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Abstract A major issue for the simulation of two-phase flows in engines con-
cerns the modeling of the liquid disperse phase, either in the Lagrangian or the
Eulerian approach. In the perspective of massively parallel computing, the Eu-
lerian approach seems to be more suitable, as it uses the same algorithm as the
gaseous phase solver. However taking into account the whole physics of a turbulent
spray, especially in terms of polydispersity, requires an additional modeling effort.
The Mesoscopic Eulerian Formalism (MEF) [13] accounts for the effect of turbu-
lence on the dispersed phase, and was extended to the Large Eddy Simulation
framework [42], but is limited to monodisperse flows. In [39], the influence of poly-
dispersity on resolved and unresolved turbulent motions of the disperse phase was
highlighted, and a first model was proposed, based on size-conditioned statistics.
Starting from this idea, a coupling between the MEF and the Multifluid Approach
(MA) [31] is proposed. The MA decomposes the Eulerian phase into several fluids
classes called sections, and corresponding to size intervals. Each section uses then
size-conditioned closures. The original idea of this work is to use the MEF clo-
sures independently in each section, taking into account the mean droplet size of
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Present address: EM2C, CNRS et Ecole Centrale Paris, F92295, Chatenay-Malabry, France

B. Cuenot
CERFACS, 42 avenue Gaspard Coriolis, F31057, Toulouse Cedex 01, France
Tel.: +33-(0)5-61 19 30 44
Fax: +33-(0)5-61 19 30 00
E-mail: benedicte.cuenot@cerfacs.fr

M. Massot
EM2C, CNRS et Ecole Centrale Paris, F92295, Chatenay-Malabry, France
Tel. : +33-(0)1-41 13 10 81
Fax: +33-(0)1-47 02 80 35
Center for Turbulence Research, Stanford University, California 94305-4035, USA
E-mail: marc.massot@em2c.ecp.fr



2

this section. This new approach, called Multifluid Mesoscopic Eulerian Formalism
(MMEF), is then able to capture polydispersion with associated size-conditioned
turbulent dynamics. First, the importance of polydispersity and the ability of
MMEF to capture it are highlighted with a 0D evaporation case and a 2D vortex
case, showing its impact on dynamics in both size and physical spaces. Then, the
MMEF is applied to the MERCATO configuration of ONERA [18]. Results are
compared to monodisperse Eulerian, Lagrangian and experimental results.

Keywords Large Eddy Simulation, Two-phase flow, Polydisperse sprays,
Eulerian Mesoscopic, Multifluid, Aeronautical burner

1 Introduction

Considering available computational resources, Large Eddy Simulation (LES) be-
comes more and more attractive for industrial applications. For single-phase react-
ing flows, LES has already shown its great potential for aeronautical combustors
[34, 55] or automotive engines [30].

For two-phase reacting flows, simulating the whole physics from injection to
turbulent dispersion is still a challenge as the simulation of the primary atomiza-
tion requires accurate models and high computational resources [41, 9, 19, 47]. Fur-
thermore most methods used to simulate the primary atomization are not adapted
to subsequent turbulent spray. Fortunately, the primary atomization occurs in a
limited zone near the injector and, in first approximation, can be accounted for
by representative boundary conditions [37, 54].

Assuming point-particles by comparison to the smallest flow resolved scales
(estimated by the mesh size), the disperse phase statistics can be described by
the number density function (NDF), which is solution of the Williams-Boltzmann
Equation (WBE, [64]), describing its evolution in phase space. Solving the WBE
directly is completely unreachable, due to the high number of dimensions of the
phase space. Instead Lagrangian methods, like the Direct Simulation Monte Carlo
[3] method, build statistics by tracking stochastic particles, or like the Discrete
Particle Simulation (DPS, [50]), consist in tracking particles of one individual
realization of the disperse phase. Numerous studies have used this approach with
success [1, 44, 23], and shown its great potential (ease of modeling, computational
time with small number of particles), but also its main drawbacks (projection on
the Eulerian grid to couple with the gas phase, computational time with high
number of particles, statistical convergence). Finally, Eulerian approaches solve
the moments of the NDF (such as mean number density or volume fraction).
This implies a loss of information, as moments are integrals of the NDF, but
results in Eulerian equations to which classical methods for the gas phase may
be directly applied. The CPU cost then depends only on the mesh size. In such
methods, two main issues arise, concerning the modeling of the effect of turbulence
on the spray, and the polydispersion in size of the spray. Those two issues are of
primary importance for industrial applications, as they are responsible for the fuel
mass fraction distribution in the combustion chamber, controlling ignition and
combustion in the full device.

Turbulent spray dispersion models in the Eulerian formulation depend on the
Stokes number range. For small Stokes number (St << 1), equilibrium approaches
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can be used [12], which only consider the diffusive effect of turbulence on the zeroth
order moment for low Stokes numbers. For moderate Stokes number (St ≈ 1), the
disperse phase dynamics become more complex: strong segregation effects occur
and the disperse phase motion exhibits correlated and uncorrelated components
[57, 49]. To describe such physics, Février et al. [13] have developed the Mesoscopic
Eulerian Formalism (MEF), which considers one droplet size only, but introduces
a velocity dispersion around the mean velocity. Kaufmann et al. [27] and Moreau
et al. [42] addressed the problem of accurate closures for the uncorrelated stresses
imposed by the velocity dispersion in the LES context. The resulting model was
applied to automotive engine injection [35], aeronautical jets in crossflow [22], or
aeronautical configurations such as the one considered here [52, 53]. More recently,
Zaichik et al. [66] proposed a LES formalism based on the work of Reeks [48] and
Zaichik et al. [67], taking into account the effect of subgrid turbulence directly at
the kinetic level. This approach is still to be applied in more complex configura-
tions.

