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VARIOUS BOUNDARY CONDITIONS FOR NAVIER-STOKES
EQUATIONS IN BOUNDED LIPSCHITZ DOMAINS

SYLVIE MONNIAUX

LATP - UMR 6632, Faculté des Sciences de Saint-Jérome
Case Cour A, Université Paul Cézanne
13397 Marseille Cedex 20, France

ABSTRACT. We present here different boundary conditions for the Navier-
Stokes equations in bounded Lipschitz domains in R3, such as Dirichlet, Neu-
mann or Hodge boundary conditions. We first study the linear Stokes operator
associated to the boundary conditions. Then we show how the properties of
the operator lead to local solutions or global solutions for small initial data.

1. Introduction. The aim of this paper is to describe how to find solutions of the
Navier-Stokes equations

Ou—Au+Vr+(u-Viu = 0 in (0,T)xQ,
dive = 0 in (0,7)xQ, (1)
u(0) = wy in £,

in a bounded Lipschitz domain 2 C R3, and a time interval (0,7 (T' < o), for
initial data wug in a critical space, with one of the following boundary conditions on
o

e Dirichlet boundary conditions:
u =0, (2)
e Neumann boundary conditions:
ANVu) + (Vu) v —7v =0, e (-1,1], (3)
e Hodge boundary conditions:
v-u=0, andvxcurlu=0, 4)

where v(z) denotes the unit exterior normal vector on a point x € 9Q (defined
almost everywhere when 02 is a Lipschitz boundary). The strategy is to find a
functional setting in which the Fujita-Kato scheme applies, such as in their fun-
damental paper [4]. The paper is organized as follows. In Section 2, we define
the Dirichlet-Stokes operator and then show the existence of a local solution of the
system {(1),(2)} for initial values in a critical space in the L2-Stokes scale. In
Section 3, we adapt the previous proofs in the case of Neumann boundary con-
ditions, i.e., for the system {(1),(3)}. In Section 4, we study (a slightly mod-
ified version of) the system {(1),(4)} for initial conditions in the critical space
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{u € L3(Q;R3);divu = 0in Q,v-u =0 on GQ}. Finally, in Section 5, we discuss
some open problems related to this subject.

2. Dirichlet boundary conditions. For a more complete exposition of the results
in this section, as well as an extension to more general domains, the reader can refer
to [16] and [11]. The case where € is smooth was solved by Fujita and Kato in [4].
In [2], the case of bounded Lipschitz domains € was studied for initial data not in
a critical space.

2.1. The linear Dirichlet-Stokes operator. We start with a remark about L?
vector fields on €.

Remark 1. For Q C R? a bounded Lipschitz domain, let u € L?(2;R?) such that
divu € L*(;R). Then we can define v - u on 92 in the following weak sense in
H~2 (0 R): for ¢ € H(Q;R),

(u, Vo)o + (divu, d)o = (v - u, p)oq (5)
where ¢ = Trpa¢, the right hand-side of (5) depends only on ¢ on 92 and not on

the choice of ¢, its extension to Q. The notation (-,-)g is for the L?-scalar product
on F.

L
The space L%(2;R?) is equal to the orthogonal direct sum Hy & G where
Hy={ue L*(Q;R%);divu=01in Q,v-u =0 on 09} (6)
and G = VH(Q;R). This follows from the following theorem.

Theorem 2.1 (de Rham). Let T be a distribution in €>°(;R?) such that (T, ¢) =
0 for all p € €°([R3) with diveg = 0 in Q. Then there exists a distribution
S € €°(R) such that T = VS. Conversely, if T = V.S with S € €°(Q; R,
then (T, ¢) = 0 for all ¢ € €>°(Q;R3) with divp = 0 in Q.

Remark 2. In the case of a bounded Lipschitz domain Q C R3, the space Hy
coincides with the closure in L?(Q;R?) of the space of vector fields u € €>°(Q2; R?)
with divu =0 in Q.

We denote by J : Hy — L?(£2;R?) the canonical embedding and P : L?(£; R?) —
H, the orthogonal projection. It is clear that PJ = Id,. We define now the space
Vy = HY(;R3) N Hy. The embedding J restricted to Vy maps Vg to HE(Q;R3): we
denote it by Jy : Vg — H}(;R3). Its adjoint J§ =Py : H~1(Q;R?) — V] is then
an extension of the orthogonal projection P. We are now in the situation to define
the Dirichlet-Stokes operator.

