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General Dyson-Schwinger equations and systems
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ABSTRACT. We classify combinatorial Dyson-Schwinger equations giving a Hopf subalgebra
of the Hopf algebra of Feynman graphs of the considered Quantum Field Theory. We first treat
single equations with an arbitrary number (eventually infinite) of insertion operators. we distin-
guish two cases; in the first one, the Hopf subalgebra generated by the solution is isomorphic to
the Faa di Bruno Hopf algebra or to the Hopf algebra of symmetric functions; in the second case,
we obtain the dual of the enveloping algebra of a particular associative algebra (seen as a Lie
algebra). We also treat systems with an arbitrary finite number of equations, with an arbitrary

number of insertion operators, with at least one of degree 1 in each equation.
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Introduction

Dyson-Schwinger equations are considered in Quantum Field Theory in order to compute the
Green functions of the theory as series in the coupling constant. More precisely, one considers
a family of graphs, namely the Feynman diagrams. These graphs are organised in a graded,
connected Hopf algebra; the gradation is given by the number of loops of the graphs. For any
primitive Feynman diagram -, one constructs an insertion operator B, on this Hopf algebra, and
thse operators are used to define a system of combinatorial equations satisfied by the expansion
of the Green functions seen as series in Feynman graphs.

Let us give an example. In QED, we consider three series in Feynman graphs, here denoted
by '»4 , =@ and ~@~ , according to the external structure of the graph appearing in

these series. These series satisfy the following system [19]:

(1+,\_Q( )1+2)
{ v

S (1—~~ )2O)(1 —sm )V
2
-0 = B m ,
Q (1-~e~ )2

(1+ )?
~~ = B

+Glp \(1-~o~ )(1-»> )

The sum in the first equations run over the set of primitive Feynman graphs with the required
external structure.

Such a system has a unique solution. The homogeneous components of this solution generates
a subalgebra of the Hopf algebra of Feynman graphs. An important problem is to know if this
subalgebra is Hopf or not; if the answer is affirmative, the next question is to describe this Hopf
subalgebra and to relate it to already known objects. This problem has been answered in the
case of a single equation with a unique insertion operator in [5, 7], and in the case of systems
with a unique insertion operator in each equation in [6, 8]. These result does not answer the
question for the example described earlier, as an infinite number of insertion operators appears
in the first equation. The aim of the present paper is to give an answer in the general case.

The key point is the fact that, as explained in |2, 4, 13, 14], at least in a convenient quotient
of the Hopf algebra of Feynman graphs, the insertion operators satisfy the following 1-cocycle
equation: for all x,

Ao By(z) = By(z) ® 1+ (Id ® By) o A(z).

This allows to replace Feynman graphs by decorated rooted trees and insertion operators by
grafting operators, with the help of the universal property of the Connes-Kreimer Hopf algebra
of rooted trees ’Hé i (theorem 1). For example, for the preceding system, we work with trees
decorated by the set J = {(1,k) | £ > 1} U{2,3}. Any element j of J gives rise to a grafting
operator Bj, consisting of grafting the differents trees of a rooted forest decorated by J on a
common root decorated by j. Using the universal property, we can now consider the system



defined on Hé K

"o ZB@m((l_@)k(l_m)% |

k>1

)

(1—1‘3)2 )
. (14—1‘1)
| = B ((1—m2><1—x3>>'

Here are the first terms of the solution:

r1 = o(1,1)+31&8 + 1%1,1) + 1?1,1) + e (1,2)
1,1 2 3 1,1) 3 (1,1) 2 3
+d@§+ﬁ&ﬂ+d&8+ﬂau+%@+4%@+2%M+2%@
+35IOVE L 46 UUNE L+ VE ) 4 27V + 3PV

+3IE%Z%3 +5IHZ%3 +21%1,2) + 1?1,2) + o(1,3)+

Ty = .o+ 2180 413
1,1 2 3 (1,1) 2 3
I E NP SRV S VML R S Y
R AT VAR S I LT

T3 = .3 +21800 413 413
1,1 2 3 (1,1) 2 3
oty odfoop bl ol B 1 B
+(1,1)\/3(1,1)_i_2(1,1)\/-32 +2(1,1)\/-33 +2v32 +2\/33+3\/33+2151’2)+.“

The degree of the decorations (1,1), 2 and 3 is 1, the degree of the decoration (1,2) is 2 and the
degree of the decoration (1,3) is 3. The universal property allows to construct a Hopf algebra

morphism sending x1 to «4 , To to =@  and x3 to ~@~

Up to a simplification of the hypotheses (see section 2.2), we can now consider without loss
of generality systems of the form:

(8): Vi€ Lay =Y By (/" @k eD),

Jj€J;
defined on the Hopf algebra Hé x> the set J being of the form |_| J;, where [ is a finite set and
i€l
for all i € I, J; € N*; the f(%7) are formal series. The grafting operator B; j) appearing in this
system is homogeneous of degree j.

We treat in the third section of this text the case of a single equation, that is to say when
|I| = 1. We obtain two possibilities (theorem 12):

1. There exists A, u € K, such that the equation has the form:

T = ZBj((l — pz)Q(z)"),

jed

where Q(z) = (1 — pa) MM if u # 0 and Q(z) = e if pu = 0.



2. There exists m > 1 and o € K such that the equation has the form:

r=Y Bi(l+az)+ Y Bj(l)
jeJ jeJ
mlj mf j

We prove that such an equation indeed give a Hopf subalgebra H gy, and give a description
of H(s) in the fourth section. By the Cartier-Quillen-Milnor-Moore theorem [1, 15], it is the dual
of an enveloping algebra, and it turns out that the underlying Lie algebra g has a complementary
structure: it is pre-Lie, that is to say there is a (not necessarily associative) product o, satisfying
for all z,y, 2z € g:

(zoy)oz—wo(yoz)=(yox)oz—yo(roz).

The Lie bracket is the antisymmetrization of o. This pre-Lie algebra has a basis (e;);>1 (if in
the equation appears a grafting operator of degree 1; if not, the set of indices can be strictly
included in N*). In the first case, the pre-Lie product is given by e;oe; = (Aj — p)esqj. If A # 0,
this is isomorphic as a Lie algebra to the Faa di Bruno Lie algebra (corollary 20). Hence, the
Hopf subalgebra generated by the solution of the equation is isomorphic to the Faa di Bruno
Hopf algebra, that is to say the coordinate ring of the group of formal diffeomorphisms tangent
to the identity at 0. If A = 0, g is abelian, and the Hopf subalgebra generated by the solution
is isomorphic to the Hopf algebra of symmetric functions. In the second case, o is associative,
given by e; o e; = ae;4; if j is a multiple of m and 0 otherwise (proposition 21).

We treat the case of systems in the last section. We assume here that in any equation of
the system we consider, a grafting operator homogeneous of degree 1 appears. Then the formal
series of the system are entirely determined by the formal series correponding to these grafting
operators of degree 1. By the classification for Dyson-Schwinger systems with a single operator by
equation obtained in [6], we can obtain two types of systems, called fundamental and quasicyclic
. The description of the other formal series is done in theorem 23 and proposition 25.

Here is a typical example of a fundamental system (see corollary 24): here, I = Iy Ll Jy U Ky,

and:
4,
v = Y Bug | (1—=B8w) [[(1 =Bz 7 " [[0—=2)7], ifiel,
9€Ji j€lo j€Jo
_Hh,
2 = Y Bug | (—2) [JT -8z % " J[(1—=)"7| ifie,
q€J; Jj€loy P
_46
v o= Y Bug | [[-8z) 7 "[[A-2)"| if j € Ko.
qeJ; j€l jedo

Here is a typical example of a quasi-cyclic system: I = Z/NZ, and for all i € I

rp= Y Bj(l+ a7
jEJ?

