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ABSTRACT. In this paper, we propose and analyze a new artificial compressibil-
ity splitting method which is issued from the recent vector penalty-projection
method for the numerical solution of unsteady incompressible viscous flows in-
troduced in [1], [2] and [3]. This method may be viewed as an hybrid two-step
prediction-correction method combining an artificial compressibility method
and an augmented Lagrangian method without inner iteration. The perturbed
system can be viewed as a new approximation to the incompressible Navier-
Stokes equations. In the main result, we establish the convergence of solutions
to the weak solutions of the Navier-Stokes equations when the penalty parame-
ter tends to zero.

1. Introduction and setting of the problem. The artificial compressibility
method was introduced by Chorin [6] and Temam [17] for the solution of the un-
steady incompressible Stokes or Navier-Stokes equations; see also [20] for the the-
oretical analysis. Then, some other numerical schemes to efficiently compute the
solutions of Navier-Stokes problems can be viewed as discretizations of perturbed
systems of the type of penalization [14] or pseudo-compressibility. This is the case
with the famous projection methods from Chorin [7] and Temam [18, 19] and their
variants [10], see e.g. [15].

Here, we present a new approximation method for the Navier-Stokes equations
modeling incompressible viscous flows in a bounded regular open set 2 endowed
with Dirichlet boundary conditions on I' = 9Q (Lipschitz-continuous). With a
given source term f, the Navier-Stokes system reads:
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v 1
§+(U~V)v—R—6Av+fof,
dive =0,

v(0) = vo, v)r = 0,
where R, denotes the Reynolds number.

According to the identity, —Ay = curl curl ¢—V div ¢, we consider the following
approximate method to obtain a solution of the above Navier-Stokes system, with
the parameters » > 0,y > 0 and,e > 0

Vs 1 1 1
581;: + (ve - Vo, + i(div Ve ) Uz + R—ecurl curl v, — Ev div v,

—rVdivo, + Vp. = f

Uz 1 1 1
8;; + (ve - V)0, + i(div Ve ) Uz + R—ecurl curl 0, — Ev div v

—rVdiv o, — V (div 0z 4+ div o) = 0

€
Ve = Uz + 0
~ De
ot
We associate to the previous system the following boundary conditions and initial
data,

1 -
+ vpe + —div v, + rdiv o, = 0.
€

176(0) = Yo, 176(0) = 07 ps(o) = Po,
7};'”’ 207 7}\8'” :07
: Ir

(curl oz) A V|F =0, (curl v;) A l/|F =0,

where v denotes the outward unit normal vector on T'.
To vanish, at the limit process, the two tangential component of the velocity
fields, v: Av and 0: A v, we use a penalization method which will be detailed below.

This method is close to the artificial compressibility method of Chorin [6] and
Temam [17], but presents one important difference. It is a two-step splitting method.
The first equation of the previous system gives a predicted velocity v. and the second
one is the approximate projection of v, on the free-divergence vector fields. This
equation may be seen as an approximate method to solve the well-posed problem
(see appendix A) :

div 0, = —div v,
curl v, = 0,
’6;.1/‘1" =0.

Remark 1. This approximate method is issued from the Vector Penalty-Projection
(VPP, ) methods for the numerical solution of unsteady incompressible viscous
flows introduced in [1] and [3]. A fast version of these methods, the so-called
(VPP.) method, is recently proposed also for the numerical solution of the non-
homogeneous Navier-Stokes equations in [2, 4]. It is shown to be very efficient
to compute multiphase flows, i.e. fast, cheap, and robust whatever the density,
viscosity or permeability jumps.
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Even for r = 0, the resulting method which corresponds to a two-step pseudo-
compressibility method, is different from the original artificial compressibility method
of Chorin [6] and Temam [17, 20].

1 . .
The new important point is the penalty term — (Vdiv 0 + Vdiv ;) that appears
€

in the velocity correction step which allows us a direct estimate on the divergence of
the velocity. Moreover, this system is quite easy to solve and presents good stability
properties, see [1, 2, 3]. The velocity v. and the pressure p. satisfy the equations:

v 1 . 1 1 .
8: + (('Ue -V)ve + §(d1v ve) ’UE) + R—ecurl curl v, — R—GV div v,

1
—rVdiv v, — Vdiv ve + Vp. = f
eRe
- 1 . .
”/a;; +7ps+gdlvvs+rdlvvs=0»

UE(O) = Vo, ps(o) = Po,
Ve - V|F =0, (curl ve) A V|F =0.

The vanishing of the tangential component at the limit process, is fullfilled by a
penalization method, which implies that this boundary condition is satisfied at the
order ¢ for the approximate solution.

1.1. Notations. Let © be a regular bounded and connected open set of R?, for
d =2 or 3. We note H*(Q2) the classical Sobolev space, and || - || s the associated
norm. The norm of a function in LP(Q) is denoted by || - ||», and if B is a Banach
space, we denote by ||.||z»,z the norm in L?(]0, T[; B).

LP(Q) = (LP(Q))?

Hyi (Q) = {v € (L2(Q))4,divv € L2(Q)}

H= {ve (L*)4 divv=0,0v- Vip = 0}

HY() = {v & (H' (@)1, = 0)

G ={ve(L*N)43q € H (Q),v=Vq}
1.2. Mathematical recalls.