Definition 2.2. The Dirichlet-Stokes operator is defined as being the associated
operator of the bilinear form
3
a:VagxVyg—-R, a(u,v)= Z<8iJ0U, 0;Jov).

i=1

Proposition 1. The Dirichlet-Stokes operator Ay is the part in Hy of the bounded
operator Ao q @ Vg — Vj defined by Agqu : Vg — R, (Ao,qu)(v) = a(u,v), and
satisfies

D(Aq) = {ueVyPi(-AD)Jou € Ha},
Agu = Pi(=AR)Jou u € D(Ay),
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where A denotes the weak vector-valued Dirichlet-Laplacian in L*(;R3). The
operator Aq is self-adjoint, invertible, —Aq generates an analytic semigroup of con-
1

tractions on Hq, D(AZ) = Vy and for all u € D(Ay), there exists m € L*(;R)
such that
JAqu =—-AJou+ Vr (7)

and D(Ag) admits the following description
={ueVyIare L>(QGR) : —AJyu+ Vr € Hy}.

Proof. By definition, for u € D(Ag), we have, for all v € Vg,

n

(Aqu,v) = =Y (9;Jou, 9;Jov)
j=1
= —Z H*1<3J2J0U7 J0U>Hg = H*1<<_A)JOU7JOU>H§
j=1

= VC{ <]P)1(—A)J0u,’0>vd.

The third equality comes from the deﬁnition of weak derivatives in L2, the fourth
equality comes from the fact that E L J = A. The last equality is due to the fact
that J) = P;. Therefore, Aju and IE”l( A)Jou are two linear forms which coincide
on Vg, they are then equal. So we proved here that Agq = P1(=A)Jy : Vg — V.
Moreover, the fact that u € D(Ag) implies that Agu is a linear form on Hy, so that
the linear form Py (—A)Jou, originally defined on Vy, extends to a linear form on
H, (since Vj is dense in Hy by de Rham’s theorem). The fact that A, is self-adjoint
and — Ay generates an analytic semigroup of contractions comes from the properties
of the form a: a is bilinlear7 symmetric, sectorial of angle 0, coercive on Vg x Vj.
The property that D(A2) = Vg is due to the fact that A, is self-adjoint, applying
a result by J.L.Lions [8, Théoréme 5.3].

To prove the last assertions of this proposition, let u € D(Ay). Then Aqu € Hy
and Py J(Aqu) = PJ(Aqu) = u. Moreover, if u € D(Aq4), u belongs, in particular,
to V. Therefore, Jou € H}(Q;R?) and (—A)Jou € H~1(Q;R3). We have then, the
equalities taking place in V},

Py (J(Aqu) — (=A)Jou) = P1J(Aqu) — P (—=A)Jou = Agu — Agu = 0.

By de Rham’s tNheorem, this implies that there exists p € €>°(Q;R)’ such that
J(Aqu) — (=A)Ju = Vp: Vp € H~1(Q;R3), which implies that p € L2(;R). O

The relations between the spaces and the operators are summarized in the fol-
lowing commutative diagram:

Vf\ S

AD,d‘f Hy, C—>J L2 (-Aa3)
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In the case of a bounded Lipschitz domain © C R3, we also have the following
3
property of D(Aj); see [11, Corollary 5.5].

3
Proposition 2. The domain of A] is continuously embedded into Wol’?’(Q;RS).

2.2. The nonlinear Dirichlet-Navier-Stokes equations. The system {(1), (2)}
is invariant under the scaling uy (t, z) = Au(\?t, A\x), (A\%t, \z) € (0,T) x Q (A > 0):
if u is a solution of {(1),(2)} in (0,7) x Q for the initial value ug, then uy is a
solution of {(1),(2)} in (0,4z) x 5 Q for the initial value = — Aug(Az).

We are interested in finding “mild” solutions of the system {(1),(2)} for initial
values ug in a critical space, in the same spirit as in [4].