Notations. Let K be a field of characteristic zero. Any vector space, algebra, Hopf algebra,
Lie algebra. . . of this text will be taken over K.

Acknowledgements. The author would like to thank Karen Yeats and the Simon Fraser
University for their hospitality in june 2011.



1 Recalls

1.1 Hopf algebras of decorated trees

Let J be a nonempty set. A rooted tree decorated by J is a couple (t,d), where t is a rooted tree,
that is to say a connected finite graph without loop, with a special vertex called the root, and d
is a map from the set of vertices of ¢ into J. For example, here are the decorated rooted trees
with k& < 4 vertices (the root is the vertex at the bottom of the graph):

s @ €J, 12, (a,b) € J%; "= (a b o) e T

npa e - zg/ad :d\}az, Cyzd :dy{, {
The Hopf algebra Hé 5 of rooted trees decorated by J [4, 13] is, as an algebra, freely generated
by the set of these trees. As a consequence, a basis of ’Hé x 1s given by the set of monomials

in these trees, which are called rooted forests decorated by J. For example, here are the rooted
forests with k < 3 vertices:

ISASHITR S

, (a,b,c,d) € J4

1, ,.a,(ZGJ, IZ, .a.b:.b.a,(a,b)GJQ,

b b1
eqgebec — sasceb — ... — ecebea, .aIi = I(C;.a, \/ac :c\fa y IZ, (a,b,C) €J3

Let t be a rooted tree decorated by J. An admissible cut of t is a nonempty choice ¢ of edges
of ¢ such that any path in ¢ from the root to ¢ to a leaf meets at most one edge in c¢. Deleting
these edges, t becomes a forest W€(t). One of the trees of this forest contains the root of ¢: it
will be denoted by R¢(t). The product of the other trees of W€(t) is denoted by P¢(t). The
coproduct of Hé i is then defined for all tree ¢ by:

Ay =t@1+10t+ > PE(t) ® R°(t).

¢ admissible cut of ¢
Here is an example of coproduct:

at

A("L/;):”R/f ®1+1®”k/d° F 1 @15+ @V e ®IE 41800 ® et teaee ® 10

Forall j € J, let B; : Hé K — Hé - sending a forest decorated by J to the tree obtained by
1
grafting the trees of this forest on a common root decorated by j. For example, Bj(., 1} ) = k\}f .
It is proved in [4] (in the non decorated version) that for all j € J, for all x € HZ .,

Ao Bj(z) = Bj(z) ® 1+ (Id® B;) o Ax).

In other words, B; is a 1-cocycle for the Cartier-Quillen cohomology. Moreover, the following
universal property is satisfied:

Theorem 1 Let A be a Hopf algebra and for all j € J, let Lj : A — A be a 1-cocycle
of A. There exists a unique Hopf algebra morphism ¢ : HéK — A such that for all j € J,
¢ 9} Bj = Lj e} gb

1.2 Gradation and graded dual

We now assume that J is a graded, connected set, that is to say J is given a map deg : J — N*.
for any j € J, deg(j) will be called the degree of j. In this case, ’HéK becomes a graded Hopf
algebra, the decorated forests being homogeneous of the degree given by the sum of the degrees
of their decorations. For this gradation, B; si homogeneous of the same degree as j.



Let us consider a (convenient quotient of a) Hopf algebra H of Feynman graphs and let
(74)jes be a family of primitive Feynman graphs of H. We give a gradation to J by putting
j € J of degree the number of loops of ;. By the universal property, there exists a unique
Hopf algebra morphism ¢ from ’HéK to H, such that ¢ o B; = B,, o ¢ for all j € J. Tt is not
difficult to show that this morphism is homogeneous of degree 0. As a consequence, it is possible
to lift any systems of Dyson-Schwinger equations using the insertion operators B, to a system
of Dyson-Schwinger equations in %é i using the operators B;. Hence, ¢ sends the homogeneous
components of the solution of these equations in Hé i to the homogeneous components of the
solution in H. Consequently, if these components generate a Hopf subalgebra of %é i 1t is also
the case in H.

If for all n > 1, the number of elements of J of degree n is finite, then the homogeneous
components of HéK are finite-dimensional. So the graded dual (’HéK)* of ’HéK is also a Hopf
algebra. As (Hé )" is graded, connected, commutative, (HéK)* is graded, connected, cocom-
mutative. By the Cartier-Quillen-Milnor-Moore theorem, it is the enveloping algebra of a certain
Lie algebra gé - To any rooted tree ¢ decorated by J, we associate a linear form on Hé K also
denoted by t by (t, F)) = s:0; p for any rooted forest F' decorated by J, where s; is the number
of symmetries of ¢t. Then the set of rooted trees decorated by J becomes a basis of géK. By
similarity with the non-decorated situation of [4], the bracket of gé K 1s given by:

[t,t] = Z grafting of ¢ over ¢/ — Z graftings of ¢’ over t.
This bracket is the antisymmetrization of the product defined by:

tot = Z grafting of ¢ over t’

a'

For example, ., o “V,* = “V¢ + ck/bd —|—C\}bd. This product is not associative, but is (left) pre-Lie,
that is to say, for all z,y, 2z € géK:

(xoy)oz—wo(yoz)=(yox)oz—yo(roz).

By the results of [3], 9({“1{ is the free pre-Lie algebra generated by the .;’s, j € J. For more
details on the Hopf algebra (Hé )", see section 4.

Remark. The solutions of Dyson-Schwinger equations are not elements of Hé x: we have to
complete this space, in the following sense. We consider the case where J is a graded, connected
set, in such a way that ’Hé x 1s a graded, connected Hopf algebra. The valuation val on ’Hé e
associated to this gradation induces a distance on Hé i defined by d(z,y) = 9-val(z=y)  The
space %é i 1s not complete for this distance; the completion of %é i 1s the space of formal series
in rooted trees decorated by trees. So elements of this completion can uniquely be written under
the form ) apF, where the sum runs over all rooted forests F' decorated by J.

1.3 The Faa di Bruno Hopf algebra

Let us consider the group of formal diffeomorphisms of the line tangent to the identity:
GraB = {x+a1x2—|—a2x3—|—... | Vi>1,a;, € K}.

The product of this group is the usual composition of formal series. The Faa di Bruno Hopf
algebra Hpgp is the co-opposite of the coordinate ring of Gpgg. As an algebra, it is the free
associative, commutative algebra generated by the x;’s, > 1, where:

T Grap — K
Cl a4 a4, — a;.



The coproduct is defined by A(f)(F1 ® Fy) = f(FyoFy), for all f € Hpgp, for all Fi, Fy € Gpryp.
For example:

A(ml) = $1®1+1®$1,

Arz) = 22®@1+1®@ 2+ 221 ® 21,

Alzs) = 2301 4+1®@x3+ 212 ® 21 +3x1®x2+x%®x1.
It is a graded, connected, commutative Hopf algebra. By the Cartier-Quillen-Milnor-Moore
theorem, its dual is an enveloping algebra. The underlying Lie algebra has a basis (e;);>1, dual
to the z;’s, and the Lie bracket is given by [e;, e;] = (j —%)e;4j. One can also define a product on

this Lie algebra by e;0e;(zy) = (e; ®e;) o A(xy) for all ¢, 7,k > 1. This gives e;0ej = (j+1)e;4;.
This product is pre-Lie and induces the Lie bracket by antisymmetrization.

