.]

[Figure 12 about here.]

[Figure 13 about here.]

In what follows, bricks and mortar joints will be modeled using Q4 quad-
rangular finite elements. The following scaled deformed mesh (Figure (14))
was obtained for the ultimate diagonal strain with the ultimate half crack
parameter: lc = 1.61µm. This deformed configuration shows that the wall is
not able to resist the diagonal compression, especially at the left top corner,
where the load was applied. This is confirmed by the fact that the shear
stresses are concentrated in this corner. Given suitable micro-crack lengths
occurring during the failure phase, the present model can therefore be used
to reproduce the local response of a large-sized loaded masonry specimen.

[Figure 14 about here.]
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3.1.3. Effect of an additional unilateral contact condition on the interface
stiffnesses

In order to avoid the overlaps which can be seen in Figure (14) to occur
between the brick and mortar faces in the case of masonry structure sub-
jected to compression loads, it is proposed to introduce unilateral contact
conditions.
The relative displacement between two points located on the two surfaces in
contact is denoted by [u], where

[u] = ub − um

and ub (respectively um) is the displacement in the brick (respectively in the
mortar). Let F be the density of the contact forces. We take nb (respectively
nm) to denote the external unit normal vector to the boundary of the brick
(respectively to the boundary of the mortar). The decomposition into normal
and tangential parts is written

[u] = [un]nb + ut, with [un] = [u].nb (15)

F = Fnnb + Ft, with Fn = F.nb (16)

Locally, the unilateral contact is given by the following relations

[un] ≥ 0 (17)

Fn − CN [un] ≥ 0 (18)

(Fn − CN [un])[un] = 0 (19)

Relation (17) denotes the possibility that only decohesion will occur, and not
penetration. Relation (18) expresses the fact that the normal stresses cor-
respond only to compression. Relation (19) shows that at the brick/mortar
interface, there are only two possibilities: contact or decohesion. This re-
lation is commonly known as the complementary condition. This condition
was imposed only for the 3 first ranges (from the 14th to the 12th) of bricks
(at head and bed joints) where overlap has been observed.

[Figure 15 about here.]

The crack law parameters ensuring good agreement between the numerical
and experimental ”stress-strain” diagrams have the following values: lc =
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1.725 µm and lu = 1.728 µm for Fu = Fc = 251.77 kN . Per mm.l, the
corresponding normal and tangential interfaces then read:

CN = 2. 1011 (N/mm3), and CT = 1.13 1011 (N/mm3)

When failure occurs, the additional unilateral contact condition therefore
decreases the stiffnesses of the wall interfaces by about 21%.

3.2. Simulation of a confined medium-sized masonry panel under shear load-
ing conditions

In the case of confined masonry panels subjected to shear loads with
various confining stresses (σ = 0.4, 0.6, 0.8 and 1.2 MPa), the joint re-
sponse differs from that observed under non-confined conditions, as shown
in Figure (18). Experimental results are plotted in dashed lines. In the
”stress-displacement” diagrams, the distinction will be made between three
stresses: τc, τcr and τu, denoting the critical or maximum stress value, the
end of the softening phase and the ultimate stress value in the sliding phase,
respectively. Additional confining pressure was found to increase the cohe-
sion between mortar and hollow bricks and thus to induce the occurrence of
softening and sliding processes after the peak load has been reached. These
softening and sliding parts cannot be modelled in the framework of a crack
length evolution law similar to that used for a non-confined masonry panel
(Figure (7)). In this case, a nonlinear piece-wise increasing representative
crack length from the peak load up to failure gives better predictions. Nu-
merical simulations on this structure adopting linear functions with a single
slope describing the increase in the crack length and the decrease in the
shear stress as described in Figure (5) and characterized only by two identi-
fied crack length parameters lc and lu at the maximum and ultimate stresses,
respectively, show that the results obtained using crack length laws of this
kind do not match the experimental ”stress-displacement” diagrams. To ob-
tain a better fit between the numerical and experimental data, the crack
lengths were identified at several points on the experimental diagram. At
various confining stresses, the changes in the crack lengths given, in figure
(19), show that it is necessary to include a bilinear or trilinear function in
the post-peak load part to account for the set of the softening and sliding
parts. As shown in figure (19), these functions describe the increase in the
crack length, while the shear stress decreases, in live with the properties of
cohesive cracks [53, 54, 55]. In the identified functions l = f(τ) correspond-
ing to confining stresses σ = 0.8 and 1.2 MPa, note the existence of a first
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positive slope describing the increase in the crack length with the increase in
the shear stress occurring before peak of load is reached. This first linear evo-
lution of l is not included in the description of the crack length evolution in
the softening and sliding parts given by the ”stress-displacement” diagrams.

