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ON THE DEGREE OF CAUSTICS OF REFLECTION

ALFREDERIC JOSSE AND FRANCOISE PENE

ABSTRACT. Given S € P? and a curve C of P?, we consider the lines R, got by reflection
of lines (Sm) (m € C) on C. The caustic of reflection ¥s(C) is defined as the envelope of
the reflected lines Rp,. We identify this caustic with the Zariski closure of ®(C), where ® is
a rational map. We use this approach to give general and explicit formulas for the degree of
caustics of reflections. Our formulas are expressed in terms of intersection numbers of the initial
curve C (or of its pro-branches). Our method is based on a fundamental lemma for rational map
thanks to the notion of ®-polar and on computation of intersection numbers. In particular, we
use precise estimates related to the intersection number of C with its polar at any point and to
the intersection number of C with its hessian determinant. These computations are linked with
generalized Pliicker formulas for the class and for the number of inflection points of C.

INTRODUCTION

Von Tschirnhausen was the first to consider the caustic of reflection as the envelope of re-
flected rays from a point S on a mirror curve C (see [11]). Many mathematicians have studied
individually different caustics. In [8, 3], Quetelet and Dandelin showed that the caustic is the
evolute of the S-centered homothety (with ratio 2) of the pedal from S of C. In [1], Chasles then
gave a formula (in generic but restrictive cases) for the class of the caustic in terms of the degree
and of the class of C. In [9], Salmon and Cayley gave formulas, at a more general level, for the
class and the degree of the developed and pedal curves. Finally, apparently thanks to these last
results, Brocard and Lemoyne gave, without any proof, formulas for the degree and the class of
caustics of reflection, only for finite S and only for ordinary nodes and cusps as singularities of
S. We give here very general formulas for the degree of caustics of reflection thanks to the use of
pro-branches (also called partial branches) considered by Halphen [6] and more recently by Wall
[12, 13]. We will see that some complications appear in the statement of our formulas, because
of the generality of the singular points we consider here.

Given an algebraic curve C in the euclidean affine plane & (C is called mirror curve) and
given a light position S (in & or at infinity), the caustic of reflection ¥s(C) is the envelope of
the reflected lines {R,,;m € C} where, for every m € C, the reflected line R,, at m is the line
containing m and such that the tangent line 7,,,C to C at m is the bissectrix of the incident line
(Sm) and of R,,.

Key words and phrases. caustic, degree, polar, intersection number, pro-branch, Pliicker formula.
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(0)

The notion of caustic of reflection ¥s(C) is easily extendible to the complex projective case
for an irreducible algebraic curve C = V(F) of P? := P%(C) with F € C[x,y, z] a homogeneous
polynomial of degree d and a light position S = [zg : yo : 20] € P2. It will be also useful to
consider S := (xg, o, 20) € C3\ {0}.

Throughout the paper, we will write {4, the infinite line of P? and II : C3\ {0} — P? the
canonical projection. As usual, we denote by Fj,Fy, F, the partial derivatives of F' and by
Frw, Foy, Frzy Fyy, Iy, F . its second order partial derivatives.

We recall that when d = 1, ¥5(C) is well defined as soon as C contains neither S, nor Z, nor
J and we have ¥5(C) = {S1} (where S; corresponds to the euclidean symetric point! of S with
respect to line C).

The aim of this paper is to give an effective way to compute the degree of ¥ g(C) when d > 2.
To this end, we define a rational map ®rg (with S = (x0,yo,20)) making a correspondance

between C and Yg(C). This maps is given by ®xg : C> — C3 defined by
Fy21'0 - Fg.%'() — 2F$Fyy0 - 2FszZO
1A+ AgF - | Flyo — F2yo — 2F, Fyzo — 2F,F.z |, (1)
20(F7 + Fy2)

BT a2

with Hp the hessian determinant of F, i.e.

Hp = FouFyyFoy — FouFr + 2Fyy Fy Fr — Fo Fo — Fy F2
with
NS(x’y’ Z) = (3320 - 'IOZ)2 + (?/ZO - yOZ)2’
and with
VP = ('IP,yPa ZP) € (Cs \ {O}a APf? = DF()(P) = xPF:v + yPFy + ZPFz-

Let us recall that V(ApF) is the polar dr(p)(C) of C with respect to II(P). We will prove that,
if d > 2,

¥s(C) = ®p5(0), (2)

where the closure is in the sense of Zariski.

a
1t F(z,y, 2) = ax + by + ¢z, we have S; = II ((a2 +b%)S — 2(zoa + yob + c2o0) ( b )) .
0
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Let Z:=[1:i:0  and J := [1 : —i : 0] be the two cyclic points of P2. We also define

I := (1,4,0) and J := (1,—4,0). Points Z and J will play a particular role in our study (see

theorems below). They will be crucial in the construction of the reflected lines R,,. Moreover,
we will see that

¥1(C) ={J} and £7(C) ={T}. (3)

We will use (2) and a general fundamental lemma to express the degree of £¢(C) in terms of some

intersection numbers (computed in Proposition 28). Before giving our formulas, let us introduce
some notations.

We write Sing(C) the set of singular points of C (i.e. the set of points m = [z : y : z] € C
such that DF(z,y,z) = 0) and Reg(C) := C \ Sing(C). We denote by T,,C the tangent line to
C at m; when m; is non-singular. We also write 4,,, (-,-) the intersection numbers. For every
mq € C, we write Branch,,, (C) the set of branches of C at my. Now, for every m; € C and every
B € Branchy, (C), Tm, B denotes the tangent line to B at m; and e(g) the multiplicity of B. If
mq € Sing(C), such a line T,,, B will be called a singular tangent line to C at m;. The quantity
1p is equal to 1 if property P is true and 0 otherwise. We start with the generic and simple case
when S, 7 and J do not belong to a singular tangent line to C.

Theorem 1. Assume that d > 2 and that S is equal neither to T nor to J. Assume moreover

that S is not contained in a singular tangent line to C and that £, is not a singular tangent line
to C. Then?

deg(Ls(C)) = 3dY — vy — vg — vh — v3lsee — valsgr,,
where d is the class of C (i.e. the degree of its dual curve) and with

U1 = Z Z min(im, (B, Tm,B) — 26(8) ,0),

m1€8Sing(C)\((ZS)U(TS)) BEBranchm, (C)

vy = > [im, (C, T, C) (1 + 127, ¢ + LgeT ) — 2 — 1z.7¢7,, cl;
m1EReg(C)\{S}:SE€Tm, Cyimy (C,Tm, C)#2

vh = Z 3 X iz T, C40)
m1€Reg(CO\S}:SE€Tom,; Coimy (C,Ton; C)=2
v e § 18(CTSC) + (is(C, TsC) = 1)(zeTse + 1gerse) i is(C, TsC) # 2
5 2+ 1ze7sc + 1gerse +2 x 17, 7¢75¢ if is(C,TsC) = 2;

Vg = Z [im1 (C7 Tmlc) -2+ 1mle{I,J}]'
mi GReg(C)ZTml C=lo

Now let us give the more general but also more technical result. In this result we do not
distinguish singular and non-singular points of C. We recall that, at a non-singular point my, C
admits a single branch and that the multiplicity of this branch is equal to 1. Let us consider the
set € of all possible couples (m1, B) with m; € C and B a branch of C at m;. Given (my,B) € &,
if iy, (B, Ty B) = 2e(3), we define

Y1(m1, B) := min(3e gy, im, (B, '),

where C’ is any curve non-singular at m; such that i,,, (B,C’) > 2¢(z) (for example, one can take
for C’ the osculating circle O,,, (B) of any pro-branch of B, see section 4 for the definition of
pro-branches) and

'yg(ml, B) = min('yl(ml, B) — 26(8)7 26(8)) if 'yl(ml, B) 7& 36(8)

2with convention deg(Zs(C)) = 0 if #X5(C) < oo.
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and
’yg(ml, B) = min(iml (B,C”) - 26(5), 26(5)) if yl(ml, B) = 36(3),
where C" is any algebraic curve non-singular at m; such that i, (B8,C") > 3e(p.
Theorem 2. Assume that d > 2 and that S is equal neither to T nor to J. Then
deg(Es(C)) = 3dY — v1 — vg — vh — (v3 + vh)lsee — valsar.,,
where d is the class of C (i.e. the degree of its dual curve) and with

vy = > min(ip, (B, Tom, B) — 2€(5),0),
(m1,B)e€:m1€Sing(C)\[(ZS)U(TS)],SETm, B, Tmq B#Lo
vy 1= > i B, T BYA + 1ze7, 8 + 1get,,8) — (2 + 1z.7e7.,B)es));
(m1,B) €€ M1 £8,SE Ty Byimy (B, Tony B)#2 15,
vh = Z [vi(m1, B)ly(z,730Tm, B)=1 + 3€(5) 17, B=t. |
(m1,B)EE M1 A8, SE Ty Byimy (B, Tony B)=2¢s5)
v3 = > is(B,TsB) + (is(B, TsB) — e(s)) (1ze7sB + 1ye7s8)] 5
(S,B)ngis(B,'KgB);ﬁQG(B)
vy = Z [(2+ 1ze758 + 1geTsB)em) + Y2 (my, B)1z 7e7s8) ;
(S,B)ngis(B,'KgB)ZQG(B)
vy = > [ty (Bs Ty B) + (1my ez} — 2)es))-

(m1,B)€E:Tmy B=Loo

Remark 3. Denote by Flex(C) the set of inflection points of C, i.e. the set of non-singular
points of C such that iy, (B, Ty, (B)) > 2. Recall that, since C is irreducible and if d > 2, (by the
Bezout theorem and Remark 2/ below) we have

3d(d —2) = imec(C,V(HF))

mi
=3dd-1)-d" ]+ Y S lim (B T B)—=2e))+ D> (im, (C, T, C) = 2)
m1€Sing(C) BEBranchm, (C) miE€Flex(C)
and so
3d" — > (i (B, Ty B) — 2¢(5)) = 3d+ > (i, (C, Tons ) — 2).
(m1,B)eE,m1€8ing(C) my€Flex(C)

Hence, under assumptions of Theorem 1, if we suppose moreover that Sing(C)N((ZS)U(JS)) =0
and that, for every my € Sing(C) and every branch B of C at m1, we have im, (B, Tm,B) < 2¢p)

(this is true for instance, if all the singular points of C are ordinary cusps and nodes), we get
that

3d" —v1=3d+ D (imy(C, Tm,C) — 2).
myEFlex(C)
Corollary 4. Assume that d > 2 and that S is equal neither to T nor to J. Assume that S is
not contained in a singular tangent line to C and that {s is not a singular tangent to C.

Assume moreover that Sing(C) N ((ZS) U (JS)) = 0 and that, for every my € Sing(C) and
every branch B of C at my, we have im, (B, Tm,B) < 2ep).

