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Abstract The first integrals of the Kepler problem are used to compute preliminary
orbits starting from two short observed arcs of a celestial body, which may be obtained
either by optical or by radar observations. We write polynomial equations for this
problem, which can be solved using the powerful tools of computational Algebra. An
algorithm to decide if the linkage of two short arcs is successful, i.e. if they belong to
the same observed body, is proposed and tested numerically. This paper continues the
research started in [6], where the angular momentum and the energy integrals were
used. A suitable component of the Laplace-Lenz vector in place of the energy turns
out to be convenient, in fact the degree of the resulting system is reduced to less than
half.

1 Introduction

We present a new method, based on the first integrals of the Kepler problem, to com-
pute a finite set of preliminary orbits of a celestial body from two short arcs of obser-
vations. We assume that the body moves on a Keplerian orbit with a known center
of attraction O and is observed from a point P, whose motion is a known function of
time. For asteroid orbits O corresponds to the center of the Sun, for space debris O is
the center of the Earth. We deal with two different kinds of observations, optical and
radar, and make use of the related attributables [8], [14].

In [6] the angular momentum and the energy integrals are used to solve the linkage
problem for solar system bodies. This means to identify two attributables as related to
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the same observed object by computing (at least) one reliable orbit from the observa-
tions of both attributables. The equations of the problem are written in a polynomial
form and the total degree of the system is 48. The use of these integrals for the linkage
has been first proposed in [13], but without fully exploiting the algebraic character of
the problem. The algorithm presented in [6] has been applied in [3] to the problem of
correlation, that is the linkage in the context of space debris. There the authors have
extended the method including the oblateness effect of the Earth. This method has
been tested successfully with real data of geosynchronous satellites [10].

In this paper we propose different equations for the same problem: in particular
we use a suitable projection of the Laplace-Lenz vector in place of the energy. The
advantage of this approach is that there are several cancellations and the total degree
is 20. Thus we do not need to use quadruple precision, as in our previous work.

The same equations can be written using different data, simply considering other
quantities as unknowns. For example in Section 4 we deal with the case of an optical
and a radar attributable. This case is interesting because we end up with a univariate
polynomial of degree 4, hence the problem admits explicit solutions.

The solutions must fulfill compatibility conditions taking into account the other
integrals of Kepler’s problem, as in [6]. Here we propose a different strategy to select
the solutions, based on the attribution algorithm of a very short arc to a known orbit
(8], [7].

The structure of the paper is the following. After introducing preliminary defi-
nitions, in Sections 3, 4, 5 we study the linkage of two attributables, either optical
or radar. The degenerate cases are shown in Section 6. Sections 7 and 8 explain the
computation of the covariance matrix for each orbit and the selection of the solutions.
Section 9 deals with the Earth oblateness effect. We conclude with numerical tests in
Section 10.

2 Preliminaries

Let us fix an inertial reference frame, with the origin at the center of attraction O. The
position q and velocity q of the observer are known functions of time. We describe the
position of the observed body as the vectorial sum

r=q-+pe’, (1)

with p the topocentric distance and e” the line of sight unit vector. We choose spherical
coordinates («,d, p) € [-7,m) X (=7/2,7/2) x RT, so that

e’ = (cosd cos @, cos § sin a, sin J) .
A typical choice for «, d is right ascension and declination. The velocity vector is
I":qupe’oer(dcoséeaJrSeé), p,a,éeR,peR+, (2)

where p, pdé cosd, p5 are the components of the velocity, relative to the observer in P,
in the (positively oriented) orthonormal basis {ep7ea7e6}, with

oo’ 95

e = (cosd)



We recall the definitions of optical and radar attributables. Let (¢;, «;,d;) with
i=1...m, m > 2, be a short arc of optical observations of a moving body, made from
the same station. From these data it is possible to compute an optical attributable

Aopt = (,8,6,8) € [=m, ) x (—7/2,7/2) x R?,

representing the angular position and velocity of the body at a mean time ¢ (see [8],[6]).
In this case the radial distance and velocity p, p are completely undetermined and are
the missing quantities to define an orbit for the body.