Proposition 1. Under the previous hypothesis, one has the following properties:
L*(Q)=HaG,
Ker (curl ) = G.
Moreover, there exists one constant C' > 0 depending only on Q) such that:
s = e + [Vul22 < C (Jull3e +idiv ull3 + el ul[22), Vu € HL(Q). (1)

Besides, if we suppose that the open set Q0 is simply-connected, there exist two
constants \g and \1 depending only on € such that:

lullZ> < Ao ([ldiv ullZs + [leurl ul[72), Yu € H, (),
[ullZs + [Vullf> < A (Idiv ullfe + el uf[Z:), Yu € H,(Q)
and we have:
Ker (curl ) N H = {0}.
Proof. All these results may be found in [9] and [8]. O
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For a Banach space E we introduce the Nikolskii space defined for 1 < ¢ < 400,
O0<o<1:

N (10, E) = {f € L9(0, T E), sup 1fC+h) = fOllLago,r—niE) _ +OO}7

0<h<T he

endowed with the following norm:

1
q

1 q
Ifllvg = (”f”%tl(]O,T[;E) + sup (hf’ 1FC+R) = f(')|LQ(]07T—h[;E)> )
0<h<T

Let us recall the following property see for example [5] page 105,

Proposition 2. Let H be an Hilbert space and f a function given in L*(]0,T[; H)
such that, for some 0 < o < 1,

/R 2 | () ()13 dr < C2,

where f denotes the extension by 0 of the function f outside [0,T]. Then f €
NS (10,T[; H) and we have

[fllng < Mo (1+C),

where M, is a constant depending only on o.
We now recall the important compactness theorem, see for example [16]

Theorem 1.1. Aubin-Lions-Simon

Let By, B1, By three Banach spaces with By C By C By with continuous imbedding.
Suppose moreover that the injection of By in By is compact.

Then, for all 1 < g < +o00 and 0 < o < 1, the imbedding

L(]0,T[; Bo) N Ng (10, T[; B2) = L?(]0, T; B1)

is compact.

2. Main result. We associate to the previous approximate system, the variational
problem where the tangential components of the velocities 0. and v, are penalized.
This problem is studied in the next section.
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2
Find (vg, Uz, pe) in (LOO(]07T[; L2(Q))NL2(]0,TT; H},(Q))) x L>=(]0,T[; L3(2))
satisfying in D’(]0,T),

00 ~ 1, -
ot -(pdwﬁ-/g((U5~V)Ua+§(dlvvs)va) “pdw

1 - 1 -
—|—Rfe/gcurlvg-curlgpdw—FR—e/ﬂdivvgdivgodw

Jrr/divﬁsdivgodwf/psdivcpdw
Q Q

1
+7/(v~s/\1/)'(g0/\1/)d0:/fogodx,
g Jr Q
00
q Ot
+1/ 16 1¢d+1/d' 5. div 1) d
— rl ve - cur = 1V Ve A1
Rchuvcu wRervvw

-wdw+/g (w935 + (v ) &) -

+r [ div o, div ¢ dw +

div 0z +div 0z ) div ¢ d
, = Q( iv oz + 1vv) iv 9 dw (2)

1 = [
—|—E/F('UE/\1/)~(w/\1/)da—07

UEZ'LF);‘FUE?

Ope 1 ~
¥ P ﬂdw—i—y/pswdw—i—f/wdivvedw—i—r/ﬂdivvedw:O,
o Ot Q € Ja Q

(g, v, ) € (H,(2))* x L§(Q),

0:(0) = vo, 0-(0) =0, p(0) = po.
Then the velocity v. and the pressure p. satisfy in D’(]0, T),

v, 1, .
ot -cpdw—i—/ﬂ((UE-V)UE+§(dlvv€)v€) “pdw

1 / 1 / . .
+ — [ curlv. -curl pdw + — [ div v, div o dw
Re Q 7 Re Q 4

1
—i—r/ div v. div ¢ dw + / div v div ¢ dw
Q eRe Ja

e

1
—/pgdivapdw—i—f/(vg/\v)-(<p/\u)da
Q eJr

=/ frpdw, Yo € HL(Q),
Q
v:(0) = v

Remark 2. In order to establish the strong convergence of the sequence (v:)eso
when ¢ — 0, we use in Section 4 the Leray’s orthogonal decomposition in the
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bounded domain. The curl-free component vanishes with the penalty term intro-
duced by our method, whereas the divergence-free component strongly converges
thanks to an estimate of a fractional derivative in time, see [20]. However, this
requires to consider velocity fields having only their normal component which is
zero on the boundary. Since at the limit process, we aim at solving the Navier-
Stokes problem with homogeneous Dirichlet boundary condition, we also penalize
the tangential part of the velocity fields.

We prove in section 3 the following results.

Lemma 2.1. Let us suppose that f belongs to L*(]0, T[; L?(2)). Then, there exists
at least a solution to the system (2). This solution is unique in two space dimension.
For the dimension d < 3, this solution satisfies the following energy inequality:

d ~ Iy
d*(TEIIUeH%z + €Hve||2m +llvellZs + e Ipelz2)

M| —

+ e Hp€||L2 + o lewrl 23, + o flewrl 23, + o fleurl ve 2
2R 2R, 2R

€
div v + div 2|2
v 2l + v 2

—|—5r2||div 17;||2L2 + er||div UAEH2L2 + ||div v5||%2

1
2eR.