If § & L, then

deg(¥5(C)) = 3d + g — to — no — 2 X Lsec + 1secyz,7)nTsc2£0 — 1zeC,T70=t00 — LTcC TrC=t00>
where
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® iy is the number of inflection points my of C such that T,,,C does not contain S and is
not equal to o :

i 1= Z (imy (Cs Ty C) — 2)
m1E€Flex(C),SETm,C,Tm; C#lo
e ty is the number of tangences of C with (ZS) or (JS) :
to = > imy (C, T, C);
m1€Reg(C):Tm,CC(ZS)U(TS)
e ng is the cardinality of the set of non-singular my € C\ (Flex(C) U{S}) such that Ty, C
is (ZS) or (JS).
If § € U, then
deg(Es(C)) = 3d + i — ty — 3 X Lsec + 2 X 1seC TsC=tunis#2:

where

e i(, is the number of inflection points my of C such that Tp,,C does not contain S :
16 = Z (iml (C’ Tmlc) - 2);
m1EFlex(C),SETm,C
o 1 is given by
th = > (2 X i, (C, T, C) — 1).
m1E€Reg(C):Tm;C=Lo
An example. We give now an example in order to show how our formula can be used in practice.

We consider the quintic curve C = V(F) with F(x,y,2) = 3?23 — 2. This curve admits two
singular points: Ag:=1[0:0: 1] and A; :=[0:1:0], we have d = 5.

In the chart z = 1, at A, C has a single branch B4,, which has equation y? — 2% = 0 and
multiplicity 2. Hence, C admits three pro-branches at A; of equations (y = g;(x), ¢ = 1,2) with
g1(z) := 2°/? and go(z) := —2°/2. The tangential intersection multiplicity i4, of the branch Ba,
is equal to

2
iA, = Zval(gi) = 5.
j=1

In the chart y = 1, at Ay, C has a single branch By,, which has equation 23 — 2% = 0 and
multiplicity 3. Hence, C admits three pro-branches at Ay of equations (z = h;i(z), i = 1,2,3)
with hy(z) := 2%3, ho(z) := jz®/% and hs(x) := j225/3 (where j satisfies 1 4+ j + j2 = 0). The
tangential intersection multiplicity ¢4, of the branch Bj, is equal to

3
iny, =Y _val(h;) =5.
j=1

According to Remark 24, the class dV of C is given by

5} 9
dV:d(d—l)—u > | 'val(gi—gj)—u > | Aval(hi—h]’):5x4—2x§—6x§:5.
1,j€{1,2}:i#£j 1,j€{1,2,3}:i#£5



ON THE DEGREE OF CAUSTICS OF REFLECTION 6

Using again Remark 24, we know that the number of inflection points of C (computed with
multiplicity) is equal to

3d(d—2)—3 Z val(gi — g5) + Z val(hi = hj)| = 0.
i,je{1,2}:i#] 1,5€{1,2,3}:i#£]

Therefore, C has no inflection points.

The curve C admits six isotropic non-singular tangent lines (three for Z and three for J),
which are pairwise distinct.

We consider a light point S = [z : yo : 20] € P2\ {Z,J}. We will see that
deg(Eg(C)) = 15— 1y0=0,$07é0 —6 x 1zo=0,mo;£0 —3Xng—5x ls—a, — 9 x lo—u, + lzo;éo
—2 X 1seReg(C), TsCZ(TS)U(TS)>

where ng is the number of non-singular isotropic tangent lines to C containing S. Hence, we have

Condition on & deg(Xs(C)) =
for generic S € P? 16
for generic S € C 14
for generic S € Ta,Ba, 15
for generic S € Ty, Ba, =l 9
S €Ty, Ba, NTa,Ba, 8
S = A; (double point) 11
S = Aj (triple point) 6
for generic S on a single isotropic tangent 13
S on two isotropic tangents 10
S=ZorS=J 0

Let us prove the above formula. According to Theorem 2, we have
deg(Es(C)) =3d” — vy — vy — vh — (v3 + v5)lsec — valyyzo.
e dV =5 (see above).
e Since A; is the single singular point of C outside /o, we have
vy = min(ig, —2 X 2,0)1s¢04,7)0(4,7) 020 = 0-

e The couples (m1, B) € £ that may contribute to vy corresponds to inflection points or to
singular tangent. Since C admits no inflection points, since the singular tangent line at
Aj contains neither Z nor J and since the singular tangent line at As contains 7 and 7,
we get

vg = (i, — 2% 2)13/0:0710750 + (3ia, — 3 ¥ 3)1%:0,330750
e Since C has no point on £, except As, we have
vl = 3#{my € Reg(C) \ {8} :S € (miZ)U (m1J)}.

e Since C admits no inflection points, the only points that possibly contributes to vs are
the singular points. We have

vy =14, X Lg=a, + (314, —2 X 3)1s=4,
e Since the non sigular point of C with isotropic tangent are not in £, we have

V3 = 3 X LscReg() TsCC(ZS)UWTS) + 2 X 18€Req(C),T5CL(TS)U(TS)-

o vy =iy, —2 X3
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Plan of the paper. The paper is organized as follows. In section 1, we introduce the notion of
reflected lines and use it to define the caustic of reflection. In section 2, we prove (2), (3) and
we identify the base points of @ g on C. In section 3, we give a general lemma expressing the

degree of ¢(C) (for a general rational map ¢) in terms of multiplicity numbers at the Base points

of @ g on C. Applying this result to the caustic of reflection Xy g = ®p g(C), we will see that
these intersection numbers are related to

iml (C, APF) and iml (C, V(HF)),

for m; € C and P in P?. In section 4 completed with the appendix, we recall some facts on
multiplicity numbers and use it to establish the precise computation we need. In section 5, we
prove Theorems 1 and 2. In section 6, we prove Corollary 4.

1. CAUSTIC OF REFLECTION AND REFLECTED LINES

Let us consider a light position S = [z : yo : 20] € P? and an irreducible algebraic (mirror)
curve C = V(F) of P? given by a homogeneous polynomial F' of degree d > 2.

Definition 5. The caustic of reflection ¥s(C) is the envelope of the reflected lines {R,;m €
Reg(C) \ ({8} Ulx)}, where Ry, is the reflected line at m of an incident line coming from S
after reflection on C.

Let us define the reflected lines R,,. Since our problem is euclidean, we endow P? with an
angular structure for which Z = [1 : ¢ : 0] and J = [1 : —i : 0] play a particular role. To
this end, let us recall the definition of the cross-ratio 8 of 4 points of /.. Given four points
(P; = [aj : b; : 0]);=1,...4 such that each point appears at most 2 times, we define the cross-ratio
B(Py, Py, P, Py) of these four points as follows :

(bgal — blag)(b4a2 — b2a4)

P ’P ’P ,P = 5
BB B B, By = ) (baar — bran)

with convention % = 00.

For any distinct lines A and B not equal to ¢, containing neither Z nor J, we define the
oriented angular measure between A and B by 0 € [0; 7[ such that e*? = (a,b,Z,J) (where a
is the infinite point of A and where b is the infinite point of B).

For every m = [z : y : z] € Reg(C) \ {S} with z # 0, we define the reflected line R, at m
as follows. Let 7,,C be the tangent line to C at m (with equation F, X + F,Y + F.Z = 0 and
with infinite point ¢,, = [F, : —F, : 0]). The incident line at m is line (Sm). We denote by
Sm = [T : g : 0] its infinite point. We have s,, := [zoz — 2oz : yoz — 20y : 0] if S & lo and
Sm = [xo:yo: 0] if S € L. When s, and t,, are equal neither to Z nor 7, we define the
reflected line R,, at m € C as the line (mry,) with infinite point r,, given by the Snell-Descartes
reflection law Angle((Sm), Tr) = Angle(Tm, Rm), i.e.

B(Smstm, L, T) = B(tmsTm, L, T). (4)

Observe that 7, is well defined by this formula as soon as t,, € {Z,J}. In particular, if
(Sm) = TnC, then the reflected line at m is (Sm). Moreover, with definition (4), we have
(sm=Z = rp=J)and (s;=J = rm=1I).

According to (4), we have
rm = [B(Ff = F)) + 2FuFy « —y(Fy — F2) 4 22F, Fy : 0.
Hence R, is the set of [X : Y : Z] € P? such that
(F2— F2)(—2yX — 23Y + Z(yx + y2)) + 2F, Fy (22X — 2 + Z(—zz + fiy)) = 0.
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Let us define <(X1, Y1, Zl), (X27 Y5, ZQ)> = X1 X0 + 1Yo + Z175.
Definition 6. Let m = [z : y : 2] € Reg(C) \ ({S} Ulx), an equation of the reflected line R, at
m is giwen by (p(z,y, 2), (X,Y,Z)) =0 with
2(20y — zy0)(F7 — F) + 2z(z20 — 202) FL F
oz, y,2) = 2(207 — z20)(F2 — FZ) + 22(20y — 2y0) Fy F if 20 #0
(zzyo + yzwo — 2200y)(Fy — F7) + 2(yzyo — w220 + 200% — 20y°) FL Fy

or with
(—2y0)(Fy — F;) 2(zwo) Fy Iy
ﬁ(x7y7 Z) = (_ZxO)(FxQ F%) ( ZyO)F F Zf 20 = 0.
(zyo + yzo)(Fz — Fy) + 2(yyo — mO)F F,

2. RATIONAL MAP ®p g

2.1. Proof of (2).

Theorem 7. Let C = V(F) be an algebraic curve of P? given by some irreducible homogeneous
polynomial F of degree d > 2 and let S = (z0,y0,20) € C*\ {0}.

For every m = [z : y : 1] € Reg(C) \ V(F} + F?) which is not a Base point of ®r,s, the
reflected line R, is well defined and is tangent to C' := @ g(C) at ®rg(m).

Moreover the set of base points of (®rs)|c is finite.

C':= ®pg(C) is the caustic of reflection Xs(C) of C with source point S = [z : yo : 20].

Before proving this theorem, we explain how the expression @(w, y,1) can be simplified when
(z,y,1) is in C. Let us recall that, since F' is homogeneous with degree d, we have

dF =aF, +yF, + 2F,
and therefore
(d=1)F, = 2Fp.+yFy,+2F.., (d—1)F; = aFpp+yFpy+2F,, and (d—1)Fy = o Fpy+yFyy+2F,..
Remark 8. Thanks to the expression of F,,, Fy.,, Fy., F,, we have
2Hp = (d—1)*hr onC,
with
hp = 2Fy FyFy — FuoF, — Fyy F2 and 2AgF(z,y,1) = (220 — 2)Fy + (250 — y) F)-
Therefore, for any m =[x :y: 1] € C, we have

. —2xhpNg + (F2x0 — F2(xg — 2320) — 2F, Fy (yo — y20)AsF
Prs(zr,y,1) = | —2yhrpNg+ (F2yoz - F2( Yo — 2yzo) — 2E,Fy(z0 — 220)) AgF
—QhFNS + Zo(F2 + FQ)AsF

Proof of Theorem 7. Let us first observe that, since F' is irreducible of degree d > 2, we have
C ¢ {F2+ F2 =0} Ul
Let us write py, p2 and p3 the coordinates of p. Observe that zp3(m) = —xzp1(m) — ypa(m).
We will prove that, on z = 1, we have (5 A W) = (F2 + Fy2)<i>, for some W.

Consider now m := (z,y,1) € C? be such that m = [z : y : 1] is in Reg(C) \ ({8} U oo U
V(F2 + Fyz)) and is not a base point of ®xg. Hence p(x,y,1) # 0 and the reflected line R, is
well defined.



ON THE DEGREE OF CAUSTICS OF REFLECTION 9

To simplify notations, we ommit indices F, S in ® and in ®.

