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An algebraic-analytic approach of Fermat-Catalan
conjecture
Jamel Ghanouchi

jamel.ghanouchi@topnet.tn
Sommaire

Nous commengons avec 1’équation de Beal (ou Fermat-Catalan) U™ =
X241 Y% 2 puis nous definissons deux équations qui en sont conséquentes.
Apres en avoir déduit quelques résultats, nous généralisons 1’approche
a toutes les équations de Fermat-Catalan; ce qui nous permet de relier
le probleme au théoreme de Matyasevitch. En effet, nos investigations
vont nous amener a établir des égalités qui ne s’expliquent que par l'in-
décidabilité de certaines conjectures inhérentes aux équations diophan-
tiennes. Notre approche nous permet alors également de proposer une
nouvelle conjecture concernant les équations de Fermat-Catalan généra-
lisées. Nous proposons, d’autre part, une démonstration de la conjecture
de BeaL. ( MSC=11D04) Mots clés : Fermat-Catalan ; Equations diophan-
tiennes ; Analyse; Suites ; Séries ; Séries de Fourier ; Conjecture.

Abstract

We begin with Beal equation (or Fermat-Catalan) U™ = X2 4 Y2
and establish two equivalent equations. We generalize the approach to all
Fermat-Catalan equations which allows us to relate the problem to Ma-
tyasevich theorem. Our approach will lead us to propose a new conjec-
ture concerning Fermat-Catalan equations. We propose also a proof of Beal
conjecture. (MSC=11D04) Keywords : Fermat-Catalan ; Diophantine equa-
tions ; Analysis ; Series ; Fourier series ; Conjecture.

The approach

Let
u = U2(c+2)

T = Uc+2Xa+2

Y= Uc+2yb+2
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y = Xa+2 Yb+2

We have
u=U"* = UP(XP 1Y) =z vy (1)
And
1 1 [2(ct+2) v x+ 1 1
_ L D))

2 Xat2ybt2 | [Jet2xat2[jcr2y b2 Ty Ty 'y

Lemmal IfU, X,Y,a,b,care integers verifying U¢™ = X2+ Y2 then
u, x,y, z as defined higher verify simultaneously (1) and (2) which follow

u=zty (1)

v = Xa+2 Yb+2

u = (Xa+2 + Yb+2)2

T = Xa+2 (Xa+2 + Yb+2)

y = Yb+2 (Xa+2 + Yb+2)

Let us define the sequences whose first terms are

1 =T
And
h=Y
But V1, y1, 32 verifying
1 1 1
— =4 =



And

Ty
21 = =z
r+y
Or
(1 + Y1)z = 21y
And
SUl(yl — 2’1) =z
Let us pose
211
V2=Nn—s1=——
T1
And
yi(z1 — 21) = 21wy
Also
2121
To =1 — Rl = —
hn
So, we have
T2Y2 = Z%
Or
T1 = To + 21 = To + /T2Yo
And
Y1 =Y + 21 = Yo + /T2y
With

up=u=(r1+y)= (\/!E2+\/y_2)2 >x9+y2 >0
(1 + y1) integer

1 = /Ta(\/T2 + VY2) > 12 >0
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T integer
1= Vi(Vor + Vi) > y2 >0

Y1 integer

>0

21

T1Y1 a+2v,/b+2 T2Y2
= =X Y = /XYy > 29 =
r1 + To + Yo

29 rational
Because
Vo, o rational, dz5 rational which verifies

Until infinity. For ¢
(i + i) = (VTir1 + VYir1)? > Tig1 + Yip1 > 0

And z; + y; rational for ¢ > 2

T = /Tig1(V/Tig1 + Yir1) > i1 >0

x; rational for i > 2

Yi = VUi (VZio1 + VYir1) > i1 > 0

y; rational for i > 2

Z;Yi Tit1Yi+1
zi = = VTit1Yit1 > 2= ————— >0
T + Y Tiv1 + Yir1

z; rational for ¢« > 1 and also, of course

1 1 1
_l’_

Zit1 Tit+1 Yit1

Lemma 2 The expressions of the sequences are

(i + 1) = (VTir1 + VYin1)”



Prof of lemma 2 We prove it by induction, we have

= Vi (Vi + Vi) = V(e +y)

2

T
l‘ g
2 Tty
Also
2
Yz = Y
r+y

The lemma is verified for : = 2. Let us suppose it verified for i, from (3)
and (4)

1
T = /Tir1(VZit1 + VYit1) = V/Tiv1 (@i + ;)2

Which means

i = 7 (@i + i)

But the lemma is verified for i, it leads us to

j=i—2 j=i—2
rn=a" [ @ )@ ) ] @ )
j=0 j=0
:xQZ H (:UQJ—i—yQJ)_l
j=0

The lemma is verified for i + 1, the proof is the same for y;, we deduce

Jj=i—2

2= 2@ H CONNEDN



And for y;

Vi > 1
But .
Jj=i—
:U—y—( (2i-1) y(gz 1)) (x(2J)+ (21)> 1 (5)
7=0
And
Jj=i—2 ] ({L’(QZ 1) (21 1))
(@) + ) y
r—=y

Lemma 3 This lemma is not necessary, we establish it because it will al-

low us to meet generalised Fermat numbers 2> . We must suppose here
that

rF#y
or
T # Yi
e x(%lx)@i_;j(?“) (x=y)= UC+QX(a+2>§(T+i)i(L+2>2¢1 (X2 -y
And
y* y br2)2!

xTr — y) = UC+2 Xa+2 o Yb+2)

Y = x(Qi*l) o y(gifl)( X(a+2)21’—1 _ Y(b+2)2¢,1 (

X (@227 4y (b+2)2!

a+2 b+2
X(a+2)2i—1 _ Y(b+2)2i_l (X -Y )

up = i +y; = U?




Lemma 4
Ti—Y =T —yY

From lemma 3, this lemma is evident, and also for = = 1, we have

Ti =Y =Tiv1 —Yir1 =T — Y

Lemma 5 We have supposed z — y # 0. A priori nothing allows to say
that z is différent or equal to y. Nonetheless, our investigations leaded ud
to a strange result, which is that + = y, without any condition on z and
y. Why this impossible result ? We think about Matyasavitch theorem. All
diophantine equations have not solutions and the conjectures linked to
those equations are not all decidable. But, the sequences established here
are available for all Fermat-Catalan equations, even for the following one
kU™ = ki XT" + kX352 + ... + k; X[". This equation resumes all Fermat-
Catalan equations. Nowadays, we do not know when there are solutions
and when there are not. But, if we pose

u = k2U2n
r = kUMKU™ — k; X))
y = kU k; X}
2= kX (kU™ — k;X[)

we find lemma (1) :

u=x+y
and

1 1 1

_+_:_

r Yy =z

If there is an undecidability, those sequences should lead to an impossi-
bility. The impossibuility is zy(z — y) = 0 for all z,y. We will prove that
zy(z — y) = 0 formally. We have a lot of proofs. Here are some. THe first
utilises series and particularly Fourier series. Effectively, as

i—1
IQ

Ti = xQH—_yQH(?U—?/)