Taking into account size polydispersion adds another complexity to Eulerian
models. A first method consists in sampling the NDF by a set of monodisperse
Eulerian phases [31], as is done in a Lagrangian stochastic approach. This method
is relatively simple when Eulerian phases do not interact, i.e. when no collision
occur. However this approach suffers from intrinsic poor statistical convergence,
since only a very limited number of samples can be used. Another method is based
on the quadrature approximation [33, 16, 65] of the moments. Gaussian quadra-
tures are usually used, leading to simple closures for the evolution in real and
phase space. Although good results have been obtained for coalescing sprays [15],
even with turbulence [2], Fox et al. [15] demonstrate the difficulties of such meth-
ods to reproduce evaporation for continuous distributions, as they cannot recover
point wise values of the NDF. Today’s most promising formalism is the Multifluid
Approach (MA, [31]). Dividing the size space in sections [20], this formalism repro-
duces the evaporation of polydisperse sprays, and captures primary aspects of the
size/velocity correlations in complex flows. Validation of this formalism was done
through 0D and 1D simple test cases with one or two size moments per section
[32, 10], showing the robust mathematical basis.

Previous work on a real configuration using both the Lagrangian approach
[56] and the MEF [29, 51, 53] has shown that the size polydispersion does not
greatly influence the mean velocity, but has significant effects on fluctuations and
on the distribution of kerosene vapor. A good agreement was obtained between
Lagrangian monodisperse and MEF results, showing the importance and good
modeling of velocity dispersion. Introducing polydispersity in Lagrangian simula-
tion however resulted in a significant deviation from monodisperse results.

Starting from these conclusions, the goal of this work is to introduce the size
polydispersion in the Eulerian framework, by coupling MEF and MA approaches,
to take into account the size dependent effect of turbulence on velocity dispersion
of the spray dynamics, through size-conditioned closures. This new formalism is
called the Multifluid Mesoscopic Eulerian Formalism (MMEF), and is implemented
in the AVBP code to simulate the MERCATO configuration [18].

This paper is organized as follows. First the MMEF is introduced. Emphasis
is made on the differences between strategies to solve the WBE. In section 3, the
aeronautical configuration MERCATO is presented with the associated operating
point and numerical methods. In section 4, a 0D evaporation case and a 2D vortex
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case are proposed to analyze the importance of polydispersity in the MERCATO
conditions on similar reduced configurations. Finally, results obtained with the
Lagrangian approach, the MEF and the MMEF are compared to experiment, with
regards to mean and RMS velocities, as well as size-conditioned statistics.

2 Modeling approach

The modeling approach considered here aims at the description of a spray, i.e. a
dispersed liquid phase resulting from the disintegration of a liquid core, and is
restricted by the following assumptions:

– droplets are spherical and smaller than Kolmogorov length scale,
– the spray is dilute,
– the liquid-gas density ratio is high.

These assumptions lead to a point-particle description without collisions and with
drag force as the only external force acting on droplets (effect of gravity is ne-
glected).

In this framework, the goal is to predict the NDF fp of the droplets, driven by
the Williams-Boltzmann Equation (WBE):

∂fp

∂t
+

∂cp,jfp

∂xj
+

1

mp

∂Fp,jfp

∂cp,j
+

∂RSfp

∂Sp
+

∂ET fp

∂Tp
= 0 (1)

where t, xj , cp,j , mp, Sp, and Tp are respectively the time, position, velocity,
mass, surface and temperature of the droplet. The quantities Fp,j , RS , ET are
respectively the drag force and the mass and energy transfer due to evaporation:

Fp,j =
cp,j − ug@p,j

τp
(2)

RS =
4
√

π

ρlS
3/2
p

ṁp (3)

ET =
φc

p

mpCp,l
. (4)

where ug@p,j , τp, ṁp and φc
p are respectively the gas velocity at droplet position,

the droplet relaxation time, the mass rate due to evaporation, and the heat transfer
rate due to conduction. The evaporation model is derived for an isolated spherical
droplet at the thermodynamic equilibrium with a surrounding quiescent mixture
of ideal gas. Within the assumption of infinitely fast thermal conductivity in the
liquid, the evaporating rate ṁp and the heat transfer rate φc

p are [58, 28]:

ṁp = −
p

πSpSh[ρDf ] ln(1 + BM) (5)

φc
p = −φc

g + ṁpLv(Tp) =
p

πSpNuλ(T∞ − Tp)
1 + BT

BT
+ ṁpLv(Tp) (6)

where Lv(Tp) is the latent heat of vaporization at temperature Tp, BM and BT

stand for the Spalding numbers of mass and temperature respectively, accounting
for the gas mixture modification in the gas layer surrouding the droplet, following
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the 1/3rd − 2/3rd rule [21]. The Nusselt Nu and Sherwood Sh numbers are modi-
fied following [14] to account for the effect of non-vanishing slip velocity between
droplet and carrier phase.