~ N 1
+ (0 A V)\ZLz(r) +[(0e A V)|%2(r) + g|(ve A V)|2L2(r)

R.
(1 + 7o) fII7

For the dimension d = 2, one has the following energy equality:

<

1d - re . 1
5o (el Tl 3a + e +9elpel3) + 2 owr] 5232 + = llowr] vel22 + v lpe 32
€ e

|div vel|72 + (92 A v)|Zar

re .. 1 1
—|—R—e||dlv Uell3s + = . |div ve||2 2 + er?||div 0z ]|3s + —— = |

1 ~
+ — [(ve A V)|2L2(F) = re/ foedw +/ S ve dw.

€ Q Q

This result is quite classical and we only give the sketch of proof in the section
3.

In fact, we can precise the previous energy inequality if we suppose that the data
f belongs to L (R ; L2(£2)). This shows the absolute stability of the approximate
method.

Theorem 2.2. Suppose that the data [ satisfies
fe LRy, L*(Q)),
then, there exists a constant o independent of the data, such that

(rellvz®lZz +elTOl7z + lve @172 +9¢ [P ()II72)

_ Re
<e ™ ((L+re)|lvoll72 +velpolliz) + (1 +r5)|\f||2Lm)Lz, vVt e R, .

The main goal of this paper is to prove the following convergence theorem:
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Theorem 2.3. For d < 3, there exists a subsequence (ve,,pe, )i solution of (3)
that converges to a solution (v,p) to the system of Navier-Stokes equations with
homogeneous Dirichlet boundary conditions.

For d = 2, the solution (v,p) is unique, and for all sequences €k, (Ve,,Dey)es

converges to (v,p). Moreover, for all sequences €, (ve, )i converges strongly to v
in L?(0,T; HL(S2)).

We now give an interpretation of the pressure and precise its convergence. Let
us define

1+¢
+ 7)di .
R, r) 1V U,

The scalar function ¢. appears to be the effective approximate pressure, and we
have

Qe:pa_<

Theorem 2.4. The function Vq., satisfies
e if d = 3, Vqe, converges weakly to Vp in (H=((0,T) x Q))3
o if d = 2, Vq., converges strongly to Vp in (H‘l((O,T) X Q))2

These convergence results for both velocity and pressure are proved in Section 4.

3. Energy estimates. We first establish the following existence result.
Proposition 3. For v.q, po given in L2(Q) x L3(2), there exists at least a solution
of the system (2) satisfying for d = 3:

dve
e
90,
ot
€ L*(10,T[; L3(%2))

Uz € L%(J0, T[; L*(2) N L*(J0, T[; H, (2)) € L5 ()0, T[; (H}(Q)))

& € L(J0, T L?(Q) N L2(0, T[ HL(Q), o € L3 (Jo, T (HL()))

Ope
ot
02(0) = v in (H(Q)), 92(0) = 0 in (HL(Q))', p-(0) = po in L3(Q).

pe € L™ (]Oa T[; L(Q)(Q))a

If d = 2, the unique solution of (2) satisfies the following regularity results:

i € 20, T L2(2) 0 120, T HL(2),
O 120, T (I()) + 24 (0, TELH (@)
. € (0, 71 12(2) 0 120, T HL (),
o7,
ot
pe € L(10,T[; L§(2)

€ L2()0, T[; (HL())") + L# (0, T[; L# (2))

Ope )
¢ € L7200, T L5(9))

0:(0) = vey in L2(Q), 0:(0) =0 in LQ(Q), p(0) = po in Lg(Q).

Remark 3. In the three-dimensional case, the equalities
U(0) = ve,o in (H,,(Q))', 9:(0) = 0 in (H;(Q2))",

are valid in the trace sense.
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Proof. For fixed parameters e > 0, 7 > 0 and v > 0, we build approximate solutions
by a classical Galerkin process.

Let us introduce the self-adjoint operator A = curl curl — Vdiv defined on
the domain HL(Q) N (H%(Q2))¢. Then, for the approximation of the two fields of
velocity, we use as special basis the eigenfunctions of this operator associated with
the following boundary conditions:

u-v =0,
|
(curl w) A I/}F =0.

For the pressure, one can use as special basis the eigenfunctions of the self-adjoint
operator A = —A with domain H?(Q) associated to the Neumann boundary con-
ditions.

This approximate finite dimensional system is then a classical ordinary differen-
tial equation which has a unique solution. Next, to perform the limit we use the
same strategy as for the classical Navier-Stokes equations i.e. a priori estimates and
compactness results using an estimate on the temporal derivative, see for example
[13], [20],[5].

Now, we will focus our attention on the estimates on the time derivative according
to the dimension d. Let us begin with the three-dimensional case. We have to
estimate the two nonlinear terms v, - Vw, wdiv v, with either w = v, or w = 0,
and the pressure p..

Suppose first that d = 3. By Sobolev embedding, the two nonlinear terms of the
form v, - Vw and wdiv v. belong to L3 (0, T; HL(Q)") since we have, for example
for all p € HL(Q) :

/(UE-V)w-apdw’—l—l'/(divvg)w-wdw‘
Q 21/

< C (Ivllesllwllm el e + llwllzs l[vel el ze)

1 1 1 1
< © (el Fa ey Ieolgy + ol ool By oy ) Niplin.

