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CONICAL STOCHASTIC MAXIMAL LP-REGULARITY
FOR 1<p<

PASCAL AUSCHER, JAN VAN NEERVEN, AND PIERRE PORTAL

ABSTRACT. Let A = —diva(-)V be a second order divergence form elliptic
operator on R™ with bounded measurable real-valued coefficients and let W
be a cylindrical Brownian motion in a Hilbert space H. Our main result implies
that the stochastic convolution process

t
u(t) = / e (=) Ag($)dW (s), >0,
0
satisfies, for all 1 < p < 0o, a conical maximal LP-regularity estimate

E||Vul/? < CPE||g|l” :
IVulip2 g, gny < CPBI9IG 0.2 5 g,

Here, Tf’Q(R+ x R™) and TQF’Q(IRJr x R™; H) are the parabolic tent spaces of
real-valued and H-valued functions, respectively. This contrasts with Krylov’s
maximal LP-regularity estimate

E|[Vul| < CPE|g]|

Z£p(RJr;L2(]R"s]R")) - Izp(]RJr;LQ(R";H))

which is known to hold only for 2 < p < oo, even when A = —A and H = R.
The proof is based on an L?-estimate and extrapolation arguments which

use the fact that A satisfies suitable off-diagonal bounds. Our results are ap-

plied to obtain conical stochastic maximal LP-regularity for a class of nonlinear

SPDEs with rough initial data.

1. INTRODUCTION

Let us consider the following stochastic heat equation in R™ driven by a cylin-
drical Brownian motion W with values in a (finite- or infinite-dimensional) Hilbert
space H:

ou )

g _ S n

(1.1) ot (t’x) Au(t’z) +g(t,$)W(t), t> 07 zeR ,
u(0,z) = 0, xz € R".

Under suitable measurability and integrability conditions on the process g : R4 X
R™ x Q — H, the process u : Ry x R" x  — R given formally by the stochastic
convolution

u(t) = /O LA () aW (), £ 0,
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is well defined. This process is usually called the mild solution of (|1.1)), and it has
stochastic maximal L?-regularity in the sense that

B[ VullZ2 g, .2mnrny) < CPBlglT2 @, 12 (mn.ary)

with a constant C independent of g and H. This follows from a classical result of
Da Prato [I5] (see [16] for further results along these lines). It was subsequently
shown by Krylov [22] 24] that, for p > 2, u has stochastic maximal LP-regularity
in the sense that

EHVU||1[),P(R+;L2(R";R”)) g C£E||g|‘iP(R+;L2(R”;H))'

Krylov actually proves that L?(R™; H) may be replaced by L4(R"; H) for any 2 <
q < p and that A may be replaced by any second-order uniformly elliptic operator
under mild regularity assumptions on the coefficients. For p > 2, the condition
g < p was removed in [29] and the result was extended to arbitrary operators
having a bounded H*°-calculus on L?(X, i), where ¢ > 2 and (X, u) is an arbitrary
o-finite measure space.

The condition p > 2 in all these results is necessary, in the sense that the
corresponding result for 1 < p < 2 is false even for H = R [23]. The aim of this paper
is to show that the stochastic heat equation does have ‘conical’ stochastic
maximal LP-regularity in the full range of 1 < p < oo, provided the condition
g € LP(R, x Q;L?(R"™; H)) is replaced by the condition g € L”(Q;TQP’Z(I&_ X
R™, t=Bdt x dx; H)). Here TQP’Q(RJr x R™ t8dt x dx; H) is a weighted parabolic
tent space of H-valued functions on R4 X R™ (the definition is stated in Section
for 8 = 1 the classical parabolic tent space T2"? (R x R™; H) is obtained). Our main
result, stated somewhat informally (see Theorem for the precise formulation),
reads as follows.

Theorem 1.1. Let A = —diva(-)V be a divergence form elliptic operator on R™
with bounded measurable real-valued coefficients. Then for alll <p <oco and f >0
the stochastic convolution process

t
ut) = [ Mgl aws), = o,
0
satisfies the conical stochastic maximal LP-reqularity estimate

E||vu”§“§'2(]1§+xR”,t—ﬁdtxdz;]Rn) < CgﬂE”g”I;Z”’Q(RJrxR",t—ﬁdtxdw;H)'

The precise assumptions on A are stated in Example 2:2] below. The proof of
Theorem proceeds in two steps. First, a T22 2_estimate is deduced from the It6
isometry (Section . Using off-diagonal bound techniques, this estimate is then
extrapolated to a T4 *-estimate (Section .

The results are applied to prove conical maximal LP-regularity for a class of
stochastic partial differential equations on R™ driven by space-time white noise
(Section @ We shall prove that if b : R™ — R satisfies appropriate Lipschitz and
growth assumptions and A is as in Theorem then the mild solution of the
stochastic PDE

@(t,a:) + Au(t,z) = b(Vu(t,z))W(t), t>0, 2 cR",

ot
u(0, z) = up(z), x € R,
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has conical stochastic maximal LP-regularity for all 1 < p < oo, in the sense
that Vu € TP? (R, x R™, ¢t Pdt x dx) for all 0 < f < 1 and all initial values

ug € Dp(Ag), the domain of the LP-realisation of A%. Note that the weight t—5
allows the handling of initial values in D,(A?) with § > 0 arbitrarily small. It
is only the stochastic part that forces us to take § > 0, and it seems that our
technique does not work when 5 = 0.