In the LES context, the Favre (̂.) and Reynolds (̄.) filtering procedures are
introduced:

m̄Φ
cfΦ(x) =

Z

∆f

mΦfΦ(x)G∆f
(x − x′)dx′ (7)

f̄Φ(x) =

Z

∆f

fΦ(x)G∆f
(x − x′)dx′ (8)

2.1 Lagrangian approach

A first way to solve Eq. 1 is to build statistics from a sample of individual particles.
The Lagrangian equations associated to Eq. 1 are [7]:

dxi

dt
= cp,i (9)

dcp,i

dt
= Fp,i (10)

dSp

dt
= RS (11)

dTp

dt
= ET (12)

LES filtering of Eqs. 9-12 leads to unclosed terms, due to the non-linear dependence
of the right hand side on the gas phase. These terms can be accounted for like in
[44, 46], but they are often neglected as in [1, 56], so that all the source terms are
written from filtered quantities. This type of simulation solves only one realisation
of the disperse phase, and thus suffers from a slow statistical convergence. To
overcome this problem, Eulerian methods can be envisaged, as they solve the
NDF directly through its moments.

2.2 Mesoscopic Eulerian Formalism

The MEF developed by Février et al. [13] is designed to solve turbulent two phase
flows with one-way coupling, i.e. the gas phase is not influenced by the disperse
phase. This formalism is an extension of the Bi-fluid model [11], and accounts for
the effect of turbulence on the disperse phase by solving the Random Uncorrelated
Motion (RUM), which plays a similar role than pressure and viscosity in gas dy-
namics. More details about the derivation and the main assumptions are available
in [13].
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Instead of solving for Eq. 1 on the NDF fp, one can solve for the moments, by
integrating fp over velocities, size and temperature:

nl =

Z

fpdcpdSpdTp (13)

ml =

Z

mpfpdcpdSpdTp (14)

ul,i =
1

nl

Z

cp,ifpdcpdSpdTp (15)

δΘl =
1

2nl

Z

(cp,i − Ul,i)
2fpdcpdSpdTp (16)

Hl =
1

nl

Z

Cp,lTpfpdcpdSpdTp (17)

where nl, ml, Ul,i, δΘl, and Hl are respectively the number density, mass, velocity,
Random Uncorrelated Energy (RUE), and enthalpy of the liquid phase at position
x and time t. The RUE is the key-point of MEF, as it allows to capture velocity
dispersion of the spray for moderate Stokes number, and represents most of the
modeling effort. The MEF is monodisperse, i.e. there is only one droplet surface
Sl at a position x and a time t:

Sl(x, t) =

„

ml

nl

6
√

π

ρl

«2/3

(18)

Introducing the moments in the WBE and applying the LES filter to the resulting
equations lead to LES filtered equations [42]:

∂

∂t
nl +

∂

∂xm
nlbul,m = 0 (19)

∂

∂t
ml +

∂

∂xm
mlbul,m = E(1) (20)

∂

∂t
mlbul,i +

∂

∂xm
mlbul,ibul,m = E(bul,i) + F d − ∂

∂xm
ml(cδRl,im + τl,im) (21)

∂

∂t
mlδ bΘl +

∂

∂xm
mlδ bΘlbul,m = E(δ bΘl) + W d + Π + ΠSGS

−1

2

∂

∂xm
ml(cδSl,iim) (22)

∂

∂t
ml
bHl +

∂

∂xm
ml
bHlbul,m = E( bHl) + bφl (23)

where E(Φ) = ṁlΦ are the evaporation source terms, Fd is the drag force, δRl

is the uncorrelated stress tensor, τl is the subgrid stress tensor, δSl is the RUE
diffusion tensor, Wd is the RUE source term due to drag force, Π and ΠSGS

are the RUE production due to resolved and subgrid motions, and φl is the heat
transfer.
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2.2.1 Closures

The drag force Fd and its RUM contribution Wd are:

F d = −ml
bul,i − bug,i

τp
(24)

W d = −2
ml

τp
δ bΘl (25)

where the relaxation time τp is determined by the droplet surface Sl. The second

order tensor cδRl,im is decomposed into isotropic and deviatoric parts:

cδRl,ij =
cδRl,ii

3
δij + cδR

∗

l,ij = PRUMδij + cδR
∗

l,ij (26)

where PRUM = 2/3cδΘl. The deviatoric part is closed using a viscous assumption
[27]:

cδR
∗

l,ij = −νRUM

„

∂bul,i

∂xj
+

∂bul,j

∂xi
− 2

3

∂bul,k

∂xk
δij

«

(27)

where νRUM = τp
cδΘl/3. The third order tensor cδSl,iij is closed using gradient

diffusion law:

cδSp,iij = −κRUM
∂cδΘl

∂xj
(28)

where κRUM = 10/27τpδ bΘl. Finally, the RUE production Π is modeled as:

Π = −ml
cδRl,im

∂bul,i

∂xm
(29)

Following [42], the subgrid tensor Tl,ij is closed using a Smagorinsky model for
the deviatoric part and a Yoshizawa model for the isotropic part:

τl,ij = −C2
s ∆2

f |Ŝl|
„

Ŝl,ij −
δij

3
Ŝl,kk

«

+ C2
l ∆2

f |Ŝl|2δij (30)

where bSl,ij =
∂bul,i

∂xj
+

∂bul,j

∂xi
, Cl = 0.116 and Cs = 0.16 are constants, and ∆f is

the grid size. Subgrid diffusion term is neglected in Eq. 22, whereas the subgrid
production term considers that the subgrid scale motion is totally transfered to
the RUM:

ΠSGS = −mlTl,im
∂bul,i

∂xm
(31)

The evaporation rate ṁl and heat transfer φl are calculated using the droplet
diameter, and taking the gas properties at infinity as the local gas properties:

ṁl = −
p

πSlSh[ρDf ] ln(1 + BM) (32)

φl =
p

πSlNuλ(Tg − Tl)
1 + BT

BT
+ ṁlLv(Tl) (33)

where Tl = Hl/mlCp,l is the liquid phase temperature. Filtered evaporation terms

are calculated as E(bΦ) = ṁl
bΦ.
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2.3 Multifluid Mesoscopic Eulerian Formalism

To extend the MEF to polydisperse sprays, it is proposed to couple the MEF
to the MA of Laurent et al. [31]. The derivation of this new formalism called
Multifluid Mesoscopic Eulerian Formalism (MMEF) is further detailed in [61] and
is presented in the following.