The bounds of the linear terms are straightforward and we have

/ curl v, - curl ¢ dw / div v div ¢ dw / div v, div godw‘
Q Q Q

< Clloe||mzllell

/ pe div ¢ dw
Q

/ (div v, + div 17;) div p dw
Q

+ +7r

< Cllpellz2llllmy

< C(I1oellmy + 19lm) el

and, with standard trace theorems

[ nv)-ton) dw\ < Clloellas ol s

Thus it follows, from equation (2) that
dv,
ot
9pe
ot

9.

ot

e L#(10,T[; (HL(Q))), = € LE(J0,T; (HL(Q))')

€ L*(]0, T[; L5 (%))
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These estimates show that the velocities (0¢,0:) are equal almost everywhere to

continuous functions with values in (HL(£2))’. Besides, the pressure p. is equal

almost everywhere to a continuous function with value in L3(€2).

For the two-dimensional case, the situation is quite different. We observe first
that the velocity fields 0. and 0. belong to L*(]0, T[; L*(£2)), so that:

1 _
(0= V) 72 + 5 (div ve) 7z € L3(]0,T[; L3 (),
1

(0= V) 72 + 5 (div ve) 2z € L3(10,T[; L5 ().

So it follows from the equation (2) that
ot
d0:
ot

Op-
ot

We now observe that the two velocity fields 0. and 0. belong to
LY(J0, T[ L)) N L2(J0, T[; (H,())")
which is the dual space of
L0, T[; (H,(2)') + L (0, TR LE (9)).

Thus the functions (0;,v:) are equal almost everywhere to continuous functions
with values in L?(Q).

Wl

€ L2(J0, TT; (HL())') + L5 (J0, T; LF ()

()

ol

€ L2(J0, TT; (HL())) + L5 (10, T[; L

€ L*(10, T[; L5(%)

This ends the proof of proposition 3.
O

3.1. Stability. In the case of three-dimensional vector spaces, we do not have an
equality for the conservation of the energy, we have only an inequality. Nevertheless
for two-dimensional vector spaces, the weak solutions satisfy the energy equality.

Proof. Through classical computations one obtains, with equations (2) and (3):
1d

- 1 - 1 .- .~ 1,
5 Tl + = flourl 3 + = [div @32 + rldiv 3 + 21 Av)Eaqry

Re
—/pgdivﬁgdw:/f-ﬁ;dw,
Q Q

1d, .. 1 - 1 PN PN 1.
5@””5”%2 + ﬁeHCUﬂ 0|72 + ﬁe”d“’ 0|72 + rlldiv o272 + g|(”e A V)|%2(r)
1
eRe

(5)
+

/div ve div Uz dw = 0,
0

1 . .
R [div 'UgHsz + r(|div U5H%2
€
1 .
+ —[(ve A V)\%Q(F) - / Pe div v dw = / fvedw,
€ Q Q

1d 1 1 .
5@””5”%2 + R [[curl ve |7 + R [[div ve||72 +
e : ©)

e

d ) .
7£||p5||2L2 —|—75||p5||2L2—|—/p5d1v vgdw—l—rs/pgdlv Uz dw = 0. (7)
Q Q
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Multiplying (4) by re and (5) by € and summing with (6) and (7), one obtains:

(7“5 0132 + € ||02]132 + [|vell32 + '75Hpa||L2) + churl Ue||32 + —chrl A

N |

L]

dt

b fourt w3+ el + iy 3 + iy 3 + = [div o3
~ 2 ~ 2 1 2

+7|(0e AV)|L2(ry + (0 A V)‘L2(F) + g|(“a A2

+ er?||div 17€||2L2 + re||div UAEH%a + ||div v€||2L2

1

eRe
1

= —— /divvadiv@dw—l—rs/f-v}dw—i—/f-vadw,
Re Q Q Q

Let us now give some bounds of the right-hand side terms.

1
The term = (div v.,div v¢) is bounded by |div 02|22
e

1 .
R ||div vEH%z + — 2R

According to the estimate of the L? norm in HL(Q) given by equation (1), we
bound the source terms in the following way:

‘/ f-vdWI < I fllezllollze < VAIf e (Idiv olfFe + [lewl of|Z)*
Q

1

<
= 9R.

(||div ][22 + [Jcurl v||2L2) +

[\

Using these bounds, we get from the previous equation the following fundamental
estimate:

1d - N
537 rellvellze + €||Us||%2 + [|vellze + e llpellZ2)
e ||p€||Lz b w3+ 2 fleurt s + et el
Hdlv Ue||32 + = 2R |div 02|32 + er?||div oz |72 (8)

1
+ 67"||dlv Ollie + 5 ~div Ve[ + 7102 Av) L2y + (8 AV) L2y

1 /\’R
+ 2 l0e AR oy < S5 (eI

After integration in time, we deduce from the previous estimate that there exists a
continuous function g defined on [0, 7] such that: for all ¢ > 0,
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1 ~ .
5 (el @I + el 012 + oo (O +velp-(0)l3: )
t
+7€/ ||p5(s)|\2L2ds+ /||curlv£ N3zds + — /chrlvE )3 2ds
0

I .