The present paper, as well as [7] which contains more elaborate developments not
needed here, builds upon techniques developed in [10]. There, similar off-diagonal
bound techniques are applied to obtain conical maximal LP-regularity for a class
of deterministic initial value problems. The key feature of both papers is that they
depart from the traditional paradigm in the theory of evolution equations where
a solution is a trajectory, indexed by time, in a suitably chosen state space. This
could be called the ‘Newtonian’ paradigm, in which time and space are treated as
separate entities. In the conical approach, space and time are inextricably mixed
into one ‘space-time’.

The idea of using tent space maximal regularity in PDEs goes back, as far as we
know, to Koch and Tataru [21], who proved T°%2-regularity of solutions of Navier-
Stokes equations with rough initial data (see also [20]). The underlying ideas come
from the theory of Hardy spaces and its application to boundary value problems
(see, e.g. [I7]). To the best of our knowledge, the present paper is the first to
consider a tent space approach for stochastic PDEs.

The notations in this paper are standard. For unexplained terminology we
refer to [28] 27, B0] (concerning cylindrical Brownian motions and vector-valued
stochastic integration) and [32] (concerning tent spaces). We use the convention
R4 = (0,00). We work over the real scalar field.

2. PRELIMINARIES

2.1. Off-diagonal bounds. Our results rely on off-diagonal bound techniques. A
family (7})¢>0 of bounded linear operators on L?(R"™) is said to satisfy LI-L? off-
diagonal bounds if there exist constants ¢ > 0 and C' > 0 such that for all Borel
sets F, F in R" and all f € L? N LY(R™) we have

7

H].ETt]_FfHLz(Rn) < Cf,ifl %7%) eXp(—C(d(E,F))Q/t)H].FfHLq(]Rn),
with d(E, F) :=inf{|lz —y|: v € E, y € F}.

Such bounds are substitutes for the classical pointwise kernel estimates of Calder-
6n-Zygmund theory, which are not available when one deals with semigroups gen-
erated by elliptic operators with rough coefficients. Following the breakthrough
paper [13], they have recently become a highly popular tool in harmonic analysis.
Typical examples of their use are given in the memoir [I]. Note that L2-L? off-
diagonal bounds imply uniform boundedness in L? (taking F = F = R"). Observe
that off-diagonal bounds form an ordered scale of conditions.

Lemma 2.1. Let 1 < q < r < 2, and (T})i>0 be a family of bounded linear
operators on L?, which satisfies L1-L? off-diagonal bounds. Then (T;)¢>o satisfies
L™-L? off-diagonal bounds.

Proof. This is a consequence of [8, Proposition 3.2], where it is proven that such
off-diagonal bounds are equivalent, on R™, to off-diagonal bounds on balls (see [8]
Definition 2.1]). The result for the latter follows from Holder’s inequality. O
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Ezample 2.2 (Divergence form elliptic operators). We mostly consider second order

operators in divergence form A = —divaV, with a € L>*(R™; M"(R)) elliptic in

the sense that there exist C,C” > 0 such that for all z € R™ and £,£’ € R™ we have
a(e)e €2 ClEP and aw)e- €] < C'lEll].

It is proven in [I, subsection 4.3] that (t%Ve_tA)tZO satisfies L-L? off-diagonal

bounds for all ¢ € (1,2]. In fact, (£2Ve '), even satisfies L'-L? off-diagonal

bounds, as can be seen in [II, page 51] as a consequence of [T, Theorem 4 and

Lemma 20]. We use these L!'-L? bounds in the results below. If we assume only

L4-L? bounds for some ¢ € (1,2], Theoremﬁs‘cill holds for all p € [1, 2] ﬁ(nigq, ,2]
1

(where L + L = 1), but the proof is technical (see [7]). This version suffices for
proving Theorem

Note that we assume that a has real-valued coefficients. In the stochastic setting,
where the noise process W is also real-valued, this is a natural assumption.

2.2. Conical maximal LP-regularity. The notion of maximal LP-regularity has
played an important role in much of the recent progress in the theory of nonlinear
parabolic evolution equations. We refer to the lecture notes of Kunstmann and
Weis [25] for an overview and references to the rapidly expanding literature on this
topic.

Motivated by applications to boundary value problems with L?-data, Auscher
and Axelsson [4} [3] proved that for a bounded analytic Cy-semigroups S = (S(t))i>0
with generator —A on a Hilbert space E, the classical maximal L2-regularity esti-
mate

IAS * gl 2@y :m) < CllgllL2 s k)
implies, for any 3 € (—1,00), the weighted maximal L?-regularity estimate
(2.1) | AS * g||L2(R+,t*5dt;E) < CBHQHB(RJF,t*ﬂdt;E)'
Here,

Sxg(t) = /0 S(t—s)g(s)ds

denotes the convolution of g with the semigroup S and ASx*g := A(Sx*g). See also
[31] for similar weighted maximal regularity estimates in LP spaces.

With the aim of eventually extending the results of [4] to an LP-setting, a ‘conical’
LP-version of was subsequently obtained in [I0]. Observing that, for £ =
L?(R™), one has

o dt 7
(2.2) Hg”Lz(RJr,t*Bdt;Lz(R”)) = (/ (/ f 1 |g(t,y)|2dy t?) d$) 27
R VJo JB(x,t2)

where the dashed integral denotes the average over the ball B(z,t2) = {y € R :
|z —y| < t2}. One defines, for 1 < p < oo,

o diy 5 s
. .- = ty) |2 d 7) d) .
||9||T2 2(Ry xR" t—Bdtx dy) (/Rn (/0 ]{B(Né) lg(t,y)| Y15 x

The Banach space

TYS = TP (Ry x R™; ¢t~ Pdt x dy)
consisting of all measurable functions g : Ry x R™ — R for which this norm is finite
is called the tent space of exponent p and weight 5. The spaces Tg g are weighted,
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parabolic versions of the spaces T?2 introduced by Coifman, Meyer and Stein [14],
and have been studied by many authors. We refer to [32] for a thorough discussion
and references to the literature. It is useful to observe that Tg 52 can be identified
with a closed subspace of LP(R™; L?(t~2Adt x dy)) for 1 < p < oo and of the
Hardy space H'(R™; L2(t=2~8dt x dy)) for p =1 (see [18]).