From a set of radar observations of a moving body (¢;, «;,0d;,p;), with ¢ = 1...m,
m > 2, it is possible to compute a radar attributable, i.e. a vector

-Arad = (a7 67 P p) € [—7(, 7r) X (_7r/27 7‘—/2) X R+ X R,

at time £ (see [14]). Here ¢, are the unknowns needed to define an orbit.
We call attributable coordinates the vector («, §, &, 9, p, p) representing the position
and velocity of the body as seen from the observer at time .

3 Linking two optical attributables

Given two optical attributables A1, As at epochs t1,t2, we assume they belong to the
same observed body and write 4 scalar algebraic equations for the topocentric distances
p1, p2 and the radial velocities p1, p2 at the two epochs.

We use some of the algebraic integrals of the Kepler problem, i.e. the angular momen-
tum c¢ and the Laplace-Lenz vector L. The expressions of these integrals as functions
of p, p are given below. The angular momentum is

c(p,p) =t xi=Dj+Ep’ +Fp+G,

where
D=qxe",
E = dcosde” x e + de” x e = dcosde’ — de®,
F =ccosdq x e +q x e +e” xq,
G=qxq.

The Laplace-Lenz vector is given by

. . r .12 . .

uL(pm):rXC—um:(\rl —ﬁ)r—(r-r)r, 3)

where

x| = (0> + |al® + 20q-”)"/?,
2 = % + (62 cos® 6 + 62)p? + 2¢- €”p + 2 - (e cos 56 + 6e)p + |2,

r-r= pp+q~epp'—|—(q-ep+q~eao'ccos5+q~e65)p+q-q.
For objects orbiting around the Sun p = Gmg, for satellites of the Earth p = Gmg.

Remark 1 If O corresponds to the center of the Sun, then we use interpolated values
for q, q, as suggested by Poincaré [11] and discussed in [9].



These dynamical quantities give 6 scalar integrals of the motions: only 5 are mutually
independent, in fact L - ¢ = 0. Since we have 4 unknowns, generically we need 4
scalar conservation laws to define a finite number of solutions. We select the angular
momentum and a particular component of the Laplace-Lenz vector. The choice of the
latter integral presents a substantial advantage with respect to the use of the energy,
as in [6]: this will be discussed later.

3.1 The polynomial equations

We use the notation above, with index 1 or 2 referring to the epoch. If Ay, Ag corre-
spond to the same observed object, by assuming that the latter moves on a Keplerian
orbit,1 the angular momentum vectors at the two epochs must coincide:

c1(p1,p1) = c2(p2, p2) - (4)
Equation (4) can be written as
D1p1 — Dapo = J(p1, p2), (5)

where
J(p1,p2) = Eaps — E1p; + Faps — Fip1 + Ga — Gy .

Following [6] we eliminate the variables p1, p2 and obtain
D; x D2 -J(p1,p2) =0 . (6)

We can write the left-hand side of (6) as

def 2 2
a(p1,p2) = 2001 + q10p1 + Q0202 + 90192 + 400 (7
with
q20 = —E; - D1 x D2, qo2 = E2 - D1 X Dag,
q10 = —F1-D1 x Dy, go1 = F2-Dj X Dag,

goo = (G2 — G1)-D1 x D3 .
The radial velocities are given by

(J X DQ) . (Dl X D2)
|D1 X D2|2

(J X Dl) . (Dl X DQ)

8
|D1 X D2|2 ( )

p1(p1,p2) = , o p2(p1,p2) =

Also the Laplace-Lenz vectors at the two epochs must coincide. We equate the
projection of both vectors along v = eg X q2:

Li(p1,p1) - v =La(p2,p2) - v . )
The projection of Lo along v is particularly simple:

pla v =—(fg-r2)(fa-Vv),

I This two-body approximation may fail in some cases, e.g. when a close approach with a
third body occurs at an intermediate time.