+2Re/0 ||Cur1v5(5)||%2d5+ﬁ/o | div 02 (s) |2 2ds
s [ 1 s + i [ laiv en(o)ads o)
Re Jo MRe Jo

t t
r / |(2(5) A ) 2 ryds + / ((2(3) A V) 2oy ds
1 t t
2 [ 100 A )ayds +er® [ div 55 Fads
0 0
t

N 1 .
+er l|div 02 (s)||32ds + 7/ |div ve(s)]|32ds < g(t),
0 2eRe Jo

with

3(t) = (-l O+l O O+l O + 25 < (17e) [ 1)1 ds.

This inequality is the key point to establish the convergence result.

To improve the convergence result in the two-dimensional case, we use the fol-
lowing energy equality derived as above without using (5).

1d - re ~ 1
§£(T6IIUEII2L2 + [[vell7e + vellpellZz) + EIICHF1 Ul e + R, Jleurl vel|72
TE L o 1 . e
oy elpale + 2o div 532 + —lldiv val[32 + e div 53
1 e € 1 (10)
~ 2 2
- 2 Aaqry + < 10 A V) ey
:rs/ f~v~sdw+/ [ vedw.
Q Q
This concludes the proof of lemma 2.1.
O

3.2. Uniform stability for the approximate solution. In this section, we deal
with the stability of the proposed approximation method. We notice that this
property is valid for all solutions satisfying the energy inequality (8), as it is the
case when they are built by a finite dimensional approximation method such as the
Galerkin method for example.

Proof. Let us write

Xe(t) = er |G ()22 + ellT(t)lI72 + [[v- ()72 +vellp-(t)]|72-
We note A > 0 the smallest eigenvalue of the self-adjoint operator A = curl curl —
Vdiv with the domain
D =H, () N (H*(Q2))",
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and we introduce o = min (%, 1). Classically, the inequality (8) leads to the
differential inequality

G e®) + axelt) < AR+ o) FDI.

which implies the following uniform bound

AR,
@

This concludes the proof of theorem 2.2.

Xe(t) < e”*'x=(0) +

(Lt re)llfllzee, e

4. Convergence analysis and compactness results.
4.1. Compactness results for the velocity. Let us introduce the Leray projec-
tion w. of a velocity field v.(t) € H.(Q) defined as follows

Ve = We + Ve,

div w, =0,

We - V|1 :O,VQs'Vﬂ":Ov

/qsdw:O.
Q

By the estimate (9), we see that the irrotational part of v. goes to zero with e.
Thus it remains to bring to the fore the behavior of the free divergence part w. and
to obtain an estimate on a fractional time derivative of this term. We detail the
different steps of this strategy.

From the regularity of the Leray projector (see R. Temam [20] page 18), one has:
[we [z, 2 < cflvel| Lo, L2,
(11)
llwell L2, i1 < cllvell Lz,
Moreover, we can easily prove the following lemma.
Lemma 4.1. There exists two constants depending only on T and Q such that:

IVgellz2 i < eV, (12)
Vel 2 < €
Proof: The function g. belongs to H?(Q) and satisfies
—Age(t) = —div ve(t),
Vg (t) -yr = 0.
This implies using the estimate (9)
[Age ()]l 22,12 = [|div ve|[p2, 12 < CVe.

/ V. - Vgedw = _/ Aq. q-dw,
Q Q

so that, with Poincaré-Neumann inequality, we get
IVae(®)l72,12 < ClAG ()]l 2,22 lldell 2 22,
< OVellVa: (D)2 r2-

Besides, we have
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The regularity properties of the Neumann problem give

IVgell2,zr < Cllgellze,m> < Cl|Agel|p2,2 < Cve. (13)
Moreover, by orthogonality of the Leray projector in L?, one has
IVellpoe,r2 < flvellLee,2 < C. (14)

This concludes the proof of the lemma 4.1.

So by interpolation and using estimates (13)-(14), we have proved the result
below.

Corollary 1. The function q. satisfies:
V. strongly converges to 0 in (LP(J0,T[; L*(12))), Vp, 1 < p < +oc.

Now we have to write the equation satisfied by w.. As the Leray projection is
orthogonal in L?(£2), this equation reads

Yo € HL(Q), div ¢ = 0,

ow, 1 ..
S /Q ((Us Ve + §(d1v vs)vs) cpdw

1 1
+—/curlvsocurlg0dw+f/(vs/\z/)~(<p/\u)d’y
Re Ja e Jr

(15)

= / f-@dwin L'(0,T).
Q

Now we introduce the extension by 0 of w. (resp. wv.) outside [0,7T] denoted,
only in this part, by w (resp. 0;) and we take the Fourier transform in time of the
equation (15) to obtain

Yo € HL(Q), div ¢ =0,
[ F@) ) pdo+ | F((0- 005+ v 2)5) 7)o

—|—f/curl]: vE)(T)-curlgz)duH—1 /f(z?é/\y)(r)-(tp/\v)d'y

e—ZTT

/.F c,oclw—l—\ﬁ/v6 ~pdw — oz v(T) - pdw.