To prove that ®(m) belongs to R,,, it is enough to prove that
(®(m), p(11)) = 0, (5)
If this is true, to prove that R,, is tangent to C' at ®(m), it is enough to prove that

- Wi = (ﬁl)m(_Fy) + (ﬁl)yF:v
<q)(m)7 W(m)> =0, with W:= Wy = (/32)1(_Fy) + (ﬁ?)yF:v . (6)
W3 := —aWy — yWo — p1(=Fy) — pa(Fy)

Indeed, let us consider a parametrization M (t) = [z(t) : y(¢) : 1] of C in a neighbourhood of m
such that M (0) = m and such that 2(t) = —F, and y'(t) = F,. This is possible since DF(m)
is non-null. Then ¢(t) := ®(M(t)) is a parametrization of C" at a neighbourhood of ®(m). Let
r(t) := p(M(t)). The fact that R,, is tangent to C’' at ®(m) means that (r(0),¢’'(0)) = 0, i.e.
((0), ®(m)) = 0 (since {r(1), p(1)) = 0, we have ((0),®(m)) = —(p(m), #/(0))). We have
r’'(0) = W(m).

Hence, to prove the theorem, it is enough to prove that

plim) AW (i) = (Ff + Fy))(im) |

which is the key point of this proof. This can be checked by a fastidious formal computation
thanks to the following formulas (and thanks to a symbolic computation software):

(ﬁl)m = 2(Z(Jy - ZyO)(F:vam - FyF:vy) - 2ZOF:I:Fy + 2(Zx0 - ZOx)(F:Bme + F:B:BFy)a
(P1)y == ZO(FJI? - Fy2) + 2(20y — 2y0) (FuFuy — FyFyy) + 2(2x0 — 202) (Fuy Fy + FuFyy),
(p2)s = zo(Fl? - Fy2) +2(200 — 220) (FypFoa — FyFry) + 2(20y — 2y0)(FoFpy + FuaFy),

(P2)y = 2(20x — z20) (FpFoy — FyFyy) + 220 Fy + 2(20y — 2y0) (FuFyy + FryFy).

The fact that the set of base points of ® is finite on C comes from the following proposition. The
last point follows. 0

We can observe that Theorem 7 remains true when d =1 and §,Z, 7 ¢ C.

2.2. Base points of (P s)c-

Remark 9 (Light position at Z or J). We notice that ®por = —a?(ArF)3J and ®pay =
—a?(AyF)31. Hence
Y7(C) ={J} and £7(C)={Z}.

This is not surprising since, in these cases, we always have rn, = J and r,, = I respectively.
Hence, in the sequel, we will suppose that S € P2\ {Z,J}.
Proposition 10. Let us assume that hypotheses of theorem 7 hold true and that S & {Z,J}.
If S € by, then [z :y: 2] € C is a base point of ®p g if and only if
hp(z,y,2) =0 and AgF(x,y,z)=0.
If S € b, then [x :y : z] € C is a base point of ® if and only if
[Hp(z,y,2) =0 or Ng(z,y,2) =0] and [AsF(x,y,z) =0 or (2 =0 and F,, = F, =0) )].

Remark 11. This result insures that the set of base points of ®p g is finite on C = V(F) as
soon as F is irreducible and of degree d > 2.
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Remark 12 (Geometric interpretation). Let us notice that Ng(z,y,z) = 0 means that either
Z,[x:y:z|,S lie on a same line or J,[x :y: z],S are on a same line.

If S € ts \{Z, T}, the base points of Prs on C are :

the singular points of C (since DF = 0 implies Hp = 0),
the inflection points m of C such that S is in Tp,C,

the points m of C lying on ls such that TpC is lxo,

m =38 (if S belongs to C).

If S & l, the base points of ®rs on C are :

the singular points of C,

the inflection points m of C such that S is in Tp,C,

the inflection point m of C N Ly such that TpC is Lo,

the points m belongs of C, such that S belongs to Tpn,C and m € (ST)U (SJ), i.e.
- meCn{S},
-meCn{Z,J} and S € T,,C,
— m € C such that T,,,C equals an isotropic line (SZ) or (SJ),

e meCN{Z,J} such that TpC is loo.

Proof of Proposition 10. We just prove one implication, the other one being obvious. To simplify
notations, we write ® instead of ®r g.

Let us suppose that zy = 0.
In this case, we have Ng = 2%(23 + y3) and so HrNg = (d — 1)*(22 + y3)hr and

—2x(z2 + y3)hr + (FnyO — F2x0 — 2F, Fyyo)AsF
O(z,y,2) = | —2y(x§ + v5)hr + (Fiyo — Fyyo — 2F, Fyxo) AgF
—22(2¢ + v3)hr

Let 7 = (z,7, z) be such that ®(m) = 0. Since x2 + y2 # 0, thanks to the last equation, we get
that zhp = 0, i.e.
hr = 0.
According to the two other equations, we get that
0= (FJazo — Fjzo — 2F, Fyy0)AsF and (Fryo — Foyo — 2F, Fyx0)AgF = 0.
If moreover AgF # 0, then we must have a = 0 and b = 0 with
a = F2xg — Fxg — 2F, Fyyo and b := Fly — F2yo — 2F, Fyxo.

Writing successively xzga — ygb = 0 and ypa + zgb = 0 and using the fact that x% + y% # 0, we
get that F, = I}, = 0, and so AgF = 0.

Let us suppose that zy # 0.
Let 7 = (z,y, z) be such that ®(m) = 0. We observe that we have
—2HENS 4 ((F2 + F2)azo — 2F, AgF)AgF

) d—1)2
®(m) = | 255 + (F2 + F))yo — 2F,AsF)AsF
— 2 + 20 (F] + F))AsF
Hence we have
F
= QHFNS x Zo T
o(m) = — d—1) y |+ (Fg? + F;)ASF Yo | — 2(A8F)2 F, | =0 (7)
0

z 20
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First, let us consider the case when HpNg = 0 (which is equivalent to the fact that Hp = 0
or Ng = 0). In this case, if AgF # 0, then we have F7 + F7 = 0 (by the third equation)
and therefore F,, = F, = 0 (according to the two other equations). Let us notice that, since
zF, = dF — zF, — yF,, and since F, # 0 (since AgF' # 0), this implies that z = 0.
Second, let us consider the case when HrpNg # 0. Then AgF # 0. Since xF, + yFy + 2F, =
F =0 and according to the definition of AgF', we get
0= (Fy Fy F.)- ®(h) = (AgF)*(F} + Fy) = 2(AsF)*(F} + F})

and so F? + Fy2:0 and so z = 0 (by ®3 = 0) and 22 + y> = 0 (from z®; + y®, = 0) which
contradicts the fact that Ng # 0. O

3. ABOUT THE COMPUTATION OF THE DEGREE OF THE CAUSTIC

3.1. A fundamental lemma. The idea used in this paper to compute the degree of caustics is
is based on the following general lemma giving a way to compute the degree of the image of a
curve by a rational map. The proof of the Pliicker formula given in [4, p. 91] can be seen as an
application of the followiing lemma.

The following definition extends the notion of polar into a notion of yp-polar.
Definition 13. Letp > 1, ¢ > 1. Given ¢ : PP — P? be a rational map given by ¢ = [pg : -+ : @4]

(with homogeneous polynomial functions ¢; : CPT1 — CI1) and a = [ag : -+ : a4 € P7, we
define the p-polar at a, denoted by Py 4, as follows

q
P%a = V Zajgpj
7=0

With this definition, the classical polar of a curve C = V(F) of PP (for some homogeneous
polynomial F') at a is the VF-polar at a, where VF(X) denotes as usual the vector constitued
of the partial derivatives of F' at X.

We recall that the set of base points of a rational map ¢ = [@g : ... : g] : PP — P is the set

Base(yp) = ﬂ V(pj).
j=1

The cardinality of a set E will be written #FE.
Lemma 14 (Fundamental lemma). Let C be an irreducible algebraic curve of PP. Let p > 1,
q > 1 be two integers and ¢ : PP — P be a rational map given by ¢ = [po : -+ : @,], with

©0, -, pq € Clzo, ..., xp] some homogeneous polynomials of degree §. Assume that C Z Base(yp)
and that @|c has degree 01 € Zy U {o0}.

Then, for generic a =[ag : --- : aq] € P4, the following formula holds true
01.deg <<p—(C)) = 0.deg(C) — Z ip (C, Poa)

pEBase(9ic)

with convention 0.00 = 0 and deg(p(C)) = 0 if #¢(C) < oco.

Before proving this result, we make some observations.
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Remark 15. We recall that thanks to blowing up (|7, Exemple II-7-17-3]) and to a classical
morphism result (|10, Proposition 11-2-6], [7, Proposition 11-6-8] ), if C ¢ Base(p), if ¥|c\ Base(y)
is not constant and has degree 01, then there exists a finite set N such that for every point y of
©(C) \ N, the number of preimages of y by ¢ is equal to 6.

If 61 =1, then the map p|c is birational onto its image.
When #(¢(C \ Base(p))) =1, we set 6; = oo.

Lemma 16. Let ¢y,...,0q € Clxo,...,xp] be homogeneous polynomials of degree 6. Consider

¢ = (o, ..., pq) and the rational map ¢ : PP — P? defined by ¢ = [pg : -+ : pq]. Let K be the
cone surface associated to an algebraic irreducible curve C of PP. If #(¢(C \ Base(y))) > 1 and
if that @\ has degree 01, then the set of regular points m = [z : ... : xp] € C such that

O (m)(T7K) C Vect(®(m)), with m := (xo,...,Tp)

(where Tz K is the tangent hyperplan to K at m) is finite.

Proof. Let m = (yo, ..., yp) € CPL be such that m := (/) is a non-singular point of C. We know
that there exist an integer s > p — 1 and s homogeneous polynomials FO F6) e Clzo, ..., zp)
such that ¢ = N, V(F®). We also know that 7K is N5, V/( yil Oijm(])(M)). Thanks to
classical methods of resolution of linear systems, we know that there exist an integer » > 1 and
(GEU);i = 0,...,p;u = 1,...,7) a family of homogeneous polynomials of (FQE{)J =0,.,p;] =
1,...,s) such that

T = Vect(Vy(m); uw=1,..,r)

with V,(m) := (Ggu)(Fm(f)( );i=0,...p;7 =1,...,8))i=0,...p-
Now the fact that
DO (m)(T7K) C Vect(®(m)) (8)

is equivalent to
Yu = 1, ey Ty Vi,j = 0, ey Py [D(I)(TNTL) . Vu(m)],%(m) — [D@(fn) . Vu(m)]]apl(fn) =0.

and so to the fact that m belongs to some algebraic variety. Since C is irreducible, we conclude
that either the set of such m is finite or is equal to C. The fact that this set is C would mean
that for every point m such that m := H(Th) is a non-singular point of C and is not a base point
of ¢, for every t — X(t) = (Xo(t),..., Xp(t)) such that ¢ — II(X(t)) is a local parametrization
of C satisfying X (0) = m, we have (<I> o X) (t) = DO(X(t)) - X'(t) with X'(t) € Tx;)K and so

) =

(i 0 X) (£)pj (X () — (195 0 X) ()i (X (£)) = 0.