The main idea is to divide the size space in N intervals Ωk = [S
(k)
p , S

(k+1)
p ]

of fixed length, called sections [20]. Each section is calculated with its own set of
equations, and interacts with the others sections through droplet size changes only,
for example due to evaporation. Moments are then now defined for each section k:

n
(k)
l =

Z

Ωk

fpdcpdSpdTp (34)

m
(k)
l =

Z

Ωk

mpfpdcpdSpdTp (35)

u
(k)
l,i =

1

m
(k)
l

Z

Ωk

mpcp,ifpdcpdSpdTp (36)

δΘ
(k)
l =

1

2m
(k)
l

Z

Ωk

mp(cp,i − U
(k)
l,i )(cp,i − U

(k)
l,i )fpdcpdSpdTp (37)

H
(k)
l =

1

m
(k)
l

Z

Ωk

mpCp,lTpfpdcpdSpdTp (38)

where superscript .(k) qualifies quantities integrated over the section [S
(k)
p , S

(k+1)
p ].

The resulting LES filtered equations for the MMEF are similar to MEF equations:

∂

∂t
m

(k)
l +

∂

∂xm
m

(k)
l bu

(k)
l,m = bE(k)(1) (39)

∂

∂t
m

(k)
l bu

(k)
l,i +

∂

∂xm
m

(k)
l bu

(k)
l,i bu

(k)
l,m = bE(k)(u

(k)
l,i ) + F

(k)
d,i

− ∂

∂xm
(m

(k)
l
cδR

(k)

l,im + τ
(k)
l,im) (40)

∂

∂t
m

(k)
l
cδΘ

(k)

l +
∂

∂xm
m

(k)
l
cδΘ

(k)

l bu
(k)
l,m = bE(k)(δΘ

(k)
l ) + W

(k)
d + Π

(k)
+ Π

(k)
SGS

−1

2

∂

∂xm
m

(k)
l (cδS

(k)

l,iim) (41)

∂

∂t
m

(k)
l
bH

(k)
l +

∂

∂xm
m

(k)
l
bH

(k)
l bu

(k)
l,m = bE(k)(H

(k)
l ) + bφ

(k)
l (42)

with the same definitions for source terms as in 2.2, but restricted to each section
k.

2.3.1 Closures

All closures are written as for the MEF approach, applying the definitions to the
sectional moments quantities. Only the evaporation terms take a different form,
as they imply sectional interactions. These terms are closed using the first order
multifluid approach [31]:

E
(k)

(Φ(k)) = E
(k+1)
1 m

(k+1)
l Φ(k+1) − E

(k)
1 m

(k)
l Φ(k) − E

(k)
2 m

(k)
l Φ(k) (43)
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where E
(k)
1 = 2RSS(k)/(S(k+1)2 − S(k)2) corresponds to the droplet flux from

section k to section k− 1 due to surface decrease and E
(k)
2 = 3RS/(S(k+1) +S(k))

corresponds to the droplet flux from section k to the gas phase due to droplet
mass loss, and where RS is the mass transfer rate defined in Eq. 1. For the RUE
equation, an additional term is needed to account for the modification of the mean
velocity induced by the evaporative fluxes:

E
(k)

(cδΘ
(k)

l ) = E
(k+1)
1 m

(k+1)
l

cδΘ
(k+1)

l − E
(k)
1 m

(k)
l
cδΘ

(k)

l − E
(k)
2 m

(k)
l
cδΘ

(k)

l

+E
(k+1)
1 m

(k+1)
l

(bu
(k+1)
l,i − bu(k)

l,i )2

2
(44)

The MA accounts for the effect of polydispersion on evaporation and drag
force. The MMEF goes further in the modeling, because it considers the effect of
polydispersion on the turbulent motion by the resolved scales through the size-
conditioned random uncorrelated energy. As this motion is directly related to the
Stokes number, a more precise description of the overall dynamics is expected.

2.4 Equations for the gas phase

Knowing now the coupling terms between the liquid and gas phases, the LES
equations of the gas phase are introduced. Indeed, all models considered here are
in a two-way coupling framework in terms of drag and evaporation. A stated in
[13], a rigorous derivation of the moment equations would have to consider the
effect of two-way coupling at the kinetic level. However, in the case of small Stokes
number relatively to the smallest resolved scales, Février et al. [13] suggest that
MEF stays valid for a two-way coupling. Gas phase equations are then similar to
pure gaseous flows, with additional source terms resulting from exchanges with
the liquid:

∂

∂t
ρg +

∂

∂xm
ρgbug,m = Φρg

(45)

∂

∂t
ρgbug,i +

∂

∂xm
ρgbug,ibug,m = Φρgug,i

− ∂ bP

∂xi
+

∂

∂xm

“

ρgνg
bDg,im + τg,ij

”

(46)

∂

∂t
ρg
bEg +

∂

∂xm
(ρg

bEg + bP )bug,m = ΦρgEg
+

∂

∂xm

“

ρgνg
bDg,imbug,i + Qg,ij

”