And Ji
Y
Yi = W(x - Y)
We can say
r>y= lim (z;))=z—y,  lim (y)=0
1—00 1—0
And
y>z= lim (y,) =y — =z, lim (z;) =0
i—>00 1—00



The series
As we have seen

VIYi = Yi—-1 —Yi = Ti—1 — Ty
Or
Tj — Ti+1 = /Ti+1Yi+1
Ti—1 — Ty = /XY

Tl — T2 =T — T2 = +\/T2Y2
Telescopic series
j=i+1
Z (VZTjy;) =0 — 22+ 22— T3+ . + T — Tip1 = T — Tipq
j=2
And the limit
J=00
> (VZy;) = lim (2 =241
]:
Ifxz>y
j=o00
) = i g =1 — (—1) =
2 (V) = lim (2 —wip1) =z —(z-y) =y
j:
Ifz<y
j=o0
7)) = 1 — i) =
(vzjy;) = lm (2 —a) =2

Jj=2

The applications of the series
Let us suppose firstly x > y. We always have

j=i
(=1 /Zjy5) = & — w2 — (w2 — x3) + (23 — x4) — o + (1) (i1 — )
=2

=2 — 2294 2r3 — ... + 2(=1) ey 4+ (=1) ey

j=i—1
=2 Z (1)) + 2+ (=1) ey
j=2
=2 ]f: (1)) —z — (=1) ey
j=1
Jj=i—1 A J=t )
= D (W) + ) (-1 )
7j=2 7=1
j=i—1
=2 Y (=) y) +y+ (=)
j=2



j=1
Jj=t—1 J=t )
= (=17 y) + > (1))
Jj=2 j=1
Or
Jj=t Jj=1
2) (1) =) (=1 yagy) +a+ (1)
j=1 j=2
And _ -
2) (=17"y) =) (=1 vEm) +y+ (1) y,
j=1 J=2

((=1)z)
j=1
is perhapse not convergent. But
j=o0 .
((=1) v/z55)
j=2

is absolutely convergent. As y; tends to zero in the infinity, thus

j=

> (=)7yy)

j=1
is convergent. The limit of
(1 yagmg) =2y (17 lyy) —y = (=) y;
7j=2 7j=1
j=i _
=2) ((-1)"aj) 2 — (=)™
j=1

And Z;j" ((—1)71z;) is convergent! It implies, as we said and we have several
proofs, that

lim (z;)=xz—y=0

1— 00
It is confirmed by the fact that the limit of the general term of the series is equal
to zero. Let us prove it! We have

k=2m

S (<)M e Ve

k=1



1 2 __3 _2m_
=xe V2m — poe V2m + T3e vam — 4 (—1)2m+1x2m€ V2m
4

2m

—

__2 — __2 __2 __4 __3 __4 —
= xe \/2m+x(e V2m —e \/2m)_332€ \/2m+x3e \/2m+x3(6 V2m —e \/27”)—3346 \/2m+”._gj2m6 V2m

2m 1

2 1

4 1
=xe V2m(evim — 1) 4 x3e Vom(evem — 1)+ ...+ xopm_1e V2m(eVZn — 1)+

2m

-2 __4
+(z —x9)e Vem + (x3 —x4)e VIm + .+ (Tomo1 — Tom)e V2m

1 __2 4 __2 a4 _2m
= (evem —1)(ze VZm+tuzsze \/m—i—...—i—mgm_le_‘/%)—i—(\/xgyge Vam 4 [Tayse V2 4. A\ [TomYame V2 )

1 2k _ 2k
= (e\/ﬁ — 1) (xgk_le \/ﬁ) + ( LokY2k€ \/ﬁ)
k=1 k=1
And also
k=2m b
> ()M e V)
k=1
1 __2 __3 — 2m_
=ye VEm —ype VEm fyze Vam — .4 (=1)P"Hype” Vam
. k=m " k=m 2k
= (e\/ﬁ — 1) (ygk 1€ ‘/ﬁ) + (\/ T2kY2k€ \/m)
k=1 k=1
But
1 h=m _ 2k
(evem —1) (Yok—1e V2m) =S
k=1
We have
o k=m ok 1 k=m _2k—1
(evom —1) Y (yap_1e Vam) < S < (evom — 1)y (yop_1e vom)
k=1 k=1
1 3 k=m _2k—2 1 g k=m _2k-2
(evam —1)e vom » (ygp—1e V27 ) < S <(evrm —1)e vom » (ygp_1e V2m)
k=1 k=1
Thus
) 1 h=m _2k—2 ) 1 1 h=m _2k2
im (77 1) Y (s V) = Tim (77 — Dy + (7~ 1) Y (gagre V)
P k=2
li Vom 5t Vo li S
= 2m — 2m —
lim ((e 1) 2 (yak-1€ ) = lim (S)
We have
1 h=m _2k—p
(77 —1)'Y (yakre V) = A
k=p
And
e k=m _ 2k—p+1 1 k=m _2k—p-—1
(eVom —1) Y (yopre” V2 )< A< (eV2m —1) Y (yop_1e V2m )
k=p k=p



1 2 2k—p—1 2k—p—1
(evam —1)e vom (Yak—1e m)<z4<(6@—1)2(y2k e vem )
k=p k=p
Hence
k=m
2k—p—1
lim ((evZm —1) > (yor—1e V2" ))
m—>r00
k=p
. 1 k=m 2k—p—1
= lim ((eVom —)yzpre Van +(eV3m —1) D (yar—re Vem )
k=p+1
k=m 2k—p—1
= i Vam — m ) = =
mh—n>1c>o( eve 1) Z (ka e vam )) mh—n>loo A) mh—n>loo(s)
k=p+1
Thus
L __m_
p=m= lim (4)= lim (S)= lim ((ev?» —1)yam-_1e v2m) =0
m—r00 m—-r00 m—r00
Consequently
1 k=m _ %k
lim ((6\/% — 1) (ygk,le \/ﬁ)) =0

By the same process

1 _ 2k
(evam —1) (rop_1e Vv2m) =9
k=1
We have
1 k=m 241 k=m 2k—1
(evam — 1) (Togp—1e v2m) < S < ( e\/ﬁ—l Z Top_1e V2m)
k=1 k=1
k=m k=m
1 3 _ 2k-2 1 1 _ 2k-2
(evam —1)e vam (xop—1e V2m) < S < (evEm —1)e vom (xop_1e V2m)
k=1 k=1
Thus
k=m k=m
1 2k—2 1 1 _2k=2
lim ((evem —1) (rog—1e v2m)) = lim ((evz» —1)x + (ev2zm — 1) (rop_1e V2m))
m—-r00 m—r00
k=1 k=2
k=m
= Vom 1) (x 6_2\5%)) = lim (9)
o mh—r>noo ((6 Zh—1 m—» 00
k=2
We have
k=m
1 _2k—p
(evam — 1) (xop_1e Vem) = A
k=p