Notation. From now on, whenever functions belong to a (vector-valued) Lebesgue
space over R™, we shall suppress R™ from our notations. For instance, we shall
write

L?:= [*(R"), L*(H)=L*R";H)

and thus use the notation L?(R™) as an abbreviation for L?(R";R"). Likewise we
suppress Ry x R™ from the notations for (vector-valued) tent spaces. In all other
instances we shall be notationally more explicit.

The next estimate is the main result of [10].

Theorem 2.3 (Conical maximal LP-regularity). Let —A be the generator of a
bounded analytic Co-semigroup S = (S(t))t>0 on L?, and suppose that the fam-
ily (LAS(1))i>0 satisfies L*-L?* off-diagonal bounds. Then for all B > —1, p >
sup (m, 1), and g € L*(t=P dt; D(A)) N T;’g one has

[AS *9“ng < vaﬁ”gHsz)’ga
with constant C, g independent of g.
It is routine to see that the inclusions
Lt P dtD(A) NTYS — LAt P dt R NTYE =Ty s NTYE — T8

are dense, so the above result gives the unique extendability of g — AS x g to a
bounded operator on Ty g

The proof of this result, as well as that of Theorem [3.1] below, depends on a
change of aperture result for tent spaces. Tent spaces with aperture @ > 0 are
defined by the norms

> dtNs N\
— 2 P
lotagz, = ([ ([ f,. . lsworag) w)

For all « > 1 one has

(23 lgllzpz < Cam @D|jg| s

for some constant C' independent of o and m. This was first proved in [19] in a
vector-valued context, but with an additional logarithmic factor. A different proof
in the scalar-valued case was obtained in [2]. The important point is that the right-
hand side improves the classical bound from [I4]. The weighted parabolic situation
treated here follows from these results applied to the function (¢,7) — 71 f(¢2,y)
(see [10]). For later use we mention that the bounds extend to the Hilbert

space-valued tent spaces T ; (H) (which are defined in the obvious way).
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3. THE MAIN RESULT

Given a probability space (€,.#,P) endowed with a filtration . = (%#;)i>0
and a real Hilbert space H, unless stated otherwise, W = (W(s))s>0 denotes a .#-
cylindrical Brownian motion in H (see, e.g., [28] for the precise definition) which we
consider to be fixed throughout the rest of the paper. In applications to stochastic
partial differential equations, one typically takes H to be L?(D) for some domain
D C R™; this provides the mathematically rigorous model for space-time white
noise on D Also note that for H = R?, W is just a standard .#-Brownian motion
in R?,

An Z-adapted simple process with values in H is a measurable mapping ¢ :
R+XR”XQ—>Hofthef0rm

9(t,z,w) Zl(thtu-l] Z 14, (W)Pme()

with 0 <t; < - <ty < tN+1 < 00, Ame € F,, and ¢, simple functions on R”
with values in H. For such processes, the stochastic convolution process

Sog(t) /S’t—s W (s)

is well-defined as an L2-valued process whenever S = (S(t));>0 is a Cp-semigroup
of bounded linear operators on L? (see, e.g., [27]).
The main result of this paper reads as follows.

Theorem 3.1 (Conical stochastic maximal LP-regularity). Let A = —diva(-)V
be a divergence form elliptic operator on R™ with bounded measurable real-valued
coefficients, and denote by S = (S(t))i>0 the analytic Co-contraction semigroup
generated by —A. Then for all 1 < p < oo and > 0, and all adapted simple
processes g : Ry X R™ x Q — H one has

E[VS 0 gl 0 < CF4E

TP2 R™) ||g||TP Q(H),

with constant Cp g independent of g and H.

Remark 3.2. Compared to the results given in [22] [24] [29], Theorem gives
conical stochastic maximal LP-regularity for 1 < p < oo, while stochastic maximal
LP-regularity can only hold for 2 < p < oo even for A = —A (see [23] and the
discussion in the Introduction).

The proof of Theorem combines two ingredients: a T. 22 52 estimate, and an ex-

trapolation result based on off-diagonal bounds for L which gives the T3 52 estimate.
These steps are carried out in Sections [4] and [B] respectively.

4. CONICAL STOCHASTIC MAXIMAL L2-REGULARITY

A classical stochastic maximal L2-regularity result due to Da Prato (see [16,
Theorem 6.14]) asserts that if —A generates an analytic Cp-contraction semigroup
(S(t))i>0 on a Hilbert space E and g is an .#-adapted simple process with values
in the vector space H ® E of finite rank operators from H to E, then there exists
a constant C' > 0, independent of g and H, such that

1
(4.1) E[|A2S o gl72m, . m) < CPEllglliem, .2 m,5)-
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Here, % (H, E) denotes the space of Hilbert-Schmidt operators from H to E.
This estimate has the following weighted analogue.