(47)

where ρg, ug,i, Eg, P and νg are the density, velocity, total energy, pressure and

kinetic viscosity of the gas phase, bDg,ij =
∂bul,i

∂xj
+

∂bul,i

∂xj
− 2

3
∂bul,k

∂xk
δij is the strain

tensor, τg,ij is the subgrid scale stress tensor modeled with the WALE approach
[43], and Qg,ij is the filtered heat flux. Φρg

, Φρgug,i
and ΦρgEg

are the coupling
terms between liquid and gas phases. In the MEF, the coupling terms are:

Φρg
= ṁl (48)

Φρgug,i
= ṁlbul,i − F d (49)

ΦρgEg
= −F d,iul,i + ṁl

„

bHl +
1

2
bu2

l,i

«

− φl (50)
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whereas in the MMEF, the coupling terms are the sum of the contributions of each
section:

Φρg
=

N
X

k=1

E
(k)
2 m

(k)
l (51)

Φρgug,i
=

N
X

k=1

h

−F
(k)
d,i + E

(k)
2 m

(k)
l bu

(k)
l,i

i

(52)

ΦρgEg
=

N
X

k=1

»

−F
(k)
d,i bul,i + E

(k)
2 m

(k)
l

„

bH
(k)
l +

1

2
bu
(k)2
l,i

«

− φ
(k)
l

–

(53)

In the Lagrangian approach, the coupling terms are obtained by simple pro-
jection on the gas flow grid [56]:

Φρg
= −

Np
X

p=1

ṁpδ(x − xp) (54)

Φρgug,i
= −

Np
X

p=1

[ṁpup,i + Fp,i] δ(x − xp) (55)

ΦρgEg
= −

Np
X

p=1

»

Fp,iup,i +
1

2
ṁpu2

p,i − φc
p

–

δ(x − xp) (56)

where Np is the number of Lagrangian particles.

3 The aeronautical-type configuration and numerical methods

3.1 The configuration

The MERCATO test rig is an experimental swirl combustor (Fig. 1) operated at
ONERA (Fauga), for which measurements are available [18]. Air is injected inside
the plenum and enters the combustion chamber through the swirler. The liquid
injection is located at the end of the swirler stage, and at the center of the swirled
gaseous jet. The studied case is a two-phase evaporating flow without combustion.

The injection system is a pressure-swirl atomizer. It generates a hollow cone
spray with a half angle of 40◦ and orthoradial motion, which produces a polydis-
perse cloud of droplets. The droplet size distribution at 13mm downstream the
injector is shown in Fig. 3. The injected fuel is kerosene, modeled by a a surrogate
[54] in the simulations.

The liquid flow rate is 1 g/s at a temperature of 300K, and the gas flow rate
is 15 g/s at a temperature of 463K.

3.2 Numerical methods

3.2.1 Gas phase

The AVBP code solves compressible Navier-Stokes equation for reactive flows on
unstructured grids in a cell-vertex formulation. To perform Large Eddy Simula-
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Fig. 1: Scheme of the MERCATO test rig.

tions, a 3rd order in time and space finite element scheme is used [5]. To handle
the oscillatory behavior of such a scheme, artificial viscosity [63] is added where
the solution exhibits strong gradients. Non-reflecting NSCBC boundary conditions
[45] and wall law [43] associated to the LES Smagorinsky model are used.

3.2.2 Lagrangian disperse phase

The Lagrangian equations are solved in AVBP using a first order Euler explicit
time integration. Considering that the computation is driven by the acoustic time
step, a first order in time scheme is sufficient. The interpolation of gas properties
at particle positions is made by a linear least square approximation.

3.2.3 Eulerian disperse phase

The Eulerian liquid phase solver of AVBP is similar to the gas phase solver in
terms of equations, but it behaves like a highly compressible flow, so that vac-
uum and strong gradients occur, difficult to handle numerically. A classical way to
handle such numerical problems is to use artificial viscosity, associated to sensors
that detect the difficulties. This methodology has been applied to the simulation
of a decaying Homogeneous Isotropic Turbulence [59], and has proven to be very
accurate. However more adapted schemes are needed in order to improve the ro-
bustness of the solver, like kinetic schemes [8], but their derivation in unstructured
cell vertex 3-dimensional formulation is not straightforward and requires further
developments.

3.3 Boundary conditions for the disperse phase

Injection is a keypoint in the simulation of two-phase flow burners. Here the in-
jection system is modeled by the FIMUR model [54], which using autosimilarity
assumptions. Fig. ?? shows a sketch of this model [54]. The model gives the fol-
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Fig. 2: Definition of parameters and sketch of the FIMUR methodology [54].

lowing injection condition in radial coordinates at fixed x position:

ui
l,r(θ, r) =

ṁl

ρlAp

v

u

u

t1 −
 

R0
S

Ri
S

!2
r

Ri
S

(57)

ui
l,θ(θ, r) =

ṁl

ρlAp

R0
S

Ri
S

r

Ri
S

(58)

ui
l,x(θ, r) =

ṁl

πR2
0

Au (59)

mi
l(θ, r) =

πR2
0

IαAu
exp

 

−(r − Ri
S)2

σ2

!