And

k=m k=m
1 _ 2k—p+1 1 _ 2k—p—1
(evam —1) (xop—1e V2 )< A< (evem —1) (xop—1e  V2m )
k=p k=p
Or
1 2 h=m 2k—p—1 _1 k=m _ 2k—p-—1
(evam —1)e Vvam (xop—1e  V2m ) < A< (evem —1) (xop—1e  V2m )
k=p k=p
Hence
1 k=m _ 2k—p-—1
lim ((evem —1) (xop_1e  V2m ))
m—r0o0
k=p
1 L _r=1 1 k=m _2k—p—1
= lim (€% — gy re Vo +(evEm —1) Y (eapre” Vi)
k=p+1
k=m
1 _ 2k—p—1
p— 1 \/_m —_ m p— 1 p—
i (e =1) Y (wae ) = lm (4) = Tm(S)
k=p+1
Thus
1 m
p=m= lim (A)= lim (5)= lim ((ev?» —1)zapm_1e v22) =0
m—ro0 m—r0o0 m—r00
Consequently
1 k=m 2k
lim ((evem —1) (xop—1e V2m)) =0
m—ro0
k=1
We deduce
k=2m
: k+1 —
0< lim (3 (=) age 7))
k=1
k=2m X
_ k+1, — e
= (3 (0" e )
k=m ok k=m
:mli_I{loo(k 1 (Vrryake V2m)) < mli_r{loo(k 1 (VT21Y2k))
k=2m
< lim ( ;; (VTrye)) =y
Thus
k=2m
: k+1 7)) —
i (3 (<) (- e Vo)) = 0
k=1
k=2m —2m
_k_ __1 1 _
= Jm ((x—y) Y. (¢ V)= lim ((z—y)e r——)=""2 =0



And
r—y=0

If Uct2xaot? — get2yt+2 then X = Y = Z = 0. With a second manner : Let

k=i—1 k=i
x;i(t) = (zpe ) = Z (xpe ™) — ze™ = 2/i(t) — me™
k=2 k=2
k=i—1 k=1
yilt) = (yre ™) = (yee™) —yie ™" = o/ ;(t) — yie ™
k=2 k=2
k=i k=i—1
u;(t) = Z (varyre ™) = (g1 — 2)e ™)
k=2 k=2

= e pag(—e 2 e b ag(—e 3t e ) b g (—e D LTty et

= ze Xt age 2 (—14+e ) faze H(—14+e )+ +ai_1e TV (<14t — g

=ze 2 — e 4 (=14 ) (wee 2 + w3e 3 + 4 2TV

= ze H—gie T (—14e Dz (t) = ze H—zie U (=14 )2l (1) — (—1+e Daie ™

=ze 2 — x@'e*(iﬂ)t +(=1+ eit)xli(t)

For all ¢, particularly

k=i k=i
1 1 _k
= — 1. S — = 1. Vi = 1. =
b= 7 () = i QO (Vagke ) = lim () (VEm) =
k=i—1
. -1 -k Vi
=z+4+ lim ((—14+e Vi) (xge Vi) —zie V) =z
71— 00
k=2
k=i—1
: NG -k Vi
=y+ lim ((=1+e Vi) (yee Vi) —yie V") =y
71— 00 k=2

Let us recapitulate



Ti > Tivl, Yi>Yirl =T =Y

T = Tiy1 = Tix1 + /Tir1Yi+1 = 2y =0

Yi = Yit1 = Yir1 +VTip1Yiyr = 2y = 0
= ay(r —y) =0
Another proof : We have, if we suppose x # y
i1 —YYir1 = (T —Y)Tit1 +Y(@it1 —Yit1) = (@ —y)(@it1+y) = (2 —y) (T +Yit1)

j=i—1

= (@2® —yy®) [[ * +4*)7"
7=0
j=2 i j=i—1
T J —
=@-yQ_ ") [ @ +4)7
§=0 j=0
j=2"

= (& =)z (1 + Z (%)) = (= y)(@it1 +y) = (€ = y) (Y1 +2)

j=2 . j=i—1

i 33‘7 j j
Z 2 H (xQJ + y21)71)
j=0 7=0
j=2¢ m]
= (@ —yyin(l+) (= ) = @ =i +2) = (@ = y)(@i +y)
7=1
We deduce , ,
= =2
T = Yit Z () =2 —y+zip Z (;)
7=1 7=1
j 21 ] 21 j
T
y—xmz —y—m+yz+1z
J=1 y
And
j=21 j=2'—1 k=j k
-yl (y 2 =k)
P =g S Y ey S (a0
<y — Y
j= j
j=2¢ j=2'-1 k=j ( k,i—k
yf — —o (@"y"™")
t—20 = r—y+xi Z ) =c—y+zit1(y—x) Z (kT)
j=1 7=0
Also
—2 =2i*1 k=j ;) —

y—2$z+1—xz+1z v )—m,+1(y—x) Z (

j=1 7=0

14



—yl j=2'-1 k=j (ykxj*k)
y=2yi =y - x+yHl§: )=y—atyin(e—y) Y ()
1 y/ 0 Y
I= j
If we sustract - |
T —y—2"(Yir1 — @iy1) = (2 —y)(1 +2°)
j=21—-1 Vil Zl]zié (yFzi=k)  zi Zzié (y*zi—F)
— @y Y (D y T D 0107
i Yy T
7=0
z—y—2' (@i —yi) = (y—2)(2' — 1)
=2t k=j ( ki~ k=i [ ko j—k
Tit1D o (@Y 7)) Yir1 D oo (YTl 7")
R R e e
] Yy
7=0
Hence
i=2 1 k=j ( k., i~k k=j / ko iek
. $4+1Z B (CC y] ) y.+12 - (y ] )
(x—y)22+1 = 2(y—x)+2(z—y)( Z ( ¢ k xO] LY L yO] )
j=0
Or
: o Tit1 Yopg (@R g ST (TR
2z —y) = —(z—y)+(z—y)( ( L n j )
=0 v (7
J
But
2 k —k, k
¢ yHl Zk o ) (ahy ) oy Tin Zk | (a7 Fyk)
1+2¢§: =0 )

And it is 1mp0551b1e, the hypothesis = # y is false. Another proof, if x > y let
d; = z—i, and for n great

(DU — y)n—l—l = lim (mz.“rl) >1>0= lim ((xl + 1)%71)

i—>00 i—00
Thus
P (@ = (@i Dy > 0> -y
Consequently
a (=) >y (et —
And
i >y (@ =y eyl
Hence . »
n n
x—? > i — Y + i
y? o ?Jrl ZT;
We have 1 o
+1 —a;
p >1-di" + — y

15



Or if we suppose d; # 1

1 >1—d?+1+1_1+1+1++1+1
dr(1—d;) = 1—4d; r—y di & T dr o ox—y
And
! L_ = >1+1+1++1+1
ar(l—d;) dP a1 —d) T di & Tt a—y
Until
>1+1+ 1
dz(l—dz) - dz r—y
Which means
1 11 .
dz(l—dl) di_l—di_ r—y
Or
> 1+
Tr—1y T —y
And
rvi—l>2r—y=x—yi=>y =1
Or
yi=—2(@—y >l yga—y) >r—y= lim (gz—y)=0>z—y>0
T; — Y i—>00

Thus x = y. Another proof : We have

=Y +1l>x >z —y;

Hence
T, —yi + 1 > x;
And
1 1 1 1
- _ = > =
Yi  Tp  TiYg Yi
1 1 2 1 1
—_— —+ —+ > —
Yi Ty Yi XY Yi
Or
1 1 -1
_— > —
Zi TilYi Yi
Or
1 S 1 1
Yi  JTit1Yit1 \/$i+1yi+1($i +¥i)
And
1 S T +y; — 1
VIR WVTi +yi) T Tir1Yin
It means
o
VT sty