thus (9) becomes

(1117 = 27 (1) = Goa e (1 v) = (2 2 (E2-v) (10)
1]

After substituting (8), this is an algebraic equation in p1, p2. Rearranging the terms in
(10) and squaring we obtain

de . . . . .
p(p1,p2) & 1P (r1 - v)2 — e 2 {[[E1[2r1 — (b1 - T1)i1 + (b2 - r2)ia] -v}* =0 (11)
This is a polynomial equation of degree 10 in pj, p2: in fact, the projection

ro - v =q2 - (p2(de cosdae§ + SQeg) + q2) X eg =

. : . 12
= p2(—dz cosdaqa - € — d2qz - €3) + ef - gz X 42 (12)

does not depend on p2 and, in the difference |i‘1\2r1 — (f1 - r1)P1, the second degree

term in p1 (i.e. p3ry) cancels out.

Therefore, to solve the linkage problem, we can consider the polynomial system
{p(m, p2) =0

q(p1,p2) =0" PPz >0 (13)

with total degree 20. This shows the advantage of this method compared with the one
in [6], which gives total degree 48.

3.2 Computation of the solutions

To compute the solutions of (13) we define an algorithm similar to the one in [5], [6].
By grouping the monomials with the same power of p2 we write

8
plp1,p2) = Y aj(p1) ph, where (14)
7=0
10 for j =0
deg(a;) =q 10— (j+1) for j=2k—1 withk>1
10—7 for j =2k with £ > 1
and

q(p1,p2) = ba p3 + b1 p2 + bo(p1) (15)

for some univariate polynomial coefficients a;,bg and constants by, ba.
We consider the resultant Res(p1) of p, ¢ with respect to p2, which is the determinant
of the 10 x 10 Sylvester matrix

ag 0 bo 0 ...... 0
a7 ag by ba 0 0
bo b1 b2
S(p1) = - (16)
0 V1
ap al b() bl

0ag 0 0 0 0 by

and is generically a degree 20 polynomial. The positive real roots of Res(p;1) are the
only possible values of py for a solution (p1, p2) of (13).



Remark 2 The resultant of p,q with respect to p; leads to compute the determinant
of a 12 X 12 matrix, thus the elimination of p2 is more convenient. On the other hand,
if we project the Laplace-Lenz vectors on e’l) X qi, it is better to eliminate pj.

The coefficients of Res(p1) are computed by an evaluation/interpolation method based
on the FFT, and the roots pi1(k) of Res(p1) by the algorithm described in [1]. The
computation of the preliminary orbits is concluded as follows:

1) solve the equation ¢(p1(k), p2) = 0;

) discard spurious solutions, i.e. pairs (p1, p2) solving (11) but not (10);
3) compute the values of p1(k), p2(k) by (8);

) write the corresponding orbital elements. The related epochs, corrected by aberra-
tion, are t; = t; — p;(k)/c, i = 1,2 where c is the velocity of light.

4 Linking radar and optical attributables

Assume we have a radar attributable A,..q = (o, §, p, p) at epoch t. We introduce the
variables
& = pccosd, C=pod .

The angular momentum as a function of &, ( is
crad(§¢) = A{+B(+C, (17)

where
A=rxe”, B:r><e57 C=rxq+pqxe’.