(60)

where R0
S , Ri

S are the middle position of the liquid sheet at the injector exit and the
liquid spray at the numerical injection location, R0 the radius of the injection hole,
Ap the injection surface, Au a parameter which accounts for contraction effects
on the discharge orifice as well as air entrainement effects along the axial distance
and σ the variance of the Gaussian profile of liquid mass. This model was initially
designed for monodisperse injection, and its extension to multifluid injection is
made by distributing the liquid volume fraction and droplet number density over
all diameters, following the size distribution of Fig. 3. First the number density

f
(p)
num of each section is calculated by integrating the experimental size distribution

fexp over each interval:

f (k)
num =

Z S(k+1)

S(k)

fexp(Sp)dSp (61)

Then the mass density of each section is obtained as:

f (k)
mass = f (p)

num
ρl

24
√

π

(S(k+1)2 − S(k)2)

(
√

S(k+1) −
√

S(k))
(62)

The total mass predicted by the monodisperse FIMUR model is then distributed

using f
(k)
mass:

m
(k),i
l = f (k)

massm
i
l (63)
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The velocity of each section is equal to the monodisperse velocity, in order to keep
the same momentum for multifluid injection and monodisperse injection:

u
(k),i
l,r = ui

l,r, u
(k),i
l,θ = ui

l,θ, u
(k),i
l,x = ui

l,x (64)
X

u
(k),i
l,x m

(p)
l = ui

l,x

X

m
(p)
l = ul,xml (65)

This assumption allows to compare monodisperse and polydisperse results with an
equivalent injection condition in terms of velocity. To obtain a more accurate injec-
tion condition, it would be desirable to adapt the FIMUR model to a polydisperse
spray. This will be a future work on this model.
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Fig. 3: MERCATO: Number Density Function at 13mm downstream the injector
location (histogram) and Multifluid representation with 10 sections (solid line).

4 Importance of the polydispersion for the MERCATO configuration

on reduced test configurations

In this section, the importance of the polydispersion in the MERCATO conditions
is investigated on two reduced configurations: a 0D evaporation case and a 2D
frozen vortex. The former is expected to show the influence of the polydispersion
on the evaporation time and the mean properties of the liquid phase, and the
latter is expected to show its influence on the spatial dispersion induced by the
drag-forced size-conditionned dynamics. The parameters of the two cases are set
to represent the conditions in the MERCATO test rig.

4.1 0D Evaporation

The initial temperature is 300K for the droplets and 463K for the gas phase. For
the MEF simulations, the initial diameter is 55µm. For the MMEF, the NDF is
the one of Fig. 3. Because of transient heating, no analytical solution is available.

Figure 4 shows the time evolution of the total mass and mean temperature for
MEF and MMEF. First, one can notice the important difference on the evaporation
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time for the two formalisms. Where the MEF exhibits an evaporation time of 50ms,
the MMEF predicts an evaporation time of 400ms. This difference appears also on
the heating time (time to reach the maximum temperature), for which the MEF
predicts 25ms whereas the MMEF predicts 150ms. Those two effects are directly
related to the polydispersion, as the MEF cannot capture the large evaporation
and heating times of big droplets.
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Fig. 4: Evaporation test case in MERCATO conditions: Evolution of total mass
(upper left), droplet number density (upper right), liquid temperature (lower left)
and mean diameter (lower right) for MMEF (full line) and MEF (dashed line).

4.2 2D Vortex

It is proposed here to analyse the spatial dispersion effects of a 2D vortex having
the same characteristics than the swirl motion in MERCATO at 13 mm. The
test case is a two-dimensional frozen vortex, with a spatially homogeneous initial
droplet distribution having the same velocity as the gas phase. The radial velocity
is zero and the tangential velocity of the gas phase corresponds to an isotropic
vortex:

Ug,θ(r) =
Γr

r2
v

exp

 

− r2

2r2
v

!

(66)

where Γ = 0.6638 is the vortex strength, and rv = 0.012 its radius. Figure 5 shows
that Eq. 66 reproduces well the velocity profile of MERCATO. As the edge of the
vortex has a non-zero radial velocity, Eq. 66 is used only for r < 0.02. For r ≥ 0.02,
a linear interpolation of the true MERCATO profile is used.

The domain of [−0.12, 0.12]2m is discretized with 8002 quad cells. Ten sections
are used for the MMEF, with the same droplet number in each section. The com-
putation is run for 5ms, which is the characteristic time needed by the injected
spray to impact the wall in the MERCATO configuration.

On Fig. 6, the total droplet number density obtained at 5 ms is shown for
MEF and MMEF. The high vorticity of the central zone ejects the droplets with a
force depending on their sizes. With the MEF approach, an accumulation zone is
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Fig. 5: Gas velocity profile for the 2D vortex (solid line) and in MERCATO test
case (13mm downstream the injection location)(squares).

generated, which corresponds to the accumulation of droplets in the low vorticity
zone, latter convected due to the non-zero velocity at the edge of the vortex. With
the MMEF approach, one can see several accumulation zones, each corresponding
to one section, with its proper Stokes number and so its proper dynamics.

Fig. 6: Droplet Number Density at t = 5ms for MMEF (left) and MEF(right).

Figure 7 shows the number density and mean diameter radial profiles for both
MEF and MMEF at 5 ms. While the droplet number density is widely distributed
spatially in MMEF, it is concentrated around 0.038m in MEF. Due do the weaker
influence of the gas phase, bigger droplets keep their initial velocity out of the
vortex, and so their initial radial deviation. On the contrary, small droplets are
in equilibrium with the gas phase, and reach a small velocity out of the vortex.
This impacts the mean diameter profile, with small diameters near the vortex
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center and bigger diameters far from it. Two difficulties are shown in Fig.7. The
first one is linked to the mean diameter at the center of the vortex, where the
absence of droplets should lead to a zero mean diameter. However the numerical
methods impose to keep a non-zero droplet number density everywhere, even in
empty zones where it is set to a value several orders of magnitude lower than the
mean value, leading to a non-zero mean diameter in these empty zones. The second
difficulty concerns the discretization in sections, resulting in discrete accumulations
corresponding to each section trajectories. However in practical cases, it is expected
that turbulent mixing and species diffusion will considerably reduce this effect.