VTi+1 + /Yit+1
16



2/Tix1 + \/Yit1
VTi+1 + /Yit+1

Vi > 1 particularly in the infinty

lim (2yFrs + i) = 2vF— > lim (Vi +u) = V- P 225y

—>00

> x ty

Therefore
z—y=20

Another proof : as
yi — 7 = (y—o)(wi + vi) = Wir1 — Tip1) (@1 + Vi1 + 29T 10i11)

= Y71 — 251 + 29T Uit i1 — Tig1)
/Yir1 = Z is solution of

Z*+ 2 @i 2 = 22 Z —al +al —yl =0
And /z;1 1 = Z' is solution of

4 3
2" 12y 27 = 20\ Jyi 2 — iy — =0

And
Z4422'7% - 227 — 72" + 22 — 2 =0
Also
7" 4227 — 2737 — Z4 4 2 — 22 =0
We pose
ZI
Z=u——
2
But - - 7
(u— 7)4 +27' (u— 7)3 — 272" (u — ) 74422 -2 =0
And .
z' 3
u4 —|— E — 2U3Z/ —|— §u2Z/2+
1 3 1
—uZ"” 4270 — 3227 + 2wz’ — — 2"
2 2 4
—27Pu+ 2t -7 a2 2 =0
32 3 3 4
:u4—(§Z/ Yu? — 7' U—EZ/ +22—9y?=0
Or 5 5
(=32 = 32" = Zutal =yl =0 ()

And 7' = v — % leads to

Z Z Z
(v—§)4+2Z(v—5)3—2Z3(v—5)—Z4+y§—x?:0

17



A 3
4 3 2 72
+ 20°7 + —v* 47+
v 16 v 2?)

1 3 1
—51;23 + 2703 — 302 722% + 52}23 - ZZ4+

2734+ 7~ Z vy — a2l =0

)

3 3
= —(§Z2)v2 — 73— = Z v yP —a? =0

16
Or 3 3
(W =320 = 20 = 2o+ yf —af =0 (6)
We add (5) and (6), we have
(u? 22’2)2 + (v* - 222)2 - %(24 +2'") = 2% = 2% =0

Z/2 3 Z2 Z/4 Z4
e A (Z4+Z’4)—ZZ’3—Z3Z’—T+ —0

3
4

3

Z/2 2__
) 4

72 Z/2 22—{—Z’2 77 o 7 Z‘1 — + Z =0
74+ 7/ 2Z22/2 77'(7 7" — (7 —
4 1-}- 2ZQZ/Z /( 2 /2) _E( 4_|_ 2’4) ZZ/(22+Z/2) 0

9 9
=—o(Z'+ 7" + Z222’2 =0

29 _

:_Z2_Z/2

0

The solution is

2
Z?—7" =yi1—mip1=y—x=0

Another proof : we have

Tio1 — T VTiYi
[T + /T = —
‘ Vi VTl —\Ti  \Tic1 — T
_ 1 _ 1
N \/ﬂ _ \/L N \/\/l’i—l'f'yi—l !
TiYi TiYi VTiy; VYi
_ 1 _ VTiNYi
T Yty Yo W_ VZTi—1
Teidvi Tl T Y-l T I S i
VZiUi(Vrir T yic1)  VTiYivTio1 T Yol
= <
VTic1 tYi-1 — /Tic1 T YYit1
Because
Yi—1
VTi—1+ Yi1 — /Ti—1 - = Yir1

Vi1 Y1 + T

18



VYi

Vi1 = VYivVTic1 T ¥i1 > Vyiri(Vricr Fyior +V/Ti1) = (Wxic1 + yi—1+y/Ti—1)

Vi
And
VT ¥ YTt F Y1 > VT T Vi1 + /Tl
Because
\/Tyll Ti—1
Vi +yi = 4%1_’_%1_ +\/mi_1:+yi_1
And
m > Vi1t Y1+ VEio + yi_lﬂ
VZic1 +Yic1
We deduce
Yxi\/Yi 4/7 4/ 4/ .
o i S IR )
In the infinity

O0<vo—y< lim (Voo + V) =2ve—y < lim (Vovz+y) = Ve —y
1 o0 1 o0

And

Vi—y=2yr—y=0
Another proof : we have
r—y=Nr— Ve + Y =z —yi = Vi — Vui) VT + Vi)

VE— VI _ VTR
VEEVE - VEE

= lim (\/__\/—)
i—>00 \/_—|—\/—
_VE-VY VI—\y
VISV (Ve = V) (VE + V)
VZ -y
VIt Vy

\/\/E—\/ﬂ(\/(xf—\/?)(\/ﬂ\/z?)—\/w_i—@):

= \VE~ VEVE =5~ Vi~ VE) =
Or
r—y=20

Another proof. Let

1
Ty = QiTiy1 = Tip1l +/Tir1¥Yir1 = a; = 1+ 1/ 21'/1—"_1 =1+= Ui
i+

T

19



And

Tit+1 X
= bi¥%i+1 = Yit1 + VTig1Yir1 > b =1+ Hl_ g
Yi+1 Yi
Or o i
bi ZT;
And )
b, =1+ 2 -1 + Li
a; Yi
With
aib; = a; + b;
We have
T = bi/Tig1Yir1,  Yi = Gi/Tit1Yit1
But

4+a z(r+y)

a_y _d+b_ yly+w)
b =z
Y tyr, Y Hbya; a’+4b

= = — — —1
2 +axy; 2?2 +4axrey; bV Ha “

V2y? + bPyaz; + ay® + abysz; = a’x? + aPxay; + ba® + abray;
Yy, + ay® + ayz; = a’xy; + ba® + bay;
= ((a+ b))z + ay)y = ((a® + b)yi + bx)x
y  (a®+byi+br  a®+b

r (M +azitay bV +a
(a® 4+ b)(b? 4+ a)y; + b(b? + a)x = (a® + b)(V? + a)z; + a(a® + D)y
(a® + )1 + a)(z; — y;) = (a* + b)(* + a)(x — y) = b(b* + a)z — a(a® + b)y
_ (b2+a)2am— (a2+b)2b
a?+b b2 +a
(b2 +a)3 — (a® + b)?
(a® +b)(b* + a) )
(@® +0)*(0* + a)*(z —y) = (& + y)((0* + )’ — (a® +b)?)
= (z +y)(b* +a—a® = b)((b? +a)> + (a* + b)(b* + a) + (a® + b)?)
= (z +y)(b — a)(ab — )((t* + a)? + (b° + a)(a® + b) + (a® + b)?)
= (a+b)(z —y)(ab — 1)((0* + a)* + (b* + a)(a® + b) + (a* +b)?)
= (z = y)((ab — 1)ab((t* + a)? + (b° + a)(a® + b) + (a* +b)?)

= ax(

And if
(a® 4+ b)(b* + a)((a® + b)(b? 4 a) — ab(ab — 1)) = ab(ab — 1)((b* + a)? + (a® + b)?)