This implies that ®(X(t)) = %@(m) if ¢ is such that ¢;(m) # 0. This means that

II(®(X(t))) = I(P(m)) for every ¢t. This is impossible by hypothesis. O

Proof of Lemma 14. Let us consider a polynomial map ® : CPT! — C9*! associated to ¢. For
every a = [ag : --- : ag] € P9, we consider the hyperplane V() := {[yo : -+ : yq] € P? :
b yaiyi = 0} (with ¢ (yo, -+ ,Yq) = Y i aiyi for some choice of representant of a). Let
B := Base(yp|c) (i.e. the set of m = II(m) € C such that ®(m) = 0). This set clearly belongs to
CNV(hgo®).

o If #(¢(C \ Base(y))) = 1, we consider the point M of P? such that ¢(C \ Base(p)) = {M}
and we observe that, for every a € P?\ V(¢5s), we have C NV (¢, o ) = B and so, by Bezout
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theorem (using the fact that V(14 o ®) is an hypersurface that does not contain C)

deg(C)d deg(C)deg(tq o @)

=Y i@ V(o)

meCNV (1pq0®)

= 3 in(C V(o))

meB

= Y €.V (W 0 ®)) +81.deg (2(0))

meB

since deg <W)) = 0.
e Assume now that #(¢(C \ Base(p))) > 1.
Let a = [ag : - - : ag] € P? be such that

(1) for every y € o(C\ B) NV (1,) is in ¢(C) and satisfies #o 1 ({y}) = 01,

(2) deg (323 @ipi) = 9,

(3) for every y € ¢(C\ B) NV (1)g), we have i, (p(C\ B),V(¢q)) = 1,

(4) V(1) contains no point II(m) of C such that Do(m) - (T7K) C Vect(®(m)), where K is

the cone surface associated to C and where 77K is its tangent plane at m,

(5) #(p(C\B) NV (¢a)) < 00,
(6) V(1a) Np(Sing(C)) = 0, with Sing(C) ={m =[x:y:2]€C : DF(z,y,z) = 0}.

Now let us write V(tpg 0 ®) :={[yo : -+~ 1 yp] € PP = 37 aiwi(Yo, .., yp) = 0}

Point 5 insures that #(C N V (¢, o ®)) < oo. Hence, C and V (¢, o ) have no common
component and since C is a curve and V (1, 0 ®) is an hypersurface, according to Bezout theorem,
since V' (1, o @) does not contain C, we have

deg(C)d = deg(C)deg(va 0 @)
= > im(C V(o ®))

meCNV (1pq0®)

— Z im(C,V(l/Jan)))—i- Z im(QV(%O‘I’))-

meB me(C\B)NV (pq0®)

Let us now consider any m = [xg : -+ : 2] € (C\B)NV (¢pq0®P). We have p(m) € ¢(C\B)NV (¢q).
According to point 6, C admits a tangent line 7y, at m. Set m = (o, ..., xp). According to point
4, we consider a tangent vector v = (v, ...,v,) € CP™! to K such that D®(1n)(v) and ® () are
linearly independent.

Therefore, according to point 3, with the notation a := (ay, ..., a4) we have

(a, (D®)(m)(v)) # 0 and so (v,"(DP)(1m)(a)) # 0.
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Since {(D®)(1m) - a = V(14 0 ®)(1m), we get that i,,(C, V (1, o ®)) = 1. Hence, we have

> im(C,V(ao®)) = #(C\B)NV(go®))
me(C\B)NV (pq0P)
= 017 (p(C\ B)) NV ()
= 0O# ( (C\B)NV( ) according to Point 1

= & Z iy (¢(C), V (1a), according to Point 3
y€p(C)NV ()

= d1.deg(¢(C)).

O

3.2. About intersection numbers at the base points of ®pg. Theorems 1 and 2 will
be a direct consequence of the fundamental lemma (Lemma 14) and of the computation of
im; (C,Pa,q) at every base point. To compute these intersection numbers, we will compute
intersection numbers of branches thanks to the notion of pro-branches. It will be important to
observe that, since F? + F2 ArF.AF, <1>FS can be rewritten

F 2Hp.frs.fis
R

where fa p(C) = det(A|B|C), for every A,B,C € C3. We observe that V(fa p) is the line
(II(A)II(B)). In the proof of Theorems 1 and 2, thanks to formula (9), we will easily see that,
for a generic a € P,

Uy (Cv PCD@) > min (iml (C7 V(\Dl)) s Umy (C7 V(\IIQ)) s Umy (Cv V(\II?))) Uy (Cv V(\II4))) ) (10)
with

dd+ ArF.AjF.ASF.S — (AsF)*[ArF.J + AF.), (9)

2Hp.frs.fis
(d—1)*

= (AgF)?ArF and U4:= (AgF)*AF.
More precisely, we will prove the same inequality for branches of C at m; instead of C, this
inequality being an equality in most of the cases but not in every case. This will be detailed in

section 5. Before going on in the proof of Theorems 1 and 2, let us give some general results on
intersection numbers including general formulas for the following intersection numbers

im (C,V(Hp)) and im, (C,V(ApF)).

\Ifl = - \IIQ = A[F.AJF.AsF,

4. ABOUT COMPUTATION OF INTERSECTION NUMBER : CLASSICAL RESULTS AND EXTENSIONS

JI-

Z\H

As in [4], we write C[[z]] the ring of power series and C[[z*]] := Uy C[[z
Definition 17. Let g € C[[z*]].

e [f g(x) is monomial ax? with q € Q, we say that the degree of g is equal to q.
e We denote by LM (g) the lowest degree monomial term of g and we call valuation
of g, also denoted val(g) or val,(g(x)) the degree of LM(g).

Definition 18. Let F' € C[X,Y, Z] be a homogeneous polynomial such that F(0,0,1) = 0. The
tangent cone of V(F) at [0:0: 1] is V(LM (F)) where LM(F') is the sum of terms of lowest
degree in F(x,y,1).

We recall that the degree in {x,y} of LM (F) is the multiplicity of [0:0: 1] in V(F).
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We recall now the classical use of the Weierstrass preparation theorem combined with the
1 1
Puiseux expansions (see [4], pages 107, 137 and 142). Let C(z¥) and C(z~,y) be the rings
of convergent power series of ¥ and of x¥,y. Let C(z*) := Uy (C(x%> and C(z*,y) :=
L >
UN21 C(zn,y).

Let F(z,y,z) € C[z,y,z] be a homogeneous polynomial. We suppose that [0 : 0 : 1] is a
point of V(F) with multiplicity ¢. This means that F'(0,y, 1) has valuation ¢ in y. Suppose that
{z = 0} is not contained in the tangent cone of V(F') at [0 : 0 : 1]. This means that ¢ is also the
valuation of F in z,y.

Now, the Weierstrass theorem insures the existence of a unit U of C(z,y) and of I'(z,y) €
C(x)[y] monic, such that I'(0,y) has degree ¢ in y and

F(z,y,1) = U(z,y)'(z,y)

There exists an integer b > 1 and T'y(x,y), ..., Ty(z,y) € C{x)[y] monic irreducible such that

b
T(z,y) = [ Ta(x,v).
B=1

We recall that the Bz with equation I'3 = 0 on z = 1 are the branches of V(F) at [0:0 : 1].
The tangent line 73 to branch Bg at [0 : 0 : 1] is the reduced of the tangent cone of Bg at
[0:0:1] (the notion of tangent cone is well defined with the same definition as for polynomials,
see [4, P. 148]). Line 73 is given by ('), X + (I'g),Y = 0.

The degree eg in y of I'g(x,y) is called the multiplicity of the branch Bg.
Thanks to the Puiseux theorem, for every g € {1,...,b}, there exists pg(z) € C(t) such that

ch 2ikn L
To(w,y) =[] (v — wpr(@), with @gx(z) =g (6 s 9063) -
k=1
Of course we have ¢ = Z%Zl es.

2ikm 1

We recall that <y =pgle x|, k=1, ...,65> are equations of the pro-branches of

branch V(Hg) (this notion can be found in (6, 12]).

This is summarized in the following theorem in which the pro-branches are numbered by
i€ ={1,...,q} and are denoted by g;.

Theorem 19. Let F(z,y, z) € Clz,y, z] be a homogeneous polynomial. We suppose that [0 : 0 : 1]
is a point of V(F') with multiplicity g and such that {x = 0} is not contained in the tangent cone
of V(F) at [0 : 0 : 1]. Then there exists U(z,y) being a unit of C(x,y) and g1, ...,94 € C(z*)
such that

F(.%',y,l) = U(.%',y) H(y_gz(x)) in (C<.%'*,y>
1=1

Now, let us introduce now the notions of intersection numbers for pro-branches and for
branches (see [6, 12]).

Definition 20. Let F(z,y,z) and G(z,y,z) in Clz,y, z] be two homogeneous polynomials. Let
my € V(F)NV(G) be a point of multiplicity q of V(F). Let M € GL(C3) be such that m; =
II(M(0,0,1)) and such that {x = 0} is not contained in the tangent cone of V(FoM) at [0: 0 : 1].
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According to theorem 19, we have

F(M(z,y,1 ) [T — gi(@)), with gi(z) € Cllz*]] = | C[lex]],

i=1 n>1
U(x,y) being a unit in the ring of convergent power series C(x,y). We also use notations Bg for
branches of V(F o M) and Tg for tangent line to Bg at [0:0 : 1].
We define

1 )

e the intersection numbers i,,
and y = gj(x) are given by

of pro-branches of V(F o M) of equations y = g;(x)

i1 = val(gi — gy),
e the tangential intersection number z’ﬁf}l of pro-branch of V(F o M) of equation
y = gi(x) are given by the following formula

i) = valy(gi(x) — g (0)x)

(i,f“ corresponds to the intersection number of the pro-branch of equation y = g;(x) with

the tangent line DT(nl Tg where Bg 1is the branch associated to this pro-branch ; this

tangent line has equation y = ¢,(0)z).
e the intersection number ij.o.(V(G o M), Bg) of a branch Bg of V(F o M) with
V(G) o M is defined by

i0:0:1)(V(G o M), Bg) := Z val, (G(M (z, gi(x),1)),
i€Zs

where Lg is the set of indices i € {1,...,q} such that the pro-branch of V(F o M) of
equation y = g;(x) is associated to branch Bg.

We recall that, under hypotheses of this definition, the intersection number i,,, (V(F'),V(G))
is given by

iml(V(F),V(G)):Zvalx( (z,gi(x Zz 00:1](V(G o M), Bg). (11)

This observation will be crucial here in computations of intersection numbers.

Remark 21. Quantity zﬁ,}l corresponds to the degree of the smallest degree term of g; of degree

;(9)
greater than or equal to 1 (i.e. gi(z) = cnx + ax’™ + ... with o # 0). It is not difficult to see
that

i), = vals(gi(x) — gi(0)x) = valy(g}(z) — gi(x)) = valy(g}(0) — gi(w)) + 1 = valg] + 2.

Another interesting observation is that, in some sense, the notion of branches as well as their
intersection numbers do not depend on the choice of matrix M. This is the oject of the following
proposition, the proof of which is postponed in appendix A.