[Figure 16 about here.]

[Figure 17 about here.]

[Figure 18 about here.]

[Figure 19 about here.]

[Figure 20 about here.]

The numerical ”stress-displacement” curves corresponding to the crack
length functions depicted in Figure (19) are in line with experimental data as
can be seen from Figure (18) with each of the confining stresses. Table(2) lists
the ultimate crack lengths obtained at the various confining pressures tested.
Note that the crack length lu varies slightly with the confining pressure. Its
main value is lcpu = 1.61µm. The relative errors er between lu and the average
value lcpu do not exceed 11%.

[Table 2 about here.]

Figure (17) gives the local shear stress distribution with a 0.4 MPa con-
fined small wall, which shows a local stress concentration at the longest
vertical interface v1, where the decohesion between brick and mortar mainly
occurs, as in the experimentally tested specimen (Figure (20)).

3.3. Discussion of the results

Table (3) recapitulates the identified ultimate crack lengths giving a best
fit between the numerical and experimental results at the failure of the wall
with and without the unilateral contact condition. The relative difference
between these values is taken to be negligible (about 7%). It was therefore
proposed to calculate the mean ultimate crack length from the values avail-
able on wall interfaces at failure. The relative errors er between the identified
crack lengths lu and the mean value lwu = 1.66 obtained in the case of the
wall were negligible (below 4%).
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[Table 3 about here.]

Table (4) gives the identified (average) ultimate crack lengths obtained
with masonry structures of various sizes under shear loads (with and without
confining pressure) or diagonal compression loads (with and without the uni-
lateral contact condition). Due to the negligible differences existing between
these values, we will assume that failure occurs when the crack length reaches
the average value of this set of identified crack lengths i.e. lu = 1.6 µm.

[Table 4 about here.]

In the case of masonry composed of constituents with the properties given
in table (1), comparisons between the stiffnesses of the interfaces obtained
with masonry of various sizes (see the er values for the stiffnesses) gave a mean
stiffness value per mm.l, and upper and lower bounds for the properties thus
identified:

{
Cav

N = 252 109(N/mm3) and Cav
T = 142.5 109(N/mm3),

Cav
N (1− 11%) ≤ CN ≤ Cav

N (1 + 17%)
(20)

The discrepancies between the individual interface stiffnesses and the mean
value obtained (maximum about 17%) can be explained by the fact that
masonry mortar joints are man-made materials.