Fig. 7: Radial distribution of droplet number density for MEF (top left) and
MMEF (top right), and arithmetic mean diameter (bottom) for MEF (dashed

line) and MMEF (solid line).

5 Results on the MERCATO configuration

Here are compared the Lagrangian results of [56], the MEF results of [54] and
the present MMEF results. For the MMEF approach, the mesh is composed of
1, 351, 767 tetrahedrons (Fig. 8), while 3, 527, 637 tetrahedrons were used for the
MEF approach and 3, 934, 364 tetrahedrons were used for the Lagrangian. The
main difference between these meshes concerns the region far from the injection
(after 56mm downstream the injection), all meshes having the same level of re-
finement in the region close to the injection location.

First the gas phase is validated on a pure gaseous computation (no disperse
phase), verifying that the conditioning flow field for the dispersed phase is well
resolved. Then liquid phase results are analyzed, qualitatively in terms of liquid
volume fraction and gas mass fraction, and quantitatively in terms of mean and
RMS velocity at 3 positions in the chamber. Size-conditioned statistics are all also
investigated at 8 locations in the spray.
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Fig. 8: Cut plane of the mesh of the combustion chamber

Fig. 9: Cut plane of the mean velocity field for the gas phase with isolines of zero
axial velocity.

5.1 Gas phase

Mean quantities for the gas phase are obtained after averaging over 800 ms. Fig-
ure 9 shows a cut plane of the mean axial velocity, with isolines of zero axial
velocity. The flow exhibits two recirculation zones : the Central Toroidal Recir-
culation Zone (CTRZ) and the Corner Recirculation Zone (CRZ). One can also
notice the high shear stress zone induced by the gas injection in the combustion
chamber, which impacts on the wall, and follows it until the exit of the combustion
chamber.

Figures 10-15 show mean and RMS velocites for axial, radial and orthora-
dial velocity components. Globally, numerical results are in good agreement with
experiment for the first three measurement positions (6, 26 and 56 mm), where
liquid phae measurements were made, whereas the RMS and velocities are under-
estimated far from the injection location (86mm and 116mm), due to the coarser
mesh. The present results are considered sufficiently accurate to allow the spray
modeling study. A more detailed characterization of the gas phase is available in
[53] and [56].
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5.2 Liquid phase

5.2.1 Mean flow

The results of EL [56], MEF [53, 54] and MMEF are confronted to experiment.
Figure 16 shows the mean liquid volume fraction for the three simulations.

The three approaches exhibit similar distributions. The liquid spray impacts the
wall at nearly the same position. Droplets are ejected by the CTRZ, leading to a
zone empty of droplets in the center of the chamber. As expected, Eulerian cases
appear more diffusive than the Lagrangian case. The major difference is linked
to polydispersion: in EL and MMEF, large droplets persist in the whole chamber,
while in MEF (monodisperse), the mean droplet lifetime is too short to allow them
to reach the downstream zone.

Figures 17-19 show mean velocity profiles at three locations for the three simu-
lations and the experiment. All results are globally in good agreement with exper-
iment. Some discrepancies are observed in the central zone for the axial velocity
and at the spray boundary for the radial velocity. The two polydisperse approaches
(MMEF and EL) misestimate the axial velocity in the central zone, whereas the
MEF reproduces it accurately. On the contrary, MEF predicts non-zero values
near the spray boundary at z = 26mm, where MMEF and EL show values close to
zero, in agreement with experiment. However discrepancies are small and all these
results confirm that the size distribution has a weak effect on the mean velocity,
as mentioned in [56].

Figures 20-22 shows RMS velocity profiles at the same locations. Here poly-
dispersion has a more important effect. All models are similar and good close to
the injection, but MEF underestimates the RMS velocities at further locations,
while the two polydisperse approaches (MMEF and EL) give better predictions
even downstream. Better results are obtained by the MMEF compared to EL,
except for the orthoradial component in the last plane. This is possibly due to the
way the RMS velocity is estimated. Indeed the RMS velocity is composed of the
fluctuating part of the resolved field, the subgrid velocity and the random uncor-
related velocity. The latter is evaluated assuming isotropy, which is not true in
shear flows, as shown in [38]. A better estimation of RMS velocities in MEF and
MMEF would be achieved by defining the orientation of the stress tensor, but this
is not investigated here.
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Fig. 16: Mean liquid volume fraction for MMEF (top), EL (middle) and MEF
(bottom).
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5.2.2 Size-conditioned statistics

Size-conditioned statistics are investigated here for MMEF and EL at select loca-
tions, and compared to experiment. Table. 1 and Fig. 23 show the probe positions:
three are on the axis (A1-A3), three in the spray (S1-S3), one at the spray bound-
ary (B1) and one close to the wall (W3).

A1
B1

B1
S1 A2 A3

S2
S3
W3

Fig. 23: Measurement position for size-conditioned statistics.

coordinate A1 S1 B1 A2 S2 A3 S3 W3
axial (mm) 6 6 6 26 26 56 56 56
radial (mm) 0 8 14 0 20 0 40 58

Table 1: Probe location for size-conditioned statistics.

