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‘We study a 2D scalar harmonic wave transmission problem between a classical dielectric
and a medium with a real valued negative permittivity/permeability which models an
ideal metamaterial. When the interface between the two media has a corner, according
to the value of the contrast (ratio) of the physical constants, this non-coercive problem
can be ill-posed (not Fredholm) in H'. This is due to the degeneration of the two dual
singularities which then behave like 7+ = e+ In 7 with n € R*. This apparition of
propagative singularities is very similar to the apparition of propagative modes in a
waveguide for the classical Helmholtz equation with Dirichlet boundary condition, the
contrast playing the role of the wavenumber. In this work, we derive for our problem
a functional framework by adding to H! one of these propagative singularities. Well-
posedness is then obtained by imposing a radiation condition, justified by means of a
limiting absorption principle, at the corner between the two media.

Keywords: Interface problem; metamaterial; radiation condition; Mellin transform.

1. Introduction

The great potential of new artificial materials, called metamaterials, is motivating
an intense research in electromagnetics. These metamaterials, which have a com-
plex periodic structure, can be modelized in some frequency range by homogeneous
isotropic materials, whose effective dielectric permittivity and magnetic permeabil-
ity have a negative real part and a small imaginary part 39:9:16:25 Neglecting losses
leads to represent a metamaterial at a given frequency by constants € and g which
are negative real numbers.
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This simple model allows to explain the main phenomena which make the in-
terest of metamaterials. For instance, the unusual negative refraction effect at the
interface between a dielectric and a metamaterial is due to the change of sign of
and p. On the other hand, this sign change raises original questions for both the
mathematical analysis and the numerical simulation 23-26:10, Quite general answers
have been recently obtained by a variational approach 2234221, Concerning the
time harmonic transmission problem between non-dissipative dielectric and meta-
material, set in a bounded 2D /3D domain, the problem is proved to be of Fredholm
type in the classical functional framework if the contrasts (ratios of the values of
¢ and p across the interface) are outside some intervals, which always contain the
value -1. These intervals reduce to {—1} if (and only if) the interface is a regular
curve/surface 7. Up to now, the effect of the corners of the interface, noticed for

2831 was not very well understood from a mathematical point of view,

instance in
and clarifying this question is precisely the goal of this paper.

For that, we consider the simplest case of a static 2D problem, which reduces to
the Laplace scalar equation (2.1) with a piecewise constant coefficient o whose sign
changes across a polygonal interface. The coefficient ¢ may represent, depending on
the physical problem under consideration, ¢, u, 1/ or 1/u. Then (cf. 1) problem
(2.1) is of Fredholm type in H'(Q) if and only if the contrast x, defined by (2.2)
does not belong to an interval I, which is related to the angles of the corners of the
interface. Ill-posedness for x, € I is related to the existence of singular solutions
of the equation near the corners, of the form u = ry(f) where n € R ((r,6)
are local polar coordinates) which do not belong to H'. On the other hand, well-
posedness in H! can be recovered by taking into account dissipation, adding to
o a small imaginary part . A natural question is then the following: is there a
functional setting which ensures the well-posedness of the problem for x, € I (at
least Fredholm properties) and such that the solution is the limit of the previous
ones when the coefficient of dissipation v tends to 0.

We answer this question in the present paper, and for the sake of simplicity,
we consider a particular geometry (cf. figure 2.1) which allows explicit calculations
of the singular exponents (at the singular point O). Extension to a general polyg-
onal interface does not raise additional difficulties. But difficult questions remain
unsolved in several more general configurations (L coefficient o, 3D geometries

Let us underline that there is a strong analogy between the problem under con-
sideration in the present article and scattering problems in unbounded domains.
Indeed, for the latters, the so called limiting absorption principle links the H' so-
lution of the dissipative problem with the outgoing (not H') solution of the non
dissipative one. The analogy appears clearly by using the Euler coordinates (z,6)
with z = Inr near the corner: then the neighborhood of the corner becomes a semi-
infinite strip and the singular solutions of the form r®7 () correspond to propaga-
tive modes e () in the strip. And the idea is simply to obtain the appropriate
functional setting for our corner problem by selecting the “outgoing” solution in



Radiation condition for a non-smooth interface between a dielectric and a metamaterial 3

the strip. The theoretical justification of this choice is more intricate and requires
adapting Mellin techniques in Kondrat’ev weighted Sobolev spaces (introduced in
1) to a non-elliptic equation (because of the change of sign of ). We hope that the
analogy with scattering theory will help those readers which are not familiar with
Mellin techniques in understanding the paper.

This unusual phenomenon of “propagative singularity” has been already men-
tioned in other physical domains and referred to as a “black-hole” phenomenon.
It appears for instance in elastodynamics (or in water waves) if the geometrical
domain exhibits cuspidal singularities ®6-19:20:21 Tn practice, black-holes are hard
to observe since an ideal cuspidal singularity cannot be manufactured and exper-
iments are done with the help of damping materials . To our knowledge, the
question whether black-holes due to corners of metamaterials can be observed in
practice is an open question.

The outline of the paper is the following. The definition of the problem and the
notations are introduced in Section 2. We recall in Section 3 how the so-called T-
coercivity technique ! allows to prove that the problem is well-posed in H*(£2) when
the contrast k, ¢ [—1,—1/3]. Section 4 is the main part of the paper and contains
all the new results for the case k, € [—1,—1/3]. Well-posedness in an appropriate
functional setting is established together with a limiting absorption principle. Some
technical parts of the proofs are postponed to Section 5, where all the details are
given.

2. Setting of the problem

We consider an open subset 0 C R? with polygonal boundary such as represented
in Figure 1. We assume that 2 is partitioned in two sub-domains 27,5 so that
Q = Q1UQ, with Q11O = 0. In addition, we assume that the interface ¥ = QN
is a straight segment that intersects 9 at only two points O and O’ that are not
located at corners of 0€2. In the sequel, we shall often refer to the polar coordinates
(r,0) centered at O, and such that 8 = 0 or 7 at the boundary in the neighbourhood
of O.

Fig. 1. Geometry of the problem.
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At O, we assume that ¥ is perpendicular to 9. Finally, we suppose that there
exists a ball B(0,79) centered at O such that Q2 N B(0,79) = {(rcosh,rsinf) €
R2|0<r<ry, 0<6<m/4} and Q; NB(0,79) = {(rcosf,rsinf) e R? |0 <r <
ro , m/4 < 0 < 3w /4}. We consider the value 7/4 for the opening of the cone simply
because it will allow explicit calculus in Section 4. There is no difficulty to adapt
the rest of the forthcoming analysis for other values of this angle. The problem that
we wish to study in this article writes

—div(eVu)=f in Q, and u=0 on . (2.1)

We shall give more details later concerning the space where u is to be sought and
f to be chosen. The function o is supposed to be piecewise constant: 0 = o; in Q;,
7 = 1,2, where o1 and o2 are two constants such that ¢; > 0 and o2 < 0. Let us
underline that, in the sequel, the following contrast parameter will play a key role
def 02
= o

(2.2)

Ko

Note that considering a problem of the form —div(cVu) + pu = f in Q with
p e Le(Q) and u = 0 on 9Q (which covers the case of the time harmonic regime)
rather than (2.1) would only induce minor corrections in the analysis we provide in
the present article.

Before proceeding further, let us introduce some basic notations. For an open subset
O c R? with d = 1,2, the product of L2(0) (respectively L?(0)?) will be denoted

(u,v)o déf/ou(x)v(x) dx, Yu,v € L*O) (resp. L*(0)?).

Hence, the standard scalar product in L2(O) (resp. L2(0)?) is (u,v) — (u,7)o. We
set [[ullz(o) E (u, @)y and Julluyo) = IVulliz(o). We set (, ) as the duality

pairing between H™1(0) and H}(0O), and define the norm

fullg-1(0) % sup M, Yu e H10) .
veHL(0) HUHH}J(O)

These notations allow to introduce a continuous linear operator A : H}(Q) —
H=1(Q) defined by

(Au,v)q ef (oVu,Vv)g, Yu,v € Hj(Q). (2.3)
In the sequel, on several occasions, we shall rely on Fredholm theory using the fol-

lowing definition.

Definition 2.1. Let X and Y be two Banach spaces, and let L : X — Y be a
continuous linear map. The operator L is said to be of Fredholm type if and only if
the following two conditions are fulfilled

i) dim(ker L) < oo;
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.. . def
ii) dim(coker L) < oo where coker L = (Y /range L).

Besides, the index of a Fredholm operator L is defined by ind(L) = dim(ker L) —
dim(coker L).

3. The case of a non critical contrast

Let us examine whether (2.1) is well-posed in a standard Sobolev setting. In the
case K, € C\ (—00,0], it is classically a consequence of Lax-Milgram theorem that
there exists a unique u € H(Q2) solution to (2.1) for all f € H~1(£). Hence, in the
remaining of the present section, we focus on the case k, € (—00,0).

3.1. Non critical real negative contrast

In the case k, € (—00,0), the analysis presented in ! shows that Problem (2.1)
fits the Fredholm framework in classical Sobolev spaces whenever the contrast pa-
rameter s, remains outside some critical interval.

Proposition 3.1. For k, € (—00,0) \ [-1,—1/3], the operator A defined by (2.3)
is a Fredholm operator and ind(A) = 0.