2 Definitions of Hopf systems

2.1 Definitions

Definition 2 1. Let us choose a finite, non-empty set I. For any i € I, let J; be a graded,
connectet set. We put J = {(i,5) | i € I,j € I;} and we work in the Hopf algebra HL,; of
rooted trees decorated by J. It is a graded Hopf algebra, the degree of the decoration (i,7)
being the degree of j.

2. For alli € 1, for all j € J;, let f09) € K[[h,k € I]]. The system of Dyson-Schwinger
equations associated to these data is:

(5): Vie Lz; =Y By, ( &) xk,kel))
jed;

3. This system has a unique solution in the completion of ’HéK, denoted by x = (x;);er. For
alli € I, for alln > 1, the homogeneous component of degree n of x; is denoted by z;(n). If
the subalgebra H gy generated by the x;(n)’s is Hopf, we shall say that the system is Hopf.

Notations.

1. We shall often take I = {1,...,N}. For all (i,q) € J, we put:

FO0 =57 Qb0 R RRY.

(P1,-PN)
P1,.-sPN

2. The coefficient of h; in f9) is also denoted by ag.i’q); the coefficient of hjhy in 19 g also

(4,9)

denoted by a ik and so on.

The unique solution of (S) is denoted in the following way: for all ¢ € I, x; = Y ast, where
the sum is over all trees with a root decorated by an element (i, x), with « € J;. The coefficients
a; are computed inductively:

(i)
o Ift=. (Zq),at—a(o 0)’
o If it = B <t11)711’1 "'ti),llélzl ...t?vj\fil e tifk?), where the t; ;’s are different trees, the root
of t; ; being decorated by an element (i,z) with « € J;:

as =

(i,a) H (P11 + -+ kl)! oy
(p1,14+P1 k5PN 1+ ADPN ) DLk, L Lk



2.2 Simplification of the hypotheses

We shall only consider systems with non-zeros x;’s. If x; = 0, we can forget one equation and
send h; to zero in all the formal series which appear, and this gives a system with a strictly
smaller number of equations, giving the same subalgebra. In this case, for all i € I, z; is a
non-zero infinite span of rooted trees with roots decorated by elements of the form (i, j), j € J;.
Consequently, the x;’s are algebraically independent.

Lemma 3 Let (S) be a Hopf SDSE, and let (i,7) € J. If f®#)(0) =0, then f7) =0.

Proof. As f:7)(0) = 0, -(i,j) & M(s). Moreover, the term fOD(z, ke I) @ - (i,j) appears
in the coproduct of z;, so is an element of the completion of H(g) ® H(g). As .(; j) & H(g), we
deduce that f(7 )(xk, k € I)=0. As the x;’s are algebraically independent, f (@:3) = (. O

Remark. So we shall assume in the sequel that for any (i,7) € J, f@9(0) # 0. Up to a
normalization, we shall assume that f( )(O) =1foralli,jel.

Lemma 4 Let (S) be a Hopf SDSE. Let us fix i € I. If j,k € I; have the same degree, then
@) = plk),

Proof. Let n = deg(j) = deg(k). The coefficients of .(; ;) and . ;) in x;(n) are both equal
to 1. So in any element of H g, The coefficients of .(; ;) and . ;) in z; are equal. Let us put:

Alw) =z @14y y ot
where the sum is over all the rooted trees with a root decorated by (4, j), j € J;. As A(x;) is in
the completion of H sy ® H(s), Y. (; ;) = Y. ;.4 Moreover:
f(ivj)(ml,l eJ)=y. i = Yo = f(@k)(xl,l e J).

As the z;’s are algebraically independent, (i) = f(i:k), g

Hence, as a consequence, if (S) is a Hopf system, it can be written as:

Viel, x; = Z Z B j (f(i’n)(ﬁﬂk,k? € I)) ;

n>1 \jeJ;, deg(j)=n

Bi,n)

where f0™) is any f(+7) such that deg(j) = n.

Finally, it is enough to consider only the Hopf SDSE such that J; C N* for all ¢ € I, the
degree being the canonical inclusion of J; into N*.

Proposition 5 Let (S) be a SDSE of the form:

(8): Vi€ Lui= By (/™ @k € 1)),

JE€Ji

with for alli € I, 1 € J; CN*. The truncation at 1 of (S) is the SDSE:
(8'): VieIa}= By (f(i’l)(x;, ke I)> :
If (S) is Hopf, then (S’) is also Hopf.

Proof. Let ¢ : Hé K Hé/K being the projection on Hé/K sending any forest with at least
a vertex decorated by an element (i,7), j # 1, to zero. It is clearly a Hopf algebra morphism.
Moreover, ¢(x) = 2', so ¢(H(g)) = Hsr)- As a consequence, if H gy is Hopf, H g also is. O

8



2.3 Structure constants associated to a Hopf SDSE

Let (S) be a SDSE. For any decorated rooted tree, we denote by a; the coefficient of ¢ in the
unique x; where it may appear.

Proposition 6 Let (S) be a SDSE. If it is Hopf, then for any i,i' € I, q € Jy, for any
n € N*, there exists )\( D) syeh that for all t of degree n, with the root decorated by an element

(i,9), 7 € Ji
)\(Z g ZTL(Z .q) t t at/

where ny g is the number of leaves s of t" decorated by (i',q) such that the cut of s gives t.

Proof. A basis B of Hg) is given by the monomials in the xx(p)’s. As A(z;) is an element
of the completion of H(g) ® Hg), it can be written in the basis B ® B. The unique element of

this basis where . o) ® t appears is z;(q) ® x;(n). Let us denote by ALE0)

this element in A(z;). Identifying the coefficient of . (; ) ®t in A(x;) and )\g’(i/’q»xi/(q) ® zi(n)
in the tensor basis of forests, we obtain:

AU v Zn(z ot tay,

the coeflicient of

by definition of the coproduct. O

Remark. The converse is true; the proof uses the fact that the dual Hopf algebra of the
Hopf algebra of rooted tree is the enveloping algebra of a free pre-Lie algebra. This result will
not be used here.

Lemma 7 Let (S) be a Hopf SDSE, such that 1 € J; for alli € I = {1,...,N}. For all

1€l, qe J;, we put:
(1,9) — (4,9) P P
fE0 =3l MR
(pl,...,pN)

Then for all (py,...,pn) € NN, foralli,j € {1,...,N}, for all q € I;:

(i,9) _ 1 i,(G.,1)) 1) i.q)
a(ply...,pj+17...7pN) - pj+1 ( p1+...+Pntq Za ) (P1,--PN)"

Proof. We apply the preceding lemma with ¢ = B; o (’(’11 By ?j\\; 1)). It gives:

(4,(5,1)) — ,
)‘p1+ Apatg®t = (D) —|—1)aB. (.“ I B2 )
(Ga) \* (1,1)"* (5,1) " (N,1)

N

_l’_

a p—1 p G-
LB (+ Ty ey e (Vo d)

Computing the different coefficients a; appearing in this formula, we obtain immediately the

result. O
Remarks.
1. As a consequence, if aEp 7) o) = 0, then a&q’) ) = 0 if for all n, p), > py. In particular,

if £(-9) is not constant, there exists j € J such that agi’q) £ 0.



2. Using the results of [6], if for all i € J, 1 € I; and there are no constant f(»1 the SDSE

r; = B; (f(i’l)(:ni)) for all ¢ € I generates a Hopf subalgebra and this allows to compute the

G:1) (,1) (4,1)

coefficients Ay from the coefficients a;” and a; ;" (they are the coefficients A, (7, j)

of [6]). Consequently, the formal series f(!) determine uniquely all the formal series f(9).