Proposition 4.1. Suppose —A generates an analytic Cy-contraction semigroup
S = (S(t))i>0 on a Hilbert space E. Then for all 5 > 0 there exists a constant
Cs > 0 such that for all F-adapted simple processes g : Ry x Q — £ (H, E),

1 2 2 2
E‘|A2509||L2(R+,t—ﬁdt;E) < CB||g||L2(R+,t—ﬁdt;$2(H,E))'

Proof. For § =0, this is Da Prato’s result. We thus assume that g > 0. The proof
follows the lines of Theorem in [3]. On the subinterval (0, £) we estimate, using
the It6 isometry,

El|t - /0 A3S(t — s)g(s) AW (s) :

L2 (R, t—Bdt;E)

LI dt
=B [ 1Y (= 9)0(6) 85 55

3 o pt ) ) dt
<E ] (t =) Mg (), (1,) d5 35

* ds
SE [ o)l 55

On the subinterval (%,¢) we have, using (4.1,

1
2 3

(IEHt - /fA%S(t — 8)g(s) dW(s)‘ LQ(R%Mdt;E))

< (gt~ [s—’iA%S(t — $)g(s) W (s) ;(R+;E))5

+ (]EHt — /tt(s‘é ) ARS(t — )g(s) dW(s)’ ;(R%E))é
(el | R AR = 9906 W) B, im))
¢ B8 B. 1 2 3
+(]EHtH/L(s’i—t’f)AES(t—s)g(s)dW(s)’Lz(R%E))
§E||g||L2(R+,j—g;$2(H;E))
¢ B8 B. 1 2 3
+(]EHt»—>/L(575ftff)AfS(tfs)g(s)dW(s)’LQ(R+;E))

Using once more the It0 isometry, the last part is estimated as follows:

e [ - hatsi - o) aw )|

L2(Ry:E)

2
fe’e] t |S—§ _ t—§|2
2
§E/O /5 WHQ(S)”;’ZZ(H,E) ds dt

B

[eS) 2s |(§)§ — ]_|2 ds
< 2 ‘
NE/O ||g(5)||$2(H,E)(/S T dt) SBH1

S
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2
N E||g||L2(R+,t*ﬂdt;fz(HyE))'

The proof is concluded by collecting the estimates. O

Following the principles described in Subsection 2.2 we shall specialise, in the
next section, to the case E = L?(R"), and identify

LA(Ry,t~7dt; Zo(H, L*(R")) = L*(Ry., t~Pdt; L*(R™; H)) = Ty 75 (H)
(cf. [2:2)).

5. EXTRAPOLATING CONICAL STOCHASTIC MAXIMAL L?-REGULARITY

In this section, we prove two abstract extrapolation results based on off-diagonal
estimates. Proposition is an extrapolation result for p € [1,00) N (%, 00),
assuming L2-L? off-diagonal bounds, and Theorem gives the result for p €
[1,00), assuming L'-L? off-diagonal bounds (the well-definedness of the stochastic

integrals on the left-hand side of (5.1) and (5.3) being part of the assumptions).

Proposition 5.1 (Extrapolation via L2-L? off-diagonal bounds). Let (T});>0 be
a family of bounded linear operators on L?, let 3 > 0, and suppose there exists a
constant Cg > 0, independent of g and H, such that

t 2
(5.1) B [ Tiesats.) aW(s)] . < C3Blo1Zsas

2,2
T2)

for all F-adapted simple g : Ry x R™ x Q — H. If (t2T});50 satisfies L*-L%-off-
diagonal bounds, then, for p € [1,00)N (%’ 00), there exists a constant Cp g > 0,
independent of g and H, such that

t
p
B [ Tisteaw ), < LBl

Proof. We introduce the sets

| B(z,t) ji=0
Ci(w,1) = { B(z,27t)\ B(z,277%) j=1,2,...
Fix an .Z-adapted simple process g : Ry x R" xQ — H. Using the It6 isomorphism

for stochastic integrals [27] in combination with a square function estimate [30,
Corollary 2.10], we obtain

p

t

g [ T aw o)),
0 Ty
— p
~ ]E||1{t25}(t7 S)Tt—sg(sa .)Hsz,';(L?'(]RJr;H))

= ]EH ||1{t>s},Tt—sg(3a ')||L2(R+;H ||§wp=2

dt\ s
= / / ][ /IITts N7 dsdy = ) dx
n B(act2

<E Z 7k+EZJJ’
7=0

(5.2)

7=0k
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where

00 27 k¢ 9 dt\ 5
Ij’k - /n(\/() f;(i,t%)/let HTt_é[lCJ(I74t%)g(8,)](y)”H deytiﬁ> dm
di\ 5
2
n=[ ([ / T sl 0ot 90 N dsdy's ) do

Following closely the proof given in [10] we shall estimate each of these contributions
separately.

We begin with an estimate for I, for j > 0 and k£ > 1. Using the off-diagonal
bounds, we find

o 2=k dt

T,_s1 - 2 dsdy—

/OJ[B(x,t%)/zklt 17| Cj(l”“%)g(s NIl ds Y
dt

1 . ,
:/ /2 . 1tt_3"13(1;75%)&_S)2Tt_s[10j(w,4t%)g(s")]HLZ(H) dSﬁTg
o=k C4jt 1 ) ] gt
2-k= 1tie p( ﬁ)H Cj(m,4t%)g(5")||L2(H) SW

> s g
1 2
< —c4? - . .
S exp(—cd )/0 (/zks t%+1+ﬁ)|‘1B(z’2j+%+3s%)g(8’ )HLz(H) ds

No—k(z+8) [ 2 ds
S exp(—ct/)27HETR) /O 1 g e 40,3 96 Mieqary 575

By (2.3) it follows that

and

Elj S exp(—247)2 G HOPE|g|?