The Laplace-Lenz vector is given by (3) with
i = e + (e’ + (pe” +q),
17 = €2 + ¢ 24 e + 24 "¢ + |pe” + 4%,
Por=q-e®¢+q-e’C+(pe’ +4a) .
Suppose we have a radar attributable A,,4 at time £; and an optical attributable

Aopt at time ¢2. Equating the angular momentum vectors ¢,,q and copt at the two
epochs we obtain a polynomial system of 3 equations in the 4 unknowns &1, (1, p2, p2:

A1&1+B1(1 + Cr = Doy + Egp3 + Fapy + Go (18)
The system is linear in &1, (1, p2. By solving for these variables we obtain

€1(p2) = Xaps + X1p2 + Xo
Gi(p2) = Zops + Zip2 +Zo (19)
p2(p2) = Rap3 4+ Ripa + Ro

where

X2:7E2-B1XD2, X1:’yF2~B1><D2, XO:W(G2—01)~B1><D27
Zy =—yEz-A; xDy, Z;=-vF2-A; xD2, Zg=-y(G2—-Cy1)-A; x D2,
R2=—vE2-A; xB1, Ri=-vF2-A;xB;, Ro=-v(G2-Ci1)-A; xBy,

and v = 1/(A1 . B1 X D2).



Equating the expressions of the Laplace-Lenz vectors at the two epochs, and projecting
along v = e} x gz, yields

#[Lraa(€1,C1) — Lopt(p2, p2)] - v =

- [(|i~1|2 _ ﬁ)rl ~ (i1 - rl)r"l] V4 (F2 1) (i V) = 0.

(20)

The term r2 - v does not depend on p2 and is linear in pg, see (12). Thus, after
substituting (19), the terms (f2-r2)(¥2-v) and [|i1 ry — (£ -r1)r1]-v are polynomials
of degree 4 in ps. We obtain a univariate polynomial equation with degree 4 in p2, which
admits explicit solutions. For each positive root pa(k) we can compute orbital elements
at epochs 1 = t1 — p1/c,ta = ta — p2(k)/c using (19).

By replacing equation (20) with the conservation of energy we would obtain a
polynomial equation of degree 10. Hence (20) yields a simpler polynomial problem, to
the point that the solutions can be explicitly computed.

5 Linking two radar attributables

Given two radar attributables A7, As at epochs 1, fs for the same observed body, we
can write polynomial equations for the variables £, ¢ at the two times. The energy as
a function of &, ¢ is given by

.« . . . 2
26(6,0) =+ +2q-e §+2q‘e5§+|pep+ql2—ﬁ.

Equating angular momentum and energy at epochs 1 and s yields a polynomial system
with total degree 2, see [13], [3]. In this case the Laplace-Lenz vector does not allow us
to achieve a smaller degree. Moreover, when dealing with the Earth oblateness effect,
the use of the energy conservation is preferable (see Section 9).

6 Degenerate cases

In case of two optical attributables the quadratic form (7) is completely degenerate if
E{-Di xDy=Ey;-D; xDy=0.

For a discussion on the geometric meaning of these conditions see [6]. For the radar-
optical case system (18) degenerates if

A1 ><B1-D2 = (I‘l -ef)(rl -DQ) =0.
This occurs when rq - ef =0, or r{ Xx ro = 0, or when eg is in the orbital plane
(orthogonal to r1 X ra). Moreover, in both cases the projection of Li, Lo identically

vanishes when v = 0. For space debris this corresponds to a zenith observation. The
degenerate cases for two radar attributables are discussed in [3].



7 Covariance of the solutions

Let A = (A;,.A2) be the vector of two optical attributables and I’ its covariance
matrix. For each solution Y = (p1, g1, p2, p2) of the linkage problem

{01(/)17/51) = ca(p2, p2) o1 ps >0 (21)

Li(p1,p1) - v = La(p2,p2) - v

we can compute the Cartesian coordinates ESZ, Eﬁii at epochs t1,t2, and their co-

variance matrices Fc(;,)«, FC(ZZ We introduce the following notation:

1) Ecar = (E&ll)r7 Eéil) is the 2 epochs Cartesian coordinates vector;
2
2) Bqit = (E((LB, E((LtZ)7 where

E((l’;)t :(ai76i7di35iapi7pi)7 221,2 .

If we use interpolated values for q,q, as suggested in [11], then E((Iztt are not the

attributable coordinates corresponding to ngl)r.
Define the map @ : R!Z — R* by

b C1 —C2 o
E‘mH[u(Ll—Lg)-w] ; W =r2Xqz .