1
Lemma 2.3. The space D(A]) is a critical space for the Navier-Stokes equations.

Proof. We have to prove that D(A(%) is invariant under the scaling uy(z) = Aug(Ax
for z € 1, A\ > 0. It suffices to check that |luy]2 = A\~%||ulls and |[Vuy2 =
A2||Vul|; and apply the fact that D(Ag) is the interpolation space (with coefficient
1) between Hy and Vg = D(AC%). O

For T > 0, define the space & by
1 3 1

ér = {u € 6,([0,T); D(A]));u(t) € D(A]),u'(t) € D(A}) for all ¢t € (0,T]

and sup ¥ Afu(tlz+ sup [tAfu (1) < oo

te(0,T) te(0,T)
endowed with the norm
1 3 1
lule, = sup [Agu(®)l2+ sup [l AJu(t)|2+ sup [[tAZw/(1)]2.
te(0,T) te(0,T) te(0,T)

The fact that & is a Banach space is straightforward. Assume now that u € &,
and that (Jou, p) (with p € L?(Q;R)) satisfy {(1), (2)} in H~*(;R?): indeed, every
term Vp, 9y Jou, —AJou and (Jou-V)Jou independently belong to H~1(Q; R3). We
can then apply Py to the equations and obtain

u'(t) + Aqu(t) = —P1 ((Jou - V) Jou)

since P1Vp = 0 and Py (—A)Jou = Agqu. We have then reduced the problem
{(1),(2)} into the abstract Cauchy problem

u’(t) + Ao,du(t) = P ((Jou . V)Jou)
’u,((]) = ug, UE (o@T,

(8)

for which a mild solution is given by the Duhamel formula: © = « + ¢(u, u), where
a(t) = ey, and

o(u,v)(t) = / e~ (t=9)4a (—%Pl((Jou(s) - V) Jov(s) + (Jov(s) - V)Jou(s))) ds.

0
The strategy to find u € & satisfying u = o + ¢(u,u) is to apply a fixed point
theorem. We have then to make sure that &7 is a “good” space for the problem, i.e.,
«a € & and ¢(u,u) € &p. The fact that o € & follows directly from the properties
of the Stokes operator A4 and the semigroup (e~*44);~.
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Proposition 3. The application ¢ : & X & — &Er is bilinear, continuous and
symmetric.

Proof. The fact that ¢ is bilinear and symmetric is immediate, once we have proved
that it is well-defined. For u,v € &7, let

f(t) = =3P1((Jou(t) - V) Jou(t) + (Jou(t) - V)Jou(t)), ¢ € (0,T). (9)
By the definition of & and Sobolev embeddings, it is easy to see that
(Jou(t) - V) Jou(t) + (Jov(t) - V) Jou(t) € L*(Q;R?)
and ,
[(Jou(t) - V) Jov(t) + (Jov(t) - V)Jou(t)]|, < Ct77 [[ullspl|v]ler
where C is a constant independent from ¢. Indeed, by Proposition 2, if u,v € &r,
then Vu, Vo € L3(Q, R3*3) with the estimates

IVu()||s <t72 ulle, and [[Vo(t)|s <t 2 |[v]lg, for all £ > 0.
Moreover, since D(Az) < L5(€; R3), we also have
lu(®)llo < % flulle, and fo(®)ls <% ||o]ls, for all £ > 0.
This, combined with the fact that L3 - LS — L2, gives the following estimate
£, < Ct~% Jull sy |lvlle, for all t > 0. (10)

Therefore, we have

1 t 1 3
[Ago(u,v)®)ll2 < /OIIAée_(t_s)Adllz<Hd>08_4HUIlnglvllgTds

IN

t P
o[ =945 tas) fules ol
0
and since fot(t —§)"is ids = fol(l — 5)"is™4 ds, we finally obtain the estimate

1A% 6 (u,v) ()2 < C lullsr V]l s (11)

1
The proof of the continuity of ¢t — AJ ¢(u,v)(t) on Hy is straightforward once we
have the estimate (11). The proof of the fact that

IVEAS 6w, 0)Dll2 < C uller [0l er (12)

1 3
is proved the same way, replacing A; by Aj and using the fact that

Bl

3
[Ade =94y, < C(t—s)”
and

t 1
/ (t—s)f%sfgds:tfé/ (175)7%57% ds.
0 0

It remains to prove the estimate on the derivative with respect to t of ¢(u,v)(t).
Let us rewrite f as defined in (9) as follows:

fls) = f%IFﬁV . (Jou(s) ® Jov(s) + Jov(s) ® Jou(s))

where u®v denotes the matrix (u;v;)1<; j<3 and V- acts on matrices M = (m; j)1<i j<3

the following way:
3
VoM = (Y omig)
; M) 1<
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For u,v € & and s € (0,T), we have
fiis) = -imv. (Ju’(s) ® Jou(s) + Jou(s) ® Ju'(s)
+ Jv'(8) @ Jou(s) + Jov(s) ® Ju’(s))
For all s € (0,T) we have
sillJu/(s) @ Jov(s)lla < sJu'(s)]slls ¥ Jov(s)]ls
s A3 ()llalls* AZ v(s)l>