= (a®> + b)(b* + a)(b® + a® + 2ab)

20



It means
(a® + b)((b? + a)(a® + b® + 2ab) — 2ab(ab — 1))

= (b® + a)(2ab(ab — 1) — (a* + b)(a® + b> + 2ab))

Or
a((b* + a)(a® + b + 2ab) — 2ab(ab — 1))
—b

(2ab(ab — 1) — (a* + b)(a® + b* + 2ab))

And
(a® + b3 + 2ab) (ab® + a* + a®b + b?) — 2a*b*(ab — 1) = 0

= (a3 + b3 + 2ab) (a®b* + a® 4+ b?) — 2a*V*(ab— 1) = 0
= (a® + b% 4 2ab)(2a*V? — 2ab) — 2a*b*(ab — 1) =0
a® +b° +2ab — 2ab = 0 = a® + b°
And it is impossible ! Thus
r—y=0
Another proof : If x > y, we have

air; = by = Ti + i
2—a _yi 2—ai Y
bi—2_1‘7 b—2_$i

w @ w@-a)
rix — Yy bib—2b; —2b — a;a + 2a + 2a;
gy (2—a)2—a;)
_@—yrity@i—y)  @—y(@ity) (b —a)b+ai(b—a)+2(a —b) +2(a; — bi)
Yiy Yiy (2—a)(2—a)
~ (a; — b)(2 =b)+ (a—b)(2 —a;)
(2—a)(2—a;)

_ VEZirPi122((ai — bi)(2 — b) + (a — b)(2 — ai))
VI T2y2(2 — a)(2 — a;)
_ (= 2)2yTays — 2) + (y — 2)2y/Tis1Yit1 — vi)
(2y/T292 — ¥)(2\/Tit1Yit1 — Vi)
_ =) (V2 (V2 — VE2) = VUit (VTir1 — \/Yit1))
VU2(VZ2 = \Y2) Vi1 (/Ti1 — /Yit1)

—x 1 T; 1

= (- )(y\/yHl(\/:UHl — Vi) V(T2 - \/ﬁ)) = (= - y)(@ E)
Or
(z—y)( < _ i + . - 1 ) =0
T (VT — i) it + i) | V(T2 — Vi) T+ i)
= (x — y)(byQ(bi ~ 2y - byabiyit1 T (b—2)y B ;) =0

21



bim ZT; b 1 N
:(x_y)(yyi(bi_z) _%Jr (b—2)y _E) =0
(b — 20 — (b— 2)(bi — 2y + blbi — s — (b~ 2y(bi — 2)

B &~ 2utb -2 ) =0
And
(& )0~ 2) bz — (5~ D) + (0= 2) o — (6= 2)9)) =0
(@ D~ Dbl — ) +22) + (5~ 20l ~ ) +29)) =0
(@ )b~

2)(bi(y — wi) + 2x3) + (bi — 2)(=b(y — ;) +2y)) =0
= (z —y)((y — yi)(bi(b — 2) = b(b; — 2)) + 2(biy — 2y + ba; — 22;)) =0

=2(z —y)((y —yi) (0 —b;) + (bi(y — vi) + biyi — 2y + b(z; — ) + br — 22;)) =0
= 2(x—y)((y—y;) (b=bj+b;—b)+b;y; —2y+bxr—2x;) = 0 = 2(x—y)(x;+y;—2y+br—2x;)
= 2(a—y)(yi—2i—2y+bx) = 2(z—y)(~r—y+bzr) = 2(a—y)(~by+bz) = 2b(z—y)* = 0

It means that x can not be different of y and

z—y=0
Another proof : We have
aibiy1 _ i
biaip1 @
bit1+/@iy1bit1
Qit1 + \/Gi10it1

biv1Yive + 1/ air1biz1y2,
X . b2
Aip1Yi+2 T 4/ Git10i41Y7 o

_ Yi+1 + Git1y/Tit2Yit2
 (aiy1 — Dbiy1yive + tiv1y/Ti2bire
_ 2941 _ 2 b 1
(@ip1 — Dyit1 +yir1 @il
Thus
2 =ai1(bi — 1) = \/aip1bi1
Or

Jah =2 =0 = gy — 4= 2=V

TiYi
Another proof : If we make the hypothesis that x # y, Vo1 = p1,y1 = ¢1, Iry veri-
tying

=0

1 1 1
1 Q1 b1
And
Yy
T = =T
r—=Yy



Or

And

Let us pose

And

Also

So, we have

Or

And

With

(p1 — q1) integer

p1 integer

(1 —q)r1 =p@

pl(ﬁ - Ch) =T14q1

1491
g2 =71 —q1 = ——
b1

q(ri+p1) =rp

T1P1
p2=1r1+p1=——
q1

Paga =73

b1 =PpP2 —T1=DP2 — +/DP2G2

q1 =71 —Qq2 = —q2+ +/P2q2

wlzw:(pl—Q1):(\/p_—\/q_2)2

p1 = vp2(vP2 = Va2)

0 = Va2(VP2 = Va2)
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q1 integer

1Y1
= = VD292

1 —Uy

79 rational
Because
Vpa, go rational, Iry rational which verifies

Until infinity. For 4
(i — ¢i) = (Vpir1 — Vain)?

And p; — g; rational for 7 > 2

Pi = /Pit1(VPit1 — Vi+1)

p; rational for ¢ > 2

¢ = V8ir1(VPiv1 — Vi)

g; rational for i > 2

Pigi
ro= A~ g

Pi — 4G
r; rational for ¢ > 1 and also, of course

1 1 1

Tit1 di+1 Pi+1

Lemmaa The expressions of the sequences are

(i — @i) = (Vpir1 — Vain)?
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Prof of lemmaa We prove it by induction, we have

= VBB ~ VD) = Vs — 1)

NI

D2 =

Also

q2 =

The lemma is verified for i = 2. Let us suppose it verified for 4, from (5) and (6)

N

Pi = /Pit1(VPit1 — Vait1) = /Pis1(Pi — @)

Which means

Dit1 = p?(pz' - q@')fl

But the lemma is verified for 3, it leads us to

j=i—2 j=i—2

i j J_ i—1 i—1, _ j j

Pit1 = 562 H (xZJ _ yQJ) 2(562 _ y2 ) 1 H (xQJ _ yQJ)
j=0 j=0

I . ]
— 5621 H (xQJ _ yQJ)—l
j=0

The lemma is verified for i + 1, the proof is the same for ¢;, we deduce

(22 ) H (21 y(Qi))—l

And for ¢;
J=t—2
4 _y(T D) H (27) _ (23'))—1
But
bi _ i [Titl _ [Pitl
qi Yi Yi+1 qi+1
Or
Pi _ G
T Yi
Thus
PiYi = ;%
But, let
Di Yi T Yi 90? - y?
DiZi — qiY; = %xz(_ - _) = Qixz’(_ - _) = Qixz( )
a4 X Yi T LilYi
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We deduce
2
zi(pi — ¢i—) = yi(q — qiyi)
Yi
v qi(1—y) _ a(1-y) ¢(l-y) y(l—w)

yi pi — qix_Q pi—pizi  pi(l—z)  zi(l—x)

v
Thus 5
v _l-w
y;  l-ay
Or
wp — ) —yi ) =0=(x —y) (@i +yi — 2] — yi — 2y
And
z—y=0
Another proof : we have
22 22 : ) y? 2 : )
Xro = = xTr — = — xr —
2 Cﬂ+y $2—y2 Y), Y2 1E+y xz_yQ Yy
And 2 2 2 2
x Y Y
p2:£ﬂ—y_$2 Q(x_i—y)’ q2:$—y:£ﬂ2 2(3:+y)
But
223 293
+ zo)(x —y) = = 2xox, + r—y) = =2
(p2 + x2)(x — v) Tty P (@2 +y2)(x —y) Tty Y2y
And