Proposition 22. Let F(x,y, z) in Clx,y, z] be a homogeneous polynomial. Let my be a point of
multiplicity q of V(F). Let M, M € GL(C3) be such that my = I1(M(0,0,1)) = II(M(0,0,1))
and such that {x = 0} is not in the tangent cones of V(F o M) or of V(FoM) at [0:0 : 1].
Then

o the multiplicities of [0: 0 : 1] on V(F o M) and on V(F o M) are equal,
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° V(FOM) and V(F o M) have the same number b of branches at [0:0: 1], By, ..., By and
B, ..., By respectively.
e There exists a permutation o of {1,...,b} such that, for every g € {1,...,b},
— Bg and Ba(ﬁ) have the same multiplicity eg,

— If Tg and ’f;(ﬁ) of Bg and Bo—(g) at [0:0:1], then M(Tg) = M(ﬁ,w)),

— for every homogeneous polynomial G(x,y, z) € Clz,y, 2|, we have
if0:01)(V (G o M), Bg) = if.0.1](V (G 0 M), By(s))
— In a neighbourhood of [0 : 0 : 1], if Bg has equation I'g(x,y) = 0 on z = 1, Bg(g)

has equatwn g <Z((x:§:11))’ %) = 0 where X, Y, Z are the coordinates of map
M~Yo M.

Proposition 23. Let C = V(F) with F' a homogeneous polynomial of degree d > 2. Let my be a
point of C of multiplicity q and let P € C3\ {0} be such that ApF(my) = 0. Assume assumptions
of Definition 20. We have

imy (C,V(ApF) = > > b +> [(i% ~Dlypyepy) + 1H(P)=m1] :

1€L jEL:j#i 1€
and

imy (C.V(Hp) = [3) 0 > i |+ 1) -

1€L jEL:jF#i i€

We will see in Remark 27 that, with the notations of Definition 20, the values of
=Y il and I, =) [i{) — 2]
1€L jEL:j#i i€
do not depend on the choice of M.
Remark 24. Proposition 23 combined with |4, p. 91-92| (one can also our fundamental lemma

14) can be used to get precised Pliicker formulas for the class and for the number of inflection
points. Indeed, for generic P € P2, we have

d'=dd-1)— > im(CV(ApF)=dd—1)— > Vn

m1€8Sing(C) m1€Sing(C)

and

3dd-2)— > imCV(HR)) = Y. I

m1E€Sing(C) m1E€Reg(C)

which corresponds to the number of inflection points. Moreover, we have

> i CVEHR)=3 > Vet Y. In.

m1€Sing(C) m1€Sing(C) m1E€Sing(C)

Applying Proposition 23 to non-singuar points (including flex), node and cusps, we obtain
directly:
Corollary 25. Under assumption of proposition 23,
o If C is smooth at my with ip, (C, Ty, C) = p (for some p > 2), then we have
imy (C,V(HF)) =p—2 and iy, (C,V(ApF)) = (p—1) + 1 —ri(p)-
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e [f F admits at mq an ordinary node, we have q =2, b=2,e; = ey =1, z,(}LZ = z,(fg =2,
:(1,2)

i)’ =1, and so
2 ifII(P) & (D) UD<2>>
imy (C,V(Hp)) =6 and im,(C,V(ApF)) =149 3 ifII(P) € (DY) UDE)\ {mi} -
5 if II(P) = my
o If I admits at m1 an ordinary cusp, we have ¢ = 2, b = 1, e1 = 2, D%Z = DS,%Z,
27(%)1 2m1 3/2, 2(1 2 = =3/2, and so
3 ifTI(P) ¢ Dh)
imy (C,V(Hp)) =8 and im,(C,V(ApF))=q 4 ifTI(P) € DY\ {m,}
6 if TI(P) = my
In this corollary, we recognize the terms appearing in the classical Pliicker formulas (see [5, p.
278-279]). Proposition 23 is a direct consequence of (11) and of the following lemma.
Lemma 26. Under assumptions of Proposition 23, for every i = 1, ..., q, using notations R;(x) :=
Uz, 9i(2)) I1jez2(9i(2) — g5(x)) and (xp,yp,zp) = M~ (P), we have
ApF(M(w,9i(x),1)) = Ri(x) [yp — xpgi(0) + 2p(gi(0) — gi(2)) + zp(zgi(x) — gi(x))]
and
val,(ApF (M (z,g;(x),1)) = { Z %f)] + G0 —1)1 (P + 1r(p)=m
JEL:jF#
Moreover, we have
Hp(M(z,gi(x),1)) = (detM)~*(d — 1)*(Ri(2))’g{ (x)

and
valy (Hp(M(z, gi(),1)) = 3 [ > %’f)] + (il —2).
JEL:j#i

Proof. We have, in C[[z*]][y],

F(M(xaya 1)) = U('Iay)G(x’y) with G('Iay) = A (y - gi(x))’ and U(O’O) 7& 0,

with g;(z) € C[[z*]]. Let i = 1,...,q. Let us set Fy(z) := (z, g;(x),1). We get?

(F o M)y (Fy(x)) = =U(z,9:(2))gi(z) ] (gil2) = g;()),
JETij#i
(F o M)y (Fi(2)) = Uz, gi() ] (gi(w) = g;(x)).
JETij#i
e Since ApF(M(x,y,1)) = Apy-1p(F o M)(x,y,1) = Wp(x,y,1) + dF(M(x,y,1)) with
Wp(z,y,z2) = (xpz —xzp)(F o M)y + (ypz — yzp)(F o M),. So, we have
ApF(Fi(z)) = Wp(Fi(x))
= U(z,9:(2)) [(yp — gi(x)zp) — (xp —zzp)gi(@)] [] (9i(2) - g;(2)),
€T

30n {z = 1}, we have (FoM), = U,G+UGs, (FoM), = U,G+UGy, Gu(2,y,1) = = X7 9:(2) [Tz, (0~
9;(%)), Gy(x,y,1) = 37,7 [ ez.52:(y — 95 (x)). We conclude by using the fact that G(z,g:(z)) = 0.
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which gives the first formula.
— IfTI(P) ¢ D), ie. yp — 2pgl(0) # 0, then

LM (ApF(M(F;(z)))) = LM (U(O,O) lyp —2pgi(0)] [] (gi(z) - gj(x))) ;o (12)

JET j#i
—if II(P) € D%)l, ie. yp —xpg,(0) = 0, quantity (yp — gi(x)zp) — (xp — z2p)g)(x)
can be rewritten
zp(gi(0) — gi(2)) + 2p(gi(z)x — gi(x)).
We distinguish now the cases II(P) € DS,Z'L)I and II(P) = m;.
—ifII(P) € DT(fl)l \ {m1}, i.e. yp = zpg;(0) and zp # 0, then

LM (ApF(M(Fy(x)))) = LM (U(O,U) [2p(gi(0) = gi(@)] ] (ai(x) gj(ﬂﬁ))) - (1)
JETj#i

— if II(P) = my, then

LM (ApF(M(F(x)))) = LM (U(U,O) [zp(zgi(2) = gi@)] ] (gi(x) gj(fﬂ))) - (14

We conclude thanks to Remark 21.
e We have

Hp(M(Fy(z))) = (detM)™*Hpon (Fy())
= (detM)"%(d — 1)?hpon (Fi(z))
= (detM)~?(d — 1)*U*(x, gi(x))h (x, gi (),
with hg 1= 2G,  + U, Gy +UyGp +UG,y. 4 Now, let us compute hg(z, g;(z)). We have®
Gol(x,9i(2)) = —gi(x) ] (@i(x)—g;(@), Gy, g:i) = ] (g()—g;(x)),
JETj#i €T
Gua(,9:(2) =2 > gi(@)gj(@) [] (9:(x) = gr(2)) + (=g () [ [ (9:(x) — gx (),
JET:j£i k#i,j ki
Gyy(w,gi(x) =2 Y ] (@ilx) - g(x)),
GET:j#i ki
Gay(w,0:i(x) = > (=gi(z) — gi(x) T] (gi(x) — gr(2)).
JETj#i ki,
Adirect computation gives

3
hG("gi(')’l)( H (gigj)) gg,?

JEL:j#i

and so the two last results since val(g)) = ip, — 2.

4Since, on {z =1}, Fo M = UG, so (F o M), = UsG + UGa, (F o M), = U,G + UGy, and (F o M), =
Uza G+ 2UsGy + UGz, (F o M)yy = UyyG +2U,Gy + UGy and (F o M)gy = UpyG 4+ Uz Gy + UyGy + UGoy.
Now the fact that hrpon (Fi(x)) = U(z, gi(x))ha(z, gi(x)) comes from G(z, gi(x)) = 0.

’Indeed we have Gu(z,y) = — Y, 01 @) [ernv — 95(2), Gy(@y) = Yicr[Lier,zv — 9:(2)),
Goa(z,y) = Ziel Z]’ez;j¢¢ 9{(1’)93(?1) H/wsi,j(y — gk(®) — Ziezgé/(x) HjeI:j¢¢(y = gi(z)), Gyy(z,y) =
Z'LEI Zjel;j;éi Hk#,j (y — gr(2)) and Gay(z,y) = — ZiEI Z]’ez:j¢¢ gi(x) Hk¢i,j (y — gr(x)).
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O

Let us observe that we always have 3} 7., val(gi — gj) +im, —2 > 0 (if y = gi(x) is a
pro-branch of a branch Bg with eg = 1, then 4,,, > 2, otherwise Bg admits at least another

pro-branch y = g;(x) and val(g; — g;) + val(g!) > 21'57?1 —-2>0).
Now, according to Proposition 22 and to Lemma 26, we have
Remark 27. Under hypotheses of Proposition 22, the following quantities are equal for M and
for M :
D iy = i (75 By),
i615
Z Z Zml(V(HF)’Bﬁ) _iml('rﬁ’Bﬁ)_{'Qeﬁ] :iml(Bﬁ?AP)?
1€Lg jEL:j#1

where Ig is the set of indices i € T = {1,...,q} such that y = g;(x) is a pro-branch of Bg and for
any P € P?\ 3.

5. PROOF OF THEOREMS 1 AND 2

According to the fundamental lemma and to (11), to prove Theorems 1 and 2, we have to
compute intersection numbers of branches of V/(F o M) at [0 : 0 : 1] with M ~!(Pg,,) for some
suitable M € GL(C?) and for generic a € P2, This is the aim of the following result.

Proposition 28. We suppose that C = V (F) is irreducible with degree d > 2 and that S & {Z,J}.
Let my be a point of multiplicity q of C, that is a base point of ®rg. Let M € GL(C?) be such
that TI(M (0,0,1)) = mq, such that the tangent cone of V(F o M) at [0 : 0 : 1] does not contain
X = 0. We write By, ..., By the branches of V(F o M) at [0 : 0 : 1]; T1,..., Tp their respective
tangent lines. Let also T :={1,...,q} and y = g;(x);i € T be the equations of the pro-branches of
V(FoM) at[0:0:1].

Let B € {1,...,b}. Let Ig be the set of indices i € T such that y = g;(x) are the equations of
the pro-branches ot V(F o M) associated to branch Bg at my (for i € Ig, we have D,(,?l =T3).