We do not provide a detailed proof of Proposition 3.1, but briefly sketch it. For
further details, we refer the reader to !. First of all, observe that A is self-adjoint.
As a consequence, according to Lemma 6.1, it suffices to show that there exists
C > 0 such that

ullig @) < C(NlAulla-1@) + lullLz@) ) Yu € Hy(9) . (3.1)

We make use of a partition of unity, so that establishing (3.1) boils down to ob-
taining a similar estimate local to each element of the partition, which is done by
applying the technique of T-coercivity. The partition of unity is constructed in such
a manner that it suffices to derive an estimate of the form (3.1) in two different
model geometries. We present in detail how to treat each of these model cases.

The first one is a symmetric domain with straight interface (see Figure 2). This
case is supposed to model Problem (2.1) when localized around any point of the
interface except O.

Lemma 3.1. For some a,b > 0, consider the domain w = (—a,a) x (=b,b), and
denote wi = (—a,a) x (0,b) and wy = (—a,a) x (=b,0). Set 0 = 0; in w; with
o1 > 0 and o2 < 0. Under the assumption that

ke = 09/01 # —1,

the operator A : Hj(w) — H 1 (w) defined by (Au,v) = (cVu, Vo), is an isomor-
phism mapping H} (w) onto H™1(w).
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Y
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T

Fig. 2. Geometry of the first model problem.

Proof. As announced previously, we are going to use the technique of T-coercivity.
Define the map R; : HY(wy) — HY(wg2) by (Ryv)(z,y) = v(x, —y), and the map
Ry : HY(w2) — HY(w1) by (Rov)(z,y) = v(z,—y). Consider the two operators
Ty, T» mapping H}(w) into H{(w) and defined by

Ul in wq —uy + 2Rous In wq
Tiu = and Tou = (3.2)

—U2 + 2R1U1 in w2 U9 in w2

where u; = ul,;,j = 1,2. Observe that for each j = 1,2, the operator 7} is an
isomorphism satisfying 7} - T; = Id. Let us bound (oVu, V(T17)),, from below for
any u € Hj(w). Applying Young’s inequality with a parameter § > 0, and taking
into account the definition of T, we obtain

%6{ (O’VU,V(Tlﬂ) )w } = (01Vu1,Vﬂ1 )wl + ( ‘O’Q|VU2,V@2 )UJQ
-2 %6{ ( ‘0'2|VU2, V(Rlﬂl) )wg }

> (01Vur, Vg ), + ([o2|Vug, Vg ), (3.3)
— 0 (|oa|Vuz, Vg ), — 5 (|o2|V(Riw), V(Riwr) ),

> (o1 — || Ra|? 12 Vur, Vaay) |+ (Jo2|(1 = 8) Vg, Vo)

w1 wa’
The inequality above holds for any 6 > 0. Exchanging the role of w; and ws, one
may apply the same calculus with 75 instead of 73. This yields, for all § > 0,
Re{ (oVu,V(Tou)), } > (o1(1 = 8)Vuy, V)

w1

+((loz| = [1R2?01/8)Vus, Viz)

w2

Clearly ||R1]| = ||Rz2]] = 1. Considering the first (resp. second) above inequality
if o1 > |o2| (resp. o1 < |o2|) and taking § such that |o3]|/o1 < 6 < 1 (resp.
0 such that o1/|o2] < § < 1), one concludes that there exists an isomorphism
T : Hi(w) — H}(w) and a constant C' > 0 such that

Vu € Hy(w).

Re{ (oVu,V(TT)),, } > C||uH%I(1)(w),
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Hence, according to Lax-Milgram theorem applied to the sesquilinear form (u,v) —
(0Vu,V(I)),, for any f € H ' (w) there exists a unique v € H{(w) such that
(Au, Tv),, = (oVu,V(I0)), = (f,Tv), for all v € H}(w). Since T is an isomor-
phism, this proves that A is an isomorphism as well. O

The second toy geometry that we consider is supposed to model Problem (2.1)
when localized around O.

w1
w2

o 7/4

Fig. 3. Geometry of the second model problem.

Lemma 3.2. Let w be the open upper half unit disc defined by w = w1 U Wy with
wi ={(rcosf,rsinf) |0<r<1, 7/4<0 <7} andws ={ (rcosf,rsind) |0 <
r<l1, 0<6<mn/4} Seto =0, inw; witho, > 0 and o2 < 0. Under the
assumption that

Rog = 02/0'1 ¢ [—17—1/3],
the operator A : Hi(w) — H™ Y (w) defined by (Au,v) = (6Vu,Vv)_ is an isomor-
phism mapping Hi(w) onto H™(w).
Proof. Let Ty, T, : Hi(w) — Hj(w) be defined by (3.2) where the operators Ry, Ry
are now different, being defined as follows
ug(ry,m/2 —0)if 0 < /2
(Ryup)(r,0) =uy(r,m —30) and (Raug)(r,0) = .
0 it > /2

Checking that || Rz|| = 1 is straightforward. In order to compute || Ry ||, consider the
change of variables (r,0) = (p, (r — ©)/3). We have
G(Rlul) 2 1 8(R1u1) 2
—_ —|—— dr df
5| g | v

Ouy |2
9p

IV (Ryw)|2a,) = /

g/

As a consequence, we see that ||R;
similar to (3.3) either with T} or T5. This time, the value of the parameter § has
to be chosen in accordance with |R1]| or ||Rz||. This finally leads to the conclusion
that, whenever oo /0y ¢ [—1, —1/3], there exists an isomorphism 7" : H}(w) — H}(w)

)
pdpd® + = / ‘ “1‘ pdpd® < 3| VuulfZai).

|? < 3. Now, we can apply once again a calculus
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such that (u,v) = (o0Vu, V(T0)),, is coercive, which concludes the proof in the same
manner as for Lemma 3.1. O

As we explained before, Lemma 3.1 and 3.2 are the two main building blocks for
the proof of Proposition 3.1. Note that this proposition does not allow to conclude
that Problem (2.1) is well-posed in the case o2/01 ¢ [—1,—1/3]. Uniqueness of the
solution has to be assumed in addition.

Corollary 3.1. Assume that k, € (—00,0) \ [-1,—1/3]. Assume in addition that
the only element of H{(Q) satisfying div(oVu) = 0 in HY(Q) is u = 0. In this
situation the operator A defined by (2.3) is an isomorphism.

4. The case of a contrast located in the critical interval

What can we state about the well-posedness or Fredholmness of Problem (2.1) in
the case where r, € [—1,—1/3]? In !, it was proved that, as soon as ¥ presents
a straight section, in the case k, = 02/07 = —1, the operator A defined by (2.3)
does not have a closed range in H=1(£2), hence is not of Fredholm type. The case
ks = —1 seems to be a particularly problematic situation whose treatment is beyond
the scope of the present article. We discard this case from now on and for the rest
of this article. In the sequel, we will assume

Ko = 22 € (=1,-1/3). (4.1)
g1
Although we shall not consider the value k, = —1/3 in the present article, we expect

that it may be analyzed by some proper modification of the analysis we present for
the cases fitting into (4.1).

In the situation of (4.1), observe that all the steps of the proof of Proposition
3.1 still hold except Lemma 3.2. The corner structure of Problem (2.1) around O is
the only ingredient that could prevent Proposition 3.1 to hold.

In order to study Problem (2.1) in the neighbourhood of O, we will first come
back to the reduced problem introduced in Lemma 3.2, which can be rewritten as a
waveguide problem, using Euler’s change of variable z = Inr. As mentioned in the
introduction, explicit calculus shows that the critical interval is characterized by
the existence of propagative modes. A brief review of a classical waveguide problem
for the Helmholtz equation, for which we know how to deal with these propagative
modes, will help us to determine a well-suited functional framework for our problem.
Finally, we will extend these results to the initial problem (2.1).

4.1. Modal analysis

Consider the domain w represented in Figure 3 and introduce the problem

—div(eVu)=f in w and wu=0onodw. (4.2)
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where the function o depends only on 6 and is given by o() = o5 if 0 < 0 < 7/4,
and 0(f) =01 if 7/4 < 0 < 7.

Problem (4.2) may be reformulated in a domain with an even simpler geometry.
Consider the change of variable z = In7 and set %(z,6) = u(e?,6) and f(z,60) =
e?* f(e*,0). With these notations, Problem (4.2) is changed into a problem set in
B = (—00,0) x (0,7) that writes

— (002 + Dpo0p)u = f inB and u=0 ondB. (4.3)

The first equation above can be rewritten —div(eV @) = f in B. Because of the
geometry of B, it is natural to compute the solutions of the homogeneous problem
with separated variables in the infinite strip R x (0, 7r), commonly called the modes.
More precisely, we look for functions of the form exp(Az)y(#) which satisfy

div(oV(e*p(0))) =0 in B and ¢(0)=¢(1)=0 (4.4)

for some A € C whose value is to be determined, and for some ¢ € H(0, ).
This is equivalent to finding A € C and ¢ € H(0, ) satisfying £ (\)p = 0 where
Z(A\) : H§(0,7) — H™1(0, ) is the continuous operator defined by

s

(LN ¥) 0.m) :/0 aawaewde—ﬁ/o oo dh, Vo, € H5(0, 7). (4.5)

The corresponding A will be called an eigenvalue of the pencil ., and the set of
eigenvalues of .Z will be denoted A(k,).
Although, as an eigenvalue problem, (4.5) is linear in A2, it does not fit any well
established framework because of the sign change of o across the interface § =
/4. One surprising feature of this problem, for example, is that purely complex
eigenvalues may appear, as we shall see later.