[uller l[vllsr

ININ A

where the first inequality comes from the fact that L3 - L8 < L2, the second comes
1 1

from the Sobolev embeddings D(A}) — L3(Q;R?) and D(AZ) — L°(;R3) and

the third inequality follows directly from the definition of the space &p. Of course

the same occurs for the other three terms Jyu(s) ® Jv'(s), Jv'(s) ® Jou(s) and

Jov(s) ® Ju'(s). Therefore, since A, ? maps V] to Hy, we obtain
sup [|sTA, % f'(s)ll2 < cllulle, 0]l s, (13)
0<s<T
We have

— % —s5Aqg —$)d % —(t—s)Aq d 0.7
o) (t) / £t s>s+/0 e f(s)ds te(0,T).

and therefore
Slu,v) (1) = eféAdf(g)jL/o AfemsAiasdp(t - s)ds

t
—|—/2 —Age~ =344 £(5)ds,
0

which yields

t

2 1 1
si (t—s)%

511
vo( | === ds)lullsrvlsr
0 (t—5)4 S4

1
c z do
< 7(14—/ 7) U v ,
< ;04 gooyrer)lelelvle:

where we used the estimates (10), (13), and the fact that —A, generates a bounded
analytic semigroup, so that || AGe~t44|| 2(Hy) < Ct™. This last inequality together
with (11) and (12) ensure that ¢(u,v) € & whenever u,v € &p. O

N

[4fotw oy Ol < 517D, +e( /

s ) lullsr ol s

We conclude this section by applying Picard’s fixed point theorem (see e.g. [17,
Theorem A.1]) to obtain the following existence result for the system {(1),(2)}.

Theorem 2.4. Let Q C R3 be a bounded Lipschitz domain and let ug € D(Aj).
Let o and ¢ be defined as above.

1
(¢) If ||Ajuoll2 is small enough, then there exists a unique u € & solution of
u=a+ d(u,u).
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1
(i1) For all up € D(A]), there exists T > 0 and a unique v € &p solution of
u=a+¢(u,u).

1
Uniqueness in the larger space €;([0,7); D(A])) can be obtained, applying [15,
Theorem 1.1].

3. Neumann boundary conditions. In this section, we study the system {(1), (3) }
We will only survey the results proved in [14], the method to prove existence of so-
lutions being similar to what we done in Section 2.

3.1. The linear Neumann-Stokes operator. The boundary conditions (3) are
indexed by A € (—1,1]: if A =1, (3) becomes

T(u,m)v =0o0n (0,T) x 09, (14)
where T'(u,7) = Vu+ (Vu) " — 7ld denotes the stress tensor; if A = 0, (3) becomes
Oyu—7mv =0on (0,T) x 9. (15)

Before defining the Neumann-Stokes operator, we need the following integration by
parts formula.

Lemma 3.1. Let A € R, v,w : Q — R3, 7, p: Q — R sufficiently nice functions
defined on the Lipschitz domain Q C R3. Let Lyu = Au+ AV (divu) and define the
conormal derivative

) (u,m) = (Vu+ (Vu) ")y — v on Q. (16)
Then the following integration by parts formula hold
/(L;{u —Vn) - wdx = —/ [I\(Vu, Vw) — 7 divw] da
Q Q
+ [ 9)(u,T)-wdo (17)
o0

/(LAwpr)~udx+/[wdivwfpdivu] dx
Q Q

+ /{m [0 (u, ) - w — 0} (w, p) - u] do, (18)

where
3

INE Q) = Y (igGiy + M jGa)s  for &= (&i)<ij<s and ¢ = (Gij)i<ij<s.

i,j=1
Recall that Vu = (0;u;)1<i,j<3-

1
The space L?(£2;R?) admits the following orthogonal decomposition: H,, & G,
where Go = {Vm;7 € H}(Q;R)} and
H, = {ue L*(R?);divu = 0}. (19)
Following the steps of the previous section, we define V,, = H*(;R3) N H,, and
Jn o Hy — L2(Q;R3) the canonical embedding, P, = Jj, : L2(R3) — H, the
orthogonal projection, J,, : V,, — H'(£;R?) the restriction of J,, on V;, and J!, =
P, : (HY(Q;R3)) — V!, extension of P, to (H'(£;R3))". We can now define the
Neumann-Stokes operator.
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Definition 3.2. Let A € R. The Neumann-Stokes operator is defined as being the
associated operator of the bilinear form

ay: Vo xVy, =R, ay(u,v)= / I)\(anu,anv) dx
Q

In the case where A € (—1,1], the bilinear form ay is continuous, symmetric,
coercive and sectorial. So its associated operator is self-adjoint, invertible and the
negative generator of an analytic semigroup of contractions on H,,.