3. It is possible to prove that )\g’(j D) does not depend on ¢. This will not be used in the

sequel.

3 Case of a single equation

We here treat the case of a single equation, that is to say that I is reduced to a single element.
As a consequence, the indices ¢ are not needed, as they are all equal. The equation shall now be

written as: '
2= B (fP@).
jeJ

where J C N* and for all j € J, f(j)(O) = 1. We shall also write /\ﬁf) instead of )\g’(i’j)), for any
j € J. We put, for all j € J:

fU) = iaﬁf’h".
n=0
The unique solution can be written as * = ) a;t, where the sum is over all trees decorated by
J, the coefficients a; being inductively computed as follows:

e a,; =1foralljelJ.

o If t = Bj(th" ... t%), where t1,...,t; are different trees, then:
(4) (1t +p)! Dk
at_ap1+"+p’“—p1!...pk! by e gy

3.1 Non constant formal series

Lemma 8 Let us consider i« € J, such that f(i) is non constant. There exists oy, 5; € K,
with a; # 0, such that for all j € J, for alln > 1:

AD = (14 (14 By)(n — 1)).
Moreover:

f(i):iaf(l—i-ﬂi)...(l‘f‘(k_1)5i)h]g: eih ifﬁizo,
M (1= aiBih)~V% if B £ 0.

k=0

Proof. Let us apply proposition 6 with ¢ = B;(.;™) and j = i. The only trees ¢’ such that
ni(t,t') # 0 are B;(.,"*1) and B;(.,"'11), so:

§(n+1)a£zi) =(n+ 1)“&1 + ”agi)ag)-

Equivalently:
‘ 1 A : A
al, = nrl (A;(n+1) - ”agl)) afl). (1)
Hence, if agi) = 0, an easy induction proves that a,(f) =0foralln>1,so f% is constant: this is

a contradiction. So agi) # 0.
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Let us now apply proposition 6 with ¢ = B[*(1), that is to say the ladder with n vertices all
decorated by i. The trees ¢’ such that n;(t,t') # 0 are BoB;(1), BP!(...;) and BF(.; Bl *(1)),

1<k<n-—2. So:
2D ()" = ()" 4260 - 1) ()" 0.

2(15“

) . . (@) )
As agl) £ 0, )\Si) = agz) + 2%(71 — 1). We then take a; = agl) and 3; = (a(i)>2 — 1, and the
1
assertion on )\1(1]2 is now proved. Replacing in (1), we obtain for all n > 1:
W _ 1 1 g
an+1 - n -+ 1(12( —{—5@71)(171 .
The formula for the coefficients of () is the proved by an easy induction. O

Lemma 9 There exists \, i € K, such that if f® is non constant, then a; = Ni — p # 0 and

L M
/81 = N—p-

Proof. We denote by J/ be the set of indices ¢ € J such that fU) is non constant. Let
1,7 € J'. Let us compute )‘1(1]2] in two different ways:

NG,

nij

i

= a;(1+(1+B)(nj—1))
= nja;(1+ B;) — oif;,

- )‘Ei)m

= niaj(l + 5]) — Oéjﬁj.

As this is true for all n > 1, we deduce that o;3; = a;f; and jo; (1 + B;) = i;(1 + ;) for all
1,7 € J'. From the first equality, we deduce that there exists yu € K, such that «;3; = p for all
i € J'. The second equality implies that the vectors (a;(1 + f3;))ics and (i);cr are colinear, so
there exists A € K, such that «;(1 4 ;) = Ai for all i € J'. Hence, a; + u = Xi # 0 as f; is not
constant, and 3; = pu/a. O

Let us sum up these results. If i € J, such that f® is not constant, then:
70 = (1-— ,uh)_%ﬂ if u # 0,
A if = 0.
This gives:

Proposition 10 Let (E) be a Hopf Dyson-Schwinger equation. Then J can be written as
J=JUJ", and there exists \,u € K, X # 0, such that if we put:

Q@):{(LWMYFUM#Q

M if p=0,
then:

(B):2=)Y_ B;(1-p2)Q)") + Y B;(1).

jeJ’ jeJ”

11



3.2 Constant formal series in Dyson-Schwinger equations
We first treat three particular cases.
Lemma 11 1. Let us consider a Dyson-Schwinger equation of the form:
z = Bi(1) + B;(f(x)),
with f non constant. If it 1s Hopf, then there exists a non-zero a € K, such that f(h) =

Ch

1+ah orf(h):<1—a%h) L

2. Let us consider a Dyson-Schwinger equation of the form:

x = B;(1) + Bj(f(x)) + Bi(g(x)),

with f,g non constant. If it is Hopf, then there exists a non-zero o € K, such that
(f =1 —=aih) it and g = (1 — aih)fgﬂ)or (f=9g=1+ah).

8. Let us consider a Dyson-Schwinger equation of the form:
z = Bi(1) + Bj(1) + Bi(f(x)),
where f is non constant. Then there exists a non-zero o € K, such that f =1+ ah.

Proof. 1. From lemma 8, there exists o = oj, 8 = ; € K, such that for all n > 1:
A =2 = a1+ (1+8)(n— 1)) = a(l + B)n — ab.
Moreover, f = (1 — aﬁh)fé if B is not equal to 0 and e if = 0.
We define inductively a family of trees by ¢; = 1} and ¢,11 = Bj(.:t,) for all n > 1. For

example, to = '\}JJ For all n > 1, t, is a tree with n vertices decorated by 7 and n vertices
decorated by j. Applying proposition 6 to t,, we obtain:

A B = (= D+ 28) 1+ B)" (14 B)"
Let us assume that 5 # —1. Then )‘SZH) =n-1)(14+28)+1+8=n(l+28)— 5. We now
compute )\glg +) in two different ways:
(@) — \®
A = A
= ol +B)(i+]) - ab,
(

i)
(i)
= aj(1+28) —ap.

Hence, (1 + B)(i +j) = j(1 +25), so B = ﬁ As a conclusion, f = —1 or ﬁ, therefore

I
>

i—j

f(h) =1+ ah or (1—04]%Z.h) "

2. Restricting to ¢ and j (that is to say sending all the forests of Hé x With at least one vertex
not decorated by i or j to zero), from the first point, f =1+ ah or (1 — a#h) ' ; restricting
i—k

toiand k, g=1+a’h or <1—O/ﬁh>

Let us now restrict to j and k, using proposition 10: g cannot be equal to zero, so f =
(1-— ,uh)_A%+1 and g = (1 — ,uh)_)‘ﬁﬂ. Identifying the two expressions of f and g, we obtain
two possibilities:

12



e M fl=Tor—A2+1=1 Then A=0and f=g=1- ph.