Let us first examine whether 0 may be an eigenvalue of .. This implies that
d32¢ = 0 separately in (0,7/4) and in (7/4,7), so that there exist two constants
a,f € C such that p(f) = af in (0,7/4), and ¢(0) = (0 — ) in (7/4,7).
The transmission conditions at § = 7/4 are satisfied if both amr/4 = —387/4 and

a0y = Boy. This is only possible if o5 /01 = —1/3. In other words,
. . g9 1
0 is an eigenvalue of Problem (4.4) <= Kk, =—= —3-
g1

Now, let us study the modes associated with eigenvalues different from 0. Consider
A # 0 such that there exists ¢ € H}(0,7) satisfying .2 (\) = 0. This implies that
D3¢ + N2 = 0 separately in (0,7/4) and in (7/4, 7). Since ¢(0) = ¢(7) = 0, there
must exist constants «, 8 € C such that ¢(f) = asin(Ad) for § € (0,7/4) and
©(0) = Bsin (A(0 — 7)) for § € (r/4,7). Imposing the transmission conditions at
/4 leads to solving the following equations

. AT . 3\ AT 3\
a sin (4) + Bsin <4> =0 and «oycos <4> — [ oy cos (4) =
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The second equation required to divide by A which is a valid operation as A # 0.
The linear equations above admit a non trivial solution if and only if its determinant
vanishes, which leads to the dispersion relation

o7 sin ()?Tﬂ) cos (3?\%) + 09 cos ()?TW) sin (3?\%) = 0. (4.6)
To simplify this relation, use the formula 2(a1b; + asby) = (a1 + a2)(by + b2) +
(a1 — a2)(br — b2) where a; = 0,7 = 1,2, by = sin(Ar/4) cos(3An/4) and by =
cos(Am/4) sin(3A7/4). By means of elementary trigonometric formulas, this yields

sovsomsin (12 Yoo (25 = (o psin (7).

This relation is satisfied when sin(Ar/2) = 0, i.e. for the case A € 2Z\ {0} (we have
assumed that A # 0). In the case where A\ ¢ 27, then we can further simplify and
obtain

def 11— kg
T 21+ Ko

. (4.7)

Note that, for k, € R, we have p(k,) € [-1,+1] if and only if k, € R\ (-1, -1/3].
In (4.7) it also appears clearly that the value x, = —1 would raise difficulties. The
previous discussion on eigenvalues leads to the conclusion that the set of eigenvalues
of & is given by the following expression (recall that z — —i In (2 + iv1 — 22 ) is
the natural extension to the complex plane of the function arccos )

Ako) = (2Z\{0}) U {in, +4Z} U{—in, +4Z}

with 7, = —% In (p(ko) +iy/1 — p(ke)?) .

Formula (4.8) shows that, for k, € (—1,—1/3), we have Sm{n,} = 0, see Fig-
ure 4 below and 8427 and Re{n,} > 0, so that +in, are two purely imaginary

cos(M>=p(n(,) with  p(ko)

(4.8)

eigenvalues. The associated modes take the form
sinh(n, 0)

ﬁ on [0,7'('/4]

W= (2,0) = gp(6) 57 with pp(6) = { hlnom/4) (4.9)
sinh (7, (7 —0)) on [/4, 7]
sinh(n, 37/4) L

By analogy with classical waveguide problems (see the next subsection), these modes
will be called propagative modes.

In the case where k, € (—00,0) \ [-1,—1/3], all eigenvalues have their real part
different from 0, see Figure 4, so that all modes are evanescent.

To sum up, let us emphasize that the critical interval (—1,—1/3) is characterized
by the existence of propagative modes.
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— ko — —Sm{ns}

: 3
R,
-8 -7 -6 -5 -4 -3 -2 J1-37
I 1
Fig. 4. ko — —Sm{ns} for ks € (—8,0).
iR
A
—4 4+ ing . 4+ ing
° @ +ino °
-6 —4 —2 2 4 6
........ @ @ @ e Y >R
—4 —ing : 4 —ing
® ® —ino (]
Fig. 5. Location of the eigenvalues for ks = —3 € (=1, -1/3).
iR
A
-6 —4 —2 : 2 4 6
. ..... . ..... ... ,,,,, . ,,,,,, ., . . ,,,,, . . . . . »R
—8 + ing —4—ing —4+ins —ine +ine 4 —ing 4+ ing 8 —ing
Fig. 6. Location of the eigenvalues for kK, = —i.

Remark 4.1. The modal analysis that we have just presented still holds in the
case kK, € C*\[-1,—1/3]. In particular the eigenvalues may still be computed by
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means of Formula (4.8). The determination of the logarithm that we consider is
defined by In(re’®) = Inr + ia for r € (0,+00), a € (—m, +7], and the square root
is defined by vrei® = \/re'®/? for r € (0,+00), a € (—n,+7].

Remark 4.2. When x, € (—00,0) \ [-1,—1/3], we have seen that all modes are
evanescent, and it would be possible to prove well posedness of (4.3) in H}(B) using
the techniques presented in the next sections, in accordance with Lemma 3.2.

4.2. A brief review of a standard waveguide problem

In order to obtain some insight on problem (4.3), let us take a look at a more
classical waveguide problem: find v € HL (B) such that

loc

Av+k*v =0 inB,
v(z,0) =v(z,m) =0 Vz<0, (4.10)

v(0,0) = 9(0),

where k € Ry \ N and g € HééQ(O,ﬂ). Again, separation of variables is a natu-
ral approach and computing the modes leads to consider the following eigenvalue
problem

peOm. [ dpd-Rovdd = [ puds.  vo e o). (111)
0 0

One straightforwardly finds that the modes form a family (exp(£A,2)on(0))nen
given by

—ivk2 —n2ifn <k,
vn2 —k? ifn>k.

For k < 1, all \,, are positive real numbers so that all modes are evanescent (as for
the problem studied in the previous section for a contrast outside the critical inter-

on(0) =sin(nf) and N, =

val). Propagative modes appear for k > 1. In particular, for k € (1,2) there exist
exactly two propagative modes sin 6 eﬂmz, propagating in opposite directions.
We will focus on this situation which is analogous to what happens for a contrast
lying inside the critical interval.

First notice that uniqueness does not hold for problem (4.10). Indeed,
sinf sin(vk? — 1z) is a solution for g = 0. Classically, well-posedness is recovered
by imposing a radiation condition, to select the “outgoing” solution. Since (4.11) is
a self-adjoint eigenvalue problem, the family (/2/7 sin(nf)),>o is a Hilbert basis
of L?(0, 7). Using the representation of g on this basis g(f) = >_°7 | g, sin(nf), the
outgoing solution of (4.10) writes (assuming a time dependence in exp(—iwgt) with
a pulsation wy > 0)

v(z,0) = g1sinfe V12 Ly (2,0), (4.12)
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where the evanescent component reads v,(z,0) = > o0, gy, sin(nf) eV ~* 2,
Remark 4.3. A classical way to characterize the outgoing solution is to use the
limiting absorption principle. Consider Problem (4.10) where k has been replaced
by k. = k + ie. Such problem has a unique solution v, in H!(B). The outgoing
solution to (4.10) is then defined as the limit v of v, in H{. (B) as e — 0.

4.3. Well-posedness within an adapted functional setting

Now we come back to Problem (4.3). We want to find a functional setting in which
it would be well posed. For this, a natural idea consists in trying to adapt the ap-
proach recalled in §4.2. Unfortunately, because of the sign change of ¢ across the
interface 8 = 7/4, the eigenvalue problem associated with (4.5) is not self-adjoint
and we are not able to justify some basis property for the corresponding eigenvec-
tors. Nevertheless, using (4.12) as a guideline, we will look for a solution which is the
sum of one propagative mode and an evanescent part. The weighted Sobolev spaces
that we will introduce now are well-suited to measure the exponentially decaying
behaviour at infinity of this evanescent component.

Let 65°(B) refer to the set of ¥°°-functions whose support is compactly embedded
in B. For k > 0, let WE(B) refer to the closure of 6§ (B) with respect to the norm
defined by

def z aa 1/2
ol = (Y e 02050 [fas) ' -
a+y<k

This norm is equivalent to the norm || e’#v [|gr 5y and, we have W§(B) = Hj(B)
and W{(B) = L*(B). Besides, if 8 > 0, we have W' 4(B) C Hj(B) € Wi(B). To
gain insight about these weighted spaces, take a function of the form wv(z,0
©(0) exp(A2)((2) where ¢ € €>(0,7) NH§(0,7), A € C, {(2) € €°(R), ¢(0) =
and ((z) = 1 for 2 < —1. Then v € Wj(B) if and only if Re{A} > —43.

o |l

We shall denote W(B)* the topological dual to Wé(B), and (, )z the duality
pairing between Wé (B)* and Wé(B) We equip this space with the norm

ol = sup 125 gy e wigg)

wew (8) lullwy s

Observe for example that, for 3 > 0, we have Wj(B) C W! 5(B)* in the sense
that any u € Wj(B) induces the linear form v — (Vu, Vv)g that is continuous for
the norm of W' ;(B). For any 8 € R, let us denote Lg : W5(B) — W' 4(B)* the
continuous operator defined by

(Lgu,v)g = (0Vu,Vv)g,  V(u,v) € Wi(B) x WL 4(B) . (4.13)

For k, # —1, the following result provides a simple criterion for determining
whether the operator Lg is of Fredholm type.
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Theorem 4.1. Assume that kK, = o02/01 # —1. The operator Lg : Wé(B) —
Wiﬁ(B)* is of Fredholm type if and only if no eigenvalue of £ (\) belongs

ls L {reC | RefA} =5}
The proof relies on arguments very similar to the theory presented in chapter 5-
6 of 12, and is detailed in Section 5 of the present article. Theorem 4.1 shows in
particular that, when x, € (—1,—1/3), L is Fredholm for g € (—2,2) \ {0}. Now,
we try to obtain sharper information about dim(ker Lg).