(P2—@+z2—y)(z—y) =(+tytz—y)(z—y) =2z -y)
= 2wox — 2yoy = 2(x2 — y2)x + 2y2(x — y) = 2(z — y)(z + y2)
Hence, once again, = can not be different of y
2 —y)z+y2—2) =0=y2(x — y)

Another proof : we have

T+y = p2—q2 = p3+q3—2/P3G3 = Pa—qa—2/P3G3 = ... = P2k —q2k—2v/P343—2/P5q5— .- —2\/P2k—1q2k—1
= Pokt1 + Q2k+1 — 24/P343 — 24/D5G5 — ... — 24/D2k+192k+1
= pak — Qok + 2(p2 — p3) + 2(pa — p5) + ... + 2(P2r—2 — P2k—1)
= par — @2k — 2(g3 + q2) — 2(g5 + q4) + .. — 2(q2-1 + Gor—2)
= Pok+1 + Qak+1 + 2(p2 — p3) + 2(pa — p5) + ... + 2(P2k — P2k+1)
= Q2k+1 — P2k+1 T 22 — 2p3 + 2pa — 2ps5 + ... + 2pay;
= pok+1 + Qart1 — 2(q3 + q2) — 2(¢5 + q4) + .. — 2(q2r41 + G2r)
= —Q2k+1 T D2k+1 — 2G2 — 23 — 2q4 — 2¢5... — 2q2%,
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Thus

2pa +2q2 — 2p3 + 2q3 + 2ps + 2q4 — ... + 2p2g—2 + 2qop—2 — 2p2k—1 + 2q2-1 =0
And
2q9k-+1—2pok+1+2p2+2q2—2p3+2q3+2pa+2qs—... = 2pok—1+2qok—1+2p2k—2q2, = 0

= 2q0k+1—2P2k+112D2k — 22k = 2G2%+1—2D2k+1+2P2k+1+2q2k+1—4/DP2k+1G2k+1 = 0

P2k+1
= 4qop+1 — 4/P2k+1G2k+1 = 0 = 4qop+1(1 — 1)
q2k+1

Tk Yy
= 4qok+1(1 — —) = 4qap+41(
Yok Yok

) =0

And it is impossible, the initial hypothesis (z # y) is false ! There are too proofs,
the doubt is not allowed. Let us prove Beal conjecture, now ! This conjecture stipu-
lates that Beal equation 22 = 29%2 4 y**2 is impossible for a > 0 and b > 0 and
¢ > 0and z, y, z coprime. Let us prove that there are solutions only for abc = 0.

Proof of Beal conjecture

Beal equation is 2°t2 = 2%t2 4 y*+2, With z, y and z coprime and greater than
q Y P g

zero. z is odd and one of z and y is even. Let = odd. Let firstly b > a. We have

2(a151 + azS) = (a1 + a2)(S1 + S2) + (a1 — az)(S1 — S2)  (7)

But
22 a2 b2 ekl b
And (7)
2272+ y"72) = (@ + ) (@ + ") + (@ — ) (@ =y
If a =0, then

2:72 =2(2” + ") = (@ + y) (@ + ") + (@ —y) (@ — 1)

Our approach will end here (as we will see). For ¢ = 0
20+ = 2(22 — 29%2) = (z — 1) (2 + 2TV + (2 4+ ) (z — 22T))

THe calculus ends here. Thus, fora > 0, b > 0, ¢ > 0, with (7)

(045 + 57 = L@+ 526 +9) + @+ ) — )" — o)

S0P 4y = (@ + 9P )+ @ )@ - ) )
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Until a

o ()" ) = (@)™ )+ ) e o)
We add and simplify
222 4 yP*2)
= 2_1(1(96 + y)a-i-l(x + yb—a+1) F—y) m=a (@;_Ty)m(xa-l-l—m _ yb+1_m)))
m=0
If we multiply by 2¢
9utl(pat2 4 b2y _ gatl o2
=@+y) @+ + (x—y) mfj (207 (3 4 ) (0TI gyblmmy)
m=0

201 2¢2 is like (2 + y)* T (z + P~ + (2m + 1)(z — y), we deduce
2a+1zc+2 _ 2a+1(xa+2 + yb+2) _ (1_ + y)a—I—l(x + yb—a-i-l) + (2m + 1)(.%, . y)

But z, y and z are coprimes, z is odd and x or y is odd. Let x odd, thus y is even
and we will study the case a > b. But

227 — ") = (x — )@ + ") + (@ + y) (T =)

(@) ) = (@ + ) — )+ o) + 9 @ )

S0P o) = (e + 9P - ) ) + )P - )

2

Until a

s (@) () = () @) ) ) g )

We add and simplify

2(z7+2ypH2) = 2%(x_{_y)aJrl(x_ybfaJrl)_{_(x_y) m:a((ﬂf -;zl/)m (yr1m 4 gatiomy)y
m=0

We multiply by 2¢

20 (2912 —y"*2) = (a4y) T (a—y" )+ (2 —y) 3 2% ™ (@ 4 )" (YT 4 2t TT™)
m=0



We remember

m=a
2a+1(xa+2+yb+2) _ (x+y)“+1(m+yb_“+1)+(x—y) (2a—m(x + y)m(_yb+1—m + xa—l—l—m))
m=0
We deduce
m=a
202592 = 20 (x + y) " + 2(z — y) 207 (z + y) T
m=0
And
m=a
2a+2yb+2 — 2yb—a+1 (x + y)a+1 _ 2($ _ y) (2a—m(x + y)myb-i-l—m)
m=0
Thus
m=a
20 = (14 ) (2 - y) 3 (20 )t
m=0

=@ +y)* T+ (2 - y)(2%" + 2" Nz + y)a T+ L+ 2z + )+ (2 +y)?)
And

2a+1ya+1 _ (x + y)a—I—l _ (m _ y) (2a—m(x + y)mya—m)
m=0
We deduce
2a+1(xa+1 _ ya+1) _ (.%' _ y) (2a—m(x + y)m(xa—m + ya—m))
m=0
Or
m=2a
22a+1(1_2a+1 _ y2a+1) _ (.%' y) Z (22a m(x_i_y)m(an m +y2afm))
m=0
And
2a+1(axa+1_/8ya+1) — (a—ﬁ)(ﬂc+y)“+1+(x—y) (2a—m(x + y)m(axa—m + /Bya—m))
m=0
V(a, B), particularly o = z%, § = y*, thus
2a+1(x2a+1 _ y2a+1)

= (@ =y @+ T+ @—y) ) @@y (T ™))

m=0
And
22a+1(x2a+1 _ y2a+1)
m=a
=29 = )@+ )"+ (o —y) D QP 4 )" @ )
m=0
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m=2a