. —)\% +1= "4 and —)\ﬁ +1= % As j # k, this implies that % = 1/i. So u = i,

(2

f=(1-xih)~ and g = (1 — Xik)~ %L

k
We then restrict to j and k and we obtain f(h) = 1+ ah or f(h) = (1 - a%h>T. As
% #* jj;k, necessarily f =1+ ah. 0

Theorem 12 Let (E) be a Hopf Dyson-Schwinger equation of the form:
2= B (@),
jeJ
where J C N* and f9)(0) =1 for all j € J. Then one of the following assertions holds:
1. there exists \, u € K such that, if we put:

a0,
o) {6”’ if p=0,

then:

x—ZB (1= pa) ()J)

jeJ

2. There exists m > 0 and o € K — {0} such that:

E):z=> Bj(l+az)+ Y Bj()

jed jeJ
m|j m/ j

Proof. From proposition 10, we can write:
E):x:ZBj (1—px)Q ZB
jeJ’ jeJ”

If J” = (), we obtain the first case. Let us assume that J” # (). If it contains at least two elements
7 and j, then restricting to 7,j and any k& € J’ we deduce from the third point of lemma 11 that
f%®) =1+ auh for any k € J', where oy, € K. Restricting then to i and any &, € J’, the second
point of lemma 11 implies that ap = ;. So we are reduced to:

E):x=Y Bj(l+az)+ Y Bjl). (2)
jeJ’ jeJ

If J' contains a unique element i, restricting to ¢ and j, k € J = J — {i}, the second point of
lemma 11 implies that there are two possibilities:

e First case: _
(B):z= > B;((1—aix)” 1) + Bi(1).
jeJ—{i}
Noticing that —j/i + 1 = 0 if j = 4, this is the first case, with p = @i = i.

e Second case:
(B)= 3 Bj(1+az)+ Bi(l).
jeJ—{i}

This is an equation of the form (2).

13



It remains now to consider the case of an equation of the form (2). Then:

0o 0o
xTr = Z E OzkilBil OOBlk(l)—l- E E akilBil OOsz(l)
k=111,...,ix€J’ k=11d1,....,ix_1€J ixeJ”

! oz

It is not difficult to see that A(z') = 2/®@1+1@2' +ar' @2 and A(2") = 2"@1+1@2"+ax” @2/,
so:
Az)=2@1+1@z+ar .

Finally, taking the homogeneous component of degree n:
n—1

Afz(n) =z(n) @1+ 1@z(n)+ Y ox(n— k) @' (k).
k=1

As a consequence, the equation (E) is Hopf, if and only if, for all ¥ > 1, 2/(k) is colinear to x(k).
As z(k) = 2/(k) + 2”(k) and the ladders which may appear in z’ and z” are different, this is
equivalent to the following assertion: for all &k > 1, 2/(k) = 0 or 2" (k) = 0.

Let us consider the subgroup of (Z,+) generated by the elements of J'. it is equal to mZ for
a well-chosen m > 0. All the elements of J' are multiples of m. Let us assume that there exists
j € J”, such that m | j. By definition of m, there exists ji,...,jn € J', A1,..., Ay € Z, such that
M1+ ..+ Anjn = j. Writing this equality in a different way, there exists i1, ..., i, 3),...,74 € J',
Pols s by s - - -5 fty > 0, such that pyiy +. ..+ pgip = phty +. ..+ pji;+ 4. So any ladder I with
w1 vertices decorated by iy, ..., uy vertices decorated by i) and any ladder I” with p) vertices
decorated by @, ..., p; vertices decorated by 4; and its leaf decorated by j have the same degree
m. So z/(m) and x”(m) are both non zero, and (E) is not Hopf. Hence, m divides no j € J".
Finally, (E) can be written as in the second case. O

Remarks.

1. In the first case, for any values of A and pu:

A A+ N+ n—1 "
Q(h) = ZO( ») Eﬂ (n = D) yn.
@) = i A =) AN +;;L)' A A pun=2),
n=0

2. In the second case, if m divides n, then 2 (n) = 0; if m does not divide n, then 2/(n) = 0.
From the preceding proof, the second case gives indeed a Hopf subalgebra. Moreover, for
all n:

n—1
Afz(n)) =z(n) @1+ 1@x(n)+a ) xn—k) k). (3)
i
3. The first and second cases are not disjoint. A first case with A\ = 0 is also a second case

with m = 1.

4 Pre-Lie structures associated to Hopf Dyson-Schwinger equa-
tions

We now prove that the equations of theorem 12 are Hopf.

14



4.1 The Faa di Bruno pre-Lie algebra

Let grap = Vect(e; | @ > 1) and let \,u € K. One defines a pre-Lie product on grqp by
ejoej = (Aj — p)eit;. It is graded, e; being homogeneous of degree i for all 7 > 1.

Remarks.

1. The associated Lie bracket is given by [e;, ;] = A(j — i)esyj, so does not depend of p.

2. If A\=1and u = —1, this pre-Lie algebra is precisely the dual Lie algebra of Hpgg. If A # 0
and pu = —\, these two pre-Lie algebras are isomorphic; if A # 0, they are isomorphic as Lie
algebras only. In this case, the graded dual of the enveloping algebra of gryp is isomorphic

to the Faa di Bruno Hopf algebra Hpgp.

We shall use the following result:

Theorem 13 [9, 16/ Let (g,0) a pre-Lie algebra. Let Si(g) the augmentation ideal of S(g).
One can extend the product o to S;(g) in the following way: if a,b,c € S+ (g), x € g,

aol = ¢(a),
lob = b,
(xa)ob = zo(aob)—(xoa)ob,

ao(bc) = > (da ob)(a"oc).

We define a product on Sy (g) by axb =" a'(a"ob), with the Sweedler notation A(a) = > d'®a”.
This product is extended to S(g), making 1 the unit of x. With its usual coproduct, S(g) is a
Hopf algebra, isomorphic to U(g) via the isomorphism:

® { Uig) — (S(e),)
" lveg — w.

Let us start by gé - Here, a basis of S (gé ) is given by the set of rooted forests decorated
by J.

Proposition 14 Let FF' =t;...t,,G be two decorated forests. Then:

Fod = Z graftings of t1 over s1,..., t, over s,.
81,-.,8nE€G

Proof. By induction on n. Let us start with n = 1. We put G = s1 ... s, and we proceed
inductively on m. If m = 1, it is the definition of o on géK. Let us assume the result at rank
m—1. We put G’ = s1...5,,—1. Then:

tioG = t10(G'sp)
= (t10G)sm + G (t108m)
= Z (grafting of t over s)s,, + Z G/ (grafting of t; over s)
seG’ S5€E5m

= Z grafting of ¢; over s.
seG

15



So the result is true at rank 1. Let us assume it at rank n — 1. We put F’ =t5...t,. Then:

FoG t1o(F'oG)—(t1oF)oG

= E E grafting of to over ss,..., t, over s,, t; over s
82,...,8n€G sEF'UG

— g g grafting of t5 over ss,..., t, over s,, t; over s
$2,...,8n€EG SEF'

= E E grafting of to over so,..., t, over s,, t; over s
$2,...,5n€G s€G

= E grafting of t; over s1,..., t,, over sy.
8140y €EG

So the result is true for all n. O

Corollary 15 If F =t1...t, and G are decorated forests, then:

FxG= i Z Z (grafting of t1 over s1, ..., ty over sg) H t;.

k=01<i1<...<ix<m 81,...,sm EG 1£0] yeenybke

This Hopf algebra is known as the Grossman-Larson Hopf algebra [10, 11]. Extending the
pairing between trees and forests defined in section 1, it is isomorphic to the graded dual of %é K
via the pairing:

(=, =) S(QéK)(X’HéK — K
o (F.G) — srérgc,

where F, G are two forests and sp is the number of symmetries of F' [12, 17].

Let us now consider the Faa di Bruno pre-Lie algebra.