Lemma 4.1. Let k, € (—1,—1/3) and consider 5 € (0,2). The operator L_g :
WL ,(B) — WE(B)* is one-to-one, and there exists a constant C' > 0 such that

llhw: @ < CllLopolwse: Yo€Wy(B) .

This result will be proved in Section 5. Let L refer to the adjoint to the operator Lg.
Notice that Lj = L_g. Indeed, if A(k,) N€g = ), we have (Lju,v)p = (Lgv,u), =
(oVv,Vu)g = (0Vu,Vu)g = (L_gu,v) 4 for (u,v) € WL 4(B) x W}g(B) Moreover,
dim(coker L) = dim(ker L*) whenever L : X — Y is a continuous operator with
closed range between two Banach spaces X and Y, see Theorem 2.13 in '7. Since
Lg has closed range when A(k,) N{€g = 0, according to Lemma 4.1, we have

dim(coker Lg) = dim(ker L_g) =0 for 5 € (0,2).

To briefly summarize, for 0 < 8 < 2, L_g is one-to-one and Lg is onto. Besides Lg
is not one-to-one, and hence L_g is not onto: it is possible to provide an explicit
expression of some non trivial element of ker Lg. Define

$(z,0) = —sin(ne 2)pp(8) = %(u; (2,0) —uf(2,0)) . (4.14)

where ¢p, uff were defined in Formula (4.9). Then, s € Wj(B) (notice that 5(0,6) =
0V8 € (0,7)) and Lg(s) = 0.
There is some hierarchy between L_3 and Lg as we are in the following situation
L_g:W!s(B) = Wi(B)*
N N .
Lg: W§(B) — WL ;(B)*
This discussion leads to the intuition that an optimal functional setting leading to a
well-posed formulation for Problem (4.3) may consist in a space containing W1 5(B)
and included in W}g(B)

Consider a cut-off function ¢ € ¥*°(R) such that ((z) = 1 for z < —2 and
((z) = 0 for z > —1, and define s*(2,0) = ((z)u(z,0) where u} was defined
by (4.9). The form v = (0Vs*, Vo) is well-defined on W 4(B). Although s* €
WE(B)\ W 4(B), we will extend this linear form to W} (B), and actually to W1 (B)
for any v € R. Let us present this extension process for st (one proceeds in the
same way for s7). Applying Green’s formula yields

(UVS+, VU)B = (UU;VC, VU)B — (UVU;F, UVC)B , Yo € 65°(B)
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since diV(UVug‘ ) = 0 in B by construction. As supp(V() is bounded, there clearly
exists C' > 0 such that | (cVsT,Vv)gz| < Cllvllwys), for all v in €5°(B). There-
fore, according to the density of 5°(B), the linear form v + (6Vs*, Vu)g can be
continuously extended to W}B(B) Now, let us set

7/;(8) = span{sT} ® WL ;(B) for 0<f <2 equipped with
» (4.15)
€

1/2
HU”WB*(B) - )

(16 + lo-sli3s ) )/> it v=cst+v_s.

The space 7//;“(6) equipped with this norm is a Banach space that satisfies
WL, (B) € #;7(B) € WE(B) since s* € WE(B) \ WL 4(B). The discussion above
shows that there exists a unique linear continuous operator L; : 7//;“(8) — Wi(B)*
satisfying

<Lgu,v>5 = (oVu,Vv)g, Yué€ V//ﬁ"’(B)7 Yv € 65°(B). (4.16)
We will show that this operator is actually an isomorphism. We first prove an

intermediate result providing a more explicit expression of ¢ with respect to L;u
when u = cst +u_g € ¥ (B).

Proposition 4.1. Let 3 € (0,2), and let s be defined by (4.14). For allu = cs™ +
u_g € 7/;(8), where ¢ € C and u_g € W' 5(B), the following formula holds

(L) =cne [ o) pul0)? do.

Proof. Since s € Wj(B), (Lgu, s)p is well-defined whenever u € 7/;‘ (B). Consider
a € cut-off function x : R — [0, 1] such that x(z) =1 for z > —1 and x(z) =0
for z < —2. Set x,(z) = x(z/p). Observe that x,s € Wiﬂ(B) for p > 0. We have

<L;§u7 Xp8)8 = (0Vu, V(Xps))B = (sVu — uVs, O'VXP)B (4.17)

because (oVuv,Vs)g = 0, Vv € Wl_ﬂ(B) (recall that Lgs = 0). We examine the
expression above for p — +o00. Using the dominated convergence theorem, it is easy
to check that ||x,s — SHW};(B) — 0 for p — +00. Therefore

i (L x8)s = (Lfu ) (4.18)
Now, we examine the behaviour of the right-hand side of (4.17) for p — +o00. Since

u=cst +u_g with c € C and u_g € W' 4(B), this right-hand side contains two
contributions. The contribution associated with u_g satisfies

T p—p
}(sVu,/g - u,ng,JVXp)B’ < / / |00 Xp| - |sVu_g —u_gVs|dzdf
0 —2p

< %HazXHLw(R)||u76Hw176(5)Husg(s)lHjoo0 .
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To finish the proof, it only remains to examine the contribution associated with
csT. Using the fact that ¢p,(0) is real valued, see Formula (4.9), a direct calculus
yields

; _ : + ot
pl}r}_loo (sVu —uVs, O'VXp)B =c pggr_loo (sVs —s"Vs, UVXP)B
x (4.19)

p g
=c¢ lim azxp/ Mo 0pp(0)2df dz = cng/ o, (0)%d6.
0 0

p——+o00 —2p

To conclude, it suffices to plug (4.18) and (4.19) into (4.17). m|

Note that the calculus in (4.19) shows in particular that (sVs+ —sTVs, O'VXP)B
is independent of p for p large enough. Now, we prove that, choosing 7/; (B) as a
functional setting for (4.3) leads to a well-posed problem.

Theorem 4.2. Consider k, € (—1,—1/3) and 8 € (0,2). Then the continuous
operator Lg : %+(B) — Wé(B)* defined by (4.16) is an isomorphism.

Proof. Take any function u = ¢s™ 4w where w € W' 4(B) such that (Lgu, v)g =
0, Vv € ¢§°(B). Proposition 4.1 yields ¢, [ o¢(0)?df = 0. According to Lemma
6.2 in appendix, this implies that ¢ = 0 since 7, # 0 as k, € (—1,—1/3). Therefore
u € W 4(B) and it satisfies (6Vu, Vv)z = 0, Yo € W(B) which can be rewritten
L_gu = 0. According to Lemma 4.1, this implies that v = 0. Hence, we have
obtained that L;g is one-to-one.

To conclude, it remains to prove that L[}L is onto. Take any f € Wé(B)* -
Wl_ﬂ(B)*. Since Lg is onto, there exists ug € Wé(B) such that Lgug = f. Since
fe Wé (B)*, according to Theorem 5.2, the following decomposition holds

ug =ctsT+cs +tu_g where ¢t €C and u g€ W!(B).
Now, define w = ug — 2ic”s with s defined in (4.14). Since s € ker Lg, we have

Lgu = Lgug = f. Besides, we actually have u € %+(B), so that Lgu = f. Hence
L; is onto. O

Notice that we may achieve the same construction as above replacing “+” by
“7. Indeed, consider the space # (B) = span{s~} & W! ;(B) for 0 < § < 2.
Changing the previous proof mutatis mutandis we obtain that, for all f € VV%(E»‘)*7
there exists a unique u € #}; (B) such that (cVu, Vu)g = (f,v)5, Yo € €5°(B).

Remark 4.4. For 8 € (0,2), using Theorem 4.2 and Theorem 5.2, it is straight-
forward to show that dim(ker Lg) = dim(coker L_g ) = 1. This implies ind(Lg) =
—ind(L_,g) =1.

4.4. Limiting absorption principle

In the preceding paragraph, we introduced two different spaces, namely 7/;' (B)
and #; (B), and we showed that for any f € WE(B)*, there exists exactly one
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ut € 7/;(8) and one u~ € ¥ (B) such that
(oVu*t, Vo)g = (f,v)5, Yv € €°(B). (4.20)

Any function au™ + (1 — a)u™, with a € C, is also a solution to (4.20). Among
all such possible solutions, which one is “the” physical solution to Problem (4.3)?
Recall that we are considering the case k, = 02/01 € (—1,—1/3). To provide an
answer to the previous question, we proceed as mentioned in Remark 4.3, using
the limiting absorption principle. Consider a problem analogous to (4.3) with an
additional absorption contribution in the coefficient o: for any f € WE(B)*,

Find v” € Hy(B) such that —div(e?Vu?)=f inB. (4.21)

where 07(0) = o(0)(1 + i~ysign{o(f)}) with v > 0. Formulation (4.21) has to be
understood in the sense of H™!(B). It is well-posed as the associated sesquilinear
form is coercive, and its unique solution is denoted u” € H}(B). The limiting ab-
sorption principle consists in stating that «” has to converge toward the physical
solution of (4.3) as v — 0. In the present situation we will show that u” — u™ in
W}j (B) for 8 € (0,2). This justifies choosing WBJF (B) as a proper functional setting
for this problem.