T, 8.2 J+k/2+3(H)

< exp(— )2 HHEIUEERIRE |7 o
2,8

The sum E . ik I; j, thus converges since we assumed that p >
Next we estimate Jy. We have

: t 2 dt
E T, 4[1 N - dsdu ™
L ity J Vi ot 05 Ny i
< E/OO][ /t ||T [1 (3 )]( )”2 dsd @
B 0 B(x,t%) 0 t=s B(z,4s%)g ’ YY)\ a Y B
N t dt
<E o Jan s ”Tt_s[lB(zAs%)g( N3 dsdy ——— P
) t dt
) i E‘ . Ti-s[1 5, 405,905, )I(y) AW (s )‘ a5

= Et) > [ Tl 0000 VG

SE|t—1

+2ﬁ

L2(t~ 3 ~Pdtxdy; H)

B(x,4t%) 9(t, )HLZ(t 3 Pdtxdy: H)’
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where the last inequality follows from the T 2.5 % boundedness assumption on the
stochastic convolution operator. It follows that

<
EJy S E/ ||t'_>1 (14,52 ( )HL2(t b BdtxdyH)dx

2

the last of these estimates being a consequence of ([2.3).
Finally we estimate J; for j > 1. We have

oo t ) dt
T 1 1 g(s,- ds dy>
/]{BW)[ T sl 1ot 905 N ds dy'

c4l s dt
</ / —exp(— )y 905 e 5 s

45 9 ds
// S exp(— tiS)”lB(z’szrzS%)g(Sa'>||L2(H)S%TBdt

| 475 9 ds
= [T e )iy 9 e s

o) 2s
c 1 c 4s ds
<en(—54) [ ([ s enl5m a1, 9 om0
c o [0 [ ¢ . du ds
=exp(=5#) [ ([ el Gwn) L)Ly, e 9t i 75

c . [ ds
§exp(—§4j)/0 |‘]'B(x72j+2s%)g(sv')H%Z(H)S%TB‘

With (2.3)) it follows that
EJ; S exp(—c4’~'p)E||g”, .

2,8,25+2

and the sum E Zj Jj thus converges. ]

< oy —edi =L\ H2) s [ 11D
(H)Nexp( C4 p)2 Q]E”g”sz’Bz(H),

Theorem 5.2 (Extrapolation via L'-L? off-diagonal bounds). Let (T});~0 be a
family of bounded linear operators on L?, let B > 0, and suppose there exists a
constant Cg > 0,independent of g and H, such that

(5.3) E| /Ot Ti—g(s,-) dW(S)’

ez S OBl

for all F -adapted simple process g : Ry x R" x Q — H. If (tht)t>0 is a family of
bounded linear operators on L? which satisfies L'-L? off-diagonal bounds, then, for
all p € [1,00), there exists a constant Cp, g > 0, independent of g and H, such that

t
p
B [ st aw)|, < LBl
Recall that L!-L? off-diagonal bounds are stronger than L2-L? off-diagonal

bounds by Lemma [2.7] so the previous proposition applies, and gives the result for
p € [2,00).
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The proof of Theorem [5.2] will be based on two lemmas. The first gives a simple
sufficient condition for membership of T3 g(H ).

Lemma 5.3. Ifa € L?(R, x R",t=Pdt x dy; H) is supported in a set of the form
(0,7%) x B(wg,r) with v > 0 and x9 € R™, then, for all 1 < p < 2, we have
a € T;g(H) and

11
HGHT;»B?(H) S " 2)||aHL2(R+xR“,t*ﬁdtxdy;H)
with implied constant depending on n and p, but not on 3, r, and xg.

Proof. Noting that, for ¢ € (0,72), B(zo,7)NB(z,t2) # () only if |z — x| < t2 +r <
2r, from Holder’s inequality we obtain

*° dt\ %
p _ 2 5 Ol
oty = [ ([, Nl avg)” e
2
" dt\ 5
= la(t, )|} dy-5 ) da
/]3(900,2r) (/0 ]{B(m,té) a tﬁ)
2
1-5 " dt  \%
< da / / £ late o)y ds
</B(:1:o,2r ) ( B(m0,2r B(zt%) ST )
< n(l—f B(th) 5
r H( )y dy 5 d)
3(10727) "
( ) dt\ &
—men( [ / / B, dty *
=r )7 dzx dy
( n 10 2T) |B )| t )
(x0,27) ﬁB(y, 7)) 5, di\%
lla(t, )|z dy —
(/ /" By, t%))| tB)

([T et

For the second lemma we need to introduce some terminology. An atom with
values in H is a function a : Ry x R" — H supported in a set of the form (0,72) x
B(xg,r) for some r > 0 and zy € R™ and satisfying the estimate

_n
2.

O

||aHL2(R+XR",t‘fidtxdy;H) <r
By the previous lemma, any atom belongs to T;;(H) with norm HaHTl‘j(H) < 1.
. 5.
The next lemma is a consequence of the well-known fact that T21 ;(H ) admits an
atomic decomposition, and interpolation.
Lemma 5.4. Let 8 € R and let 57 be a Hilbert space. A bounded linear operator
from T22ﬁ2(H) to T;;(jf), which is uniformly bounded on atoms, extends to a
1,2 1,2
bounded operator from T, 5 (H) to T, 5 ().
A subtle point here is that an operator that is uniformly bounded on atoms is
not necessarily defined on T21 ;(H ). However, if the operator is also bounded on

T;BQ(H), then a simple modification of [9, Theorem 4.9, Step 3] takes care of this
issue.
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Proof of Theorem[5.3 Given a simple function f: Ry — L? ® H, let
M () = g [Tiaf (s, ))(2).