_ (w _ y) Z (22a7m(x + y)m(x2afm + y2afm))

m=0
And
2%(z" — y*)(z + y)*
m=a
_ (.%' - y)(z ((.%' + y)m(22afm)(x2afm + y2afm - (anfm + y2afm)))+
m=0
m=2a
Haemy) 3 @y @ )
m=a+1
m=2a
— (x _ y) Z (22a7m(x + y)m(anfm + y2a—m))
m=a+1
It means
m=2a
(xa — ") (z + y)aJrl — (x — ) Z (2afm(x + y)m(x2a7m + y2a—m))
m=a-+1
Or )
(@+y)" @ =y = S =)y
m=2a
= (m _ y)(x + y)a+2 Z (2a—m(x + y)m—a—Q(an—m + y2a—m))
m=a+2
1
— (1, + y)a+1§(_xya71 + yxafl + 7% — ya)
1 1
— (.%' + y)“+1xy§(x“_2 - ya—2) + (1_ + y)a-i—li(xa ya)
Thus
m=2a
wy(a® =y ?) = (z—y)(aty) Yo @4y @ 42— (20
m=a+2
m=2a
— @ yaty) Y @Iy T )
m=a-+2
m=2a
—(.%' _ y) Z (2a—m(1_ + y)m—a—l(an—m + y2a—m))
m=a-+1
1 m=2a
=—(@—y)5E Ty @ my) Y @@y @ )
m=a-+2
It means that
2a—2xy(xa—2 _ ya—Z)
m=2a
— —2a73($—y)(,Iail—{-yail)—{—(x—y) Z (22a727m(x _{_y)mfafl(x%tfm _}_y2afm))
m=a+2
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m=2a

= 20y (@ ey )y () D (2w )R g2

m=a+2
m=a—3
= (¢ —y)zy 27T @ Ay @ Ty )
m=0
m=a—3

= (z=y)zy(2" )@ Py )t a—yay(ety) Y @@+ (@ 4y )
m=1

Or
207 (@ = y)(ay (" +y ) + a4y T
m=2a
— @) Y @y R @ )
m=a-+2
m=a—3
—zy Z (2a737m (m + y)mfl(gva—?,—m + ya73fm)))
m=1
Thus
B =2z —y)(ay(=z"> +y* )+t y )
m=2a
= @R Y @ ) T )
m=a-+2
m=a—3
—zy > Qa4 y)" @ 4y ) = (2 - y) (e + ) A
m=1

B is of the form (z — y)(z + y)A, where A is an integer. Thus x + y divises the
expression B and it is impossible because = and y are coprime, but for a = 2! Let
a = 2, hence

2a72xy(xa72 o ya72) -0

m=2a
— _2a73(x_y)(xa71+yafl)_i_(x_y) Z (22a727m(x _i_y)mfafl(x%tfm +y2afm))
m=a+2
=27 (@ —y)e+y) +2@ -y @ +y) = ;(ﬂcQ ~ %)

And it is also impossible ! The case a > b is similar. We resume, Beal equation (or
Fermat-Catalan) is impossible for ¢ > 0 and b > 0 nd ¢ > 0 and z, y, z coprime
(212 = 2912 — y¥*2 is also impossible !). For abc = 0, we have

1™ 4 2% = 37
2° 4+ 7% =3
132+ 7 =2°
2" +17° =717

3%+ 114 = 1222
33% + 15490342 = 156133
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14143 + 2213459% = 65

9262% 4 15312283% = 1137

177 4+ 762713 = 21063928>

438 4 962223 = 300429072
Another application is

Ur=X"+X3?+ ..+ X"
X, X}, coprime Vj, k, j # k The conjecture that we propose is that there is no so-
lutuion for n > i(i — 1) and n; > i(i — 1), Vj € {1,2,...,i}. The approach is the
same than higher. If X;, (i > 2), n;, U, n, X1, Xo, ..., X; coprime and integers and
positive, then X, X, = 0, or X* = X;"* Va,b =1,2,...,1
np > (i — 1),Vk =1,2,....i,n > i(i — 1)

For the equation (e) which follows

XM+ X324+ .+ X =0"

whenn < i(i—1),n < i(i —1),k = 1,2,...,7 there are solutions, for example :
i = 2has

3’ +4% =5
1 = 3 hss
3 +4°+5° =6
And
95800% + 217519* + 414560* = 422481*
1+ = 4 has

27% 1+ 84° 4+ 110° + 133° = 144°

etc... We Suppose (e) verified and X}, coprime, k € {1,2,...,i};i > 2, effecti-
vely
T = U(i_l)nng

k=1,2..i
And
w=Um
And
v= X XD XD
Or

xpk =1,2,...1, u, v verify (8)
214y 4 ey = UM 4 XJ2 4 X = U =

And
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(9)
1 1 Ui(ifl)n u(ifl)

v XXX T gy Gnxre e Xl T pwy.

THe first terms of the sequences are

Tko = Tk
ug = u
Vo =V
And
g1 =xp(r1 2+ ...+ ;)0
k=1,2,..,i
Which implies
1 1 1
u=21+ T+ .t = () t T3+ +2fy) >ur > 1
And
1 (i-1)
Tpo = Tp = x,;l(xl +xo 4 ..+ xy)
11 1 L)
1 i 1 i 1—
=y (2f) + 25y + o+ 2y) > g1 >0
And L )
_ 21,022,0---L50 7 5 H _ T11%21-.-T41
V= D) = T{ Ty Ty > V1= =) >0

Uy
until infinity.
1 1 1
Uj =T1j+ Do+ o+ T = (T 1 + T3 540+ T3 40)" > U > 1

And 1 1 1 1 (i-1)
Y i i i i— .
Thj = kaH(ijH + @5 Tt xi,jﬂ) > g j41 > 0
And
k=1,2,..,i
And
_ ijxQ,j...xi,j _ 1 1 1 _ xl,j+1x2,j+1---xi,j+1
Ui = oy T TP T > Uikl = =1 >0
U Uit

Tk j, Vj, u; are positives Vj > 1, Vk = 1,2, ..., 1.