Then, we have, for a generic point a

io0:1] (Be, M~ (Paa)) = Y [ca+3 > wvallgs
€Ty JET:j#i
with
e Generic cases
(S1) o = zml - zfz <2 and my & (ZS)U(JS),
(S2) a; :=0 zfzm)l >2andZ,J,S ¢ D,(él
(S3) ;=0 if i) <2, my € (ZS)U(JIS) and I,T,S ¢ D).

o If 7 is in D)

(S4) ozz.—OszED \ {m1}, zml > 2 andjS%D
(S5) a; =20 —1) ifS e Dfm \ {m1}, IeDml, J §ZDm1 and i) # 2.

a; :=min(3,51) if S € Dm1 \{mi}, Z € Dml, J & Dy(él, 27(721)1 =2 and if By is the degree
of the lowest degree term of g;(x) of degree strictly larger than 2.
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ci=ilY — 241, 7 e DY, \{ml} and S ¢ DY) .

(S6) «;

(S7) oy =3 —34f1,7,8 € D)\ {m1}.

(S8) a; :=0ifZ=myq, and J,S ¢D,(n1

(S9) aj =il —1ifT=mi, 7eDY, S¢D.
(S10) a; = 3i) — 3 if T =my, S, T € D,

e Other cases when S is in D,(f%

( )ai—zgnl— szeDml\{ml} andl’ng

(S12) oy —zml if S =mq ande¢Dml

(S13) a; := 22%)1 —1ifS=my,T¢c Dﬁn)l and J & D%)l,

(S14) a; =3 —2 if S=my, 7,7 € DY, and il # 2.

a; = min(Be + 2,6) if S=mq, Z,J € Dm)l and z(z) = 2 and if Py is the degree of the
lowest degree term of g;(x) of degree & {1,2,3}.

For symetry reasons, once this will be proven, same formulas will also hold true if we exchange
7 and J.

Scheme of the proofs of Theorems 1 and 2. Assume assumptions of Theorems 1 or 2 hold true.
According to the fundamental lemma and to (11), we have, for generic a € P?,

61.deg(Ss(C)) = 3d(d — 1) — > imy (C.Popsa)
mi EBase((ép’s)‘c)

with d; the degree of the rational curve ®rs. It is classical that the restriction to an irreducible
curve of the evolute, of the pedal and of an homothety either are birational or maps the curve into
one point (see [2] for example). According to the result of [8, 3] recalled in the introduction, this
ensures that either d; = oo or §; = 1. Hence 0;.deg(Xs(C)) = deg(Xs(C)). With the notations
of Proposition 28, let us write, for every m; as in Proposition 28,

my) = Zai and V,, = Z %’f).
i€T i, €L 0]
According to Proposition 28, we get
deg(Bs(C)) =3d(d—1) =3 > Vi, — > a(my)
m1€Sing(C) mi€Base((PF,s)|c)

Now, using Remark 24, we get that

deg(Xs(C)) = 3d" — > a(my).

mleBO/SE((@F’S)‘C)

We conclude the proofs by using the expressions of «; given in Proposition 28. O

We will use the following technical lemma concerning changes of coordinates. For any A, B, S", P €
C3\ {0} and any homogeneous polynomial F' € C[X,Y, Z], we define

HAD) _ _2Hp.fas'-[Bs
F.S’ (d _ 1)2

where fa p5(C) = det(A|B|C), for every A,B,C € C3. We recall that V(fa p) is the line
(II(A)II(B)). We have already observed in (9) that

&)
<I>F’S .

JId+ AyF.ARF.AgF.S — (AgF)’ [AsF.B+ ApF.A],  (15)

Pprs =
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Lemma 29. For any M in GL(C?), any A, B, S, P in C3 and any homogeneous polynomial F,

we have
q)(M (A),M(B))

P (M(P) = M(S:) (P)).

Proof. The lemma is a direct consequence of the following facts :
Hpopn-1(M(P)) = (detM)*Hp(P),
Faray, sy (M (P)) = det (M) fa,(P),
App(ay(F o MY (M(P)) = AyF(P).
O

Proof of Proposition 28. Let my be a point of C with multiplicity ¢. We use notations of Propo-
sition 28, in particular Z := {1,...,q}. Let us write M; := (0,0,1). Now, proposition 22 and
Remark 27 allow us to consider each branch separately and to adapt our change of variable to
each of them.

Consider a branch Bg of C at m;. Let i € Zg. We suppose that our change of variable is
such that ¢/(0) = 0 (i.e. T has equation Y = 0). We define A := M~(I), B := M~1(J),
S := M~(S) and F := F o M. According to Lemma 29, we have

= (1,J ~ . = =~ (A,B
& (M(P)) = MEAP)(P), with $UP) .= @%ﬁ,’.
To simplify notations, we write
Fi(z) == (2,gi(z),1) and R;(z)=U(z,g:i(x)) H (9i(z) — g;(x)).
JEeTj4i

We know that, for every a = [ay : ag : as]

3

; = (A,B

ifo:0:1] (Bg, M P<I>a E val E M -a)j<I>§. Vo F,
1€1g j=1

We notive that, for a generic a € P?, we have

3
Zaj(ngB) o F; | = min (Val <§>§A’B) o FZ> , ] =12, 3) .
j=1

Let us rewrite formula (15):

SUB) — oy Id + 198" — h3.B — 4. A, (16)
with
1/11 = —2HF.fA7SI.fB’S, y 1/}2 = AAF.ABF.AS/F,
(d—1)2
s = (Ag F)’AuF and ¢y = (Ag F)*ApF.
Therefore, val <Z? 1@ <I>§ B) ) is greater than or equal to the minimum of the four following

quantities (the computation of which comes directly from lemma 26):

val(groF) = |3 3 il |+ —2)+ 1 es) Hlme@s) i —D(Lpw _z6T1p0 _7s)
JETj#i

val (Yo 0o F;) = [ 3 Z 2%71]) + (ngl,)l -1) <]_IeD @ + ]_ ¢)1 + 186175%) + 1m1€{I,J,S},
JETj4i
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val(gzoFy) = [3 30 ) | + (%) - 1) (11@5:21 +2x 13695,?1) + Lo eiz.5)
JEL:j#i

val (¢4 o E) =13 Z 2%’1]) + (2%)1 -1) <1\7€D£,i1)1 + 2 X 1861)5,?1) + 1m1E{J,S}'
JET:j#i
But it is not clear whether or not it is equal to this minimum. Hence, in some cases, we will need
more than the values of these valuations. It will be useful to notice that, according to Lemma
26, we have

ApF o Fy(z) = Ri(z) [yp — gi(z)zp + zp(xgi(z) — gi())] ; (17)
ApF o Fy(z) = Ri(z) (—di(x)xp + zp(adi(z) — gi(z))) if II(P) € DY (18)
ApF o Fi(z) = zpRi(x)(zgj(x) — gi(x)) if T(P)=my; (19)

Hp o Fy(z) = (d — 1)*(Ri(x))*g{ (). (20)

(S1) Suppose that i%)l < 2, that m; does not belong to lines (ZS) and (JS).
Thanks to lemma 29 and to formulas (17), (18), (19), (20) of the proof of Proposition
23, we have

2Hp. fas - IBs (i (i
ol (P R ) = (3 & ) -2
JETL:j#i

is strictly less than the valuation of the three others terms. Therefore

3 3 il | + (i) —2) < min <Va1x <&>§A’B> o F) = 1,2,3)
JEL:j#i

and
val (87 0 ) = [3 3 il | + (i) -2
JET:j#i
So
min <Val (&)§A,B) o E) , j= 1,2,3) =13 Z igri{lj) + (Z‘gril)l - 2).
JET:j#i
(S2) Suppose that z'%)l >2and if Z,7,8 & D%)l.
Thanks to lemma 29 and to formulas (17), (18), (19) and (20), we have
3 Z i%’f) < min <valx <@§A’B)(x,gi(x),1)) , j= 1,2,3> .
JET:j#i

Adapting our change of variable, we can suppose that S’ = (0,1,0) and that ¢;(0) = 0.
This implies that y4 # 0 and yp # 0. We have

LM(AAF o Fy) = yaLM(R;), LM(AE o Fy) = ys LM (R;),
LM(AgFoFy) = LM(R;) and val(HzoF;) >3 Y i),
JEL:jF#i

min <Val <§>§A’B) o E) , j=1,2 3) >3 Z (ZJ
JEL:jF#i

So
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M((AAFABFAS/F) o F;) = yAyBLM((Ri)g)

and
M((AgFY(AaFyp + ApFya)) o Fy) = —2yays LM ((R;)?).
Therefore
7 (A,B) N 3
LM (@577 o F) = —yayp LM ((R;)”)
and finally

min (Valx <<i>§A’B) o E) , j= 1,2,3) =3 Z i%’f).
JEL:j#i
(S3) We suppose that il ) < 2, that my is in line (ZS) and that Z,J,S ¢ DY)

Again, we suppose that S" = (0,1,0) and that ¢}(0) = 0. Since z,(n)l > 1, we observe
that

val([Hfa,s'fB,s] o Fi) >3 Z %f,
JEL:j#i

LM((AAFARFAgF)o F)) = yays LM ((R;)?)
M([(As F)*(AaFyp + ApFya)] o Fy) = —2yaypLM((R;)%).
As in the previous point, we get that
min (val (8% 0 ), j=1,2,3) =3 3 il
JEL:j#i

(S4) Suppose that Z € DY) A\ {ma}, zml >2.7,8¢ Dm1
Assume that M; = (0, 0,1), ' =(0,1,0), that A = (1,0,0). We have ¢}(0) = 0. Using
(17) for B and ', (18) for A, we get

val([HpfasfBsl o Fi) =3 Y illd),
JETL:j#i

val(ApFApFAgF) o F) = (3 Y il | +4f) —1>3 > i),
JEL:G#1 JEL:j#i

V&l([(AS/F) ABF] o F =3 Z (Z,J

m1 i
JET:j#i

val([(Ag P’ ApFlo F) = (3 Y ilbd) | +4l) — 1.
JEL:j#i
So

min (Valx <<i>§A’B) o E) y J= 1,2,3) >3 Z gnlj)'
JET i

Moreover val(‘igA’B) o F}) =val([(Ag/ F)2ApE] o F}). So

min (valx <<i>§»A’B) o E) y J= 1,2,3) =3 Z igﬁj)'
JET i
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(S5) Suppose that S € D,g?l \{mi},Z € D,g?l and J & D,(fb)l.

Assume that M; = (0,0,1), S" = (1,0,0), B = (0,1,0), g/(0) = 0. We have y4 = 0,
ZA 7& 0, fA,S’(x7y7 1) = RAY — YA = zAY and fB,S’(waya 1) =—L USing (17) for B, (18)

for A and S’ and (20), we get
2[Hpfas fBs](Fi(x))

(d—1)?

Ag F(Fy(x)) = =Ri(2)gi(2), ApF(Fi(z)) = Rq(x),
AuF(Fi(2)) = Ri(2)[~gi()za + 2a(zgi(z) — gi())]

= 224(Ri(x))3g] (2)gi(2),

and so
(AaFARFAg F)(Fi(x)) = Ri(2)*(—gi(2))[~gi(x)za + 2a(zg)(x) — gi(2))],
[(As F)?ApF)(Fy(x)) = Ri(x)*(g())?,
(A F)?AF](Fi(x)) = Ri(2)*(g}(2))?[~gi(x)wa + 2a(xgi(x) — gi(2))].