Moreover, introduce the transformation 75" : Eqtt — Ecar by (1), (2) for both epochs,
and consider the map ¥ defined by & = ¥ o 75;". Note that & = 0 is equivalent to
(21). We use w instead of v to obtain simpler expressions for the derivatives of .
The covariance matrix of the Cartesian coordinates at epoch t; is

T
L0 _ 9By o [0EG)
car — 8A aA s
with
oB'Y. o). 0B} o) [8(14 0.4)]
~ amC ’ = | olpr.p) | -
OA  ppll) OA DA 2

From the implicit function theorem

—1
oY ob od
aT(A) =- [W(Eatt)] aj(Eatt),
where
08 _ (0¥  _car) 0Tati” 0B _ (0¥  _car) OTafi
oY OEcar % ) oY 0A OEcar % oA

The matrices 07,7 /0Y and 07, /OA are respectively made by columns 5,6,11,12
and by columns 1,2,3,4,7,8,9,10 of OEcqr/0Eq+t.
For a given vector u € R? define the hat map

Rga(ul,UQ,U3):ur—>ﬁdi [U3 0 —ulJ € s0(3) .



Then we have, using al = —u,
oF —f1 f 2 B
GTW: 0Ay 0Ap 0Ap OA. |
or; Orp Org Org

where Ay = p(Lyp — Lg) - w, and

0A 1 .
£ = (it = ) w4 ST i
ory [r1] [r1]3
0A .
£ = 2(ry - w)ET — (b1 - w)ry — (£1-1r1)wT
orq
0A . . . . . . .
£ = (101 = ) o xral” = G rlas xRl 4 G W+ (i) x 2]
Org [r1]
0A . .
.K = (¥2 -w)rg + (f2 -rz)wT
oro

In the case of one radar and one optical attributable the covariance of the solutions
can be computed in a similar way, with the following differences: a) the vector of the

attributables is A = (A;qq,Aopt); b) the vector of unknowns is Y = (&, 51, pa, 02);
¢) the matrix of the derivatives of ESE with respect to A is
e Is Oy OQ Os
8Eatt — 8(d1,61) ; (22)

OA
O3 Iz Oz O2

0A

d) the matrices 97,4 /OY and 07" /OA are respectively made by columns 3,4,11,12
and by columns 1,2,5,6,7,8,9,10 of OEcar/0Eqt.
In the case of two radar attributables we use the map

$ | C] —C2
E
att’—>|:51_52:|7

and the derivatives

0As 1 o 0As .o 0Ag 1, 0As

T
= r =r = — r
ory #|r1|3 Lo oy Lo oy #\r2\3 27 iy

= —T;

of Ag = &1 — &. Moreover: a) the vector of the attributables is A = (A;,.A2); b)

the vector of unknowns is Y = (&g, 51, dea, 52); ¢) the matrix of the derivatives of E&z
with respect to A has the same structure as (22); d) the matrices 97,5} /OY and
OT,4" /OA are respectively made by columns 3,4,9,10 and by columns 1,2,5,6,7,8,11,12
of aEcar/aEatt~

8 Selecting solutions

The solutions of (21) are defined by using only four conservation laws. Thus Eéiza,

EE?LZ may not correspond to the same orbit. We select the solutions of the linkage
problem by means of the attribution algorithm [8], [7]. In these references only optical
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attributables are used, but the algorithm can be easily extended to radar ones. Here
we recall briefly the procedure.

Let E; be a set of orbital elements for the observed body at time t;, with 6 x 6
covariance matrix I';. We can propagate the orbit with covariance to the epoch to of
an attributable Asg, with a given 4 x 4 covariance matrix I'4,, by the formula

o 0P(Ey1p) [ [0B(Ey, 1o) r
P 0Fq ! 0F1

where @(F1,t) is the integral flow associated to the dynamical model. Then we can
extract a predicted attributable Ajp, at time 2, with covariance matrix I 4, Let C A, =

(FAp)il and Cy, = (FAz)fl. We define
Co=Cu, +Ca,, To=Cyt.
The identification penalty is given by
Xi = (A2 = Ap) - [Ca, — Ca, ToCa, ) (A2 — Ap) -
If the value of x4 is within a fixed threshold, we can accept the orbit Fj.