In Fig. 24, MMEF and EL size distributions are compared to experimental
results. At 26mm and 56mm, EL and MMEF are in good agreement with experi-
ment. At 6mm, both approaches reproduce the size distribution at the boundary
of the spray, but not on the axis and in the spray, where the distribution is shifted
towards big sizes, with worse results for the MMEF. This may be due to the ab-
sence of secondary break-up model, as shown by Senoner et al. [56]. One can also
notice that MMEF overestimates the probability of big droplets, which may be
due to the absence of secondary break-up, which is suppose to break these big
droplets, but can also be related to the phase space diffusion occuring in such a
first order Multifluid approach, and resulting in overestimated mean sizes [32].

Figures 25-27 show size-conditioned velocities. The axial component is rela-
tively well captured by both approaches. Some discrepancy is observed for the
velocities of small droplets at 6mm, on the axis, where both simulations predict a
high negative velocity, whereas the experiment show a positive velocity. Consider-
ing that small droplets have a strong tendency to follow the gas phase, and that
the gas phase velocity is about −15m/s at this location, the experimental results
are surprising. A possible explanation of such a behavior is that the liquid injection
strongly modifies the gas flow close to the injector, due to a dense and coherent liq-
uid core, shifting the CTRZ downstream and thus leading to positive velocities at
the first measurement location. As we inject a dispersed phase directly, the impact
will be limited compared to a dense structure, and a modification of the FIMUR
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model may be needed in this perspective. For radial and orthoradial components,
EL and MMEF are in good agreement with experiment. Largest differences are
found at 6mm on the axis, where MMEF predicts a quasi-zero velocity for those
two components, while EL shows high velocities of small droplets. These two re-
sults differ from the experimental results, and may also be explained by a lack of
the injection strategy. It is interesting to notice that experiment and EL computa-
tions suffer from a poor statistical convergence on the axis where the droplet flux
is low, whereas the statistical description of both eulerian formalisms (MEF and
MMEF) achieves converged statistics.

The axial velocity conditioned by size (Fig. 25) also gives informations about
the spatial dispersion of droplets. Basically, velocities on the axis (A1-A3) shows
that droplets smaller than 30µm are sensitive to the CTRZ, as they always have
a negative axial velocity, contrary to droplets bigger than 30µm, which have a
positive axial velocity. Furthermore, the axial velocities at the point W3 show
that droplets smaller than 30µm are also captured by the CRZ.
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Fig. 26: Size-conditioned radial velocity: experiments (histograms), MMEF (full
line) and EL (dashed line).
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Fig. 27: Size-conditioned orthoradial velocity: experiments (histograms), MMEF
(full line) and EL (dashed line).
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5.2.3 Gaseous kerosene mass fraction

On Fig. 28, instantaneous gaseous kerosene mass fraction for MEF, MMEF and
EL are compared. No experimental results are available but the three simulations
show a great influence of the polydispersity on the kerosene distribution. In par-
ticular, MEF predicts a high mass fraction close to the injection, whereas the two
polydisperse approaches lead to a higher mass fraction downstream the combus-
tion chamber. This is again due to the shorter life time of the mean size droplets
in the monodisperse approach, leading to the complete disappearance of the liquid
phase at 60mm downstream the injection location. These results in conjunction
with the liquid phase distribution will lead to a different behavior in terms of
ignition and combustion [60, 4].

Fig. 28: Instantaneous kerosene mass fraction for MMEF (top), EL (middle,
image from [56], black lines represent iso-lines of mass transfer) and MEF

(bottom).
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6 Conclusions

Accounting for polydispersion in Eulerian-Eulerian simulation of turbulent two-
phase flows has been proposed by combining the mesoscopic Eulerian formalism
[13] and the Multifluid Approach [31]. The resulting Multifluid Mesoscopic Eule-
rian Formalism is able to capture size-conditioned statistics on drag, turbulence
and evaporation. This formalism has been integrated in the AVBP solver and ap-
plied to the simulation of an aeronautical test rig operated by ONERA and called
MERCATO [18].

The gaseous flow is first validated and results are in good agreement with the
experiment for the three first measurement planes.

Results on the two-phase flow are compared to experiment and to two other
modeling approaches: the monodisperse mesoscopic Eulerian formalism and a poly-
disperse Eulerian-Lagrangian approach.

Mean liquid velocities are well captured by all approaches, confirming the weak
influence of polydispersity on these quantities, as stated in [56]. RMS velocities are
however significantly impacted by polydispersity, as shown by the good agreement
obtained with the two polydisperse approaches (EL and MMEF), where the MEF
tends to underestimate RMS velocities.

Results in terms of size-conditioned statistics show a good agreement of both
approaches with experiment, even if some discrepancies appear close to the in-
jection. The resulting field of gaseous kerosene mass fraction confirms the great
influence of polydispersity, showing a totally different repartition between polydis-
perse and monodisperse approaches. This is critical for the prediction of ignition
and combustion, and comparison with experiment is crucially needed here.

Finally, even if results obtained by EL and MMEF are similar, it is important
to note that the computational time required by the 10 sections MMEF simulation
is about six times higher than the EL simulation with 285000 particles (MEF and
EL simulations require approximatively the same resources for this configuration
[53]). This overcost could be reduced by using moment methods such as high
order multifluid approaches [32, 10]. An interesting alternative is to use moments
methods like the Coupled Size-Velocity Moments method (CSVM) of Vié et al. [62].
This model is an extension of the Eulerian Multi-Size Moment method (EMSM)
of Kah et al. [25, 40], which captures the evaporation process more accurately
than the 10 sections multifluid approach with only 4 size moments. It enables
to capture size-velocity correlations, which permits to reconstruct the velocity
for each droplet size, and thus is of primary importance in real flows like the
MERCATO configuration. Its adaptation to turbulent regimes and implementation
in AVBP will be interesting for complex industrial simulations.
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