Following Boyer-Fabrie [5, page 253], we take ¢ = F (ws)(T) as test function in
the previous equation to obtain for all 7 € R:

/ |F () (7)? do = / (F(@ - V)i (r) - Flo)(7) dw

1

= / (F(div 52)d2) (7) - F(w2) (7) dw

—i Curl F(vz)(7) - cuerdw
——/]—'va/\y (F(wa) (1) Av)dy
4 /Q FH() - Flao)(r) dw

e—lTT

1 - .
+E/ﬂvs(0) - F(we)(7) dw — ﬁ QvE(T) - F(we)(7) dw.
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As we look for an estimate independent of ¢, we have to pay a special attention
to the imaginary part of the penalty term:

:_,/mgm (F@)(7) Av)dy. (16)

By writing w. = v. — Vq., we have:
> [ FEann-F@m v =1 [1FG@ A ¢
-1 [ FEDEA) - (F@)) Av) dr

So, the imaginary part of A, is bounded as follows:
1 —_—— ~
R ’/F (f(VqE)(T) A u)~ (]—"(UE)(T) A u)) d7|
1 - -
< - |]:(vq€)(7-)|L2(F) | F(ve)(T) A V|L2(r) 5 (17)

Cé IF(VE) (Tl g |F(@0)(7) A vl gy
From estimates (12) and (9), we have
Vel po,m < CVe,
[ve A2 p2ry < CV/e.
So there exists a function f2(7) € L*(R) bounded independently on ¢ such that:

1

9

| FE@E ). (f(ﬁé)(T)M))dv‘ < Jir) (1)

Now we can derive the estimate of |7| / | F(w2)(7)|? dw, and we have
Q

7 / \F (@) (r)Pdw <

| (F@ V)R ) ]-'(171;)(T)dw‘

'/ Fldiv )7)(r) - @) ()|

curl F(02)(1) - curl F(we)(r )dw‘

+] / FEDEAT) - (FE) Av) b

| T

e T) F d
v /Q () F@) (e
< [ (0) + F2(0) + f2(0) + £2(0) + £2(7) + f2(r) + (7).
We now estimate each term of the right-hand side of the previous inequality for
d < 3.

/ ve(0) - F(we)(7)dw
Q

+

Term f! =

JRECRAE -f(z’u:mm‘



THE VECTOR PENALTY-PROJECTION METHOD 15

According to the energy estimate (9), the function v, is bounded in L2(0, T; HL(€))
and hence, by Sobolev injection, it is bounded in L5 (0, T; L%()). So by Hausdorff-
Young theorem,

(F(w:)). is bounded in L°(R; L5(Q)). (20)
We also have the inequality:

3 1
[0z - Vol ¢ < [Vvellp2llvells < ClIVoellZallvell 72,

L5
which implies, according to (9), that v. - Vv, is bounded in L%(O,T;Lg(ﬂ)), and
necessarily in L5 (0,T;L3(Q)). So, by Hausdorff-Young theorem, the family of
functions (F (0. - V)u;) is bounded in L5(R; L5(12)). Then with Hélder inequality,

(f1)- is bounded in L3(R). (21)

£

[ )z ~f<w;><r>dw\

1
Term f2 = 5

The same arguments show that
(f2)- is bounded in L*(R). (22)

Term f2 = ! /curl F(vz)(7) - curl de‘
Q

T Re

According to the regularity of the Leray projection recalled above and estimate
(9), one has:

(f3)- is bounded in L'(R). (23)

| FEDE ) - (F@) 0 av) dv’

1
Terms f4 = -
5

As we have seen by the estimate (18),
(f4). is bounded in L*(R). (24)
| 7o Fam
By hypothesis, f is a given function in L?(R;L2()) and from estimate (9), we

get that v is bounded in L?(R;L3(f2)), so as w; is the Leray projection of 0., the
function w; is also bounded in L?(R;L2(€2)). Finally, we obtain

Term f5 =

(f5). is bounded in L'(R). (25)

! / v:(0) - F(we)(7)dw fQ ve(T) - F(we)(1)dw
Q

Terms f$ = —

Ver

These two terms come from the Dirac measure when we derive discontinuous
functions. Let us consider f7.

fi(r) <

and f7 =

1
V2

1
V2T

According to (9), this term is bounded in L*°(R). Moreover, the set of functions
(F(we)(7)), is bounded in L*(R; L2(2)) so, (f7)_ is bounded in L*(R).

[[ve (T[] L2 |7 (we) (7)]] L2
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We treat in the same way the term ¢, and thus:
(f5). and (f7). are bounded in L?(R) (26)

We are now able to show that the set of functions (w; ). is bounded in an appropriate
Nikolskii space.

For all v < 1, there exists a constant d such that:

1—y<d 1 |T|
U (+1+|T|v ’

so that,
il
1+ |7

[T N F @) (7)1 < d <f(17fve)(7)||2m + ||]:(17fva)(7)||%2)

Let us denote f2(r) = || F(w:)(7)||., which belongs to L!(RR), the previous inequal-
ity reads with (19):
)

[ 1F (@) (7)1 72
d

<AEO)+ T

(£ + F2(0) + F20) + 20 + 2(0) + £2(7) + £(7))
< h(7)

If we suppose that the function 7 — belongs to L>(R) N L%(R), then the

L+ |7
function 7+ h(7) belongs to L' (R). This condition is satisfied for  €]2,1[. So we
have proved :

Lemma 4.2. Let us suppose that o €0, %[, then there exists a constant C' such that

[ i1 ) < . (21)
Then, from lemma 4.1 and 4.2 we deduce the following key result:

Theorem 4.3. There exists a sequence (g, which converges to zero and a function
v e L2(J0, T[; L2(Q)) satisfying div v = 0 such that:

(ve, ) — v in L*(]0, T[; L2()) strongly.