The following proposition is a consequence of the integration by parts formula
(17), [14, Theorem 6.8] and [8, Théoreme 5.3].

Proposition 4. Let A € (—1,1]. The Neumann-Stokes operator Ay is the part
in Hy, of the bounded operator Ag » : V, — V, defined by (Ao u)(v) = ax(u,v).

The operator Ay is self-adjoint, invertible, — Ay generates an analytic semigroup of
1

contractions on H,, D(A}) =V, and for all u € D(A)), there exists m € L*(; R)
such that )
J,Azu = —AJu+ V7 (20)
and D(Ay) admits the following description
D(Ay) = {u € Vp; 371 € LA(4R) : f = ~AJu+ V7 € Hy, and 9) (u,m); =0},

where 92 (u, )¢ is defined in a weak sense for all f € (H*(Q;R3)) by
(8{,\(u, 7T)f, w>39 = (Hy <f, \I/>H1 -+ / IA(anU, V\I’) dr — e <7T, div \I/>L2
Q
for ¥ € HY(Q) and ¢ = Troq V.

Remark 3. If f € (H'(S;R?)), the quantity 9, (u, ) exists in the Besov space
B*2(0Q;R?) = H~2 (99, R?) according to [14, Proposition 3.6].

2

Thanks to [14, Sections 9 & 10], we have a good description of the domain

of fractional powers of the Neumann-Stokes operator Ay. In particular, in [14,
Corollary 10.6] it was established that

D(A§ ) is continuously embedded into W'+ (Q; R?). (21)

3.2. The nonlinear Neumann-Navier-Stokes equations. The results in 3.1
allow us to prove a result similar to Theorem 2.4 for the system {(1),(3)}. As in

1
the previous section, it is not difficult to see that D(A}) < L3(Q;R?) is a critical

space for the system. For T' € (0, oo, following the definition of &7 in Section 2, we
define

7r = {ue @([0,T); D(AD));u(t) € D(A]),'(t) € D(AF) for all t € (0,7

3 1
and sup [tFATu(t))s+ sup HtAj\*u’(t)||2<oo}
te(0,T) te(0,T)

endowed with the norm

1 13 1
lull 7, = sup [[A{u(t)ll2 + sup [[t2AJu(t)|l2 + sup [[tAS'(t)]2.
te(0,T) te(0,T) te(0,T)

The same tools as in 2.2 apply, so we can prove the following result (see [14, Theo-
rem 11.3]).
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Theorem 3.3. Let Q C R? be a bounded Lipschitz domain and let ug € D(A%).
Let B and 1 be defined by

B(t) = e Mug, >0,

and for u,v € Fr and t € (0,T),

Y(u,v)(t) = /0 e AN (IP ) ((Tu(s) - V) Jpu(s) + Juv(s) - V) Jau(s)) ds.

1
1) If ||Afugl|2 is small enough, then there exists a unique u € F, solution o
A
1
(i1) For all ug € D(AY), there exists T > 0 and a unique u € Fr solution of

u=L0+(u,u).

A comment here may be necessary to link the solution u obtained in Theorem 3.3
and a solution of the system {(1), (3)}. If u € Fr, then v’ € H,, and (Ju-V)J,u €
L?(Q;R™). Moreover, if u satisfies the equation u = 3 + v(u,u), then u is a mild
solution of

Ayu=—u =Py ((Jnu - V)jnu) € H,.
Going further, we may write
JoP ((Jpu - V) Jpu) = (Jyu - V) Jpu — Vg
where g € H}(Q;R) satisfies
Aq = div (Jyu - V)Ju) € HH(Q;R™).
Therefore, we have by definition of Ay, there exists 7 € L?(2, R) such that
—AJpu+ V= Jy(Ayu) = —Jpu’ — (Jpu - V)Jau + Vg

and at the boundary, (u, 7) satisfies (3) in the weak sense as in Proposition 4. Since
q € H}(Q;R), (u, 7 — q) satisfies also (3). This proves that (u, 7 — ¢) is a solution
of the system {(1),(3)}.

The uniqueness is true in a larger space than .#7: for each ug € D(A%), there
is at most one u € %, ([0, T); D(A7)), mild solution of the system {(1),(3)}. For a
more precise statement, see [14, Theorem 11.8].