Remark 4.5. Here we consider that the choice for the sign “4” in front of “iv”
corresponds to an absorbing medium in the time domain. Admittedly such a a
choice is far from obvious, but corresponds to the commonly adopted model in the

33,31

physical literature . Let us emphasize that our analysis would also work with

the sign “-”, leading to choose u~ as the outgoing solution.

4.4.1. Modal analysis of the dissipative problem

As a preliminary step, we formulate observations as regards the modal analysis of
Problem (4.21). As was pointed out in Remark 4.1, the eigenvalues of the pencil
associated with Problem (4.21) may be computed by means of Formula (4.8). This
shows in particular that there exists one eigenvalue 47, such that 7, ., — 7, for
v — 04. By continuity, for a given g € (0,2), there exists 7o > 0 such that, for
v < Yo, +i0s, and —in, , are the only eigenvalues of Problem (4.21) located in the
strip {A € C| — 8 < Re{A} < +5}. Let us show that Im{n,~} < 0, at least for
~ sufficiently small. Denote p, = p(kov). Using the expression of p, provided by
(4.7), one finds

_lo(l4iy) —oa(l —iy)  1(1—ko)+iy(l+ ko)
P00+ toal—i7)  2(1+re) +in(l—rg)

According to (4.7), there holds cosh(7,,~7/2) = p.. Denote 77:;,7 = 041y~ Differen-
tiating with respect to v at 0, one obtains

, T sinh (77071') _ 2iks
No,0 9 2 - (1_|_K:U)2'
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Since 7, € RY, this yields Sm{n, } < 0 and then Im{n,,} < 0 for v small
enough. Therefore 47, is the only eigenvalue of Problem (4.21) located in the strip
{AeC|0< Re{A} <}

In the sequel, we denote u;f_ (2,0) (resp.uy ) the eigenmode associated with
Mo,y (resp.—iny~). Here again, the explicit expression of u§ - 1s provided by Formula
(4.9), replacing 75 by 7,,,. Define s3(0,2) = ((z)ui,(z,0) (where ¢ is the cut-
off function that we used for the definition of s*). Using dominated convergence
theorem, it is easy to check that

; - _ ; + ot _
i Is5 —s llwys) =0  and i sy — 5" llwys) =0 (4.22)
Let us come back to u” € H}(B) the unique solution to Problem (4.21). According
to Theorem 5.4.1 in 2 (which holds for this elliptic problem), for 0 < v < 7o, the
function u” admits a decomposition of the following form

u”zc”s$+uzﬁ where ¢ € C, ulﬁ EWl_ﬁ(B).

To prove the convergence of u” to u™ € ”//;(B), where u™ has been defined by
(4.20), we will successively prove the convergence of the singularity coefficients ¢”
and the convergence of the evanescent part u” PE

4.4.2. Convergence of the singularity coefficients

We first prove that ¢¥ — ¢ for v — 04, where ¢* € Cis such that u™ = ¢Tst+u_g
with u_g € Wk ﬁ(B). We provide a more explicit expression of c7.

Proposition 4.2. Let § € (0,2) and 0 < v < 7. Assume that K, € (—1,—1/3).
Define s,(z,0) = —sin(1g 2) pp~(0). Consider u” = c7s¥ +u’ 5 the unique solu-
tion to (4.21). Then we have

(f,sy)B = cyngﬁ/ U’ngpﬁ(H)sz.
0

The proof is very similar to the proof of Proposition 4.1 (it is also very close to
Theorem 5.4.3 in %), so it is left to the reader. Using (4.22), we see that [|s, —
5||W},(B) — 0 for v — 04. Besides, we have

lim ngﬁ/o aﬁppﬁ(ﬁ)Qdﬁzna/O o, (0)2df.

=04

This shows in particular that, for v small enough 7, foﬁ aﬂaiﬁd@ # 0, see Lemma
6.2 (recall that we assumed that x, € (—1,—1/3)). Applying both Proposition 4.1
and 4.2 yields

Gosds (L)
Mo,y foﬂ o2 df  n, foﬂ opadd

lct — 7| =

— 0. (4.23)

=04
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4.4.3. Convergence of the evanescent parts

Now, we prove the convergence of u” 5 toward u_g. First of all, recall that both
div(oVst) and div(c7Vs?) have compact support since div(eVul) = 0 and
div(67Vuf ) = 0 in B by construction. As u™ = ¢*sT +u_g is solution to (4.20)
and u? = ¢7st +u” 4 is solution to (4.21), for any v € 65°(B), we have

(oV(u_pg — uzﬁ),Vv)B‘ < ‘(cVUVVs;F — c+0Vs+,VU>B‘ + ’((a — U”)Vuzﬁ,Vv)B‘
< [IelldivoVs*) — div(o" Vs e + et — | ldiv(o Vs uaqs)

o = Ml llwe s | el ) -
Since 6§°(B) is dense in \7\7}3(8)7 according to the definition of L_g, the inequality
above shows that
1E-(u-s = ) lwy sy < ) (14 02 gllwe )

where €(y) tends to 0 with v (use (4.23) and notice that ||div(eVsT) —
div(e7VsT)|lL2(8) — 0 for v — 04). According to lemma 4.1, there exists a constant
C > 0 independent of v such that

lu—p —uZgllwr ) < Ce() (14 lulglwr ) V7 €(0,7) -
B s
Using triangular inequality, one finally finds
i [l = gl ) = 0. (4.24)

4.4.4. Final convergence result

Gathering (4.22), (4.23) and (4.24) finally yields the following theorem:

Theorem 4.3. For 3 € (0,2), one has

i 7 =y =0 (4.25)

where u? is the solution of (4.21) and u* € ”//,BJF(B) the solution of (4.20).

This proves that the solution to a problem of the form (4.21) with a slightly
dissipative medium is close to u™. Hence ut is more relevant than u~ from a
physical point of view.

4.5. Well-posedness of the initial boundary value problem

In this paragraph, we want to come to back to the initial problem (2.1), set in the
domain € in the case k, € (—1, —1/3). The results that we established in paragraph
4.1 and 4.3 for the problem set in the half-strip B will help determine an adapted
functional setting for this problem. Let us first rewrite these results in the domain w
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of Figure 3, using the inverse change of variable » = exp z. We introduce the space
Vj(w) as the completion of 6 (w) with respect to the norm

def

_ 1/2
ollvy) = (7P Volfze) + 177 0 lF20) (4.26)

It can be checked straightforwardly that u = u(r, ) belongs to Vé (w) if and only
if u(z,0) = u(e?,0) belongs to W}g(B) Let ¢ : R — [0, 1] be a € cut-off function
such that {(r) =1 for r < 1/3 and ((r) = 0 for » > 1/2. Mimicing (4.15), we define

7/ﬁ+(w) def span{ r'’7 o, (0)¢(r) } ® Vi4(w) for 0<B<2

def

. 1/2
with [Joll,+ () = ) (4.27)

(1P + o=l (.
if v=crig,(0)¢(r)+v_g.

For this functional setting, we also introduce an operator associated with Equation

(4.2). In the same manner as for operator L}, we define A% : ¥ (w) — Vi(w)* as
the unique linear continuous operator satisfying
<Agu7v>w = (ocVu, Vv),, Yue ”//ﬁJr(w)7 Yo € 65°(w) . (4.28)

Adapting the proof of Theorem 4.2 in the coordinates (r,6) leads to the following
result:

Proposition 4.3. Consider k, € (—1,—1/3) and 8 € (0,2). Then the continuous
operator AE : 7/ﬁ+(w) — V}g(w)* defined by (4.28) is an isomorphism.

A result similar to Proposition 4.3 with w replaced by £ does not hold in the
general case. However, and this is the main result of this paper, we can prove
a slightly weaker version in  (trapped modes can appear). Define Vé (Q) as the
completion of G5°(2) for the norm || ||VL13(Q) defined by (4.26) where w is replaced by
Q. Similarly, define ”V;' () like in (4.27) replacing w by 2. We redefine the functions
sE(r,0) = r¥iep,(0)((r). Here, of course, the support of the cut-off function ¢ is
chosen sufficiently small so that s* = 0 on 9.

Proposition 4.4. Consider r, € (—1,—1/3) and B € (0,2). Similar to the defini-
tion of Lg, define A;g : ”//;(Q) — V}g(Q)* as the unique linear continuous operator
satisfying (Agu,vm = (oVu,Vv)q, Yu € ”I/!;(Q), Yo € 65°(Q). Then AE is a
Fredholm operator and ind(AE) =0.

Proof. We divide the proof in two steps.

STEP 1: THE OPERATOR A;g IS OF FREDHOLM TYPE. We proceed as in the proof
of Theorem 1.2 of ', chapter 4, §1. Let us first introduce some notations. Define

the open sets w, = QN B(0,d,) and w, = Q\B(O, dp) where d, and dj, are chosen
so that 0 < d, < d, and {(rcosf,rsinf) e R? |0 <r <d,, 0< 60 <} C Q.
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For v = a,b, let (, and 1, be ¥ functions (with support in Q) satisfying the
conditions

(Q M supp CV) C (Q M supp ¢u) C wy, CV,(/JV = Cuv Ca + Cb =1in .