We cannot conclude since three terms have the smallest valuation. We will see that if
im, = 2, the smallest degree terms are cancelled. The situation here requires some precise
estimate. Therefore we have

P (Fi(@)) = 2a(Ri@))* 267 (0)gi () — () (i (@) — ga(a))],
P (Fi(e)) = (Rifa))® [22ag] ()(0:(2)* = (6}(@))*[~{(2)2a + 2a (i (@) — 9s(2))]
B (Fi(2)) = 2a(Ri(2)) 2] ()gs(w) — (g())?].
We use the fact that there exists a # 0 and 5 = zm)l > 1 such that
LM (gi(x)) = ax’, LM(gj(z)) = aBz®" and LM (g (x)) = af(8 — 1)z"2.
We get that
LM (@) (Fi(2)) = LM (za(Ri(@))*[o” B(8 — 1)),
So
val(®4?) o ) = (3 3 z’ﬁjg‘)) +2i0) 1.
JET:j#i
Moreover
val(‘igA’B) o F;) > (3 Z i )) +360 —1).
JEL:jF#
Oberve now that
val(®P) o Fy) > (3 > z'sf;f’)) +2i) —2
JEL:j#i
and that term of degree 21’,@1 — 2 of 2¢"(x)gi(z) — (g}(z))? is
2(28(8 —1) — pHa?P 2 = o2B(B8 — 2)a?P 72

Therefore

min <Valg; <‘i)§A7B) o FZ) y J = 1a2’3> = (3 Z 7/7(’727‘17)) + 211(”2)1 -2 if ZngL)1 7& 2|

JET:j#i
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Now, if 3 = 2 and if LM (g;(z) — ax?) = a12™ (with oy # 0 and 3; > 2), we get that

val(® 0 F) = (3 > (Z’”) +3, val(®" 0 Fy) > (3 > z‘ﬁf;f')) +3

JEL:j#i JET:j#i
and
LM (2g] (z)gi(x) — (gi(x))?) = 2001 (81 — 1)(B1 — 2)z™
and so
min <Valx <ci>§A’B) oﬂ) L j= 1,2,3) =3 ( - z',(jg')) +min(3,8;) if i) =2|
JETj#i

(S6) Suppose that Z,.7 € Dy \ {m1} and that S & D).
We suppose that M; = (0,0,1), S = (0,1,0), A = (1,0,0). We have ¢;(0) = 0,

YB = 07 B 7£ 07 ZB 7& 07 fB,S/(x’y?l) =Tp —Zzp and fA,S’(x’y’l) =L
We have

iy (_Q[HﬁfA(,z'fBiS);](E(x))> = LM (—2zp(Ri(x))*g} (),

LM(AAFABFAS/ F)(F(x))) = LM(Rq(z)’zp(g(x))?),
([(AS’ )2 ARF](Fy(x))) = LM(Ry(2)* (~gi(2))zp),
M([(As F)?AaF)(Fi(2))) = LM (Ri(2)* (—gi(x)))-

Hence
min <va1x <<i>§.A’B) oFZ-) = 1,2,3) > (3 3 (J)) +i®) — 2,
JEL:j#i
Moreover B
LM (8P (Fi(z))) = LM(~2(Ry(x))! (x)z5).
Therefore
min (val, (8% 0 F;) , j=1,2,3) > (3 S 1'5,’;@) +il) — 2.
JEL:j#i

(S7) Suppose that Z,7,S € DS,Z'L)I \ {m1}.
We suppose that M; = (0,0,1), S" = (1,0,0). We have ¢(0)
)

A 7é 07 ZA 7& 07 rp 7& 07 ZB 7é 07 fA,S/(waya 1) = ZAY fB,S/(x7y71 = ZBY-
We have

IS TSN o)l )

LM(AAFABFAS' F)(F(x))) = LM(Rj(2)’zazp(—gi(x))?),
M([(As F)?ApF|(Fi(x))) = LM (Ri(2)*(~ Szp),
M([(As' F)?AaF)(Fi(2))) = LM (Ri(x)*(—

Hence

min <valx <§>§A’B) OFZ-) ,j= 1,2,3) > (3 Z i )) + 3(ty; (Z) 1).

jET:j#i
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Since
val (81 0 F;) = val ((R(2))’ (g}(2))*2a5)

Hence

27

min <Va1x <<i>§.A’B)oF,~) j= 1,2,3) - (3 3 (J)) +330) —1).

JET:j#i

Suppose that Z=m; and J,S & D%)l.

We suppose that M; = A = (0,0,1), S" = (0,1,0). We have ¢;(0) = 0, yp # 0,

Ips(x,y,1) =xp —x2B, fas(x,y,1) =24 — 224 = —2.
We have

2[Hpfa,s fB,s](Fi(x))

- —— = 2(R;(2))°g (x)z(xp — x2),

(d—1)?
M(AAFABFAS/ A)( Fy(x))) = LM (Ri(x)*yp (zgi(z)
M([(As F )2 ApF](Fi(x))) = LM(Rq(2)*ys),

M([(AS/ 2AAF)(Fi(2))) = LM(Ri(2)* (2gi(2) — gi(x)))-

mi

Hence
min (valx <<i>§A’B) o Fl> = 1,2,3) >3 3 il
JETij#i
Since
val ( P FZ) = val ([(AS/ )2ApF]o F)
we have

min (Valx <<i>§A’B) o E) y J= 1,2,3) =3 Z Z.g{;lj)'

JET:j#i
Suppose that Z =mq, J € Dml, S¢ D

= gi(2))),

We suppose that M; = A = (0,0,1), S’ = (0,1,0), B = (1,0,0). We have g/(0) = 0,

fB,S’(%% 1) =B — I¥ZB = IpB, fA,S’(%% 1) =TA —T2A = —Z.
We have
OlHpfas fs)(F()
(d— 1)
M(AAFABFAS' A)( i(2))) = LM(R;(z) (zgi(x) — gi())

= 20p(Ri(2))°g} (),

([(As' 2AAF(Fi(2)) = LM (Ri(2)’ (2gi(2) -

Hence

B);

9i(2)))-

zp(—gi()));
M([(AsrE 2 ARF](Fy(x))) = LM(Rq(2)* (—gi(2))z
)

min (val, (/"% 0 ;) , j=1,2,3) > (3 3 iggg;g?) L) 1

JEL:j#i
Observe that
val (85 o F,) = val, ((Ri(x))? (20g! () + gi(a))

Moreover, if LM(g;) = aa?® for some a # 0 and some [ =
LM (2zg! (z) + gl(x)) = aB(2B — 1)28~1. Therefore

xB).

-(4)

Tmq

> 1, we get that

min <Va1x <<i>§.AvB) oF,) = 1,2,3) - (3 3 z'sf;ﬁ) +i®) —1

JET:j#i
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(S10) Suppose that Z=my, S, J € D%)l.
We suppose that M; = A = (0,0,1), S" = (1,0,0). We have ¢;(0) = 0, yp = 0,
zp #0,28 #0, fps(x,y,1) = 2By — yp = 2BY, fas(x,y,1) = 24y —ya = y.
We have

-2 ln o O — () o) ) o

M((AsFApFAg F)(Fi(x))) = LM (Ri(x) e (2gi(2) — 6i(2))(—gi(2))?),
M([(As F)?ApF)(Fi(x ))) LM (Ri(z)’zp(~gi(x))°),
M([(As F)AaF)(Fi(2))) = LM(Ri(2)*(~gi(x))" (zg(x) — gi(x)).

Hence
min (valm (égf‘vB) oFi> = 1,2,3) > (3 3 z‘,@f;{')) +3i) 3.
JET i
Moreover
~ A7B A A
LM (857 (F(2))) = LM(~[(Ag P ApF)(Fi(a))),
we have
min (valgg (@§A73)0Fi> = 1,2,3) - (3 3y (J)) +3il) — 3.
JEL:j#i

(S11) Suppose that S € D,g?l \ {m1}, that Z, J & D,(fb)l.
We suppose that S’ = (1,0,0) and that ¢}(0) = 0. We have y4 # 0 and yp # 0,
fas (M) # 0 and fp (M) # 0. Thanks to (17) for AyF and ApF, (18) for Ag/F
and (20), we have

val([H . fa,5 5] o Fi) = (3 > (Z’“) +ip) — 2,

JEL:j#i

LM([AAFABFASIF] o Fi(z)) = yays LM ((R;)*(—gj(2))),
M((AgF)?A4F) o Fy(x)) = yaLM((R:)*(—gi(x))?),
M((As/F)*ApF) o Fi(x)) = yg LM((R;)*(—gi(x))?).

Hence,
min <Val (&)EA,B) oFi) , j= 1,2,3) > (3 Z Z%’f)) +i£7i)1 _9
JEL:j#i
and
(@D o B) = val([H F
val(®y " o Fy) = val([Hp fas s o F3).
So

min <Va1x <<i>§.AvB) oF,) = 1,2,3) - (3 3 z'sf;f’)) +i®) —2

JET:j#i
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(S12) Suppose that S = mq but that Z and J do not belong to D%)l.
We suppose that g/(0) = 0, that S’ = (0,0,1), ya # 0 and yp # 0, fA7S/(3: y,1) =
yaxr —yra and fp g (x,y,1) = ypr — yaxp. Thanks to (17) for AAF and AgF, (19) for
Ag F and (20), we have

L (|- 2REASD o ) ) = ~2LM (R (o) (Owavss™,

LM([AAFABFASf F](Fy(x))) = yaysLM ((R:)* (zgi(2) — gi(2))),
M((As F)AaF)(Fy(x)) = yaLM((R)*(zgi(2) — gi(2))?),
M((As F) ApF)(Fy(2)) = ys LM ((R;)* (zgi(x) — gi())?).

Valuations of the two first terms are in (3 2]61] s 2%’1])) + i%)p valuations of the two

last terms are in <3 ZjeI:j;éz an’f)) + 22( ) Hence

min <va1 <<i>§A’B)oFZ-) L j= 1,2,3) > (3 3 z’ﬁf;f)) +il0)

JET:j#i

Suppose that LM (g;) = ax® with 8 > 1, then LM (xg!(z)) = aBx? and LM (2%g! (z)) =

afB(B — 1)zB. Therefore

LM($MP (Fi())) = LM (Ri())*yaypo[-26(8 — 1) + § — 1]a.
So
min <Va1< §A B) OF@') i = 1,2,3) = (3 Z (Z’J)) —|—z,(n)1
JEL:jF#i
(S13) Suppose that S =mq, Z € D,(,?l and J & D%)l.
We suppose that M; = S" = (0,0,1), A = (1,0,0), B = (0,1,0). We have ¢;(0) = 0,

IBs(x,y,1) =ypxr —yxp ==, fas(x,y,1) =yar —yxs = —y.
We have

el o D o)l o) )
LA(BAF 30 8y P)E() = LR ) )~ 00

M((As PP ARFI(F) = LM (R ()" (xg](z) - 0())°).
M5 P BARIEa) < EAF(Re oo - o)

Hence
min (valm (égAvB) oFi> = 1,2,3) > (3 3 (vﬁ) +2i0) — 1.
JEL:j#i
Moreover, if LM (g;(x)) = ax® with o # 0 and 3 = i,(fb)l > 1, we have
LM (85 0 F)) = LM((Ri(x))*)o’B(8 — )2,
and so

min (valgg (@§A73)0Fi> j= 1,2,3) - (3 3 (vﬁ) +2il) — 1.