4. Conclusions

In this study, the identification of the crack length evolution law for ma-
sonry structures with various sizes subjected to shear and diagonal compres-
sion loads showed the ability of a recently presented model [13] to provide
estimations for the stiffness of masonry interfaces. At failure, the discrepan-
cies between the identified crack lengths were almost negligible (below 6%).
The interface stiffnesses are inversely proportional to the cube of the ultimate
crack length lu which explains the maximum discrepancy of about 17%. An
experimental campaign in which the joint mortar is consistently prepared
and laid (constant thickness, regular rate of cover between brick and mor-
tar) will help to reduce the discrepancies between the stiffnesses of interfaces
at failure. To obtain a good fit between experimental and numerical data
on loaded non-confined masonry structures in which the ”stress-strain” dia-
grams show the occurrence of a ”plateau” after the peak load (or stress), it
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is necessary to adopt a linearly increasing crack length up to the failure, cor-
responding to the ultimate load applied. Number of parameters is reduced
to 4 in this case: lc, lu, τc and τu. In the case of confined masonry structures
under shear loading conditions, the present model gives good agreement with
the experimental data, thanks to the introduction of a bilinear or trilinear
function describing the increase in the crack length with the decrease in the
shear stress in the post-peak part (softening and sliding parts). The num-
ber of parameters increases in this case to 6 or 8. In the post-peak part
of the ”stress-displacement” diagram, a single linear function describing the
increase in the crack length with the decrease in the shear stress does not
suffice to reproduce correctly the softening and sliding parts accurately.
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Figure 1: Determination of the elastic properties of the third material (a brick/mortar
lamina) located at bed (a) and head (b) joints.
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Figure 2: Assessment of the effective properties of the micro-cracked bed (a) and head (b)
joints using the Kachanov model.
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Figure 3: Local crack vectors and the principal axis of the masonry.
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Figure 4: A preliminary function describing the evolution of the crack half length with
respect to the shear stress applied: the case of a triplet of hollow bricks [13], a non-confined
seven brick structure and that of a wall.
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Figure 5: A possible preliminary function describing the evolution of the crack half length
with respect to the shear stress applied. The case of a small confined wall.
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Figure 6: Initial geometrical configuration and deformation of a small non-confined wall
in a shear test at the identified ultimate crack length lu = 1.51µm
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Figure 7: Identified crack length law in the case of small non-confined wall under shear
loading conditions
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Figure 8: Experimental and numerical response of the small non-confined wall under shear
loading conditions based on the identified crack length law (fig. 7)
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Figure 9: Local shear stress snapshot of the small non-confined wall under shear loading
conditions at failure for an identified ultimate crack length lu = 1.51 µm
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Figure 10: A pre-assumed function describing the evolution of the crack half length with
respect to the shear stress applied: the case of a diagonal compressed wall (with and without
a unilateral contact condition).
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Figure 11: Initial geometrical configuration and loading conditions imposed on the wall.
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Figure 12: Deformation of a wall subjected to diagonal compression: experimental tests
from [33].
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Figure 13: ”Stress-diagonal strain” diagrams of the wall (with and without a unilateral
contact condition) under diagonal compression loading conditions: numerical and experi-
mental results.
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Figure 14: Deformation and local shear stress snapshot at the corner of a wall (without
the unilateral contact condition) subjected to diagonal compression: numerical test with
the identified ultimate crack length value lu = 1.61 µm.
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Figure 15: Effect of the additional unilateral contact condition: Deformation and local
shear stress snapshot at the corner of a wall subjected to diagonal compression. Numerical
test with the identified ultimate crack length value lu = 1.728 µm
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Figure 16: Initial geometrical configuration and loading conditions imposed on a small
confined wall (a, b), deformation of the small wall in a shear test (c)
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Figure 17: Local shear stress snapshot of a confined small wall (σ = 0.4MPa) under shear
loading conditions at failure (the identified ultimate crack length is l = 1.57 µm)
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Figure 18: Effect of the confining pressure: Experimental and numerical ”shear stress-
displacement” diagrams of a small confined wall under shear loading conditions.
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Figure 19: Identified crack length laws giving the best fit between experimental and numer-
ical data on confined small walls under shear loads and various confining pressures
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Figure 20: Experimental deformation of a small confined wall under shear loading condi-
tions [34]
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Young’s modulus (MPa) of full brick 12800
Poisson’s ratio of full brick 0.2
Young’s modulus (MPa) of mortar 4000
Poisson’s ratio of mortar 0.2

Table 1: Mechanical properties of the prism and wall masonry constituents [33, 34]
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confining stress σ (MPa) lu (µm) er(lu) (%)
0.4 1.57 2.5
0.6 1.53 5
0.8 1.8 11.1
1.2 1.53 5

Table 2: Identified ultimate representative crack length and the corresponding relative er-
rors obtained on small confined walls under shear loading and different confining pressures
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unilateral contact condition lu (µm) er(lu) (%)
with 1.61 3

without 1.728 4

Table 3: Identified ultimate representative crack length and the corresponding relative
errors obtained on a diagonally compressed wall with and without a unilateral contact
condition
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lu or average of lu (µm) er(lu) (%) er(CN) (%)
non-confined prism 1.51 5.8 + 17.4

confined prism 1.61 0.6 -2
wall (with/without u.c.c.) 1.66 3.7 -11

Table 4: Relative errors in the identified (average) ultimate representative crack lengths
and stiffnesses in the case of masonries of various sizes under shear loading or diagonal
compression conditions

51