4. Hodge boundary conditions. Most of the results presented here are proved
thoroughly in [12] for the linear theory and [13] for the nonlinear system. We start
with the study of the linear Hodge-Laplacian on LP-spaces and then move to the
Hodge-Stokes operator before applying the properties of this operator to prove the
existence of mild solutions of the Hodge-Navier-Stokes system in L3.

4.1. The Hodge-Laplacian. Let H = L?({;R3) and
V= {u € H;curlu € H,divu € L*(;R) and v-u =0 on 8(2}.
We start by defining on V' x V the following form
b:VxV—-R, buv)= (curlu,curlv) 4+ (divu,divv),

where (-, -) denotes either the scalar or the vector-valued L?-pairing.
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Remark 4. Contrary to the case of smooth bounded domains (with a ¢! bound-
ary), the space V is not contained in H'(2; R?). The Sobolev embedding associated
to the space V is as follows: V < Hz(Q;R3) with the estimate

lull,3 < C[llullz + lleurlullz + [[divulz], we V; (22)
see for instance [10].
Proposition 5. The Hodge-Laplacian operator B, defined as the associated opera-
tor in H of the form b, satisfies
D(B) = {ueV;Vdivu e H,curlcurlu € H and v x curlu =0 on 9Q}

Bu = —Au, wueD(B).

Since the form b is continuous, bilinear, symmetric, coercive and sectorial, the
operator —B generates an analytic semigroup of contractions on H, B is self-adjoint
and D(B2) = V.

Remark 5. As in Remark 1 for a bounded Lipschitz domain Q and a vector field
w € H satisfying curlw € H, we can define v X w on 952 in the following weak sense
in H-2 (9 R3): for ¢ € H'(Q;R3),

(curlw, @pYq — (w, curld)g = (Vv X w, d)sq (23)

where ¢ = Trya¢@, the right hand-side of (23) depends only on ¢ on 92 and not on
the choice of ¢, its extension to ).

To prove that B extends to LP-spaces, we prove that its resolvent admits L? — L2
off-diagonal estimates. This was proved in [12, Section 6]

Proposition 6. There exist two constants C,c > 0 such that for any open sets
E,F C Q such that dist (E, F) > 0 and for allt >0, f € H and

u=(Id+t*B) " (xrf),
we have

dist (E,F)

Ixeullz + tlxedivulls + txpcurlulls < Ce™ ¢ |Ixrfll2. (24)

Proof. We start by choosing a smooth cut-off function ¢ : R? — R satisfying & = 1

on E, £ =0on F and ||V < W We then define n = e®¢ where o > 0 is

to be chosen later. Next, we take the scalar product of the equation
u—t*Au=xpf, uecD(B)
with the function v = n?u. Since n = 1 on F and |julla < |[xrf]2, it is easy to
check then that
lrull3 + ¢2[Indiv |3 + [ ncurl |3
< Ixrfl3 + 20l VEoot? [nullz (|lndiv ullz + [[neurlullz)

and therefore, using the estimate on [|[V¢||o and choosing o = %, we obtain

lrull + ¢%|lndiv |3 + 2 [ncurl w3 < 2[)xr f]3.
Using now the fact that n = e® on E, we finally get

dist (E,F)

Ixzull2 + tlxedivulls + txzeurluly < V2e™ ™ 3 ||xpf2,
which gives (24) with C = v/2 and ¢ = - O
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With a slight modification of the proof, we can show that for all § € (0,)
there exist two constants C, ¢ > 0 such that for any open sets E, F' C ) such that
dist (E, F) > 0 and for all z € ¥,_g = {w € C\ {0};|argz| <7 — 6}, f € H and

u=(zId+ B)~' (xrf),
we have
1 . 1 —cdis z B
|zllIxmull2 + |21% [Ixpdiv ulls + 2|2 |[xpeurlully < C eI EDER Iy fllo. (25)
With that in hand and the Sobolev embedding (22), together with the rescaled
Sobolev inequality

R | xpulls < O(|lxpullz + Rllxpdivulz + R||xpcurlul2) (26)

where R = diam E, we can prove that, choosing £ = QN B(xz, |z|~2) and F; =
an (B(x72j+1|z\_%) \ B(;v,2j|z|_%)) forxeQand jeN:

|2llxeulls < Clz7% e £]l2 (27)
where f; = xr, f.
Proposition 7. There exists a constant C' > 0 such that for all f € L?>(Q;R3) N
L3(4R?), 2 € X, g, the following estimate holds:
2/[|(z1d + B) " fls < C||fll5- (28)