Proof. The function v, is the sum of two terms Vg¢. and w.. From corollary 1
the first term converges strongly to 0 in L2(]0,T[; L?(2)). Now, from Aubin-Lions-
Simon Theorem, it follows from lemma 4.2, that there exists a sequence (gx)x such
that:

(we, )i — v in L*(]0, T[; L2()) strongly .

Moreover, since div w,, = 0, we have div v = 0. O

4.2. Convergence of the method. We first give a general convergence theorem
for a subsequence solution of the approximate scheme (3), to a weak solution of
the initial Navier-Stokes problem, in the case d < 3. For the two-dimensional case,
since the weak solution of the Navier-Stokes equation is unique, the whole sequence
of approximate solution v. converges to v. Moreover, in this case, we prove that
the convergence is strong.
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4.2.1. The general case d < 3. Let 6 an element of C*(0,T), satisfying 6(T) = 0,

and ¢ a free-divergence vector ﬁeld in (H} (Q))d N (H?(Q))?. An integration by
parts gives from the equation (3

1
/ /UE pdwd (7)dr + / / (ve - V)ve + =(div ve) UE) ~dwb(T)dr
Q Q 2

— / / curl v, - curl pdwO(7) dr (28)
eJo Jo

T
z/ f(pdwﬁ(r)dT—i—/vogodw&(O).
0 Jo Q
According to estimate (9), there exists a sequence ¢, such that
ve, — v in L*(0,T; L*(Q)) strongly,
div v., — dive =0 in L?*(0,T;L*(Q)) strongly,
curl v, — curl v in L?(0, T; L%(Q)) weakly.

1
Since (||ul|2, + [|div ul?2 + [[curl u[|2.)? is a norm equivalent to the H'-norm
on H!(Q), we have

Vu., — Vv in L*(0,T;L*(Q2)) weakly.
and so, we can take the limit on the term (ve - V)v. as
Ve, - Voo, — v - Vo in L'(0,T; L (Q))
(div v., )ve, — 0 in L'(0,T; L' ().

From estimate (9), we have for the tangential traces

[ e )@y b < g0,

and since for any function v in (Hl(Q))d,

[vlr2ry < CllvllzzllvllZ,
we obtain that
e, — v in L*(]0,T[; (L? (I‘))d) strongly.
This implies (v A v);r = 0, and so, since by construction (v - v);r = 0, v belongs to
d
(H3 ()

Finally, at the limit process we obtain

T T
—/ /U-apdwe’(T)dT—i—/ /(U~V)v-gpdw0(r)d7'
0o Ja 0o Jao
1 /T T
Jr—/ /curlv-curlgodw@(T)dT:/ /f~<pdw0(7‘)d'r+/v0<pdw 0(0),
Re Jo Ja o Jo Q

divoy =0,
’U|F =0.
From the identity

Vv:Vg@dw:/curlwcurlgodw—&— div v - div ¢ dw,

Q Q Q
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which is valid for all functions (v, ) € (H}(2))? x (Hg(Q))¢, the previous equality
shows that the limit function v satisfies the classical Navier-Stokes equations in a
weak sense.

4.2.2. The special case d = 2. The key point to establish the strong convergence in
the two-dimensional case, lies on an idea of R. Temam [20]. It is based on the fact
that in this case, the solution of the approximate problem and the solution of the
Navier-Stokes equation verify the equality of energy. The idea is to bring to the
fore an energy equation satisfied by the difference between the approximate solution
and the exact solution.

We first observe that, according to the equality —A = curl curl — Vdiv the
classical weak solution v of the Navier-Stokes equation satisfies for any test function
in (H}(Q))4, with free-divergence:

1
/@.@duH_/((v,v)v).wdw+—/curlv-Curlwdw:/f'QOdw-
o Ot Q Re Jo ¢

The equation satisfied by the error v. —v = u. with a free-divergence test function
pin (HY(Q)" € HL(Q).

e 1, ..
Ou ~<pdw—|—/ ((ug~V)uE+f(dlvu5)ug) -<pdw+/(v~V)u5-g0dw
o Ot Q 2 Q

1 1
+/ ((ue Vv + =(div ue) 11) ~pdw+ — [ curl u, - curl pdw = 0.
o 2 Re Jo

After integration in time, this equation gives

t
/ug(t)wpdw—&-/ / ((uE-V)ug—kl(divue)ug) cpdwdr
Q 0o Jo 2
¢ ¢ 1
+/ /(U-V)ue-godwdT—F/ / ((uE~V)U+*(divue)v) ~pdwdr
0 Jo 0 Jo 2
1 t
—|——/ /curl u5~cur1<pdwd7':/u€(0)'g0dw.
Re 0 JQ Q

Taking the limit when ¢ goes to 0, one obtains with the convergences properties
stated in the previous section:

Lemma 4.4.