JEL:j#i
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(S14) Suppose that S =mq and Z,J € D%)l.
Assume that M; = " = (0,0,1), A = (1,0,0). We have ¢}(0) =0, yg =0, 5 # 0,
zp # 0, fas(2,y,1) = yar—yra = —y and fp g(z,y,1) = ypr—yrp = —yzp. Thanks
o (20), we have
2[Hpfa,s f,9)(Fi(2))
- (d—1)?

= —2(Ri(2))°g} (x)(9:(2))’z

the valuation of which is equal to (3 > it 2%’?) + i (Z) — 2. Using (18) for A and B,
(19) for S, we get
Ay F(Fi(2)) = Ry(x)(2gi(x) = gi(x)), AaF(Fi(2)) = Ri(x)(~g(x)),

ApF(F,(z)) = Ri(x)[—gj(x)xp + z(xg](x) — gi(x))],
and so

(AAFARFAgF)(Fi(x)) = Ri(2)*(—g}(x))(wg}(x) — gi(2))[~gi(x)xp + 2B (xgi(2) — gi(2))],
with valuation <3 djeTjril (Z’J)> + 30 1(n)1 -2,

(A Y ApF)(Fi(2)) = Ri(2)*(zg}(2) — gi(w ))2[—9§($)$B+ZB($9§($)—gz’(fﬂ))],
with valuation <3 > jeT it z%f > + 31m1 -
)

[(As F)?A4F)(Fi(2)) = Ri(x)* (zgi(x) — gi(x))*(—gi(2)),
with valuation <3 > JET ki szlf > + 3zm1 1. We cannot conclude directly. Notice that

= (A,B
o o 1y = R2A(eg; — 9i)°d! — of (9. )es — 25 (v} — 91)” (21)
which has valuation greater than or equal to <3 > JET:ji 27(%1] )> + 31'57?1 — 1. Moreover, we

have .
"7 (Fi(e)) = ~2(Ri(2))*g! (x) (91(x))*wp. (22)
which has valuation <3 > jeT i 27(%1] )> + 41'5”)1 —2.
Let a # 0 and = Z',(f?l > 1 be such that
LM (gi(z)) = ax”, LM(gi(z)) = afz’t and LM(g!(z)) = aB(B —1)z°~2.
We have
S (Fy(2)) = (Ri(2))* [25{—20] (2)gi()* + (g}(2))*(xg)(x) — gi(x))}]

and so its term of order (3 Zjez:j;éz Z%’f)) + 31',(%)1 — 2 is equal to

LM((Ri(x))?a®B(8 — 1)ap(8 — 2)2 2.

Therefore

min (val, (897 0 F) |, j=1,2,3) = (3 S W) +3i) —2 if i) #£2|

JETL:j#i

e Now, we suppose that 8 = 2 and that LM (g;(z) — ax?®) = ajz” (with a; # 0 and
B1 > 2). If B1 # 3, we get that

LM (=29} (2)g:()* + (gi(x))* (2g}(z) — gi(2))) = —2a%1(B1 — 2)(B1 — 3)2"1 ™+
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and so
val(‘igA’B) oF;)) =13 Z i%’f) + 81 + 2.
JEL:j#i
Moreover,
val(fi);A’B) oF;))=13 Z z’ﬁf;f) + 6.
JET:j#i

If 1 < 3, we have
LM(@ 0 F) = —2 LM((Ri(w))*)epa’an (B — 2)(B1 — 4273

if 81 > 3, we have

vl o F) > (3 Y illd) | +e.
JET:j#i

Therefore

min <va1m (ci>§A’3> ° FZ) = 1,2,3) = (3 > il ) + min(8y +2,6) if i}) =2 and g1 # 3|
JET i

e Now, assume that i%)l = 2, that 81 = 3 and that
LM (g;(x) — azr® — alxﬁl) = apz™?,

with ag # 0 and B2 > ;.
If B2 < 4, we have

LM@M? o Fy) = =2 LM((Ri())*)zpa’as(8; — 2)(B — 3)a**;
3

if B9 > 4, we have

val(@ P o )y > 33 i) | v

mi
JEL:j#i

Moreover
val((ng’B) oF;))=13 Z z%f) +6 < val(i&A’B) o F;).
JET:j#i

Finally,

min <va1$ (égf"B) ° F) = 1,2,3) =3 > i) | + min(8y +2,6) if i)} =2 and g1 = 3|
JET j#i

O
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6. PROOF OF COROLLARY 4

We apply Theorem 1. To simplify notations, let us write i,,, for i,,, (C,Tny,C) for every non-
singular point my of C. According to Remark 3, we have

3d' —vy =3d+ > (im —2).
miEFlex(C)

Suppose first that S & £,. We have

UQ"H)é = Z (im, —2)+ Z by + Z L,

mi €Flex(C)\{S},SETm, C M1 £8, Ty CC(IS)U(TS) m1 €C\(Flex(C)U{S}), Tin, CC(ZS)U(TS)

v3 = islsec + (is — 1)1lsec, 7scc(@s)u(s)-
So

Vo + Ué +v3 = Z (iml — 2) +to+no+2 X 1360 — ISEC;{I,J}H'EC#@'
m1EFlex(C),SETm,C

Finally

Vg = Z (imy —2) | + 1zec, mze=t0 + 17eC TrC=t00 -
m1EFlex(C),Tm,C=lo

From which we get the first formula.

Suppose now that S € £o,. We have

v2 + Ué = Z [(im1 - 2) + (Qinu - 1)1Tm1C=Zoo]
m1E€C\{S},S€Tm,C

and
v3 = islscc + 4 X 1see, ToC—tus,is=2 T (205 — 2) X LseC,T50=to ig#2-
Therefore, we have

vt vhtvs= Y [(iml —2) + (20, — 117, c=to | +3 X 1sec — 2 X Lsee, ToC=to is#2-
m1EC,SeTmIC

The second result follows.

APPENDIX A. PROOF OF PROPOSITION 22

a b 0
Observe that M 1M corresponds to the left-multiplication by | ¢ d 0 | for some complex
e f h
numbers a,b,c,d, e, f,h such that ad — bc # 0 and h # 0. We define X (x,y,z2) := az + by,

Y(x,y,2) :=cx+dy, Z(x,y,z) :=ex + fy+ hz and

(X (x,y,1) Y(z,y,1)
6(z,y) = (z<x,y,1)’z<x,y,1)>-

Let dg be the degree of polynomial F'. By homogeneity of F', we have
(FoM)(x,y,1)) = (h + ex + fy)™(F o M)(8(z,y),1).

Hence, F'o M and F o M have same valuation in z,y so same multiplicity at [0: 0 : 1].
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According to the Weierstrass theorem, there exist U, U two units of C(x,y), two integers b,l;
and b+ b irreducible monic polynomials I'y, ..., Iy, I'1, ..., I'; € C(z)[y] with respective degrees in
Y: €1, ..., €p, €1, ..., ¢ such that

b b
F(M(z,y,1)) = U(z,y) [[ Ts(z,y) and F(M(z,y,1)) =U(x,y) [] T
p=1 B=1

Branches Bg of V(FoM) at [0 : 0 : 1] have equations I's = 0 on z = 1. Branches BB of V(FoM)
at [0:0: 1] have equations F =0on z =1. We have

F(M(x,y,1)) = (h+ ex + fy)U(O(x,y)) HP5

Let 8 € {1,...,b}. Applying the Weierstass theorem to I'3(O(z, y)) € C(z,y), we get the existence
of a unit Ug of C(z,y), an integer kg > 1 and xg irreducible monic polynomials Pg 1, ..., P, €
C(x)[y] such that

Kp
T5(O(z,y)) = Us(x,y) [ [ Por(x,y)-
k=1
Hence, we have
b Kp
B=1 k=1

By unicity of factorisation, this implies that every Pgy is equal to I 5 for some B Hence b <

22:1 kg = b. Doing the same with exchanging the roles of M and of M, we finally get that b = b
and kg = 1 for every 8 € {1,...,b}. This implies the existence of a permutation o of {1,...,b}
such that

Ls(0(x,y)) = Us(z.y)lo(s) (,y). (23)
Let us prove that Tz = M*IM(’t.(B)). The tangent line 73 to Bg at [0 : 0 : 1] has equation
(I'5)2(0,0).X 4 (I'3)4(0,0)Y = 0. Hence, M‘l(M(TB)) has equation
(Fﬁ)m(oa O)X(x’y, Z) + (Fﬁ)y(0,0)Y(x,y, Z) =0.

Moreover, the tangent line 7:,(5) to Bg(ﬁ) at [0 : 0 : 1] has equation (fo(ﬁ))x(O, 0)X+(f0(5))y(0, 0)Y =
0. According to (23), this last equation can be rewritten

(U5(0,0)7H[(I5)2(0,0)(az + by) + (U5)y(0,0)(cx + dy)] =
which is an equation of M‘l(M(TB))

According to (23), I's(O(x, y)) = 0is an equation of B,(g). Hence, y-roots o(s),1(7); .-, Jo(s),e5 (*)
of f’g(ﬁ) (x,y) coincides with y-roots of I'3(O(x,y)).

Let us write eg and ég the respective multiplicities of Bz and Ba(ﬂ)-

Since X = 0 is not in the tangent cone of V(Fo M) and of V(F o M), we have (I'3),(0,0) # 0,
fg 0,0 0, the function g, gy is differentiable at 0 and

(B))y (8),

N
9o ,k(o) = T = :
®) (Fas))y(0,0)



ON THE DEGREE OF CAUSTICS OF REFLECTION 34

The map © defines a local diffeomorphisms between two neighbourhood of (0,0). There exists
a differentiable function Hgy, such that, for every (z,y) and (X,Y) in a neighourhood of (0,0)
satisfying (X,Y) = O(z,y), we have

§0)d+c _ (I'5)(0,0)

= Gy o Y = Hgp(X), with HY,(0) =2 _ ,
y=9g (ﬁ),k(x) ﬁ,k( ) w1 5,]9( ) g'(O)b+a (Fﬁ)y(0,0)

. aH/),  (0)—c
We have §'(0) = #M.

és < eg. For symetry reason, we get that ég = eg. Let G € Clz,y, 2] be a homogeneous
polynomial of degree d;. We have

Functions Hg 1, ..., Hpe, are y-roots of I's(x,y). Hence we have

es
i0:0:1)(V(G o M), Bg) = ZValm((G o M)(x, Hp k(7),1))
k=1
and
i01)(V(Go M), B E:VM M(z,33(x),1)))

€
= ) val, ((G o M)(M ™' M(x, §o(s) (), 1))>
k=1
€
= > vl ((1 + et + fho(a) () (G o MY(X (2, do(p) 4 (@), Y (2, Go(s) 4 (@), 1)))
k=1

- Zval (G o M)(X (@, ooy @), Har(X (2, 854 (). 1))

Moreover, since we have

LM(X(x,do(p) (%)) = o, with a:= h C T hd- bH (5) 1 )"

we get
valy (G o M)(X (2, §o(9),1(2)), Hp 1 (X (2, Go(5) £ (), 1)) = valz (G o M) (2, Hg p(2), 1))
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