Remark 8 To select solutions we could also use compatibility conditions, as in [6].
When using (L1 — L2) - v = 0 the conditions could be

(Ly —LQ)-eg:(), 01—l =nq(t; —ta) . (23)

9 Including J2 oblateness effect

When we study the linkage problem for attributables of satellites of the Earth, the
non-spherical shape of our planet plays an important role. In general the problem of
the motion of a satellite around an oblate body is not integrable [2]. Including in the
model the effect of the Ja coefficient (i.e. the second zonal spherical harmonic of the
gravity field) we obtain an integrable problem by keeping only first order terms [12].
The Keplerian elements a, e, I of the body remain constant, while the pericenter and
the node evolve according to

2 _ .2
w:§J2n<R—®) (4 — 5sin I)’
4 a

(1—e2)?

2
3 Rg cos I (24)
9—*§h”(z) T—ene

Thus the lengths of ¢ and L remain constant, while their directions change. We write
the vector equations

{ Rccl =C2 (25)

RiLi =Lo

where

Re=Rhgp, Rp=RZ, 5 ,RAqR% Av=ws—wi, AQ=0s—Q1.

—wy?
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Given a first guess for the orbital elements, we substitute them in the expressions of
Re, Ry, obtaining equations with the same algebraic structure as the system ¢; —cg =
0,(L; — Lg) - v = 0. Then we start an iterative procedure and take the solutions at
convergence, if any.

We have three ways to select a first guess. One is trying to compute orbits without
the oblateness effect. The other two ways are to compute a circular orbit from an
attributable, either the first or the second one. For optical attributables we refer to
[4], while the procedure for radar attributables is discussed in Section A. With circular
orbits the elements w, {2 are not defined, but we can write

Aw = @ty — t1), AR = Q(ty —ty), (26)
with w, 2 given by (24). If we employ the attributable at time 1, we set
Ry = R} Rag, with ca = Recy;
while for the attributable at time t2 we use
Ry, = RAoR%,, withc; =Rlcy .

In the case of two radar attributables equating the energies is preferable, since energy
is invariant under the Jy effect, according to our approximated model.

10 Two test cases

First we test the method explained in Section 3 with asteroid (99942) Apophis. We take
two sets of 13 and 12 real observations respectively with mean epochs #; = 53175.59,
to = 53357.45 (time in MJD). After removing duplicate and spurious solutions we
obtain

‘ P1 \ P2
1 | 0.78987 | 0.04345
2 | 1.13777 | 0.09569

Table 1 Solutions in AU of the system (13) for (99942).

The two solutions give respectively x4(1) = 1797.5, x4(2) = 1.51, therefore we select
the second one, with Keplerian elements

a=0.9230, e=0.189, I = 3.287, 2 =204.912, w = 124.778, £ = 249.003

at epoch t; = 53175.59 (distances in AU, angles in degrees). The related standard
deviations are

oq =4.8x1073 , Oe = 5.6><1O_37 oy =0.112, 0 = 2.646, o, = 10.431, oy = 13.304 .
We can compare the results with the known orbit propagated at epoch ¢1:

a=0.9219, e=0.191, I =3.333, 2 =204.575, w = 126.176, ¢ = 247.500 .
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Fig. 1 For the test case of (99942) Apophis, this figure shows the advantage of using equation
(9) instead of the conservation of the energy £. Top left: ¢, L - v integrals. Top right: ¢, L - v
integrals, polynomial form. Bottom left: ¢, £ integrals. Bottom right: ¢, £ integrals, polynomial
form. The asterisk corresponds to the known orbit.