We also suppose that n - V¢, = n - V(, = 0 on X, where n denotes the unit
vector to ¥ going from ; to 5. Introduce A, : 41/6+ (Wa) — Vé(wa)* the unique
linear continuous operator satisfying (Aqu,v),, = (cVu,Vv),,, Yu € “I/[;r(wa),
Yv € 65°(wq). According to Proposition 4.3, A, is an isomorphism. Introduce also
the continuous linear operator A, : Hj(wy) — H71(wp) such that (Apu, V) =
(oVu, Vo), +i(u,v),,, Yu,v € H{(wp). With the help of Lemma 3.1, one can
prove that A is a Fredholm operator of index zero. Since A is obviously one-to-
one (take the imaginary part of (Ayu, %), for u € ker Ay ), this implies that Ay, is
an isomorphism.

Let us prove the following a priori estimate:
[ully ) < C(”A,_B‘—“HVE(Q)* + lpulliz),  Vu € ¥57(Q). (4.29)
For all u € V;(Q), there holds

(Iatelly () + lICoullg )

(lAa(Cat) vy (wa) + 1A (1) 111 (1))
(||1l)af4§u||v;3(n)* + s Afullvy oy + [¥sullei)
(||A;§U||v;3(9)* + [[¥pul|Lz())-

||U||7/B+(Q

I/\\/\\/\\/\
Q aQQQ

Since the map u — pu from ”//;' () to L?(Q) is compact (recall that v, vanishes
in the neighbourhood of O), one deduces from Lemma 6.1 that range Ag is closed
and ker A;g has finite dimension.

Now, let us build a right regularizer (also called a right parametrix), i.e. an operator
R such that A;R — Id is a compact operator of V}j(Q)* According to lemma 2.23
n 7, this will prove that coker A; is finite-dimensional. Define the operator

R (AT 0 + Gy
For all f € Vé (©)*, one finds
A;Rf = AgCaA;1¢af + AECb-Aljlwa
= Caf + be + [Azga Ca]Aglwaf + [AE7 Cb}Aglwaa

where [Ag, ¢ = A;Cy — CVA?; for v = a,b. Since Op1, = 0,(, = 0 on X, one can
prove that [AE, ¢,] is compact as an operator mapping ”//ﬁ+ (Q) into VE(Q)* Thus,
R is indeed a right regularizer and coker Ag,' is finite-dimensional.
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STEP 2: THE INDEX OF A;g IS EQUAL TO ZERO. By definition, one has
ind(Ag) = dim(kerA;) - dim(cokerA;). Define Ag : V() — VI 5(Q)* and
A_p:VE(Q) = V5(Q)* the two continuous operators such that

(Agu,v)g = (0Vu,Vu)q , V(u,v) € VE(Q) x V1 4(Q) ;
(A_gu,v)g = (oVu,Vv)g, V(u,v) € Vl_ﬂ(Q) x V5(Q) .

Our goal is to prove that dim(ker Af) = dim(ker A_g) and dim(coker A}) =
dim(coker Ag). Since A% = A_g, this will be sufficient to conclude. To begin with,
note that ker A_g C ker Ag C ker Ag.

i) Consider u = cs™+u_p, withc € Cand u_g € V! 4(Q), an element of ker AE. One
has div(cVu) =0 a.e. in Q. Multiplying by @, integrating by parts on Q\B(O, 6),
taking the limit of the imaginary part when ¢ tends to zero (use the ideas of the
proof of Proposition 4.1), one finds ¢ = 0. Consequently, ker Ag = ker A_g.

it) Now, let us prove that ker A_g # ker Ag. Proceed by contradiction assuming
temporarily that ker A_g = ker Ag. Introduce F and G two finite dimensional vector
spaces such that

V5(Q)* =range A_z & F; (4.30)
F = (FNrange Ag) & G. (4.31)

According to Lemma 4.2, proved later, we have V1 ;(Q)* = range Ag+V5(Q2)*. Con-
sequently, we can write V{B(Q)* = range Ag & G. Since A_g is the adjoint of Ag,
one has dim(F) = dim(coker A_g) = dim(ker Ag) and dim(G) = dim(coker Ag) =
dim(ker A_g). Thus, our hypothesis leads to dim(F) = dim(G) which implies
F Nrange Ag = {0} according to (4.31). Now, recall that Ag(s™) € Vé(Q)*
According to the decomposition (4.30), there exist u_g € Vl_B(Q) and w € F
such that Ags™ = A_gu_g + w. But clearly w € F Nrange Ag so w = 0 and
sT—u_pg €ker Ag = ker A_g. It is absurd because sT —u_g ¢ V! 5(Q). Therefore,
ker A_g 2 ker Ag.

iii) Consider u, € ker Ag such that u, ¢ ker A_g. Using Theorem 5.2 in annex,
one can prove that u, admits the representation u, = cj‘ st + €, 5" 4 u,,_pg with
Uy, —p € V! 5(Q). Since u, ¢ ker A_g, there holds |cf| + |¢;| # 0. On the other
hand, proceeding as in i), one finds that both ¢} and ¢, are non trivial.

iv) Let us establish that dim(coker AE) = dim(coker Ag), which will conclude the
proof. As in 4i), we introduce F, G two finite dimensional vector spaces such that
V},(Q)* = range AE @ F;
F = (FNrange A3) @ G. (4.32)
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Again, one has Vl_ﬁ(ﬂ)* = range Ag @ G, dim(F) = dim(coker Ag) and dim(G) =
dim(coker Ag). Let us prove that F = G. According to (4.32), this is equivalent to
F Nrange Ag = {0}. Let f be an element of F Nrange Ag. There exists u € V()
such that f = Agwu. Using Theorem 5.2 in annex, one finds that u admits the
representation u = ¢ts* +¢7s™ +u_p with u_g € V! 5(€). Now, observing that
u—c ux/cy is an element of 7/B+(Q) such that AE (u—c ux/c;) = f, one deduces
that f € F Nrange Ag and, since F N range AE = {0}, we have f = 0. O

Lemma 4.2. V! 4(Q)* = range Ag + V5(Q)*.

Proof. Consider f € Vl_ﬁ(Q)*, and take 1, and w, like in the proof of Proposition
4.4 above. The function 1, f belongs to V1 ﬂ(wa)*. Since A, g, the unique linear con-
tinuous operator from Vj(wa) to V1 5(w,)* satisfying (Aa g u, v)w, = (0Vu, V),
Yu € V}j, (wq), Yv € Vl_ﬁ(wa)7 is onto (see the discussion after Lemma 4.1), we know
there exists u € V}i (wq) such that A, g u = 1, f. The function Ag ({,u) € range Ag

is such that f — Ag (Cau) € VE()*. ad

Remark 4.6. Up to now, we have considered a static problem, but, as mentioned
in section 2, similar results can be obtained for the time harmonic problem, with a
pulsation wg > 0. Following 2! and going back to the time-domain, we observe that
our results lead to consider solutions which behave like

ei(ng In r—wot)(pp(e)

near the origin. Two surprising properties can be noticed.

1) This outgoing wave seems to come from the origin, that is from the infinity in
the strip. This is due to the presence of the metamaterial, in which phase and group
velocities are known to be of opposite signs 3°, and is strongly related to the choice
of dissipative model used in §4.4 (see Remark 4.5).

2) The velocity of the wave wor/n, tends to 0 when it approaches the origin. Fur-
thermore, when kK, — —1, we have 7, — +00. Consequently, the closer k, is to —1,
the slower the wave propagates.

5. Analysis in weighted Sobolev spaces

The aim of this section is to prove the technical results that were required in the
previous section. In particular, we are going to give a detailed proof for Theorem 4.1
and Lemma 4.1. The analysis that we present here is widely inspired by Chapter 6
of 12, However, we wish to give a detailed presentation of the technical results of this
section for two reasons. First, we do not expect our reader to be familiar with this
theory, so it seems more appropriate to provide, within this article, all necessary
material for a full comprehension. The second reason is that, in the present situation,
we need to tackle a problem that is not elliptic, whereas ellipticity is assumed in
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12 can be adapted to treat our

particular case. In the sequel, for the sake of conciseness, we set

12 So, it is important to check that the results in

I % 0,7).
We will denote (-, -) the product of L?(I) and (-, )1 (resp. (-, -)2) the one of L2(7 /4, )
(resp. L2(0,7/4)). For a general measurable function v on (0,7), we define the
restrictions v1 := v|(z/4,x) and vz := V| (g, /1)

5.1. Parameter dependent norm

In the next paragraph, we will have to study one dimensional problems involv-
ing functions in H}(I). However, these problems will depend on a complex valued
parameter A. Since we need to state estimates in which behaviour for |A| large is
a key consideration, we shall not consider the standard norm over H}(I) but a
parameter-dependent norm defined by

def 1/2
[l ay = (g + MNP ) YeeH(T).  (5.1)
Admittedly, for any fixed A € C, the norms || |17,z and || ||g1(7) are equivalent.
But the difference between these two norms comes into play in estimates involving

large values of |A|. We also consider the dual norm

def , U _
Wlaorapy & sup B0 gy gy (5.2)
veHL(I) ||U||H1(I,|>\\)

5.2. Parameter dependent 1-D problem

As a preliminary step, we need to study the properties of the operator pencil £ (\) :
H{(I) — H71(I), and to state estimates for it in terms of the norms (5.1) and (5.2).
Recall that this pencil is defined by

L(MNu,v); = o Ogu Ogv df — \? ocuvdb, Vu,v € H(I).
0
0

0
Clearly .-Z()\) has analytic dependency with respect to A in the norm of contin-
uous operators mapping Hj(I) into H™1(I). Injectivity of £ (\) has already been
investigated in sub-section 4.1 by means of direct calculus. We would like to derive
estimates for the behaviour of || £ (X)u|lg-1(p) for |A] large.