As in (5.2)), given an adapted simple process g : Ry x Q — L2 ® H, for all
1 < p < o0, we have

p

E| / Th gl ) ()

< E||Mgl||P .
1z S BNl 2 1ae, )

Hence the theorem is proved once we show that the linear mapping M is bounded
from T;’g (H) to Tg’g(LQ(]&_; H)) for p € [1,2]. Indeed, the stochastic integral over
the interval (%, t) has already been estimated in the proof of Proposition

By interpolation, it suffices to consider the exponents p =1 and p = 2.

Step 1 — We start with the case p = 2. Proceeding as in , using the isometry
T22B2 (H) = L*(Ry x R, t=Adt x dy; H) (first with H replaced by R and at the end
of the computation with H), Fubini’s theorem, the uniform boundedness of the
operators t%Tt, we obtain

2

2
HMf||T§’§(L2(R+ JH)) H ||1{t>s}Tt S.f ||L2 (Ry;H) ’ P2
) 2,8

© 3 dt
- i (5, ) 3 oy e
/O /O t L2(H) ®74p
© 3 ds dt
< Z )12 -
S el £
3 [ dt
- ||f<tu,->||%2(H>;Bd
/ | B 55

dt
< IIf( iz
HfHTP?(H)

Step 2 — Next we consider the case p = 1. We will prove that there exists a
constant Cg > 0 such that for every atom a we have
(54) ||Ma||T1’2(L2(R+;H)) S Cﬁ.

An appeal to Lemma [5.4] will then finish the proof.

Fix an atom a supported in (0,72) x B(w,7), and define the following sets:
Co :={(t,z) € (0,00) x R" ; |2 — x| < 2r and t < (2r)?},
C; :={(t,z) € (0,00) x R™; 277 < |x — x| < 27T r and t < (2/7)%}, j > 1,
Cl={(t,z) € (0,00) x R™ ; |z — m| < 27!y and (27r)? <t < (2UTVr)?}, j > 1.

We write

Hl{t>S}Tt sf(s HL2 (R4 H)
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t 1
2 2
= (10, (@) + Y- (e, (t,2) + 1y (1,2)) ) / T3 sals, )] ()13 ds )
j=>1

and, using Lemma show that each term is in T 25 2 with suitable bounds.
1. Estimate on Cy: Estimating as before, using the uniform boundedness of

(t%Tt)Do we have

s dt
Lo [ [t )y ds 5 e
B(zo,2r) J0 0
< s g 9 ds dt
< *||a(8,')\|L2(H) s
2 dt ds
. *||a HLZ(H) B s

ds
< 1-B8 12 -2
< / P als, Mgy
<r ™

Therefore, by Lemma [5.3]

1

(t,2) = 1g, (L, ) %IITt_s[a(s,~)](:r)||§{ds ’
0

<1

1,2
T2,B

2. Estimate on Cj: Let us write B; = B(xo,2/"'r) \ B(zo, 2/r). Using the L'-L?
off-diagonal estimates, and the fact that a is supported on (0,72) x B(xq,7), we

have
/// ITe—s[a(s, (= >||Hdsdtdx
:/4’ // 1T sfa(s, ) Lp oy (@)% de ds tldfﬁ

4JT2 dt
2
/ / % exp(—c4r2 /1) a(s, ) |3 o) 4 715

492

ds dt
[ 0ty 25175 oty
0 0

2 J o2
r d ar n ; dt
(,’,TL/ TQBHG,( )||L2(H S) / t_ﬁ_5 eXp(_C4JT2/t) 7
0 0
r25(4jr2)_5_%
— iy I(B+E)

A

A

A

Therefore, by Lemma [5.3]

i

(621 20t ([ it ) )’

< (2t Bpm 3270 (B43) < 9-if,

1,2
T2 B
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3. Estimate on C}: Using the L'-L?* off-diagonal bounds, we have

/ (z0,29+1r) /2

@) 2 1 dt
t2T, 4 1B(z0,r) dxd
/217« /0 /B(acoQHM) 12 Te-slals, VLo, O) @)l do ds 5 t1+8

ORI 2 ds -2
; t 2 [la(s, ) e, o) ]

(297)

dsy (@7 dt
< 728 -3
< ( A loto. MW 53) f, 77

< r2B(43p2) (=A%)
— iy I(B+3)

2J+1

/Hﬂe )y ds &

Therefore, by Lemma

nwx>ﬁlc¢a@(1fwnﬂmwfﬂ@m%dafw@g52ﬂ@

4. Collecting the estimates: Summing the above three estimates over j gives (5.4)).
|

Proof of Theorem[3.1 For A as in Example (t%Ve*tA)tZO has L'-L? off-diag-
onal bounds. By the solution of Kato’s square root problem [5],

(5.5) 1A% ul|z2 = ||Vl L2

Moreover, A is maximal accretive on L? and therefore the bounded analytic semi-
group generated by —A is contractive on L?. By Proposition the mapping
g AzS o g (and hence the mapping g — V.S ¢ g) extends to a bounded oper-
ator from L?Q(Q,TSBQ(H)) to L%(Q,Tgﬂz) (respectively, from LQy(Q,T;ﬁQ(H)) to
L% (% T22/32 (R™))). The result thus follows from Theorem O

Remark 5.5. The results in this section are stated in way that is suitable for appli-
cations to the divergence form elliptic operators from Example Introducing an
homogeneity parameter m as in [7, [I0], one can prove analogue results suitable for
the study of differential operators of order m. We have chosen not to do so here to
make the paper more readable.