Proposition 16 In S(grap)-
(€ir - €ipy) 05 = (N = (AT AT + 1) .. (AJ + (m = 2) )€ 4. 4t
Proof. We put P,,,(j) = (A\j — p)(Aj)(Aj + 1) ... (A + (m — 2)u). We proceed inductively

on m. If m =1, it is the definition of the pre-Lie product of grgg. Let us assume the result at
rank m — 1. Then:

(€iy ---ei)oe; = e o((eiy . e,)oe;) = (eyo(ey.. e,))oe;
m
= Pu1(i)ei © Cinttimts — O (Nik — 1) (€ir - €ty - €i,) O €5
k=2

= P12+ +im +7) — e ttin
m
= Pnc1 () (Nik = )i tits
k=2

= Pna()Mia+ ... Fim+j—ia— ... —ip) —pp+ (M —1)p)ei 1. tip+j

= Pm(j)ei1+...+im+j'

So the result is true for all n. O
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4.2 Morphisms of pre-Lie algebras

Let us choose a set J C N*. As gé i 1s the free pre-Lie algebra generated by the .;’s, there is a
unique pre-Lie algebra morphism:

' géK — OFdB
’ .j,jGJ — ej.

Lemma 17 For all decorated rooted tree t, Juy € K, ¢(t) = prey). the coefficients piy can be
inductively computed in the following way:

1op,,; =1
2. Lett = Bj(t1...tm), withm > 1. Then:
= iy i O — ORI + 1) - + (m — 2)p).

Proof. We extend ¢ in a Hopf algebra morphism from S(gZ ) to S(grap). Then, ¢(aob) =
#(a) o ¢(b) for any a,b € S(gl ). The first point is obvious. For the second point:

o(t) = o((tr..-tm)o.s)
= (p(t1) .- @(tm)) 0 (+5)
= Hty o [ €ty] - - - Efty| © €j
= ity - ot AT = )N AT + ) oo (A + (M= 2) )€y [t |45
= ity - Pt (AT — WA (AT + ) (A + (= 2)p)eyy.

So the announced result holds. O

Lemma 18 1. If A # 0, the morphism ¢ is surjective if, and only if, (1 € J) and (2 € J
or pn# \).

2. If A\ =0, the morphism ¢ is surjective if, and only if, (u#0 and 1 € J) or (J = N*).

Proof. There is a unique tree decorated by N* of degree 1 , which is .;. By homogeneity,
Im(¢); = (0)if 1 ¢ J. So if ¢ is surjective, 1 € J.

There are two trees decorated by N* of degree 2, which are ., and 1i. Moreover, ¢(11) =
(A—p)ea. Therefore, if 2 ¢ J and A = p, then Im(¢)2 = (0). As a consequence, if ¢ is surjective,
wFAor2eJ.

If A\ =p =0, then ¢(¢t) = 0 if ¢ is not reduced to a single root, and ¢(.; ) = ¢; for all i € J.
So Im(¢) = Vect(e; | i € J). As a consequence, if A = p = 0, then ¢ is surjective if, and only if,
j =N

These three observations prove = in both cases.

1. <=. Let us first assume that 1 € J and p # A. Let us prove by induction that e,, € Im(¢).
This is obvious for n = 1. If e,,_1 € Im(¢), then e,,_1 0 ¢(+1) = ep—10e1 = (A — p)e, € Im(e),
so e € Im(¢). Hence, ¢ is surjective.

Let us assume that 1,2 € J and g = A. Let us prove by induction that e, € Im(¢). This is
obvious forn =1,2. Ifey,...,e,—1 € Im(¢), then e, _20¢(.2) = ep—20e2 = Aey, so e, € Im(9).
Hence, ¢ is surjective.

2. =. If A= 0, then for any tree ¢, there exists an integer m; such that ¢(t) = u™*ey,. So,
if 4 # 0 and 1 € J, taking any tree with n vertices, all decorated by 1, e,, € Im(¢). O

Using the duality between S (géK) dans ’HéK, we obtain a morphism of Hopf algebras ¢*
from S(gpap)* to HéK. More precisely:
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Proposition 19 The image of ¢* is generated by the elements:

y(n) = ﬂt, n>1.

S
lt]=n "

If N#0) and (1 € J) and (2 € J or i # X), then Im(¢*) is isomorphic to the Faa di Bruno
Hopf algebra.

Remark. The coefficients v, = ’;—: can be inductively computed in the following way:

o v, =1
o If t = B; (t’l’l . ti’“), where p1,...,p, are different trees, and putting m = p1 + ... + pi:
N =N A ) N+ m=2)p)  mb

Vy = 1% PR Zri
! m! il pg!

This implies that y = > y(n) is the solution of the equation of theorem 12-1, A and p being the
parameters chosen in the definition of grgp. As a consequence:

Corollary 20 All the Dyson-Schwinger equations of the first case in theorem 12 are Hopf.
Moreover, if (A #0) and (1 € J) and (2 € J or X # p), the Hopf subalgebra associated to an
equation of the first case is isomorphic to the Faa di Bruno Hopf algebra; if (A =10) and (n # 0
and 1 € J) or (J = N*), it is isomorphic to the Hopf algebra of symmetric functions Sym.

Remark. In the general case, let us denote by J the set of indices ¢ € J such that x(i) # 0.
The dual Lie algebra inherits a dual basis (e;);cs, with [e;, €] = A(j —)ei4j, so it a Lie subalge-
bra of grgp. Dually, the Hopf subalgebra associated to an equation of the first case is isomorphic

to a quotient of the Faa di Bruno Hopf algebra if A # 0 or a quotient of the Hopf algebra of
symmetric functions if A = 0.

Example. The following example comes from [2, 14, 18|:
2= B, ((1+z)""),
n>1

where for all n > 1, B,, is a 1-cocyle of certain graded Hopf algebra, homogeneous of degree
n. This is a system of theorem 12, with A = 1 and p = —1, so it generates a Hopf subalgebra
isomorphic to the Faa di Bruno Hopf algebra. The isomorphism is given by:

Hrap — 7{ékf

4.3 Pre-Lie algebra associated to an equation of the second type

Proposition 21 Let us consider the following equation:

(B):z=) Bj(l+ax)+ Y Bj(l,)
Jj€J jeJ
mlj mf j

with o € K —{0}. We put:
J=Aaiji+ ... +apjx | k> 1a1,... ;a1 € N a, € {0,1},51,.. ., jk € J,m | ji, ooy Jw—1}-

The subalgebra generated by the components of the solution of (E) is Hopf, and its dual is the
enveloping algebra of a pre-Lie algebra g. The pre-Lie product of g is given in a certain basis
(fidieg by:
0ifmf j,
iofj= . .
fio i { firj if m|j.

It is associative.
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Proof. We already proved that these equations are Hopf, see (3). For all n € N*, z(n) is
a linear span of ladders of degree n, such that the vertices are decorated by elements of J, all
multiples of m, except maybe the decoration of the leaf. It is then clear that J is the set of
indices n such that xz(n) # 0. As a consequence, the dual pre-Lie algebra inherits a dual basis
(éi)ics- By homogeneity, e; o e; = n; je;4;, for a certain scalar n; ;. Using the duality and (3):

nij = (eioes) (x(i+j))
= (e ®ej) (A(z(i +7)))
ij—1
= (e®ey) |a(i+i)@1+1@a(i+j)+a > a(i+)—k) @ (k)
k=1
mlk

aifm|j.

_ {0t

Let us take i,j,k € J.

2 . .

afeiyivg if m|jand m |k,
(cioej)oer = {Oifzn(])t'

2 . . .

‘e ifm|jand m|j+k,
wolegony = { gifetmisednly

So the pre-Lie product o is associative. We now put f; = éei. The assertion on these elements
is easily proved. O

Remark. J = N* if, and only if, 1,...,m € J.

5 Generalization of Hopf systems

5.1 Fundamental systems

Notations.

1. For any § € K, we put:

< (1 (1 -1 B8R F i

Ryt = 3 L)Lt (o )ﬁ)xk:{i}liflﬂﬁhl(; £8#0,
k=1

2. For all g # —1:

2 (1+8)...(1+np)

F - n

(=) o w,
k=0

so we shall put F' s ((1+p)h) =11if = —1.