Lemma 5.1. Assume thal k, = 02/01 # —1. Then, £ (\) is an isomorphism from
HS(I) to H7Y(I) if and only if there holds A\ ¢ A(k,), where A(k,) is the set of
eigenvalues of £ .

Proof. As in the proof of Lemma 3.1, we use the technique of T-coercivity. To
obtain this result, we will first prove the

Lemma 5.2. Assume that ks, # —1. Then, there exists 1o € R such that £ (itg) is
an isomorphism from Hy(I) to H=(I).
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Proof. Asin the proof of Lemma 3.1, we use the technique of T-coercivity. Consider
a € cut-off function ¢ : R — [0, 1] such that ¢(z) = 1 for |z — 7/4| < /16 and
¥(z) = 0 for |z — 7/4] > m/8. Introduce the isomorphisms 71,75 : H{ (1) — H{(I)
defined by

v1(0) for 0 € (w/4,m)

(Th)(0) = { ;
—v2(0) + 2¢p(0) v1 (/2 — 0) for § € (0,7/4)
(5.3)

v1(0) — 29(0) va(m/2 — )  for 0 € (w/4,7)

(Ta0)(0) = {_W) for 0. (0,7/4)

for all v € H{(I). Denote s(f) = 7/2 — 6. For all A = it with 7 € R, one has, for all
a, § >0 and v € H}(I),

|<$(’L'T)’U, T1§>I|

> o1(v],07)1 + 7201 (v1, 1)1 + 02| (vh, 02")2 + T2[02|(va, U2)2

—2|o2(vs, (Y71 0 5))2| — 2|72 02 (v2, (Y TT 0 5))2 (5.4)

> (o1 —a Hoa|)(v],01")1 + (1 = (a +8))|oa| (v5, 72 )2
+(13 (01 — aHaa|) = 671 Cloa|) (v1,71)1 + (72]02| (1 — @) (va, T2)2,

with C = sup; |¢/|. Suppose that o1 > |o2|. One can find o > 0 such that o; —
a" Yozl > 0 and 1 — a > 0. Next, choose § > 0 such that § < 1 — a. From (5.4),
one deduces that there exist two constants C1,Cy > 0, independent of 7, such that
(&L (iT)v, T1iv) 1| > C1 ((v/, ') + 7% (v,0)) — Ca (v,) for all v € H}(I). This proves
that for 72 large enough, (v,w) — (Z(iT)v, Tyw)  is coercive. One concludes as in
the proof of Lemma 3.1 that £ (i7) is an isomorphism from H}(I) to H=1(I) for 72
sufficiently large. When |o3| > o1, one proceeds in the same way working with T4

Coming back to the proof of Lemma 5.1, let 79 € R be given by Lemma 5.2 such that
Z(i7p) is an isomorphism. For all A € C, Z(\)—.Z(i7y) is a compact operator from
H{(I) to H7Y(I). Fredholm alternative then ensures that £ ()) is an isomorphism
if, and only if, A is not an eigenvalue of .Z.

According to Theorem 1.1.1 in '3, the preceding result shows that, for x, # —1, the
set A(k,) of eigenvalues of . is discrete and .Z(\)~! is well-defined and analytic
in C\ A(kg).

Proposition 5.1. Assume that k, = o09/o1 # —1. Let 8 € R be such that no
eigenvalue A of L(N\) satisfies Re{\} = B. Then, there exists a constant Cg > 0
independent of \ such that

ullz,ay < Cp 1L N ullg-1,np, Y € Hy(D), (5.5)

for all X\ =B +ip, p € R.
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Proof. We will prove this proposition for o; > |oa|. The case |o2| > o1 can be
studied in the same manner working with 75 instead of 7. Consider first A = i1 €
iR. The estimate (5.4) proves that there exists ro > 0 such that if |7] > r¢, then

(Z(iT)v, Tyv); > C1((v),7) + 7%(v, 7)), (5.6)

for all v € H}(I), where C; is a constant independent of 7. Since the operator
Ty defined in (5.3) is also continuous from L2(I) into L?(I), one obtains (5.5) for
A =it € iR with |7] > 7.

Consider now the case A\ = ire® with ¢ € [~m/2;7/2]. Here, 7 € R is such that
|7| > ro with ro defined above. One has, for all v € H{ (1),

(LN, Tiv)r — (L (iT)v, Tiv) 1| < Com?[1 — % (v,7), (5.7)
where C3 is a constant independent of 7. Combining (5.6) and (5.7), one finds

(LN, Thv) 1| > [(L(iT)v, Tiv) | — Ca 721 — €| (v, D)
> O (v, 0) + 72(C1 — O3 |1 — €29)) (v, D).

Taking ¢ small enough to have, for example, Cy |1 —e?*?| < C} /2, one deduces there
exist two real constants 1o and d¢ such that (5.5) holds true for all A € C satisfying
[A| > ro and [Re{A}| < dp |Sm{A}|.

Finally, since .Z(A\)~! is well-defined and analytic in a neighbourhood of the line
Re{\} = B, one can state the result of the proposition. O

5.3. Weighted spaces and Fourier transform in the full strip

In this paragraph, using Fourier-Laplace transform, we will study the relationship
between the space H} () and H~!(I), and weighted Sobolev spaces in a “full strip”.

Define
SR x (0, ).

Let us introduce a family of weighted spaces over this set. For any 8 € R and k € N,
the space Wg (8) will refer to the completion of 6§ (S) with respect to the weighted
norm defined by

def 1/2
||U|\wg(3) = ( Z ||€5Z 97 05v ||iz(3) ) .
a+y<k
We shall denote W(S)* the topological dual to the space W(S). The norm over
WL(S)* will be defined by

€ a’U *
flwir 2 sup 1080y p e wi sy,

vEWL(S) ||U||w;(5)
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In order to study the relationship between these weighted spaces and the spaces that
we introduced in the preceding paragraph, we make intensive use of the Fourier-
Laplace transform. This transform is defined by a density process from the following
identity

() 0) & / v(z,0)e NMdz, Yo € €°(S), VAEC.
R

It is also possible to define the Fourier-Laplace transform of elements of H=1(S),
the dual space to H}(S). For the sake of conciseness, we restrict our definition to
compactly supported elements (although this definition can be extended). Assume
that f € H71(S) has a compact support. Then its partial Fourier transform with
respect to the variable z will refer to the function A — f()\, 1), valued in H=1(T),
defined by

(FO),0)r = (f,0a)s with Ta(2,0) =e Mv(0), Yo HL(I).

Although vy ¢ H}(S), the identity above makes sense because f has compact sup-
port. As a function valued in H=(I), the function fadmits analytical dependency
with respect to A.

Note that, for v € Wé (S), BER, (&0) = v(—5+1i&,0) is actually the (partial)
Fourier transform with respect to z of (z,0) — €% u(z,#). Using this observation,
as well as the classical characterization of Sobolev spaces by means of Fourier trans-
form, it is straightforward to prove the following Parseval identity

1 —B+ico R -
IolBes = 5= | IO gy B WEES), YR 6
A similar relationship holds between W(S)* and H'(I). This is the precise reason
why we introduced the parameter dependent norms || |[g1(z,x)y and || [[g-1(7,z))
(such a Parseval identity would not hold with the standard norm || |lg-1(p)).

Lemma 5.3. Let f € H1(S) have compact support. Then we have

~

1 B+ico
17 sy = 5~ /B IO g i BER. (59
Proof. Takes 3 € R. First of all, note that (u,v) — (2#*Vu, Vv)s + (e2/%u,)s is
a scalar product for W/li (S). Consider a functional f € H™1(S) such that, for some
u € 65°(S), we have

(fyw)r = (e2P*Vu, Vw)s + (e**u,w)s Yw € WE(S). (5.10)

Since 65°(S) is dense in Wé (8), according to Riesz Theorem, functionals of the
form (5.10) with u € 65°(S) are dense in W(S)* for || ‘|W;3(8)*~ Hence it is suffi-
cient to prove (5.9) only for such functionals.
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Observe that (5.10) still makes sense whenever w(z,0) = e **v(f) for any A\ =
B +in € C, since u is compactly supported. Taking such a w(z,6), we obtain

(F(B+in),v)1 = (9gT(=B + in), dgv) , + (1 + |8+ in|*) (@(=B + in), v) -
for all n € R and all v € H{(I). For a fixed n € R, taking v(0) = a(—f + i, 0), we
obtain the identity
1F (B + i) fi-r (1 ypimpy = 10(=B + )Fi-r (1 —pasiny V0 € R

Now we come back to (5.10), take w(z,0) = u(z,0), and apply Parseval identity
(5.8), which yields

1 —pB+ico R ) 1 Btico )
s =g [ 1O oy =g [ IO gy 4
As is readily checked, we have (f, u)s = ||fH%v1(3)*' Plugging this in the previous
equation concludes the proof. O

5.4. Problem in the full strip

In the present section we study the invertibility of some operator Gz defined in
the full strip. For any 5 € R, define G as the unique continuous linear operator
mapping W}a (8) into Wl_ﬂ(S)* such that

(Ggu,v)s = (cVu, Vv)s, Vu € Wi(S), Yo e WLg(S).

Theorem 5.1. Assume that kK, = o9/01 # —1. For 8 € R, the operator
Gp : WE(S) = WL 4(8)* is an isomorphism if no eigenvalue \ of the pencil £())
satisfies Re{\} = B.