6. AN APPLICATION TO SPDE

In this section we apply our results to prove conical stochastic maximal LP-
regularity for a class of nonlinear stochastic evolution equations. We consider the
problem

61 du(t,z) = diva(z)Vu(t, z) dt + b(Vu(t,z)) dW(t), t>0, z € R",
(6.1) (0, 2) = up(x), x € R™

Here, W is an .%-Brownian motion relative to some given filtration .%, the function
a: R™ — M"™(R) is bounded and measurable, the operator A = —divaV satisfies
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the ellipticity conditions of Example 2.2 the function b : R® — R is globally
Lipschitz continuous, with Lipschitz constant L;, and satisfies

(6.2) |b(x)] < Cyplz|, ze€R™

The initial value up : R™ — R belongs to Dp(Ag), the domain of the LP-realisation
of Ag, for some 0 < 8 < 1. At the expense of making the arguments more involved,
we could also add an additional semilinear term and consider cylindrical Brownian
motions, but in order to bring out the principles more clearly we have chosen to
consider a simple model problem.

In order to arrive at a notion of solution we proceed as follows. At least formally,
we reformulate (6.1]) as an abstract initial value problem as follows:

dU(t) + AU (t) dt = B(VU(t)) dW(t), t >0,
Here A = —diva(-)V and

(B(u))(t, ) := bu(t, z))
is the Nemytskii operator associated with b. Denoting by L% (Q; Ty g) the closed
subspace of all .Z#-adapted processes belonging to LP(€; Tg g), it is immediate from
that B maps L% (Q; T3 5) into itself, and the Lipschitz continuity of b implies
that of B, with the same constant.
In order to be consistent with the terminology used in the Introduction, at least

formally, a “mild solution” should be an adapted “process” U that “satisfies” the
variation of constants equation

(6.3) U(t) = S(t)uo + /O S(t — s)B(VU(s)) dW (s),

where S is the bounded analytic Cy-semigroup generated by —A. By conical sto-
chastic maximal LP-reqularity we then understand that the “gradient” of U is in
LP(Q; Ty BZ(R”)) In order to make this rigorous, we formally apply V to both
sides of the identity and, again formally, substitute V' = VU to arrive at the
equation

(6.4) V =VS()up+ VSoB(V).
Definition 6.1. The problem (6.1 is said to have conical stochastic maximal LP-

reqularity with weight B if for every initial value uy € Dp(Ag) there exists a unique

element V in LP(Q;T§’§ (R™)) such that (6.4) holds.

Thus we solve for V| rather than for U. The above heuristic discussion shows
that we may think of V' as the “gradient of the mild solution of (6.3])”.

Remark 6.2. If V solves , then, at least formally, we have V = VU with
U := 5(-)ug+SoB(V). This definition makes sense provided stochastic convolution
on the right-hand side is well defined in one way or the other. We are not asserting,
however, that this process is a “mild solution” to in any rigorous sense.

In the next lemma, which is of interest in its own right, we denote by S the
semigroup generated by —A on LP.
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1

Bo

—

N[ === == — — —
SR

0 1
The polytope of Lemma Shaded in gray are the regions
of steps 3 and 2; shaded dark is the region of step 4.

Lemma 6.3. There exists By € (0,1] with the following property. If p € (1,00)
and 0 < B < 1 are such that the pair (%,ﬂ) belongs to the interior of the planar

polytope with vertices (0,0), (0, Bo), (3,1), (1,1),(1,0), then for all ug € D,,(Ag) the
function (t,z) — VS(t)uo(x) belongs to T;’E(R”),

Remark 6.4. The constant (B is related to elliptic regularity theory, and can be
arbitrary small. For certain specific classes of operators A, however, it is known
that one can take By = 1, viz. in the case of constant coefficients (in this case,
the arguments can be simplified using standard Littlewood-Paley estimates), and
in the case of continuous periodic coefficients with common periods (see [1 Section
5.4], [I1l page 139], and references therein).

Remark 6.5. For 8 = 0, the lemma holds for 1 < p < oo using [6l Theorem 3.1]
and p_(A) = 1 (the number p_(A) being defined in [6]). The argument given here
for 1 <p<2and0< g <1 applies to f = 0 as well, and gives a different proof of
this case.
Proof. For this proof, we use complexified spaces. Let vy = A3
proceeds in four steps.

Step 1 —In the case p =2 and 0 < 8 < 1, one has

ug. The proof

dt
1(6:5) = S Ouo W)y oy = / | vty i

dt
= A% —tA 2d we
/0 /' e Tuoldy 3
o — dt
= / |(tA)¥e_tAvo|2 dy "
O n
~ |lvoll3

where the second equivalence uses the equivalence ||AZul.2 ~ ||[Vul r2@®ny (cf.
(5.5), and the last inequality uses the boundedness of the H*-functional calculus
of Ain L? (a result going back to [26], see also [25, Theorem 11.9]).
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Step 2 —In the case 1 <p <2 and 0 < 8 < 1, we use the first-order approach of
[19]. Consider the operator
_ (0 —diva(-)
=(v )

acting on L? @ L*(C™). This operator is bisectorial with angle n € (0,%), its
resolvent satisfies L2-L? off-diagonal estimates with arbitrary large decay and has
a bounded H*° functional calculus. The operator A is sectorial of angle w € (0, §)
and has the same properties. In particular, —A generates a bounded analytic Cy-
semigroup on L? @ L*(C") (see [12]).
Note that - ) .
t72 VS(t)ug =tz Ve A (tA) " 2 vy
and
(0,t2Ve A (tA)~ 2v,) = (VD) (v, 0)

for the function ¥ € H*(Sy) defined by

P(z) = 2(2*) " Fe

(where 0 € (w, §), Sp = X9 U (—=Xp) U {0}, and Xy = {z € C\{0} |arg(z)| < 0}).
Therefore, by [19, Theorem 7.10], one has the following equivalence of norms
in the tent spaces upon changing ¢ in the appropriate class (more precisely, as
1 < p < 2, it is enough that ) has slight decay at 0 and sufficiently large decay at
oo: see the condition (d) in Proposition 7.5 there and note that we have cotype 2),