1+8

We first recall the definition of an extended fundamental SDSE [6]:

Definition 22 An extended fundamental SDSE has the following form: II is a set with a
partition I = IgU JyU KgU Lo U I; U Jy UE, such that:

e any part of this partition may be empty.
o [y U Jy is not empty.

We define a SDSFE in the following way:
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. For alli € Iy, there exists 5; € K, such that:

fi=Fg(h) [ F oo (0+8)hy) [] Fulhy).

jelo—{i} TP jedo

. Forallie€ Jy:

. Forallie Ky:

. For all i € Ly, there exists a family of scalars such that (35 € Iy, ag-i) #*

(1)
. A <aj )jelouJouKo’
1+ ;) or (3j € Jo, ay’ # 1) or (35 € Ko, ag.z) #0).

- I Fs, ( ()h> [T <a§i)hj) I1 7 <a§?>h]~>.

o ;
jelo  a; (&) j€Jo Y JEKo

. For alli € I, there exists v; € K, a family of scalars , such that v; # 1

and, if v; # 0:

S,

(«”)
J ) jeIoUJoUKY

(wes”ns) TT F o (veal ) TT #o (viah;) +1- Vi

7

jefo "iaj jeJo V% jeEKo
Z —Bih) = Y a1 —hy) + S alhy 41
]GIQ j€Jo JjE€Kop

. For all i € Jy, there exists v; € K — {0}, a family of scalars <a§»i)) - with the following
J€lo
conditions:
. L ={j ELo/a # 0} is not empty.
(1) _

e For all j,k € L0 , i = frx. In particular, we put ¢;” = at for any j € L((]Z , for all
t e lyUJyUKy.

Then:

l_IFO(cZ ) Za h—l—l——

JE€Ko

. Foralli e E, if ag-i) # 0 and a,(j) # 0, then f; = fr; moreover:

=14 aln

jel

The elements of E are called extension vertices.
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Moreover, there is a notion of level of a vertex with the following properties:

o If agi) = 0, then the level of 7 is 0 or 1 if, and only if, the level of j is 0.

e Let N>2 If ag-i) # 0, then the level of ¢ is IV if, and only if, the level of j is N — 1.
In the preceding description, the level of the vertices in Iy U Jy U Ko U Lg is 0. The level of the

vertices in I; U Jp is 1. The level of an extension vertex is at least 1.

The coefficients A7) = A»UY) have been computed in [6]. They satisfy:

A7) — {

(@)

J

a%f’ ifn =1,

aj) +bj(n—1) if n > level(i),

where the coefficients b;, ag»i) and a;’ are given in the following arrays:

b | fo |Jo|Ko|Lo|li|Ji|E
b1+ ofofofofo
j\i Ip Jo | Ko |Lo|h| E
In |14+ —=06)B5 | 1+8; | 1+5; ay) ay) (cg»l) — 1—Bj)/vi ay)
Jo 1 1—6;; 1 ag»z) ag»z) (ng) —1)/y ag»z)
L) Ky 0 0 0 ay) ay) cy)/ui ay)
I Ly 0 0 o [o]o a"” a"”
I 0 0 0o oo 0 a\”
Ji 0 0 0o oo 0 a"”
E 0 0 0 [o0]o0 0 a\”
J\i Iy Jo Ko | Lo | I Ji E
Io [ 14 =0:5)8; [ 148 |1+5 |0 [ wal [ ) —1-5;]al’
Jo 1 1—9;; 1 ag»z) Viagl) ng) 1 ~§Z)
d§i) Ky 0 0 0 ay) Viag-z) cg»l) ~§Z>
Ly 0 0 0 0 0 0 0
I 0 0 0 0 0 0 0
J1 0 0 0 0 0 0 0
E 0 0 0 0 0 0 0

For the extension vertices, the way to compute &gi) is the following. Let us choose a i’ such

that al(./i) #0. For alln > 1, )\Sjg =2\ In particular, if n > level(i):

d§i) +bjn = &y/) +bj(n—1).
So dgi) = Ezg-i/) — bj. With an induction on the level, this implies that a
jelgUluUJiUE.

(4)

;=0 forany i€ Jif

Theorem 23 Let (S) a Hopf SDSE such that the truncation at 1 gives a fundamental ex-
tended system. Let us put:

148,
Q) =[-8 % Tl —hy)™"

j€lo J€Jo

Then for alli € I, there exists a formal series g\, depending only of the hj’s with j € InUJyUK),
such that if ¢ > level(i), then 60 = ¢OQe. In particular:
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1. Ifie Iy, ¢ =1— B;h,.
2. Ifiedy, g =1—h;.
3. Ifie Ky, g =1.

4. IficE, g =Q(h)~!.

Proof. We apply lemma 7. As g > level(i), this gives:

(4,9) _ | =) . 1) (4,9)
a(p17---,pj+17---,pN) o <aj + b](pl +...+DN+q— 1) o Zaj pl) a(pl,---,pN)'

=1
In particular, for p; = ... = py = 0, ay’q) = &y) +bj(¢—1). If j € LoUI; UJ; UE, then
dg»i) =b; =0, so0 ay’q) =0 and f(9 does not depend on hj. From now, we assume that p; = 0

if k€ LyUL UJyUE. Let us take j € Io U Jy U K. For all 1 € Iy U Jo U Kq, a’ = b;, except
perhaps if [ = j. So:

N
(4,9) _ ~ (1) A 1) — , @Y, ), Ga)
U p1yepjtlipn) <aj +bj(pr+...+pN+g—1) lz: bipi + <b] a; > pj) Up1yepn)
=1

6 a1+ 5= )l

This implies:

i -, b
. —— sy 4
f(z',q) — H (1 _ <bj B a§])> hj) bj—a®  b;—a?)
j€loUJoUK
Gl <) (i)
= H(l — ﬁjhj)_ Bj H (1 _ hj)faj +1 H e~ hj (4)
jeh j€do jeKo
RO
q
_ 1485
[Ta-8n) & J[a-n)™"
j€lo j€do
Q)

In particular, if 4,5 € Iy U Jy U K, dg-i) = ql¥

;= b;, except perhaps if i = j. In this case:

- A _agi)f(l?; (1 — 5@hz) if7 € I(],
g = ((1 - (bz‘ - az@) hz‘) el = 0 (1—hy) if i € Jp,
1if i € Ky.

If i € B, then a\” = 0 for all j € I, so:
g =TT =) 7 [T (1= hy).

j€lp Jj€Jdo

Hence, g% = Q(h)~". O
In the particular case where Lo = I; = J; = E = (I
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Corollary 24 Let us take I = IgU Jy U Ky, with InU Jy # 0. The following SDSE is Hopf:

e Forallie Iy:

148;

——5. 4 _
i = Z Big) (1 - Bizi) H (1—Bjzj) P H (1—x;)71

aesi j€lo Jj€Jo
o foralliec Jy:
ey,
Ti = Z Biq) (1 — ;) H (1—pBjz;) 7 H (1— ;)¢
qui je[o jEJO

e Foralli € Ky:

148;
T = Z Big) H (1- ﬁjxj)_qu H (1—a;)

q€J; J€lo Jj€Jdo

Example. For the example of the introduction:

14 )12k
r = ZB(Lk) <(1 —(mg)k(ll)_ x3)2k> )

k>1

v = B, (M)

(1 —x3)? ;
_ (1+z1)
S B‘”’((l—xle—xg))‘

This is obtained from a fundamental system, with Iy = {1,3}, Jo = {2}, 1 = —1/3, B3 =1, by
a change of variables hy — 3h;. Hence, it generates a Hopf subalgebra.