Figure 1 shows for this test case the intersections of the curves defined in this paper
compared with the ones obtained by the conservation of the energy. In the four pictures
the hyphened curve corresponds to equation (6). We also draw the curve defined by
(10) on top left, and the one by (11), in polynomial form, on top right. The conservation
of the energy defines the curve drawn on bottom left, its polynomial form (obtained
by rearranging terms and squaring twice) defines the one on bottom right. The orbit
determination method introduced in this paper, searching for the intersections shown
on top right, is clearly convenient with respect to the method investigated in [6], related
to the figure on bottom right.

Now we show the results of the method explained in Section 4 in the case of space
debris, for a Low Earth Orbit (LEO)?, including the oblateness effect of the Earth
as described in Section 9. By propagation of the known orbit we produce a radar
attributable at time #; = 54468.23 and an optical attributable at time o = 54468.57.
For the radar attributable we assume the following standard deviations: 10~% rad in the
angles, 10 m in range, 10 km/d in range rate. For the optical one we use 1 arcsec in the

2 generated with the ESA software Master (http://www.master-2005.net/).
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angles, 1 arcsec/s in the angle rates. All the variables are assumed to be uncorrelated.
We add a random error to the attributables according to our error model.

In Table 2 we write the orbits found at time t; corresponding to different starting
guesses, the orbit obtained at convergence and the known one.

| a| el I| 2] w | !
no Jo 7731.784 | 0.010 | 2.034 | 64.783 | 279.204 | 58.763 | 114.41
C-R 7723.628 | 0.009 | 2.022 | 64.907 | 273.205 | 64.619 68.77
C-O 7724.015 | 0.009 | 2.023 | 64.901 | 273.497 | 64.334 71.04
found 7723.731 | 0.009 | 2.022 | 64.905 | 273.283 | 64.543 69.37
known | 7724.227 | 0.010 | 1.998 | 65.144 | 272.143 | 65.381 /

Table 2 (no Js): solution without including the oblateness of the Earth. (C-R)/(C-O): solu-
tion of (25) using the circular orbit from the radar/optical attributable as first guess. (found):
orbit at convergence of the iterative procedure. (known): known orbit at time t; = 54468.23.
The values of the identification penalty are given in the last column.

11 Conclusions

We have introduced a new orbit determination method, based on the first integrals of
the Kepler problem. A main difference with respect to the method of [6] is the use of
the Laplace-Lenz vector in place of the energy, which allows us to write polynomial
equations with much lower degree. The method is extended to include either radar or
optical observations, and the oblateness effect of the Earth. Two numerical tests have
been presented, one with asteroid (99942) Apophis, the other with a piece of space
debris on LEO orbit. We plan to perform large scale tests in the next future to validate
our algorithms.
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A Appendix. Circular orbits from a single attributable

As shown in [4], for an object orbiting around the Earth it is always possible to compute
a circular orbit starting from an optical attributable A = (a,5,d,5). Moreover, the circular
solutions are at most 3. Here we search for circular solutions in the case of a radar attributable
Arad = (Oé, s, P P)
An orbit is circular when the Laplace-Lenz vector is zero, L = 0. This is equivalent to the
equations
rei=0, [#2 = u/Jr] - (27)

In the variables &, ¢ introduced in Section 4 relations (27) are the equations of a straight line
and a circumference with center C = —(e® - ¢, €% - ¢) and radius

R=/u/le| = a-+ perl? + (@-e2)? + (@-e9)2 = \fu/Ir| - (- er)?
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The first equation degenerates when r x e = q X e” = 0, which corresponds to a zenith
observation. In this case if p # 0 there are no circular solutions. Otherwise, if p = 0 all
the points of the circumference are acceptable solutions. If g x e? # 0 the condition for the
existence of a solution is

(a-e+p)? < Lo [(re)? + (r-e)?]

r3

which means that the circumference intersects the straight line in two points (counted with
multiplicity), corresponding to the two circular solutions.
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