Yo € (HY(Q)?, divp =0, lim [ u(t)-@dw=0. (29)
e—=0 Jo
Following R. Temam [20], we introduce
1 -
X=(t) =3 (e IF(Ol72 +7ellp= (72 + I(ve = v)(®)]72)

re [* i ! 5

b | Newd Gl adr 9 [ pe(E
/ Jeurl (v — v)(7)|[2adr + — / Jdiv (02 — 0)(r)|[22d7

+r / 6 A etr + 2 [ 00 A0 srtn

er [* 1/t
+EA |div oz (7)||3 2d7 + ﬁ/o (|div v (7)||5 2 d.
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Here v is the unique solution of the two-dimensional Navier-Stokes equations. Due
to the energy equality (10), x.(t) satisfies

1 N2 2 2 ! .
)= (Al O + 0O + el O)E:) + 72 [ [ ) (o
+/0 /Qf(T) e (T)dw dT — /Qvg(t) t)dw — —/ /Curl ve(7) - curl v(7)dw dr
9 [t
_ E/o /Qdiv Ve (7)div v(7)dw dr + §||v(t)||%2 + R—e/o |curl v(7)||32 d7
1t
+ R—e/o |div v(7)||32 dr.

By weak convergence in L?(]0,t[; H}(Q)) of the sequence (v:). and from the lemma
4.4, we observe that :

iy (3.1 = [ ety v+ [ [ 101 vutr)
—Q/t/ curl vE(T)-curlv(T)dwdT—Z/t/ div v.(7) - div U(T)du)dT)
=512+ [ [ 560 0(r) e~ @3 — o [ ewn o) ar

- R—E/O |div v(7)||32dT.

In the two-dimensional case, the unique solution of the Navier-Stokes equation
satisfies the following energy equality

||v()\|L2+R / lewr] u(r)|Zadr + — /||d1vu JI2adr

:4w|m+//f ) dodr.

Moreover, from estimate (10

hme//f < Ue(1) dwdr = 0.
e—=0

lim x.(¢) = 0.
e—0

So, we have proved that

In other words, we have established the following result

ve = v in C°([0, T]; L*(2)) N L*(0, T[; H,, (2))
v e C([0,T]; H) N L*(10, T'[; Hy (€2))
This concludes the proof of theorem 2.3.
We are now able to precise the convergence for the effective pressure and establish
the theorem 2.4
Let us write the equation satisfied by the velocity v. and the pressure p. in the
distribution sense. We have
Ov,
ot

1+e
(

1
—curl curl v, +V (p‘E — R.

L.
+ (ve - V)ve + §(d1V Ve )ve + R

+ 7“) div v5> = f.
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Introducing the effective pressure

1+4¢
QE:pe_(

di
R, + 7“) 1V Vg,

this equation reads

v, 1, . 1
Vg- = f — < 5 + (ve - Vv + §(d1V Ve )V + R—ecurl curl 1;5)

and the proof follows, from the previous steps.

5. Appendix. Let us consider the following problem:
Proposition 4. For a fived ¢ > 0 and a couple of functions (f,g) given in L3(£) x
L*(2) , there exists a unique solution v. € {w € Hg;,, (Q),w - vip = 0} solution of:
eve — Vdiv o, = Vf +eg. (30)
Moreover, if (u,u1) € Hg;(Q) x H is solution of
divu = —f,curl u =0,

e =0, (31)

div u; = 0, curl u; = curl g,
Uy - V|F = 0,
and we have the following estimate
lve —u —urllgr <ellu4ur —gllre.

Proof. Step 1: Existence of v,

Let us note Hy;, 0(Q) = {v € L*(Q), divv € L?, v yr = 0}. The existence of
a unique solution to the equation (30) is obtained by a straightforward application
of the Lax-Milgram theorem with the bilinear form defined on Hgj, o(£2) by

e(u,v) + (div u, div v),

and the right-hand side: —(f, div v) 4+ ¢(g,v).

Step 2: existence of u and wuq

The existence of u satisfying (31) comes from the resolution of the following
Neumann problem

_Aq = fa
Vq-vr =0,
and we set u = Vg, with ¢ € (H'(Q)/R) N H*().
The existence of u; € H is the consequence of the Leray projection applied to g
by writing

g =u1+ Vp,
div u; =0,
uy -y = 0.

Now, writting v = u + u1 + u., we get that u. € Hy,, o satisfies
eu. — Vdiv u. = —eu — euq + €9,

curl u. =0,
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and we have the estimate
elluclFz + [Idiv ucll7z < ellu+ur — gllz2|lucl L2

We observe that, according to [8], H(Q2) endowed with the norm

1
(Hdiv v||2 + ||curl v||2) 2

is equal to {w € (H'(Q))*,w - v,}. So the previous estimate gives

arn

lluellZs + 1div e[| Zo+eurl uel|7z < ellu+ur — gl zallue |

N|=

< Cellu+ur — gllze (|div uc|2z + [lewrl uc||22)?
which implies using Young inequality
2¢lfucll7z + [|div uc|[ 22 < €®[lu+ur — g2,

d the proof of proposition 4 follows.
O

Remark 4.

1

[2

3

[5

6
[7

B

[10

[11

1. The function u belongs to HL(£2), which is not the case for v, or ui, without
some additional regularity hypotheses on the function g. Nevertheless, the
function u. = v. — u — u; belongs to H1(Q).

2. In the case where g = 0, the function v. belongs to H1(Q).
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