Corollary 24 determines the formal series f(9 when i € Ip U Jo U K. If i € Ly, theorem 23
and (4) determines all the f9. If i € I} U J;, then theorem 23 and (4) determines the f(9) if
g > 2, and f®1) is given in definition 22. It remains to determine f*% when i € E.

Notations.

L. Let (S) be a Hopf SDSE, and let G gy be the (oriented) graph of dependence of (S), that
is to say:

e The vertices of G(g) are the elements of I.
e There is an oriented edge from i to j if, and only if, ay’l) # 0.

2. Let 4,5 € J. We shall write i — j if there is an oriented edge from i to j in G(g). For all
q > 1, we shall write ¢ BN J if there is an oriented path of length ¢ from i to j in G(g). In

particular, ¢ i>j if, and only if, i = j.

Theorem 23 and its proof give all the formal series f(»9 when the level of i is < 1. If 7 is
an extension vertex, its level can be greater than 2, and the associated formal series are now
described:

Proposition 25 Let (S) be a Hopf SDSE such that the truncation at 1 is an extended fun-
damental system. For any i € E, of level n > 1:
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o Ifg<mn, fO9 =14 Zay/’l)hj, where i is any element of I such that i L )
jel

o fUn) — f@.1) “yhere i is any element of J such that i nl g
o Ifq>n, then f0:0) = Q4~1.

Proof. If ¢ > n, this comes directly from theorem 23. Let us prove the case ¢ < n by
induction on n. If n = 1, there is nothing to prove. Let us assume the results at all rank
k <n. Let ig =i — 43 — -+ — i, in the graph of dependence G(g). As the level of i is n,
the level of iy is n — k for all 0 < k < n. In particular, iy,...,7,_o are extension vertices, as
their level is > 2. We apply proposition 6 with ¢ = B, 1) ... o B, 1)(1 ), with & < n — 1.
As ig,...,i,_1 are extension vertices, the only tree ¢’ such that ay # 0 and n(; ( t') £ 0 is
Big,1) © - 0 Biy.1) © Bgpy (1) Sor

ABGD o) ik l) o) lkenD) i)

k+1 i1 et 7 11 1k J

Hence, if 1 <1 < n, )\l(i’(j’l)) = ay/’l), where 4’ is any element of I such that i Lk O
consequence, if )\l(i’(j’l)) #£0,1 BN j, so the level of j is n — (.

As a

Let us fix 1 < ¢ < n. From lemma 7, with p; = ... =py =0, for all j € J, ay’q) = )\éi’(j’l)).

So this is equal to ay/) for any i’ such that ¢ Lt 74 Hence, if ay’Q) # 0, then ¢ SN j. So the

level of j is n — q. ' ‘
If ¢ < n, let us now consider j,j’ € J. If ag.l’q) =0or a;i’q) = 0, by lemma 7, a(9 = 0.

If Zq # 0 and a; (i,q) # 0, then agqu) = <)\((1€’r(f,’1)) ay’l)) agi’q). As the level of j and j’ is

n—q>1, ag./ V_o. Moreover, as the level of j' isn—q#n—q—1, )\((I:L(f M) — 0. So ay]q)
So all the terms of degree 2 of f(»9) are zero, so all the terms of degree > 2 of (9 are zero.

Let us finish with the case ¢ = n. Let us choose 7’ such that i n 7’; then the level of i’ is
1. We already saw that agz ™ = y Y for all jedJ fi=ip— - =i, 1 =1 in Gg), then
19, ...,In_o are extension vertices as their level is > 2, so for all j € J:

Let us apply lemma 7, with (p1,...,pn) # (0,...,0). Then p; + ...+ p, +n > n, so:

(i,m)
U p1yepj+1,pn)
1 al !
(i 1 in
= P (ag. ) _ (n—1)0bj+bj(pi+...+pyn+n—1)— lzzag )pl> aEpl,?__,pN)
=1
1 ) al !
~ (i’ 1 i,n
= — (a( +bi(p1+... +pN) — ; a§» )pl) aEplf..7pN)
L (@,(,1)) @,1) 1 (z n)
- pj+1 <)‘p1+ 4PN+l Z 4 %pr,epn)”
By lemma 7, this is the same induction as the coefficients agl’l_)_ o)’ So fln) = p(i%1), 0

Remark. If ¢ < n, the level of i/ is m — ¢+ 1 > 2, so ¢ is an extension vertex, and

o) = p@1),
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5.2 Quasi-cyclic systems

Let us first recall the structure of a quasi-cyclic SDSE:

Definition 26 Let N > 2. A SDSE is N-quasi-cyclic if it has the following form: J admits
a partition J = J; U --- U J5 indexed by Z/NZ, with the following conditions:

1. If i € Jp, its direct descendants are all in ST
2. If i and j have a common direct ascendant, then they have the same direct descendants.

Moreover, for alli € J:

and if i and j have a common direct ascendant, then f; = f;.

Remark. Let us consider a quasi-cyclic SDSE. For all ¢ € J:

Ti =i + Z Z agi)agil) . agi”_l)Bi 0B, 0...0B; (1).

1 2
n=1141,....in€l

In order to simplify the problem, we shall assume that for all ¢, j € J such that ¢ — j in H g,
then ag»i) depends only on ¢. This is generally not the case, but it can be assumed without loss
of generality if there is no vertex with no ascendant in the graph of dependence of the system.

In this case, if ¢ =49 — ... — i, is a path of length n in G (g, al® . glin=1) only depends on ¢

. 1 in
and n: we denote it by b,(f). Then for all ¢ € I:

[e%¢)
CL‘Z:Z Z bS)BlOleooBln(l)’
n=04i—i1——in

with the convention bg) = 1. Moreover, if there is a path of length m from ¢ to j, then b%) b,(qj ) =

p0)

m—+n

for all n. With these notations, )\Sf 9 — 0 if there is no path of length n from i to j and is
equal to bg ) / bs)_l if there is such a path.

Theorem 27 Let (S) be a Hopf SDSE such that the truncation at 1 gives a quasi-cyclic
SDSE satisfying the preceding hypothesis. Then, for all i € J, for all q € I;:

FOD =140 3" by,
i—Lsj

Proof. Up to a change of indexation, we shall assume that ¢ € I;. From lemma 7, for all

j 6 J’ a§i7q) — )\((Ilv(]vl))

béi) if i -4y j. Let j,k € J. If ag»i’q) =0 or a,(j’q) = 0, then agi}cq) = 0. Let us assume that

(89
J

. So this is 0 if there is no path from ¢ to j of length ¢ and equal to

,al(qu) #0. Then i % j,k, so j,k € Iz. From lemma T7:

i, 1,(4,1 k %,
i = (MGG~ o) i

Asjelz jé¢ I 57 so there is no path of length ¢ + 1 from ¢ to j, and )‘éﬁr(f’l)) =0. As j,k are
both in Ig, a§k> = 0. As a consequence, a§i}€q) = 0. All the terms of degree 2 of f(49) are equal to

0, so all the terms of degree > 2 of f(»9) are equal to 0. U

Remark. If this holds, for all i, n € N*, :cl(n)/b,(f) is a sum of the ladders By
By, p) (1) with the following conditions:

i) @
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e i1 = 1.
e D +...+pr=n.
e forall 1 <7 <k —1, there exists a path of length p;, from i, to i, 41 in G(g).

Example. Here is an example of such a SDSE. For all i € Z/MZ, let us choose J; € N*.

Then:
rp= Y Bj(l+ a7
jEJ?
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