Proof. For x € Q and r > 0, denote by Bq(z,r) the ball centered in « with radius
r intersected with Q. Let u = (2Id + B)™'f. For z € Q, let f; = xp, [ for
F; = Bo(z,2%12|72) \ Bq(z,27]z|"2) and u; = (2Id + B)~'f;. From (27) and
Fubini’s theorem, keeping in mind that a Lipschitz domain in R" is a n-set in the
terminology of [7] (which means that balls centered in Q with radius r intersected
with © have a volume equivalent to ™), we have

lllulls < C|z|{/ﬂ(|39(%t)|1/39(“&) ) ) ]
i pore) ]
: C[/gzgiocecyﬁ('fgﬂ@ﬂw [ R )Y ]
< C(ie‘“”ﬁ)|M<|f|2>||§gm;m
< A

where we used the notation ¢ = |z|_% and M denotes the Hardy-Littlewood maximal
operator (which is bounded on L? for all p € (1,00)). O
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Corollary 1. The semigroup (eftB)tZO extends to a bounded analytic semigroup
on LP(;R®) forp € [3,3].

Proof. For p = 3, this comes directly from Proposition 7. We obtain the result for
all p € [2,3] by interpolation and for all p € [%, 2] by duality (since the operator B
is self-adjoint). O

We can actually prove that the semigroup (e=*5);> extends to a bounded ana-
lytic semigroup on LP(Q; R?) for p in an interval containing [g, 6]. In an open interval
(pa, ga) containing [g, 3], the negative generator B,, of this semigroup satisfies

D(B,) = {ueLP(R?);divu € W'P(Q;R?), curlu € LP(Q;R?),
curlcurlu € LP(Q;R?),v-u =0 and v x curlu = 0 on 90}
Byu = —Au, ue€ D(B,).

To obtain estimates in LP for p > 3, the method is in the same spirit as what we
have just done, combined with a bootstrap argument and regularity results for B.
For a complete proof, the reader may refer to [12, Section 5].

4.2. The nonlinear Hodge-Navier-Stokes equations. Granted that u is a suf-
ficiently smooth vector field, we have the following identification

(u-V)u=31V[u*+u x curlu.

That is, replacing 7 in (1) by 7 + [u|?, the system {(1),(4)} reads

Ou—Au+Vr+uxcurlu = 0 in (0,7T)x€Q,
dive = 0 in (0,7)xQ,
w(0) = w in Q, (29)
v-u = 0 on (0,7)x09Q,
vxcurlu = 0 on (0,7) x9N

Before trying to solve this system, we need some facts about the Hodge-Stokes
operator. In [3], it was proved that the orthogonal projection P defined in Section 2
on L?(£; R?) extends to a bounded projection on LP(£2;R?) for p in an open interval
(pa, q) containing [2,3]; denote it by P,. In [12, Lemma 3.7], it was proved that
P, and B,, the Hodge-Laplacian in L?(Q; R®) commute on D(B,). This allows us
to define the Hodge-Stokes operator A, on

H, = {u € LP(;R3);divu =0in ©Q, and v-u =0 on BQ}.

The results we proved for the Hodge-Laplacian naturally extend to the Hodge-Stokes
operator as stated in the following theorem.

Theorem 4.1. Let p € (pa,qa). The Hodge-Stokes operator A, defined on Hy, by
D(4,) = {u€ Hyjcurlu € LP(R?), curl curlu € LP (€ R?)

and v x curlu = 0 on 6‘9}

Apu = -PyAu = —Au, uwe D(4,)
is the negative generator of a bounded analytic semigroup on H, defined by
e Aoy =P BPry = e PPy = e Pru,  u e H,
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Moreover, this semigroup satisfies the uniform estimate

igg(HBﬁAPHﬂHm + IVteurle™ |2, 1) (30)
+ ||tcurlcurleftAp||g(Hp7Lp)) < 0.

We now rewrite the nonlinear Hodge-Navier-Stokes system for initial data in the
ciritical space H3 in the abstract form

u'(t) + Apu(t) + Py (u(t) x curlu(t)) =0, wug € H, (31)

for p to be determined. The idea to solve (31) is to apply the same method as
in Sections 2& 3. To do so, we need a regularizing property of the Hodge-Stokes
semigroup, which was proved in [13, Theorem 3.1 and Theorem 4.1]: the Hodge-
Stokes semigroup satisfies the estimate

sup(||t%eftAp||g(Hp,Lq) + HtHTacurle*tApHg(Hp,Lq)) < 00 (32)
>0
whenever p € (pa, ga), ¢ € (p, o) with % -¢= % for some « € (0,1). The proof of

this results relies on the possibility to find an “inverse of the curl” modulo gradient
vectors and uses results proved in [9].