Proof. As a first step we show that, for any S € R such that no eigenvalue A of
Z () satisfies Re{\} = 3, there exists a constant Cz > 0 such that

lulwis) < Cs [Goullw: s Yu€ WHS) . (5.11)

Since €5°(S) is dense in Wi(S), it suffices to show that such an inequality holds
for any u chosen in €§°(S). Take any u € 6§°(S), and observe that

Gau(\0) = LN AN, 0), VYAeC.

Inequality (5.11) is then a direct consequence of Proposition 5.1 and Lemma 5.3.
Inequality (5.11) proves that Gg is a one-to-one operator with closed range. More-
over, we have Gj; = G'_g, and no eigenvalue of £ (\) satisfies Re{\} = —f since
none of them satisfies Re{\} = 3, see Formula (4.8). As a consequence G is also
one-to-one, as (5.11) still holds with § replaced by —f3, and since range G is closed,
this implies that G is onto, see Theorem 2.13 in !7 for example. |
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5.5. Problem in the half strip

Now, we come to study problems set on the half strip B = (—o0,0) x (0, 7), which
was the geometry we had to consider in Section 4. Recall that we have defined the
continuous operators Lz : Wg(B) — W 5(B)* such that
(Lgu,v)p = (cVu, Vv)g, Yu € Wi(B), Vo e W!,(B).
Theorem 4.1. Assume that kK, = 02/01 # —1. The operator Lg : W;;(B) —
Wlﬂ(B)* is of Fredholm type if and only if no eigenvalue of £ (\) belongs
ls € {AeC | Re{A} =81}

Proof. Take any 8 € R and assume first that no eigenvalue of Z(\) satisfies
Re{A} = B. Set @ = (—2,0) x (0,7). Consider a € cut-off function ¢ : R — [0, 1]
such that ((z) = 0 for z > —1 and ((z) = 1 for z < —2, and set x(z) = 1 — {(2).
According to Theorem 3.3 and estimate (7) in !, there exists a constant C; > 0
such that

vl gy < Ci( |div(eVo)lu-1o) + lvlli2q) ), Vo € Hy(Q). (5.12)

Note that div(eV(xu)) = x div(eVu) + 2div(uoVy) — ucd?x belongs to H~1(Q)
for all u € W,(la (B). Hence, applying Inequality (5.12) to xu yields the existence of
a constant Cy > 0 such that

Ixullm@) < Co(ILsulwr ) + lullz) ), Yu€ Wi(B). (5.13)

Extend Cu by 0 in S\ B so that (u may be considered as an element of Wé (S).
Hence, we can apply Theorem 5.1 to it: there exists a constant Cs such that

ICullwys) < Cs Ga(Cu)lws s Vu € Wh(B).

Similarly, (Lg(u) may be considered as an element of Wl_ﬁ(S)*. Since Gg(Cu) =
¢ Lg(u) +2div(uoV{) — uod?(, we obtain, for all u € W}J,(B),

ICullwysy = ICullwys) < C(Isullwr e + o). (5.14)

Since (+x = 1, gathering inequalities (5.13) and (5.14), we deduce that there exists
a constant Cy4 > 0 such that

lullws ) < Ca( ILsullwr ) + lullea) ), Yu € Wi(B). (5.15)

The restriction u +— ulq from Wg(B) to L*(Q) is compact. Consequently, Lemma
6.1 applied to inequality (5.15) shows that range L is closed and ker Lg has finite
dimension.

Moreover, observe that no eigenvalue of .Z(\) satisfies Re{A} = F if and
only if no eigenvalue of Z(\) satisfies Re{\} = —f. What precedes also holds
with 8 replaced by —j. In particular, since L = L_s we have dim(coker Lg) =
dim(ker L_g) < 4o0. This finally shows that Lg is of Fredholm type, and concludes
the first part of the proof.
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Now, assume that there exists one eigenvalue \g € C of .Z such that Re{\o} = 3.
Take the cut-off function x(z) as defined earlier in the proof, and set u,(z,0) =
x(z/n) exp(Xoz)pp () where ¢,(0), defined in (4.9), is an eigenvector of £ (o).
Taking n — 400 shows that (5.14) cannot hold when applied to the sequence w,,.
Since dim(ker Lg) < +o0o (observe indeed that ker Lg C ker L., for all v > ), this
will prove that range Lg cannot be closed. Otherwise, we could establish estimate
(5.14) by classical arguments: one can for instance adapt the proof of lemma 5.1

in chapter 2 of 1°

, noticing that Lgu = 0 and v = 0 in @ implies v = 0 (indeed
Gpi =0 for all 5/ > 8, where @ denotes the extension of u in S by 0). Hence, Lg

is not of Fredholm type. O

The second non trivial result we needed in §4 is a result of decomposition. Using a
density process and residue formula, the following result can be proved in the same
manner as Theorem 5.4.2 of 12

Theorem 5.2. Assume that k, # —1. To simplify, assume Ky # —3,—1/3 as well.
Consider B' and B2 two real numbers such that B' < 2. Suppose no eigenvalue
of £ lies on the lines Re{\} = B, Re{\} = B2, and that \1,--- ,An are the
eigenvalues of £ in the strip B < Re {\} < 2. Let ug> be an element of W}, (B)
which satisfies Lgaug: € Wél(B)*. Then, there holds the following representation

N
ug: = ugr + Z crCe Mgy, (5.16)
k=1
where ug1 s an element of Wél(B), Yk is an eigenvector of £ associated with the
eigenvalue \i, ¢, is a constant (which depends on the choice of vy ) and { € €°(R_)
is a cut-off function such that ((z) =1 for z < =2, {(z) =0 for z > —1.

Lemma 4.1. Let k, € (—1,—1/3) and consider 8 € (0,2). The operator L_g :
WL ,(B) = WE(B)* is one-to-one, and there exists a constant C' > 0 such that

lellwe ) < ClLopvliwsey. Yo Why(B) .

Proof. Take any u € ker L_g, and define % over S LR x (0,7) by u(z,0) =
u(z,0) for z < 0, and 4(z,0) = —u(—=z,0) for z > 0. Since ulspp = 0, we have
@ € HL (S). Besides, we have (z,0) — e #?*ii(—2,0) € H'(B), and in particular
(2,0) = e’#u(—z,0) € H'(B), so that & € WL 4(S). Take any v € W,(S) and
set w(z,0) = v(z,0) — v(—z,0). We have w(z,0) € WE(B) since wlopsp = 0. A
straightforward calculus using the skew-symmetry of @ yields
(oVi,Vv)g = (6Vu, Vw),z = 0.

As a consequence, we have (oVi, Vv)g =0 for all v € W}j (8). Theorem 5.1 shows
that the only @ € W{B(S) satisfying such a property is @ = 0, so that u = 0. The
continuity of L:é from range L_5 to Wh ﬁ(B) is then a direct consequence of the
open mapping theorem. O
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6. Appendix

We begin this appendix by stating a result established in 2° which is an extension of

24 (see also 32), that is particularly useful to prove

that an operator is of Fredholm type.

the well-known Peetre’s lemma

Lemma 6.1. Let (X, |Ix), (Y, lly) and (Z,| ||z) be three Banach spaces. Let
K : X — Z be a linear compact map and B : X — Y be a continuous linear map.
Suppose there exists C' > 0 such that

lzllx < C(||Bzlly + [|[Kz|z), VzeX. (6.1)
Then dim(ker B) < oo and range B is closed in'Y.

For a Banach space X, let X* refer to its topological dual and let (, )y be the
duality pairing between X* and X. For an operator L : X — X* that is self-adjoint,
ie. (Lu,v)y = (Lv,u)y Yu,v € X, and such that range L is closed, there exists a
continuous isomorphism mapping ker L onto (coker L)*, see Theorem 2.13 in 7. In
this situation, it is a consequence of previous lemma that any self-adjoint operator
L : X — X* is Fredholm as soon as it satisfies an a priori estimate such as (6.1).

Lemma 6.2. Consider the function ¢,(0) defined by Formula (4.9). Moreover,
assume that o3 /01 € (—1,—1/3). In this case, we have [ o(0)|pp(0)|2d0 # 0.

Proof. Recall that ¢, (#) defined by Formula (4.9) depends on a parameter 7,, and
that 7, € (0,+00) whenever oo/01 € (—1,—1/3). For simplicity, 7, is denoted 7 in
this proof. Set

T w/4

def def

™ | el n)® | teabas.
T 0

We are going to show that o111(n) + o2l2(n) > 0 for all n € (0;400). We have
o1l +o2ls = o1 (I1+Ks12) > o1(I1 — I3) so we study the function 5 — I (n) —I2(n).
Explicit calculus using Formula (4.9) yields

sinh 3nm/2 — 3nmw/2 sinhnm/2 —nmw/2

d I = .
2n(cosh 3nm/2 — 1) an 2(n) 2n(coshnm/2 — 1)

Ii(n) =

Define g(z) déf(sinha: —x)/(coshz — 1). We have 2n(I1(n) — I2(n)) = g(3nw/2) —
g(nm/2), so it is sufficient to prove that g is an increasing function on (0, 400).
One computes ¢'(z) = (2 — 2coshx + wsinhx)/(coshz — 1)2. Define g,(z) = 2 —
2 cosh x + zsinh z. One finds ¢/, (x) = —sinhz + x coshz and ¢//(z) = xsinh 2. One
deduces, successively, g/, > 0 and ¢’ > 0. Thus g is indeed an increasing function on
(0, +00). O
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