LemmaL (P)is the expression:

I=j—1
J -] -] -] (i
zhj = o ( ot 4 ah 4.+ al) 0D
=0
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Proof of lemma L by induction!For j = 1itis verified : see zj 1, u; and v, we
suppose (P) true, but with u; it means with (P), that
1 1 1 N
— [ [ 3 [ -
T =g i1 (@] jp 235400+ H Tl 500)

But

1 1 1 1

i1 = Thg(@] i 7 y-G-1)
wp iy = Tk (T g+ e )

And

1 1
R R 7 ToN—(i—1)i _ i ' , (-1
g1 = T (@] 255 et 0) U =g ( ae w) Y

I=j—1
= x}jﬂ J (:U’ll + a:g +...+ xﬁl)_i(i_l)(:ﬂ’f + :U’; +..+ x%j)_(i_l).
1=0
I=j—1
(xil + xg +...+ gcgl)(i*l)2
1=0
l=j
= x}j“ (:Ulll + a:g + ...+ xﬁl)f(ifl)
=0
Hence
1=j-1
Tpj = ¥ (lel + wg +..+ xﬁl)’("’l)
=0
The solution Vk > 2 is
Xg = Xm
for all k, m. Let
uw=U>"
r=U"X"*
n

Thus
u=x+y
And
1 1 1
_:_+_
z x oy

Llemma 1. Its solution is
U=X,=0Vke{l,2,..,i}

The conjecture is that generalized Fermat-Catalan equations have no solutions for
n > i(i — 1) and ny > i(i — 1). There does not exist an explicit formula for the
solutions : for some i, it is i, for other i + 1, but there are solutions in n < i(i — 1)
or ny; < i(i — 1). Why did we have proposed n <i(i — 1), ny, <i(i —1)? Let

n=mn,=1(i—1)
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The formula become

I=j—1
-5 -1 -l A (s
T = xy, ( H xy +ah + ...+ x)) (i-1)
1=0

I=j—1
=X (T O X ot X gt o X))~

l=j—
:Ui(z‘q)ilei(i—l)“( H (Uit 1)it i‘(i—l)il L4 yit-Dity Z(Z 1yt )~ =D

) I+1 +1

— U(i—l)z’HlX]gi—l)iHl( (U= X(’ DIttt D) l+1Xl(i—1)i’+1))f(z'71)

=0

— U(ifl)z'J-HX]ngl)zJ‘H (H (U(Zfl)Zlelfl)ll - U(Zil)ZlXi(Zil)zl))7(271)
=1

N
I
.

1

. . i— il i—1)2 i— Z'l —lyi—
(UZJ+1XZJ+ ( (U(Zfl)Zle 1) + ...+ U( 1 lXi( Y )) 1) '
1

-
I

It is the expression of xj, ;11 of the exponent ¢ — 1. If there are solutions for i — 1,
there will be solutions for (i — 1). It is not the case of i, because of the exponent
1 — 1 in the formula. Now, let

Ni+1 n;
Ty —xl +...—|—xi

We will prove now definitely that this equation is undecidable for some :. For
this, we will try to find an impossibility. Let

z =y +xp*
With z,,,, ), and z greater than zero. Let firstly ny > n,,. We have
2(&151 + QQS2) = (a1 + ag)(51 + Sz) + (a1 — ag)(Sl — Sz) (7)
But

nkfl
+ TETy,

z =2l +afk = ppain !

And (7)
2zl + k) = (T + zp) (2l 2R Y (@ — o) (@ — wZ’“_1>

If n,, — 1 =1, then

2z = (xp + xp)(@m + 2, 1)+(xm—xk)(ac — kT 1)
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Our approach will end here (as we will see). Thus, for n,,, — 1 > 1, with (7)

— 1 _ _ B B
(@) (@~ ) = S (@) (@ ) @b (o) (@~ =2 %)

1 _ _ 1 _ _ _ -
5 @meta) 2@l =242t ™) = o (meta) @l 242l ) () (@ =) (2~ —apt ™))

Until n,, — 2

1

W(l’m + xk)nm72(1'?n + I'Zkinm+2)

1

= %—72((xm+xk)”m*1(xm+xzk_"’”+1)+(xm+xk)”’”*2(xm—xk)(xm—xzk_"mﬂ))

We add and simplify

2z (T 4 )™ L (2 + xZ’“*"’”H)—i—

= Qnm—Q

m'=nm,m—2 /

('Im +x/€)m Ny —1—m/ ngp—1—m/
o=z 3 (EnE I rciom_ goionty)

If we multiply by Qnm—2

onm—l, — (xm + xk)"rl(xm + xzk_nm+1)+

m'=nm,—2
(T — zk) Z (27 =2 (g 4 g )™ (2 xzkflfm ))

m/=0

2z = ap) = (2 — ) (@~ 2T+ () (@ -t

_ _ 1 _ _ _
(emaon) ol ™ =) = 5 (o) (om0 (™ 282 oebarn ) 2= ~2)

1 _ 1 _ _ _ _
5 amtan) (@l 2 =2t ) = o (wmetan) (@m—oe) (52t (ometan)* (2 2 —apt ™))

Until n,,, — 2

1

S (@ )" R g, — )

m

= Qnm—_Q((xm+xk)nmf2(mm_mk)(mm_i_mzkfnnﬂrl)_i_(xm_i_xk)nmfl(xm_xzkfnmw%))
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We add and simplify

1 _
2ap —ap*) = i —2 (@m 4 2)"" (g — 2T+
m' =nm,m—2 ’
T + T 1 R T
D S e )}

We multiply by 2"m—2
onm=L(gnm _ )
m =nm,—2
= (@)™ =t )Y @ () @ T )
m/=0
We remember
2 @ + k)
m' =nm—2
= (mta)" @2y T ) ()Y (2772 (g 4 )™ (—apt T T g I)

m/=0

We deduce
m =nm—2

2 g = 2 (T +ag) "™ 2 — ) Z (27m =2 (g g™

m/=0
And

m' =nm,—2
2k = 20} )T 2w ) (20T (@ ) )

m’=0
Thus

m =nm—2

Qnm—lxz{n—l — (xm—i-xk)"m_l—i—(xm—mk) Z (Qnm—Z—m’(xm + xk)m’wzlm—Q—m’)
And
gnm—1 nm—1 _ (x +x Nm—1_ _ Nm—2—m/ m' | nm—2—m’

Hence

m/ =nm,—2

Qnmfl(mnmmq_xzm—l) = (Tn—1p) Z (2nm72fm’(xm _i_xk)m'(xnmmf?fm’ _i_m,Zm—Q—m’))

m/=0

And by the same process than for x = z,,,, y = x, N, = a+2, n, = b+2, we prove
that x;, = z,,,. We resume, generalized Fermat-Catalan equation is impossible for
n > 2 and ng > 2, it leads to x,, = z; for which the sequences have already
leaded ud.
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Some other exceptions For the equation
EU" = X" 4+Y"

for some k integers like 7, there are solutions, for others like 2, there are not. If

u= (kU™)?
x=kU"X"
y=kU"Y"
z=X"Y"
Thus
u=kU"(X"+Y")=z+y
1 kU™ w1 L !
z  kUMX"kUY™ 2y x oy
If
u:U2n
r=U"X"
y=U0"Y"
z=X"Y"
And U™ (X7 4 y7)
u=U"= k2 "k
And
1 U U x+y 1 1

2 UnXnUnYn ry  kry  kx * ky

Imcompatible equations !

Conclusion This approach of Fermat-Catalan equations allowed to make an
allusion to Matyasevich theorem and to generalize the Fermat-Catalan equations
to a new conjecture. We have proved that Beal equation has no solution for a > 0
and b > 0 and ¢ > 0 with z, y, z are coprime. There are solutions for abc = 0.

Références

[1] Darmon, H. and Granville, A. "On the Equations and ." Bull. London Math.
Soc. , 27, 513-543 (1995).

[2] Elkies, N. "The ABCs of Number Theory." Harvard Math. Rev. 1, 64-76 (2007).

[3] Mauldin, R. D. "A Generalization of Fermat’s Last Theorem : The Beal
Conjecture and Prize Problem." Not. Amer. Math. Soc. , 44, 1436-1437 (2003).

38