With these properties of the Hodge-Stokes semigroup in hand, the following
existence result for (31) is almost immediate. For T' € (0, 00|, we define the space
“r by

Gp = {u € ([0, T), Hs) NC((0,T), H11e)); curlu € €((0,T), L3 (9, R?)

with sup_(I|s705 u(s) ls(r o) + V5 curlu(s)lls) < oo}
o<t<T

endowed with the norm

lullg, = sup ([luls)llslls? 7 uls) 314 + [Iv's curlu(s)lls),
0<t<T

where € > 0 is such that 3(1 + ¢) < ¢q.

Theorem 4.2. Let 2 C R3 be a bounded Lipschitz domain and let ug € Hs. Let y
and ® be defined by

y(t) = e Hrug, >0,
and for u,v € 9r, and t € (0,T),

O(u,v)(t) = /0 e 94 (—%P%)((u(s) x curlv(s) + v(s) x curlu(s)) ds.

(3) If |luolls is small enough, then there exists a unique u € Yoo solution of u =
v+ @(u,u).

(i1) For all ug € Hs, there exists T > 0 and a unique u € 9y solution of u =
v+ D(u,u).

For a complete proof of this theorem, we refer to [13, Section 5].

5. Remarks and open problems.
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5.1. Comparison between the boundary conditions. The boundary condi-
tions (2), (3) and (4) can be decomposed, for sufficiently regular vector fields u,
into their normal part and their tangential part as follows

(7) (2) becomes
v-u=0 and vxu=0 ondQ, (33)

(#4) (3) becomes
v [(Vu+Vu ] =n and [(Vu+Vu Wiwn =0 ondQif A\=1, (34)
(#i1) the Navier’s slip boundary conditions read
vou=0 and [(Vu+Vu' )|, =0 on 09, (35)

(v) (4) is already decomposed into its normal part v - u = 0 and its tangential
part v - curlu = 0 on 0f2.

It is common to identify the Navier’s slip boundary conditions (35) with the Hodge
boundary conditions (4). This is true only on flat parts of the boundary. In the
case of a €% domain , it can be proved that (35) and (4) differ only by a zero-order
term. For more informations on this subject, the interested reader could refer to
[13, Section 2].

5.2. Open problems. In the case of a smooth bounded domain in R”, it was
proved by Y. Giga and T. Miyakawa in [6] that the Dirichlet-Navier-Stokes system
admits a local mild solution for initial values in L™ (critical space for the system in
dimension n). Their method relies on the fact that the Dirichlet-Stokes operator,
as defined in Section 2, extends to all LP spaces and is the negative generator of
an analytic semigroup there, which was proved in [5]. The situation in Lipschitz
domains is different. For instance, P. Deuring provided in [1] an example of a do-
main with one conical singularity such that the Dirichlet-Stokes semigroup does not
extend to an analytic semigroup in LP for p large (or p small), away from 2.

As already mentioned, E. Fabes, O. Mendez and M. Mitrea proved in [3] that the
orthogonal projection P defined in Section 2 on L?();R?) extends to a bounded
projection on LP(Q;R?) for p in an open interval containing [3,3] (if Q is ¢,
then this interval is (1,00)). This led M. Taylor in [18] to formulate the conjecture
that the Dirichlet-Stokes semigroup defined originally on H; extends to an analytic
semigroup on LP for p in the same interval as in [3].

Remark 6. This conjecture is actually true when, instead of considering Dirichlet
boundary conditions, we consider Hodge boundary conditions, as proved in Sec-
tion 4.

In the same paper [3], the authors proved that the orthogonal projection P,
defined in Section 3 on L?(£2; R?) also extends to a bounded projection on LP(£2; R?)
for p in the same open interval containing [%, 3} . This leads to the conjecture similar
to Taylor’s that the Neumann-Stokes semigroup defined originally on H,, extends
to an analytic semigroup on LP for p in the same interval.

As for now, no positive result is known in LP for p # 2 for these two conjectures.
To apply the Fujita-Kato scheme as in Sections 2& 3, proving that the Stokes
semigroup extends to an analytic semigroup in L3 seems to be the first step to
obtain mild solutions of the Navier-Stokes system with either Dirichlet or Neumann
boundary conditions.
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