1t ) = ©(VED) (00, 0) (W) g 2creny = 18 ) = DOVED) (w0, 0) (W)l gy 2 ey

for ¢ (z) = ze=% . As

2

O(VED)(vy,0) = (0,2 V.S(t)vo)
we have shown that
1t y) = VS@)o(@)llzy2icny = I(E:y) = t#VS(t)Afgvo(y)lngf(@n)
~ NI(ty) = 2V S()vo(®) g2 cny
= Itt,y) = VSBvo )l 192 (cn)-
Using [0, Theorem 3.1], this gives
It ) = VS@Ouo)llzgzcny S lvollze = 43 uol s

Step 8 — We turn to the case 2 < p < 0o and 0 < 8 < Sy, where 5y € (0, 1] will
be determined in a moment. We use the fact that the spaces T§ g interpolate (by
either the complex or the real method, see e.g. [14]) between p = 2 and p = occ.
For p = oo, TQI” ; is defined as the space of all locally square integrable functions
such that the Carleson measure condition

r dt .
/ / lg(t, ) dy -5 < Cr
o JB t

holds whenever B is a ball of radius r > 0, with C' independent of B.
We claim that there exist 5y € (0,1] such that for all 0 < 8 < By and f € L,

1-8 _B _
(ty) = 5 VA2 A f(9) |y S 1 -
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Assuming the claim, and using the p = 2 result for all 0 < § < 1, one concludes,
by interpolation, that for 0 < 8 < By and p € [2, 00),

1-8 _8 _
It y) = 7= VA2 e 0o )l p2(cny S lvollre,

ie.,
8
6, ) = VS Ouo(w)lrp 2 ey < 145 ol

We now prove the claim. The argument is scale and translation invariant (up
to changing the matrix a(z) to a(rz + x¢) which does not change the ellipticity
constants), so we assume that B is the unit ball. The same proof works in the
general case, and produces the required factor ™. Let f be a bounded measurable
function with compact support. Let fo = flop and f1 = f — fo. By the p = 2
result, one has

1
-8B _ dt
| [ vate )P an S S a1
o JB
To control the other term, we use the representation formula

VAfgeftAfl = C’/ VsP/2(sA)e= (DA f) ds
0 S

)

for some constant C' > 0 independent of f1, which holds in L?(B;C") thanks to the
following estimate on the kernel K, (z,y) of Ae™*4. There are constants ¢, C' > 0
and v9 > 0 in (n — 2,n] (for n = 1, one has vy = 1) such that

. H C cly|?
2B VaoKoii(z,y)|?d <. - ).
v ¢ (/Bl +(@ ) x) T (s+t)itetd eXp( s—l—t)

This estimate is proven in [I1, Lemma 33, p. 139] for e*4 but the same proof
(based on estimates for the kernel of the resolvent) gives the estimate for Ae™s4.
Define By = 1(y9 —n+2) € (0,1]. By the kernel estimate and the fact that f; is
supported away from 2B, we have

8 _
IVA™2e " fil| 2 (Biem)

~ H /OO ng(sA)e_(SH)Afl@‘
0

S

L2(B;Cn)

ds

oo
< sl+§/ Vo (-, ) dy &
Lo IR0 @

B
o LT
o 2 (s 0)EEEER s+t

1
< ||f1|\Loo/ Ly
|2 [y tPo=h
< il

for 0 < 8 < By. Therefore fol ||t%VA’g67tAf1||iz(B;cn)% SNl -

Step 4 — The arguments so far show that the T; ; (C™) estimate holds for 0 <
Ref < 1 and p = 2, with controlled growth in terms of Im 3. It also shows that
the Tg 52 (C™) estimate holds for 0 < Re 8 < By and p = oo again with controlled
growth in Im 5. Using Stein’s complex interpolation, one also gets the conclusion
of the lemma for all pairs (p, 8) such that the point (%,Re B) is inside the planar

)il dy
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polytope with vertices (0, 0), (0, So), (%, 1), (%, 1), (0,1). We leave the details to the
reader. (]

Theorem 6.6. Let p € (1,00) and 0 < 8 < 1 be such that the pair (%,,@ belongs

)
to the interior of the planar polytope with vertices (0,0), (0, Bo), (%, 1),(1,1),(1,0),
where By is defined in Lemma[6.3, Suppose that K, gLy < 1, where K g is the
norm of the mapping g — V.S o g from LP(Q;TZP’) to LP(Q;Tg’ﬂQ((C”)) and Ly is
the Lipschitz constant of b. Then the problem has conical stochastic mazrimal
LP-reqularity with weight 3, i.e., holds for all initial values ug € Dp(Ag).

Proof. Consider the fixed point mapping I on L (Q; Ty g (R™)) defined by
F(v) :==VS(-)up + VS o B(v).

By Theorem we have VS o B(v) € L (; Tg’g(R”)) forall v € TQ’E(R”). This,
in combination with the previous lemma, shows that F' maps L' (€; T3 BQ (R™)) into
itself.

For vy, vp € L (8 TZP’B2 (R™)) we may estimate

IF (1) = F@2)ll pogurp 2 ey = 1V © (B(o1) = BO2)l oy 2 )
< KPﬁHB(Ul) - B(U2)||LP(Q;T§,'§(RH))

< KppLyllvy — UQHLP(Q;T;L?(R”))'

Since by assumption K, 3Ly < 1, F has a unique fixed point V' in L7, (£; T§’§ (R™))
and the theorem is proved.
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